
Appl. Math. J. Chinese Univ.
2026, 41(2): 480-508

Online outcome weighted learning with varying Gaussians

and non-identical distributions

YANG Ao-li1,2 FAN Jun3 XIANG Dao-hong1,2,∗

Abstract. Outcome weighted learning is one of the most promising data-driven methods de-

veloped for estimating optimal individualized treatment rules (ITR) in precision medicine by

reweighting outcomes based on observed data. This paper proposes a fully regularized online

outcome weighted learning (ROOWL) algorithm to tackle sequential, independent but non-

identically distributed data in precision medicine. We consider a time-varying Gaussian kernel

to enhance flexibility in dynamic environments, and a time-varying regularization parameter

to better adapt to evolving data. Its generalization ability evaluated by the excess value func-

tion is studied for commonly used loss functions, including hinge loss, generalized DWD loss,

least square loss, and q-norm SVM loss. Fast learning rates are derived under smoothness or

geometric noise conditions on the target function for a broad class of loss functions.

§1 Introduction

The growing interest in precision medicine stems from the significant heterogeneity in pa-

tient responses to treatments [11,21]. The primary goal of precision medicine is to determine the

optimal individualized treatment rule (ITR) [18–20,26,33,35] based on individual patient traits

such as demographics, clinical results, and genetic data, to maximize each patient’s expected

clinical outcome (referred to as value function). Many data-driven approaches for estimating

ITR have been developed, with outcome weighted learning (OWL) being a notable approach

proposed by [33]. They demonstrated that maximizing the individual clinical outcome is equiv-

alent to minimizing a weighted classification error, using clinical outcomes as the classification

weights. In [33], the hinge loss function is introduced as a surrogate for the 0-1 loss function [19]
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to make optimization feasible. The error analysis for OWL with general loss functions is pro-

vided in [36]. Additionally, [10] examined the batch OWL algorithm within the context of the

Gaussian kernel and l1-norm regularization. The common assumption of the aforementioned

studies is that the sample is independent and identically distributed. However, medical data

often show distributional differences due to variations in factors such as age, disease type, and

severity. Collecting large and homogeneous datasets is both challenging and costly.

In this paper, we incorporate non-identically distributed sample from multiple sources, in-

cluding genomic data, clinical records, and imaging, into an online version of OWL. This ap-

proach aims to enhance the understanding of disease mechanisms and treatment effects while

efficiently handle large-scale and stream medical datasets. Online learning [4, 12, 30] is a pow-

erful approach for large-scale and streaming data. A key implementation of this paradigm

is online gradient descent (OGD), which efficiently updates model parameters incremental-

ly using single data points. This method provides notable computational savings over batch

approaches [5, 6, 9, 17]. Beyond standard supervised learning, OGD has been effectively ap-

plied to pairwise learning such as ranking and metric learning in large-scale settings [28, 31].

In information-theoretic learning, OGD supports model development grounded in information

principles [25]. Functional data analysis benefits from OGD in capturing complex patterns in

signals and biological data [3,8]. In robust learning, OGD enhances resilience to noise and out-

liers [7]. Additionally, it advances tensor learning and inference by enabling efficient updates

on tensor-structured data [2]. Recently, the authors in [27] studied two online OWL algorithms

and established the convergence theory under an i.i.d. setting.

Our contributions are threefold. First, we extend the regularized online outcome weighted

learning (ROOWL) algorithm [27] via two key modifications: a time-varying Gaussian kernel

(with adaptive bandwidth σt > 0 per iteration) to boost flexibility in dynamic environments,

and a time-varying regularization parameter λ(t) (replacing the fixed λ) to better fit evolving

data. These enable online adaptation to new data, suiting large-scale or streaming precision

medicine applications. Second, to handle distributional heterogeneity, we relax i.i.d. assumption

of [27] by allowing samples from a time-varying distribution P (t), and establish convergence

rates for ROOWL across loss functions including hinge loss, generalized DWD loss, least square

loss, and q-norm SVM loss. Finally, we improve the convergence theory of existing online

algorithms [13,14]: we derive faster rates for ROOWL under non-smooth target functions (e.g.,

hinge loss, generalized DWD loss) and, for the first time, lay a theoretical foundation for online

learning with a varying Gaussian kernel in this setting.

The structure of this paper is organized as follows. Section 2 elaborates on the mathemat-

ical framework underlying the fully ROOWL algorithm, which is built upon varying Gaussian

kernels. In Section 3, we formulate the key assumptions, present the primary theoretical results,

and provide upper bounds for excess value function under a variety of loss functions. A detailed

error analysis of the fully ROOWL algorithm in the scenario of non-identically distributed data

is conducted in Section 4. Section 5 concludes the paper and outlines potential directions for

future research.
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§2 Methodology

We are considering a randomized trial for binary treatment. Let the patient’s prognostic

variables be denoted as X ∈ X ⊂ Rn. We assume that the assignment of treatment, A ∈ A =

{+1,−1}, is independent of X. The clinical outcome, R ∈ R ⊆ R+ serves as the corresponding

reward, quantifying the treatment’s effectiveness, such as clinical response, disease progression,

or survival rates. For simplicity, we assume that 0 < R ≤ M, with larger values of R being

more desirable. An ITR D is a decision rule that maps the patient’s covariate space X into the

treatment space A. Let P be the distribution of Z = (X ,A,R), and accordingly, let E stand

for the expectation with respect to P. The value function [27,33] V(D) is employed to evaluate

the prediction performance of D, which is defined as follows:

V(D) = E
[

I(A = D(X))

Aϱ+ (1−A)/2
R

]
,

where I(·) is the indicator function, and ϱ = P (A = 1) > 0. Then the optimal ITR is defined

as

D∗ = argmax
D

E
[

I(A = D(X))

Aϱ+ (1−A)/2
R

]
.

As shown in [27,33], we can write D∗ as D∗ = sign(f∗(x)) with

f∗(x) = E[R|X = x,A = 1]− E[R|X = x,A = −1].

The idea behind OWL proposed in [33] is to transform the ITR model into a weighted

classification problem, more precisely, the value function V(D) can be rewritten as E[R|A =

1] + E[R|A = −1]−R(D), where

R(D) = E
[

I(A ̸= D(X))

Aϱ+ (1−A)/2
R

]
(1)

is regarded as a weighted misclassification error. Therefore, D∗ = argmaxD V(D) = argminD

R(D).

Since ITR D is usually induced by D(x) = sign(f(x)) for a real-valued function f : X → R,
then we define

R(f) = E
[

R

Aϱ+ (1−A)/2
I(Af(X) < 0)

]
.

The original OWL algorithm in [33] uses the convex hinge loss function ϕh(af(x)) = (1−af(x))+

to substitute the 0-1 loss function ϕ0−1(af(x)) = I(af(x) < 0). In this paper, we consider the

fully ROOWL algorithm with general convex loss function and varying Gaussian kernels in an

independent but non-identically distributed setting.

Definition 1. A function ϕ : R → R+ is called an admissible loss function if it is convex and

differentiable at 0, with the condition that ϕ′(0) < 0.

Examples of the admissible loss functions include the hinge loss function ϕh(u) = max{1−
u, 0} = (1−u)+, the least square loss function ϕls(u) = (1−u)2, the q-norm SVM loss function

ϕq(u) = (ϕh(u))
q
, 1 < q < ∞, and the generalized DWD loss function

ϕdwd(u) =

1− u, if u 6 d
d+1 ,

1
ud

dd

(d+1)d+1 , if u > d
d+1 ,

(2)
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where 0 < d < ∞.

Gaussian kernel is widely used in machine learning due to its smoothness and universal

approximation capabilities. It is a function on X × X with variance σ > 0 given by

Kσ(x, v) = exp

{
−|x− v|2

2σ2

}
.

It defines [1] a reproducing kernel Hilbert space (RKHS) Hσ with the inner product ⟨·, ·⟩σ given

by ⟨Kσ(x, ·),Kσ(v, ·)⟩σ = Kσ(x, v). Its reproducing property plays a special role in learning

theory

⟨Kσ(x, ·), f⟩σ = f(x), ∀x ∈ X , f ∈ Hσ. (3)

Let C(X ) be the space of continuous functions on X with the norm ∥ · ∥C(X ). Then it follows

from (3) that

∥f∥C(X ) ≤ ∥f∥σ, ∀x ∈ X , f ∈ Hσ. (4)

A key factor influencing the structure of the RKHS Hσ is the variance σ of the Gaussian

kernel. The value of σ significantly affects the expressive power of the kernel, as it controls

the smoothness and locality of the resulting functions. Smaller values of σ lead to kernels that

are more localized, allowing the RKHS Hσ to capture finer data variations, thus enhancing the

approximation capability of the learning algorithm. However, a small σ may cause overfitting,

while a large σ may lead to underfitting, highlighting the importance of appropriately tuning

the variance parameter in practical applications.

Assume that z = {(xi, ai, ri)}Ti=1 ⊆ ZT is a sample drawn independently from P. The

following batch OWL algorithm generates an ITR sign (fz,λ,σ) by implementing an off-line

regularization framework in Hσ involving the general convex loss ϕ

fz,λ,σ = argmin
f∈Hσ

{
1

T

T∑
t=1

rt
atϱ+ (1− at)/2

ϕ (atf (xt)) +
λ

2
∥f∥2σ

}
, (5)

where λ > 0 is the regularization parameter. While the off-line algorithm (5) demonstrates

strong performance both in theory and in various applications, it may encounter practical

challenges when dealing with a large sample size T or extensively large data. For example, if

ϕ(u) = (1−u)+ = max{1−u, 0} or (1−u)2+, the scheme (5) becomes a quadratic optimization

problem, which has a standard complexity about O
(
T 3
)
. To handle scenarios with large sample

size, online learning algorithms with linear complexity O(T ) can be utilized and provide efficient

ITR.

In this paper, we study a family of online OWL algorithms associated with an admissible

loss function and varying Gaussian kernels.

Definition 2. The fully regularized online outcome weighted learning (ROOWL) algorithm with

varying Gaussian kernels is defined by f1 = 0 and

ft+1 = ft − ηt

{
rt

atϱ+ (1− at)/2
ϕ′
− (atft (xt)) atKσt (xt, ·) + λtft

}
, for t = 1, · · · , T, (6)

where ηt > 0 is the step size, λt > 0 the regularization parameter and σt > 0 the variance of

the Gaussian kernels.

The ITR is given by sign(fT+1). Its performance is measured by the excess value function
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V(D∗)−V(sign(fT+1)). In this fully ROOWL algorithm, the regularization parameter λt and the

variance σt of the Gaussian kernels change with learning step t.We are interested in studying the

role of the regularization parameter and the variance of Gaussian kernels in the fully ROOWL

algorithm. The main purpose of this paper is to estimate the excess value function V(D∗) −
V(sign(fT+1)) as T → ∞. Convergence rates will be derived under the choice of the parameters

λt = λ1t
−γ , σt = t−β , ηt = η1t

−α (7)

for γ, β, α > 0 and conditions on the distribution P and the loss function ϕ. For a general

Mercer kernel K and a fixed λ, the error analysis for ROOWL was investigated in [27].

§3 Main results

In this section, we start with the introduction of some assumptions that will enable us to

present the main results.

3.1 Assumptions and comparison theorems

In contrast to an i.i.d. setting, this paper assumes that the sequence of probability distri-

butions
{
P (t)

}
t=1,2,··· on Z vary at each step. Specifically, each probability distribution P (t)

produces a sample point zt = (xt, at, rt) independently. Denote by Cζ(X ) the Hölder space

defined as the set of all continuous functions on X with a finite norm given by ∥f∥Cζ(X ) =

∥f∥C(X ) + |f |Cζ(X ), where |f |Cζ(X ) := supx ̸=y
|f(x)−f(y)|
(d(x,y))ζ

. To conduct the error analysis, we

assume that the sequence of marginal distributions
{
P

(t)
X
}
t=1,2,··· on X converges polynomially

in the dual of Cζ(X ) for some 0 < ζ ≤ 1 as below. Let PX be the marginal distribution on X ,

and let P
(t)
X be the empirical distribution of X at time step t.

Assumption 1. We assume that the sequence
{
P

(t)
X
}
t=1,2,··· converges polynomially to a prob-

ability distribution PX in
(
Cζ(X )

)∗
for 0 ≤ ζ ≤ 1, that is, there exist C > 0 and b > 0 such

that ∥∥P (t)
X − PX

∥∥
(Cζ(X ))∗

≤ Ct−b, t ∈ N. (8)

By the definition of the dual space
(
Cζ(X )

)∗
, the decay condition (8) can be reformulated

as ∣∣∣∣∫
X
f(x)dP

(t)
X −

∫
X
f(x)dPX

∣∣∣∣ ≤ Ct−b∥f∥Cζ(X ), ∀f ∈ Cζ(X ), t ∈ N. (9)

The power index b quantitatively highlights the distinctions between our non-identical frame-

work and the i.i.d. setting, where the latter is characterized by b = ∞.

Another assumption for distributions is as follows, which will be used in the error analysis

of algorithm (6) under the sample drawn from non-identical distribution setting.

Assumption 2. Assume that the conditional distributions {Px(a, r) = P (A,R|X = x) : x ∈ X}
is Lipschitz ζ in

(
Cζ(A×R)

)∗
. Specifically, there exists a constant CP ≥ 0 such that

∥Px(a, r)− Pu(a, r)∥(Cζ(A×R))∗ ≤ CP |x− u|ζ , ∀x, u ∈ X . (10)
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This assumption imposes a mild regularity condition on the joint distribution of actions

and rewards: it requires that the conditional distribution P (A,R | X = x) varies smoothly

with respect to the patient’s prognostic variables X. The Lipschitz continuity in the dual of

Cζ(A×R) ensures stability under small changes inX, which is essential for deriving convergence

rates in individualized treatment rule learning.

The following assumption regarding the loss function ϕ sets out two conditions: a growth

condition for its left derivative ϕ′
−, and that it is locally Lipschitz at the origin. These conditions

are essential for analyzing the error of algorithm (6).

Assumption 3. Assume that the admissible loss function ϕ satisfies the following increment

condition: for some p ≥ 0, N1 > 0,

N(w) := sup
{∣∣ϕ′

−(u)
∣∣ : |u| ≤ w

}
≤ N1w

p,∀w ≥ 1, (11)

and

Ñ(w) := sup{∥ϕ(u)∥Cζ(A) : |u| ≤ w} ≤ N1w
p+1, ∀w ≥ 1. (12)

Additionally, assume that ϕ′
− is locally Lipschitz at the origin with

M0 := sup

{∣∣ϕ′
−(u)− ϕ′

−(0)
∣∣

|u|
, |u| ≤ 1

}
< ∞. (13)

Define M(w) := sup

{
|ϕ′

−(u)−ϕ′(0)|
|u| , |u| ≤ |w|

}
, it follows from [14] that

M(w) ≤ M0 + 2N(w) ≤ (M0 + 2N1) |w|p, ∀|w| ≥ 1. (14)

This assumption can be easily verified for several commonly used loss functions [15], including

the hinge loss function with p = 0, the least square loss function with p = 1, the q-norm SVM

loss function with p = q − 1, and the generalized DWD loss function with p = 0.

Define the weighted generalization error for the admissible loss function ϕ as

E(f) = E
[ R

Aϱ+ (1−A)/2
ϕ(Af(X))

]
=

∫
Z

r

aϱ+ (1− a)/2
ϕ(af(x))dP, (15)

and fϕ
P is a minimizer of E(f) over all measurable functions.

The comparison theorems in the framework of ITR show that the excess value function

V (D∗) − V(D) can be bounded by the excess weighted generalization error E(f) − E(fϕ
P ). For

the hinge loss function ϕ(u) = (1 − u)+, Theorem 3.2 in [33] together with Lemma 3.2 in [10]

showed that

V (D∗)− V(sign(f)) ≤ E(f)− E (D∗) . (16)

For the generalized DWD loss function, the authors in [27] proved that

V (D∗)− V(sign(f)) ≤ d+ 1

d

[
E(f)− E(fϕdwd

P )
]
. (17)

For more general loss functions, the following noise condition is required to derive a tight

comparison theorem.

Assumption 4. Recall f∗(x) = E[R|X = x,A = 1] − E[R|X = x,A = −1]. Assume that the

distribution P satisfies the Tsybakov noise condition with index τ ∈ [0,+∞], that is, there exists

a constant Cτ > 0 such that for any t > 0,

PX ({x ∈ X : |f∗(x)| ≤ Cτ t}) ≤ tτ . (18)
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Under the Tsybakov noise condition, Theorem 3.3 in [36], along with Proposition 1 in [27]

established the comparison theorem for an admissible loss function with ϕ′′(0) > 0, as stated

below

V (D∗)− V(sign(f)) ≤ Cϕ
1

[
E(f)− E(fϕ

P )
] τ+1

τ+2

, (19)

where Cϕ
1 is a constant.

3.2 Learning rates

Since the RKHS Hσ is used as a hypothesis space for ROOWL, the learning ability of

Algorithm (6) depends on the approximation power of the space Hσ with respect to the target

function fϕ
P . We can quantify the approximation power by the following regularization error.

Definition 3. Let fσ
λ ∈ Hσ with λ > 0. The regularization error with (ϕ, P ) in Hσ is defined

by

D (σ, λ) = E (fσ
λ )− E(fϕ

P ) +
λ

2
∥fσ

λ ∥
2
Hσ

. (20)

There are different choices for the function fσ
λ ∈ Hσ. We usually take it as

fσ
λ := arg min

f∈Hσ

{
E(f)− E(fϕ

P ) +
λ

2
∥f∥2Hσ

}
. (21)

Thus, the error decomposition for (6) can now be conducted as follows:

E (fT+1)− E(fϕ
P ) =

{
E(fT+1)− E(fσT

λT
)
}
+
{
E(fσT

λT
)− E(fϕ

P )
}

≤
{
E(fT+1)− E(fσT

λT
)
}
+D(σT , λT ).

(22)

In (22), the regularization error term D(σT , λT ) is independent of the sample z = {zt}Tt=1,

which will be bounded in Lemma 3 and Lemma 5. The term E(fT+1) − E(fσT

λT
) is referred to

as the sample error which can be controlled by
∥∥fT+1 − fσT

λT

∥∥
σT

.

In the existing studies [13, 14], the convergence analysis of online learning algorithms typ-

ically relies on the assumption that the target function satisfies specific regularity conditions,

including smoothness within Lipschitz or Sobolev spaces. This assumption is particularly com-

mon when utilizing loss functions such as the least square loss or the q-norm SVM loss. In our

framework, we further extend the scope to consider the cases where the target function lies in

a generalized Lipschitz space [24], which is characterized by the following ℓ-th order modulus

of continuity.

Definition 4. For any Lebesgue measurable function f : Rn → R with f ∈ Lv (Rn) for some

0 < v ≤ ∞, its ℓ-th modulus of continuity in Lv-norm is defined as

ωℓ
v(f, h) := sup

|u|≤h

∥∥| ∆ℓ
uf(·) |

∥∥
Lv(Rn)

, ℓ ∈ N, h > 0,

where |u| denotes the Euclidean norm of u ∈ Rn and the ℓ-th divided difference ∆ℓ
uf(·) is given

by

∆ℓ
uf(x) :=

ℓ∑
i=0

(
ℓ

i

)
(−1)ℓ−if(x+ iu), ∀x ∈ Rn.
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Definition 5. For 0 < s < ℓ, ℓ = ⌊s⌋ + 1 and 1 ≤ v < ∞, the generalized Lipschitz space

Lip∗ (s, Lv (Rn)) is defined as

Lip∗ (s, Lv (Rn)) :=
{
f ∈ Lv (Rn) , |f |Lip∗(s,Lv(Rn)) < ∞

}
with the semi-norm

|f |Lip∗(s,Lv(Rn)) := sup
h>0

h−sωℓ
v(f, h)

and the norm ∥f∥Lip∗(s,Lv(Rn)) = ∥f∥Lv(Rn) + |f |Lip∗(s,Lv(Rn)).

As shown in [36], the target functions corresponding to the least squares loss and the q-norm

SVM loss are given by

fϕls

P (x) =
E[R | X = x,A = 1]− E[R | X = x,A = −1]

E[R | X = x,A = 1] + E[R | X = x,A = −1]

and

f
ϕq

P (x) =
(E[R | X = x,A = 1])

1/(q−1) − (E[R | X = x,A = −1])
1/(q−1)

(E[R | X = x,A = 1])
1/(q−1)

+ (E[R | X = x,A = −1])
1/(q−1)

,

respectively. When q = 2, and fϕ2

P = fϕls

P .

Let us demonstrate our main results by stating learning rates for the least squares loss

ϕls(u) = (1 − u)2 and the 2-norm SVM loss ϕ2(u) = (1 − u)2+. Despite both functions being

smooth and convex, their effectiveness in our analysis stems from a nice structural property:

the excess ϕ2-risk can be tightly bounded by the L2 distance between the corresponding least

squares solutions. Specifically, we have E (f) − E(fϕls

P ) ≤ M̃∥f − fϕls

P ∥2L2(X ), which allows us

to derive sharper convergence rates. This relationship plays a crucial role in the subsequent

theoretical guarantees. To simplify notation, we denote by EZt the expectation over the sample

set {z1, . . . , zt}.

Theorem 1. Let M̃ = M
min{ϱ,1−ϱ} . For ϕls(u) = (1 − u)2 and ϕ2(u) = (1 − u)2+, define

{ft}T+1
t=1 by (6). Let Assumptions 1, 2 and 3 be satisfied. Assume that for s > 0, f̃ϕls

P ∈
Lip∗

(
s, L2 (Rn)

)
∩ L∞(Rn) and fϕls

P = f̃ϕls

P |X . Choose the triple {λt, σt, ηt} as (7) with

0 < η1 ≤ 1/(8M̃), λ1 = 2M̃ and β = c1γ where c1 = 1/ (2s+ n). If

0 < γ < 1/(4 + 3nc1/2),

γ (3 + nc1) < α < 1− (nc1/2 + 1)γ,

and

b > (nc1 + ζc1 + 3)γ,

then we have

EZT
[E (fT+1)− E(fϕls

P )] = O
(
T−min{θ1,2sc1γ}

)
,

where

θ1 := min{2− 2α− (nc1 + 2)γ, α− (3 + nc1)γ, b− (nc1 + ζc1 + 3)γ}. (23)

By combining Theorem 1 with (19), we can derive an explicit learning rate for the least

squares loss and the 2-norm SVM loss under specific parameter choices.

Corollary 1. For ϕls(u) = (1 − u)2 and ϕ2(u) = (1 − u)2+, all assumptions of Theorem 2

and Assumption 4 are satisfied. Choosing α = 8n+16s
11n+22s , β = 2

11n+22s , γ = 2n+4s
11n+22s , and
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b > 8n+12s+2ζ
11n+22s , then we have

EZT
[V (D∗)− V(sign(fT+1))] = O

(
T− τ+1

τ+2 ·min{ 4s
11n+22s ,b−

8n+12s+2ζ
11n+22s }

)
.

Remark 1. For the least squares and 2-norm SVM loss, Corollary 1 gets a better convergence

rate of O
(
T− 4(τ+1)s

(τ+2)(11n+22s)

)
compared to the prior rate of O

(
T− (τ+1)s

(τ+2)(22n+19s)

)
from [14] in an

i.i.d. setting as b → ∞. This improvement stems from a more precise variance error analysis,

crucial for time-varying kernel online learning. Unlike the loose bound in [14], we use Lemma 2,

which exploits the Gaussian kernel’s convolutional structure ( σt = t−β). This enhances the

decay of variancing error, thereby leading to improved convergence.

For more general loss functions whose target functions satisfy a smoothness condition in a

generalized Lipschitz space, we present the following result.

Theorem 2. Let M̃ = M
min{ϱ,1−ϱ} . For an admissible loss function ϕ, define {ft}T+1

t=1 by (6).

Let Assumptions 1, 2 and 3 be satisfied. Suppose that for s > 0, f̃ϕ
P ∈ Lip∗ (s, Lv (Rn)) ∩

L∞ (Rn) , fϕ
P = f̃ϕ

P |X and dPX
dx ∈ Lv′

(X ) with 1
v′ +

1
v = 1. Take the triple {λt, σt, ηt} as (7)

with 0 < η1 ≤ 1/(M̃ (M0 + 2N1) + λ1), λ1 ≥ M̃ |ϕ′(0)| and β = cγ with c = 1/ (s+ n). Then if

0 < γ < 1/(max{(5p+ 1)(nc/2 + 1) + 1, (p+ 1)(2 + 3nc/2) + p}), (24)

γmax{p(2nc+ 4) + 1, (p+ 1)(1 + nc) + p} < α < 1− (p+ 1)(nc/2 + 1)γ, (25)

and

b > [(3p+ 1)(nc/2 + 1) + ζc+ 1]γ, (26)

we have

EZT [E (fT+1)− E(fϕ
P )] = O

(
T−min{ θ

2−p(nc
2 +1)γ,scγ}

)
,

where
θ := min{2− 2α− (nc+ 2)γ, α− (1 + nc)γ, α− (1 + npc+ 2p)γ,

b− ((p+ 1)(nc/2 + 1) + ζc+ 1)γ}.
(27)

The following corollary comes immediately from Theorem 2 and comparison theorem (19).

Corollary 2. Let ϕ be an admissible loss function such that ϕ′′(0) > 0. All assumptions of

Theorem 2 and Assumption 4 are satisfied. Then we have

EZT
[V (D∗)− V(sign(fT+1))] = O

(
T− τ+1

τ+2 ·min{ θ
2−p(nc

2 +1)γ,scγ}
)
,

where θ is defined by (27).

Corollary 2 provides the convergent rates for convex loss with ϕ′′(0) > 0, such as the q-norm

SVM loss function ϕq(u) = (1− u)q+, 1 < q < ∞.

Example 1. Let ϕq(u) = (1 − u)q+ with 1 < q < ∞. All assumptions of Theorem 2 and

Assumption 4 are satisfied. If q ≥ 2 − 2n+2s
3n+2s , then α = (12q−10)n+(8q−2)s

(15q−10)n+10qs , β = 2
(15q−10)n+10qs ,

γ = 2n+2s
(15q−10)n+10qs and b > (9q−4)n+(6q−2)s+2ζ

5(3q−2)n+10qs . If 1 < q < 2− 2n+2s
3n+2s , then α = (6q−2)n+(4q+2)s

(9q−2)n+(6q+4)s ,

β = 2
(9q−2)n+(6q+4)s , γ = 2n+2s

(9q−2)n+(6q+4)s and b > (9q−4)n+(6q−2)s+2ζ
(9q−2)n+(6q+4)s . In both cases, we have

EZT
[V (D∗)− V(sign(fT+1))] = O

(
T−θq

)
,
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where

θq =


τ+1
τ+2 ·min

{
2s

(15q−10)n+10qs ,
b
2 − (9q−4)n+(6q−2)s+2ζ

10(3q−2)n+20qs

}
, q ≥ 2− 2n+2s

3n+2s ,

τ+1
τ+2 ·min

{
2s

(9q−2)n+(6q+4)s ,
b
2 − (9q−4)n+(6q−2)s+2ζ

(18q−4)n+(12q+8)s

}
, 1 < q < 2− 2n+2s

3n+2s .

Remark 2. The convergence rate θq has two piecewise forms based on whether q exceeds the

threshold 2− 2n+2s
3n+2s . For high regularity (s → ∞), nearly stationary data distribution (b → ∞),

and negligible noise (τ → ∞), the convergence rate approaches O
(
T− 1

5q

)
if q ≥ 2− 2n+2s

3n+2s , and

O
(
T− 1

3q+2

)
if 1 < q < 2 − 2n+2s

3n+2s . The results show how q (related to loss smoothness) slows

convergence for larger q in the worst case.

The result in Example 1 applies to general q-norm SVM loss with 1 < q < ∞, including

q = 2. However, under the stronger regularity f̃ϕ
P ∈ Lip∗(s, L2(Rn)), Corollary 1 gives a sharper

convergence rate for 2-norm SVM loss. Therefore, when L2-based regularity holds, Corollary 1

should be preferred over the general result in Example 1.

To study loss functions whose associated target functions fϕ
P may be discontinuous, such as

the hinge loss and the generalized DWD loss, we cannot impose the same smoothness conditions

as in previous results. For instance, it is shown in [24] that fϕh

P = D∗, and the target function

induced by the generalized DWD loss is given by

fϕdwd

P (x) =
d

d+ 1

[(
p̄

q̄

)1/(d+1)

I {p̄ > q̄} −
(
q̄

p̄

)1/(d+1)

I {p̄ < q̄}

]
,

where p̄ = E[R | X = x,A = 1] and q̄ = E[R | X = x,A = −1]. In such cases, the target

function fϕ
P may exhibit discontinuities, and thus does not belong to any generalized Lips-

chitz space. To address this, the study in [24] demonstrates that employing varying Gaussian

functions can enhance learning performance across various scenarios. This improvement stems

from incorporating geometric noise conditions to estimate approximation error, removing the

requirement for smoothness conditions in generalized Lipschitz spaces. To do this, define a

distance function N ϕ
ε (x) := infu∈X {|x− u| , s.t. |fϕ

P (x) − fϕ
P (u)| ≥ ε} for given x ∈ X and

ε > 0. For example, if there exists ε0 > 0 such that |fϕ
P (x) − fϕ

P (u)| < ε0 for all u ∈ X , then

N ϕ
ε0(x) = ∞. Recall that PX denotes the marginal distribution on X .

Assumption 5. Let X ⊆ Rn be a compact set. We assume that the distribution PX satisfies

the general geometric noise condition, that is, there exist C1 > 0, ξ1, ξ2 > 0, for small enough

ε > 0, such that ∫
X
exp

{
− (N ϕ

ε (x))
2

h2

}
dPX ≤ C1h

ξ1ε−ξ2 , ∀0 < h < 1. (28)

This condition characterizes the complexity of the target function fϕ
P near its discontinuities.

The function N ϕ
ε (x) measures the minimum distance required to move from a point x to observe

a change of at least ε in the function value. If the function is smooth or nearly constant

around x, this distance is large; otherwise, it is small near sharp transitions or discontinuities.

The geometric noise condition (28) controls the concentration of the data distribution near

such irregular regions. This enables effective approximation error estimates, even when the
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target function lacks smoothness, thereby improving the performance of kernel-based learning

methods. Under this assumption, we obtain the following main result.

Theorem 3. Let M̃ = M
min{ϱ,1−ϱ} . For an admissible loss function ϕ, define {ft}T+1

t=1 by (6).

Let Assumptions 1, 2, 3, and 5 be satisfied. Suppose that f̃ϕ
P ∈ L∞ (Rn) , fϕ

P = f̃ϕ
P |X . Choose

the triple {λt, σt, ηt} as (7) with 0 < η1 ≤ 1/(M̃ (M0 + 2N1)+λ1), λ1 ≥ M̃ |ϕ′(0)| and β = c2γ

with c2 = 1+ξ2
ξ1+n(1+ξ2)

. Then if

0 < γ < 1/(max{(5p+ 1)(nc2/2 + 1) + 1, (p+ 1)(2 + 3nc2/2) + p}),
γmax{p(2nc2 + 4) + 1, (p+ 1)(1 + nc2) + p} < α < 1− (p+ 1)(nc2/2 + 1)γ,

and

b > [(3p+ 1)(nc2/2 + 1) + ζc2 + 1]γ,

we have

EZT
[E (fT+1)− E(fϕ

P )] = O

(
T

−min
{

θ2
2 −p(nc

2 +1)γ, ξ1c2γ
1+ξ2

})
,

where
θ2 := min{2− 2α− (nc2 + 2)γ, α− (1 + nc2)γ, α− (1 + npc2 + 2p)γ,

b− ((p+ 1)(nc2/2 + 1) + ζc2 + 1)γ}.

Theorem 3 together with (16) yields the following result for the hinge loss function and

generalized DWD loss function.

Corollary 3. For ϕ = ϕh and ϕ = ϕdwd, suppose all assumptions of Theorem 3 hold. Assume

that N ϕh
ε (x) ≥ c̄ > 0 almost surely for some constant c̄ > 0 and any 0 < ε < 1. Choosing

α = 4n+6ξ1
7n+10ξ1

, β = 2
7n+10ξ1

, γ = 2ξ1+2n
7n+10ξ1

, and b > 5n+4ξ1+2ζ
7n+10ξ1

, then we have

EZT [V (D∗)− V(sign(fT+1))] = O

(
T

−min
{

2ξ1
7n+10ξ1

, b2−
5n+4ξ1+2ζ
14n+20ξ1

})
.

Remark 3. The convergence rate in Corollary 3 depends on the minimum of two terms: one

from the geometric noise exponent ξ1, and the other from the distributional shift parameter

b. A large ξ1 implies strong geometric separation of the target function fϕh

P or fϕdwd

P . If b

is sufficiently large, the convergence rate approaches O
(
T− 2ξ1

7n+10ξ1

)
, improving with ξ1. This

highlights the effectiveness of the geometric noise condition for analyzing non-smooth target

functions like hinge or generalized DWD loss.

We summarize our main results and compare them with existing work in Table 1. This paper

establishes the first convergence analysis of the ROOWL algorithm with a varying-bandwidth

Gaussian kernel under independent but non-identically distributed (i.n.i.d.) data. We derive

convergence rates for commonly used loss functions including the hinge loss, generalized DWD

loss, least squares loss, and q-norm SVM loss. Except for the least squares loss under i.i.d.

settings (see Remark 1), no prior work has analyzed the convergence of these losses in regularized

online algorithms with adaptive kernels, whether for classification or OWL. In practice, data

often exhibit distributional shifts, so developing theory under such conditions is essential. Our

results enrich the theoretical understanding of ROOWL and provide guidance on loss function

selection in dynamic, i.n.i.d. environments, especially for ITR learning.
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Table 1. Comparison for learning rates.

Loss function [14] Our paper

ϕls T− τ+1
τ+2

· s
22n+19s T− τ+1

τ+2
·min{ 4s

11n+22s
,b− 8n+12s+2ζ

11n+22s }

ϕq, q = 2 No T− τ+1
τ+2

·min{ 4s
11n+22s

,b− 8n+12s+2ζ
11n+22s }

ϕq, 1 < q < 2− 2n+2s
3n+2s

No T
τ+1
τ+2

·min
{

2s
(9q−2)n+(6q+4)s

, b
2
− (9q−4)n+(6q−2)s+2ζ

(18q−4)n+(12q+8)s

}

ϕq, q ≥ 2− 2n+2s
3n+2s

q ̸= 2 No T
τ+1
τ+2

·min
{

2s
(15q−10)n+10qs

, b
2
− (9q−4)n+(6q−2)s+2ζ

10(3q−2)n+20qs

}

ϕh No T
−min

{
2ξ1

7n+10ξ1
, b
2
− 5n+4ξ1+2ζ

14n+20ξ1

}

ϕdwd No T
−min

{
2ξ1

7n+10ξ1
, b
2
− 5n+4ξ1+2ζ

14n+20ξ1

}

§4 Proofs of main results

4.1 Preliminary Lemmas

We demonstrate some useful bounds, including error caused by non-identical distributions,

variancing error resulting from changes in the Gaussian kernels σt and approximation error,

which all can be used in algorithm (6) and play critical roles in proving the main results.

The key analysis for one-step iteration (Proposition 1) is to handle an extra error arising

from the non-identical distributions. A similar result for classification and regression problems

is presented in [15].

Lemma 1 (Error by non-identical). Let M̃ = M
min{ϱ,1−ϱ} and Assumption 2 be satisfied.

Then for h, g ∈ Cζ(X ), we have∣∣∣∣∫
Z

r

aϱ+ (1− a)/2
{ϕ (ah(x))− ϕ (ag(x))} d[P (t) − P ]

∣∣∣∣
≤
{
2MBh,g(∥h∥Cζ(X ) + ∥g∥Cζ(X )) + 2M̃CP B̃h,g

}
∥P (t)

X − PX ∥(Cζ(X ))∗ ,

where Bh,g and B̃h,g are constants given by

Bh,g = sup
{
|ϕ′

−(af)| : a ∈ A = {−1, 1}, |f | ≤ max
{
∥h∥C(X ), ∥g∥C(X )

}}
,

and

B̃h,g = sup
{
∥ϕ(af)∥Cζ(A) : a ∈ A = {−1, 1}, |f | ≤ max

{
∥h∥C(X ), ∥g∥C(X )

}}
.

Proof. Let Px(a, r) = P (R,A|X = x). We first decompose the probability distributions on Z
into marginal and conditional distributions∫

Z

r

aϱ+ (1− a)/2
{ϕ (ah(x))− ϕ (ag(x))} d[P (t) − P ]

=

∫
X

∫
A×R

r

aϱ+ (1− a)/2
[ϕ(ah(x))− ϕ(ag(x))] dPx(a, r)d[P

(t)
X − PX ].
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It follows from the definition of the norm in
(
Cζ(X )

)∗
that∣∣∣∣∫

Z

r

aϱ+ (1− a)/2
{ϕ (ah(x))− ϕ (ag(x))} d[P (t) − P ]

∣∣∣∣
≤ ∥P (t)

X − PX ∥(Cζ(X ))∗∥J∥Cζ(X ),

where J is a function on X given as

J(x) =

∫
A×R

r

aϱ+ (1− a)/2
[ϕ(ah(x))− ϕ(ag(x))] dPx(a, r)

= [ϕ(h(x))− ϕ(g(x))]

∫
R
rdP (r|x, a = 1)

+ [ϕ(−h(x))− ϕ(−g(x))]

∫
R
rdP (r|x, a = −1)

≤ M {[ϕ(h(x))− ϕ(g(x))] + [ϕ(−h(x))− ϕ(−g(x))]} , x ∈ X .

The notion of Bh,g implies that |ϕ(ah(x)) − ϕ(ag(x))| ≤ Bh,g|h(x) − g(x)| for each a ∈ A.

Therefore, we have

∥J∥C(X ) ≤ 2MBh,g∥h− g∥C(X ).

Next, we bound |J |Cζ(X ). For x, u ∈ X , split J(x)− J(u) into two parts

J(x)− J(u) =

∫
A×R

r

aϱ+ (1− a)/2
{[ϕ(ah(x))− ϕ(ag(x))]

− [ϕ(ah(u))− ϕ(ag(u))]}dPx(a, r)

+

∫
A×R

r

aϱ+ (1− a)/2
[ϕ(ah(u))− ϕ(ag(u))]d [Px − Pu] (a, r).

(29)

It is observed from the definition of Bh,g and |f |Cζ(X ) := supx ̸=y
|f(x)−f(y)|
(d(x,y))ζ

that

|ϕ(ah(x))− ϕ(ah(u))| ≤ Bh,g|h(x)− h(u)| ≤ Bh,g|h|Cζ(X )(d(x, u))
ζ ,

and

|ϕ(ag(x))− ϕ(ag(u))| ≤ Bh,g|g(x)− g(u)| ≤ Bh,g|g|Cζ(X )(d(x, u))
ζ .

Therefore, the first term of (29) is bounded by 2MBh,g

(
|h|Cζ(X ) + |g|Cζ(X )

)
(d(x, u))ζ . For the

second term of (29), from Assumption 2 and the definition of B̃h,g, it follows that∣∣∣∣∫
A×R

r

aϱ+ (1− a)/2
[ϕ(ah(u))− ϕ(ag(u))]d [Px − Pu] (a, r)

∣∣∣∣
≤ M̃

∣∣∣∣∫
A×R

[ϕ(ah(u))− ϕ(ag(u))]d (Px(a, r)− Pu(a, r))

∣∣∣∣
≤ M̃ ∥ϕ(ah(u))− ϕ(ag(u))∥(Cζ(A)) ∥Px(a, r)− Pu(a, r)∥(Cζ(A×R))∗

≤ 2M̃B̃h,gCP (d(x, u))
ζ .

By integrating the two bounds presented above, we can conclude that

|J |Cζ(X ) = sup
x ̸=u∈X

|J(x)− J(u)|
(d(x, u))ζ

≤ 2MBh,g

{
|h|Cζ(X ) + |g|Cζ(X )

}
+ 2M̃CP B̃h,g.

Then the desired bound follows, thereby proving the lemma. �
To estimate the variancing error and the approximation error, [24] introduced an approxi-

mation function fσt

λ ∈ Hσt and provided a construction under the smoothness assumption of
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the generalized Lipschitz space Lip∗ (s, Lv (Rn)) and the general geometric noise condition. In

the error analysis of algorithm (6), we adopt the same approximation function fσt

λ .

Now, we present the variancing error and the approximation error under smooth conditions

f̃ϕ
P ∈ Lip∗ (s, Lv (Rn)) ∩ L∞ (Rn) , fϕ

P = f̃ϕ
P |X and dPX

dx ∈ Lv′
(X ) with 1

v′ +
1
v = 1 for some

s > 0. Let K̃σ(x) :=
(

1√
2πσ

)n
exp

{
− |x|2

2σ2

}
and define a function f̃σ(x) : Rn → R as

f̃σ(x) =
ℓ∑

i=1

(
ℓ

i

)
(−1)ℓ−i

(
1√

2πi · σ

)n ∫
Rn

exp

{
−|x− u|2

2(i · σ)2

}
f̃ϕ
P (u)du

=

∫
Rn

K̃σ(u)
ℓ∑

i=1

(
ℓ

i

)
(−1)ℓ−if̃ϕ

P (x+ i · u)du.

(30)

Therefore, a sequence {fσ
λ ∈ Hσ}σ>0 can be constructed by taking fσ

λ (x) := f̃σ(x) |X , which

represents the restriction of f̃σ(x) onto X . Denote by ht =
∥∥fσt

λ −f
σt−1

λ

∥∥
σt

the variancing error.

We now present the bound proved in [24] for the variancing error.

Lemma 2 (Variancing error under smooth condition). Define f̃σt by (30) and fσ
λ (x) :=

f̃σ(x) |X∈ Hσ. Then we have

∥fσ
λ ∥σ ≤ ℓcℓ

(
√
2π)n/2

∥∥f̃ϕ
P

∥∥
L2(Rn)

σ−n
2 , (31)

where cℓ := max

{(
ℓ

i

)
, 1 ≤ i ≤ ℓ

}
=

(
ℓ

⌊ℓ/2⌋

)
. If the sequence {σt} is non-increasing,

then

ht ≤ Cs,P

∣∣∣∣(σt−1

σt

)2
− 1

∣∣∣∣σ−n
2

t ,

where Cs,P is a constant independent of t. Specially, let σt = t−β with 0 ≤ β < 1. Then for

any t ≥ 1,

∥fσt

λ ∥
σt

≤ ℓcℓ

(
√
2π)n/2

∥∥f̃ϕ
P

∥∥
L2(Rn)

t
nβ
2 , (32)

and

ht ≤ Cs,P,βt
−1+nβ

2 , (33)

where Cs,P,β is a constant independent of t.

Following the construction of {fσ
λ ∈ Hσ}σ>0 above, we will now estimate the approximation

error as follows. The idea of the proof is similar to that in [24,36].

Lemma 3 (Approximation error under smooth condition). Define f̃σt by (30) and

fσ
λ (x) := f̃σ(x) |X∈ Hσ. Suppose that for s > 0, f̃ϕ

P ∈ Lip∗ (s, Lv (Rn)) ∩ L∞ (Rn) , fϕ
P =

f̃ϕ
P |X and dPX

dx ∈ Lv′
(X ) with 1

v′+
1
v = 1. Then there is a function {fσ

λ ∈ Hσ : 0 < σ ≤ 1, λ ≥ 0}
such that

∥fσ
λ ∥L∞(X ) ≤ B̃, (34)

E (fσ
λ )− E(fϕ

P ) +
λ

2
∥fσ

λ ∥
2
Hσ

≤ B̃(σs + λσ−n), (35)

where the constant B̃ ≥ 1 is independent of σ and λ (given explicitly in the proof).

In particular, for ϕls(u) = (1−u)2 and ϕ2(u) = (1−u)2+, assume that f̃ϕ
P ∈ Lip∗

(
s, L2 (Rn)

)
∩
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L∞(Rn) and fϕ
P = f̃ϕ

P |X with s > 0, the following holds true

∥fσ
λ ∥L∞(X ) ≤ B̃1, (36)

E (fσ
λ )− E(fϕ

P ) +
λ

2
∥fσ

λ ∥
2
Hσ

≤ B̃1

(
σ2s + λσ−n

)
, (37)

where the constant B̃1 ≥ 1 is independent of σ and λ (given explicitly in the proof).

Proof. According to the proof of Theorem 3 in [24], when f̃ϕ
P ∈ L∞ (Rn), we have

|fσ
λ (x)| ≤

ℓ∑
i=1

(
ℓ

i

)∥∥f̃ϕ
P

∥∥
L∞(Rn)

, (38)

and ∥∥fσ
λ − fϕ

P

∥∥
Lv(X )

≤ A1,vσ
s, (39)

where A1,v is a constant independent of σ.

Let g = dPX
dx ∈ Lν′

(X ) and denote p̄ = E[R | X = x,A = 1] and q̄ = E[R | X = x,A = −1].

It follows from (15) and the Schwarz inequality that

E(fσ
λ )− E(fϕ

P )

≤
∫
X

∣∣(ϕ(fσ
λ (x))− ϕ(fϕ

P (x))) · p̄

+ (ϕ(−fσ
λ (x))− ϕ(−fϕ

P (x))) · q̄
∣∣dPX

≤2M

∫
X
sup

{∣∣ϕ′
+(ξ)

∣∣ : |ξ| ≤ max

{
ℓ∑

i=1

(
ℓ

i

)∥∥f̃ϕ
P

∥∥
L∞(Rn)

,
∥∥fϕ

P

∥∥
L∞(X )

}}
|fσ

λ (x)− fϕ
P (x)|g(x)dx

≤2M sup

{∣∣ϕ′
+(ξ)

∣∣ : |ξ| ≤ ℓ∑
i=1

(
ℓ

i

)∥∥f̃ϕ
P

∥∥
L∞(Rn)

}∥∥fσ
λ − fϕ

P

∥∥
Lv(X )

∥g∥Lv′ (X )

≤2M sup

{∣∣ϕ′
+(ξ)

∣∣ : |ξ| ≤ ℓ∑
i=1

(
ℓ

i

)∥∥f̃ϕ
P

∥∥
L∞(Rn)

}
∥g∥Lv′ (X )A1,vσ

s.

(40)

This together with (31) implies that (34) and (35) hold with

B̃ = max

{∑ℓ
i=1

(
ℓ

i

)∥∥f̃ϕ
P

∥∥
L∞(Rn)

, 2M sup{∣∣ϕ′
+(ξ)

∣∣ : |ξ| ≤∑ℓ
i=1

(
ℓ

i

)∥∥f̃ϕ
P

∥∥
L∞(Rn)

}
∥g∥Lv′ (X )A1,v,

1
2

(
ℓcℓ

(
√
2π)n/2

∥∥f̃ϕ
P

∥∥
L2(Rn)

)2
, 1

}
.

Now we prove the second part of Lemma 3. If ϕls(u) = (1 − u)2 or ϕ2(u) = (1 − u)2+, we

get that

E (fσ
λ )− E(fϕ2

P ) ≤ E (fσ
λ )− E(fϕls

P )

= E
[ R

Aϱ+ (1−A)/2
(Afϕls

P (X)−Afσ
λ (X))2

]
≤ M̃

∫
X
(fϕls

P (x)− fσ
λ (x))

2dPX

= M̃∥fσ
λ − fϕls

P ∥2L2(X ).

Therefore, the above bound combined with (38), (39) and (31) yields that (36) and (37) hold
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with B̃1 = max

{
1,
∑ℓ

i=1

(
ℓ

i

)
∥f̃ϕ

P ∥L∞(Rn), M̃A2
1,2,

1
2

(
ℓcℓ

(
√
2π)n/2

∥f̃ϕ
P ∥L2(Rn)

)2}
. �

Remark 4. In the error analysis of algorithm (6) under the smooth condition, setting σt = t−β,

the bound (35) can be expressed as regularization error D (σt, λt) ≤ B̃(σs
1t

−sβ+λ1σ
−n
1 t−(γ−nβ)).

Therefore, a natural choice for the parameter is β = γ
s+n in Theorem 2. When ϕls(u) = (1−u)2

and ϕ2(u) = (1 − u)2+, (37) implies that D(σt, λt) ≤ B̃1(σ
2s
1 t−2sβ + λ1σ

−n
1 t−(γ−nβ)). In this

case, the parameter choice is β = γ
2s+n in Theorem 1.

Next, we present the bounds for the variancing error and the approximation error under

the noise condition (28). Consider X as the closed unit ball within Rn, and let X̃ = 3X . The

function fϕ
P can be extended onto Rn as follows

f̃ϕ
P (x) =


fϕ
P (x), if x ∈ X ,

fϕ
P (

x
|x| ), if x ∈ X̃/X ,

0, if x ∈ Rn/X̃ .

(41)

Recall that K̃σ(x) :=
(

1√
2πσ

)n
exp

{
− |x|2

2σ2

}
. We define

f̃σ(x) =

∫
Rn

K̃σ(x− u)f̃ϕ
P (u)du, x ∈ Rn. (42)

Consequently, let {fσ
λ }σ>0 be a sequence such that fσ

λ ∈ Hσ represents the restriction of f̃σ

onto X .

We now present the error bounds for variance under noise condition, as detailed in Lemma

4 from [24].

Lemma 4 (Variancing error under noise condition). We define f̃σt by (42) and fσ
λ (x) :=

f̃σ(x) |X∈ Hσ. If σt = t−β with 0 ≤ β < 1, there holds∥∥fσt

λ

∥∥
σt

≤ 1

(
√
2π)n/2

∥∥f̃ϕ
P

∥∥
L2(Rn)

tnβ/2

and

ht ≤
2cβ + c2β√
2(
√
2π)n/2

∥∥f̃ϕ
P

∥∥
L2(Rn)

t−1+nβ
2 ,

where cβ = 2max
{
1, 3β−1β

}
.

Lemma 5 (Approximation error under noise condition). Define f̃σt by (42) and fσ
λ (x) :=

f̃σ(x) |X∈ Hσ. Let Assumption 5 be satisfied. Suppose that f̃ϕ
P ∈ L∞ (Rn) , fϕ

P = f̃ϕ
P |X . Then

there is a function {fσ
λ ∈ Hσ : 0 < σ ≤ 1, λ ≥ 0} such that

∥fσ
λ ∥L∞(X ) ≤ B̃2, (43)

E (fσ
λ )− E(fϕ

P ) +
λ

2
∥fσ

λ ∥
2
Hσ

≤ B̃2

(
σ

ξ1
1+ξ2 + λσ−n

)
, (44)

where the constant B̃2 ≥ 1 is independent of σ and λ (given explicitly in the proof).

Proof. Since f̃ϕ
P ∈ L∞ (Rn), we directly estimate ∥fσ

λ ∥L∞(X ) from the expression of f̃σ. Noting
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that
∫
Rn K̃σ(y)dy = 1. For each x ∈ X ,∣∣∣f̃σ(x)∣∣∣ = ∣∣∣∣∫

Rn

f̃ϕ
P (u)K̃σ(x− u)du

∣∣∣∣ = ∣∣∣∣∫
Rn

f̃ϕ
P (x− u)K̃σ(u)du

∣∣∣∣
≤
∥∥f̃ϕ

P

∥∥
L∞(Rn)

∫
Rn

K̃σ(u)du =
∥∥f̃ϕ

P

∥∥
L∞(Rn)

.

So, we can get that

∥fσ
λ ∥L∞(X ) ≤ ∥f̃ϕ

P ∥L∞(Rn).

According to the conclusion of Theorem 6 in [24], we have∫
X

∣∣∣fσ
λ (x)− fϕ

P (x)
∣∣∣ dPX ≤ ε+ 16C1

∥∥∥fϕ
P

∥∥∥
L∞(X )

(8n)ξ1/2ε−ξ2σξ1 .

Using the first inequality of (40), then

E(fσ
λ )− E

(
fϕ
P

)
≤ 2M

∫
X
sup

{∣∣ϕ′
+(ξ)

∣∣ : |ξ| ≤ max
{∥∥f̃ϕ

P

∥∥
L∞(Rn)

,
∥∥fϕ

P

∥∥
L∞(X )

}} ∣∣∣fσ
λ (x)− fϕ

P (x)
∣∣∣ dPX

≤ 2M sup
{∣∣ϕ′

+(ξ)
∣∣ : |ξ| ≤ ∥∥f̃ϕ

P

∥∥
L∞(Rn)

}(
ε+ 16C1

∥∥fϕ
P

∥∥
L∞(X )

(8n)ξ1/2ε−ξ2σξ1
)
.

Choose ε = σ
ξ1

1+ξ2 , then (43) and (44) are obtained by taking B̃2 = max
{
∥f̃ϕ

P ∥L∞(Rn),

2M sup
{∣∣ϕ′

+(ξ)
∣∣ : |ξ| ≤ ∥f̃ϕ

P ∥L∞(Rn)

}(
1 + 16

(
C1

∥∥fϕ
P

∥∥
L∞(X )

(8n)ξ1/2
))

, 1
2

∥∥f̃ϕ
P

∥∥2
L2(Rn)

, 1
}
. �

Remark 5. In the error analysis of algorithm (6) under the noise condition, by setting σt =

t−β, the bound (44) can be formulated as a regularization error D (σt, λt) ≤ B̃2

(
σ

ξ1
1+ξ2
1 t−

ξ1β
1+ξ2 +

λ1σ
−n
1 t−(γ−nβ)

)
. Therefore, a natural choice for the parameter is β = cγ with c = 1+ξ2

ξ1+n(1+ξ2)

as specified in Theorem 3.

4.2 Drift error

The key analysis for full ROOWL is to estimate the error arising from changing the regu-

larization parameter from λt−1 to λt.

Definition 6. The drift error is defined by

dt =
∥∥fσt−1

λt
− f

σt−1

λt−1

∥∥
σt−1

.

The drift error can be evaluated through the approximation error, a subject explored in

regression [13] and classification [14,29]. The proof for the OWL algorithm is a straightforward

adaptation from [14,29], and for simplicity, we have omitted it.

Lemma 6. Let ϕ be an admissible loss function, fσ
λ defined as (21) and µ > λ > 0. We have∥∥fσ

λ − fσ
µ

∥∥
σ
≤ µ

2

(
1

λ
− 1

µ

)(
∥fσ

λ ∥σ +
∥∥fσ

µ

∥∥
σ

)
≤ µ

2

(
1

λ
− 1

µ

)(√
2D(σ, λ)

λ
+

√
2D(σ, µ)

µ

)
.

Particularly, if we adopt the choice λt = λ1t
−γ for t ≥ 1 with some 0 < γ ≤ 1, then

dt ≤ 2(t− 1)
γ
2 −1
√
D (σt−1, λ1(t− 1)−γ) /λ1. (45)
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4.3 Bounding the learning sequence

The authors in [23] studied how the RKHS norms in Hσ change with variations in the

variance σ.

Lemma 7. If X ⊂ Rn and 0 < σ ≤ σ′ < ∞, there holds

Hσ′ ⊆ Hσ and ∥f∥σ ≤
(
σ′

σ

)n/2

∥f∥σ′ ∀f ∈ Hσ′ . (46)

We can now establish the following bound for {ft} by induction.

Lemma 8. Let M̃ = M
min{ϱ,1−ϱ} . Define {ft}T+1

t=1 by (6). Let Assumption 3 be satisfied. Assume

that the triple {λt, σt, ηt} is given by (7). If

λ1 ≥ M̃ |ϕ′(0)| , (47)

and

ηt(M̃M(t
nβ
2 +γ) + λt) ≤ 1, t = 1, . . . , T, (48)

then we have for t = 1, . . . , T + 1

∥ft∥σt
≤ t

nβ
2 +γ . (49)

Proof. We prove it by induction. Note that f1 ∈ Hσ1 and ∥f1∥σ1
≤ 1 given that f1 = 0. For

t < T , we assume that ft ∈ Hσt satisfies (49). Denote ut = atf(xt), we now examine ft+1,

which can be formulated as

ft+1 = (1− λtηt) ft−ηt ·
rt

atϱ+ (1− at)/2

[
ϕ′
− (ut)− ϕ′(0)

]
atKσt (xt, ·)

− ηt ·
rt

atϱ+ (1− at)/2
ϕ′(0)Kσt (xt, ·) .

Express the part of the middle term as[
ϕ′
− (ut)− ϕ′(0)

]
atKσt (xt, ·) =

ϕ′
− (ut)− ϕ′(0)

ut
Ltft,

where Lt(g) = ⟨g,Kσt(xt, ·)⟩σt
Kσt(xt, ·). It is easy to verify that Lt : Hσt → Hσt is a self-

adjoint, rank-1, and positive linear operator. We can establish bound on the operator norm as

∥Lt∥Hσt→Hσt
≤ 1 since ⟨Ltg, g⟩σt

= |⟨g,Kσt (xt, ·)⟩|2σt
≤ ∥g∥2σt

for any g ∈ Hσt .

The local Lipschitz condition in Assumption 3 implies that the expression
(
ϕ′
− (ut)− ϕ′(0)

)
/

ut is bounded by M(t
nβ
2 +γ). Since ϕ′

− is nondecreasing and 0 < rt
atϱ+(1−at)/2

< M̃, we conclude

that

0 ≤ rt
atϱ+ (1− at)/2

(ϕ′
− (ut)− ϕ′(0))/ut ≤ M̃M(t

nβ
2 +γ).

This leads to the linear operator Ã := rt
atϱ+(1−at)/2

(ϕ′
− (ut)− ϕ′(0))Lt/ut defined on Hσt being

self-adjoint and positive with its norm bounded by M̃M(t
nβ
2 +γ). By applying (48), the linear

operator (1− ηtλt) I − ηtÃ is self-adjoint, positive, and bounded by 1− ηtλt. Thus∥∥ (1− ηtλt) ft−ηt ·
rt

atϱ+ (1− at)/2

[
ϕ′
− (ut)− ϕ′(0)

]
atKσt (xt, ·)

∥∥
σt

≤ (1− ηtλt) ∥ft∥σt
.

It yields from (7), (47) and M̃ = M
min{ϱ,1−ϱ} that

∥ft+1∥σt
≤ (1− ηtλt) ∥ft∥σt

+ ηtM̃ |ϕ′(0)|
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= t
nβ
2 +γ − η1λ1t

−α+nβ
2 + η1t

−αM̃ |ϕ′(0)|

≤ t
nβ
2 +γ − (t

nβ
2 − 1)η1t

−αM̃ |ϕ′(0)|

≤ t
nβ
2 +γ .

Thus, we obtain from (46) that

∥ft+1∥σt+1
≤
(

σt

σt+1

)n
2

∥ft+1∥σt
≤
(
t+ 1

t

)nβ
2

t
nβ
2 +γ ≤ (t+ 1)

nβ
2 +γ

.

Therefore, we get the desired result using induction. �

4.4 One-step iteration

The first term on the right-hand side of (22) is to be evaluated by means of the error∥∥fT+1 − fσT

λT

∥∥
σT

. This error is iteratively bounded through a one-step analysis shifting from

∥ft− f
σt−1

λt−1
∥σt−1 to

∥∥ft+1 − fσt

λt

∥∥
σt
. The subsequent Lemma 9 can be established following a

procedure analogous to that in [14].

Lemma 9. Define {ft}T+1
t=1 by (6). Then we have

Ezt

∥∥ft+1 − fσt

λt

∥∥2
σt

≤ (1− ηtλt)
∥∥ft − fσt

λt

∥∥2
σt

+ 2ηt∆t

+ η2tEzt

∥∥ rt
atϱ+ (1− at)/2

ϕ′
− (atft (xt)) atKσt(xt, ·) + λtft

∥∥2
σt
,

where

∆t =

∫
Z

r

aϱ+ (1− a)/2

{
ϕ
(
afσt

λt
(x)
)
− ϕ (aft(x))

}
d
[
P (t) − P

]
. (50)

Proof. Denote Gλ
t := rt

atϱ+(1−at)/2
ϕ′
− (atft (xt)) atKσt

(xt, ·) + λtft. (6) can be expressed as

ft+1 = ft − ηtG
λ
t . Then∥∥ft+1 − fσt

λt

∥∥2
σt

=
∥∥ft − fσt

λt

∥∥2
σt

+ η2t
∥∥Gλ

t

∥∥2
σt

+ 2ηt
⟨
Gλ

t , f
σt

λt
− ft

⟩
σt

. (51)

It follows from the reproducing property (3) that⟨ rt
atϱ+ (1− at)/2

ϕ′
− (atft (xt)) atKσt (xt, ·) , fσt

λt
− ft

⟩
σt

=
rt

atϱ+ (1− at)/2
ϕ′
− (ut) (u

σt
t − ut) ,

where uσt
t = atf

σt

λt
(xt) and ut = atft (xt). It can be deduced from the convexity of ϕ that

ϕ′
− (ut) (u

σt
t − ut) ≤ ϕ (uσt

t )− ϕ (ut) .

For the other part of the last term of (51), we derive⟨
ft, f

σt

λt
− ft

⟩
σt

≤ 1

2

∥∥fσt

λt

∥∥2
σt

+
1

2
∥ft∥2σt

− ∥ft∥2σt
=

1

2

∥∥fσt

λt

∥∥2
σt

− 1

2
∥ft∥2σt

.

Thus, the last term of (51) can be bounded as follows:⟨
Gλ

t , f
σt

λt
− ft

⟩
σt

≤
[

rt
atϱ+ (1− at)/2

ϕ (uσt
t ) +

λt

2

∥∥fσt

λt

∥∥2
σt

]
−
[

rt
atϱ+ (1− at)/2

ϕ (ut) +
λt

2
∥ft∥2σt

]
.

Since ft only depends on {z1, · · · , zt−1} and is independent of zt, it follows that

Ezt

⟨
Gλ

t , f
σt

λt
− ft

⟩
σt

≤
[
E
(
fσt

λt

)
+

λt

2

∥∥fσt

λt

∥∥2
σt

]
−
[
E (ft) +

λt

2
∥ft∥2σt

]
+∆t.



YANG Ao-li, et al. Online outcome weighted learning with varying Gaussians and... 499

This in connection with Lemma 2 in [27] implies that

Ezt

⟨
Gλ

t , f
σt

λt
− ft

⟩
σt

≤ −λt

2

∥∥fσt

λt
− ft

∥∥2
σt

+∆t.

Therefore, it yields from the above bound and (51) that

Ezt

∥∥ft+1 − fσt

λt

∥∥2
σt

≤ (1− λtηt)
∥∥ft − fσt

λt

∥∥2
σt

+ 2ηt∆t + η2tEzt

∥∥Gλ
t

∥∥2
σt

,

which is the result we desired. �
Define ht =

∥∥fσt

λ − f
σt−1

λ

∥∥
σt

with fσt

λ = fσt

λt
and let gt =

∥∥fσt−1

λt
− f

σt−1

λt−1

∥∥
σt
. The one-step

iteration result for algorithm (6) is given as follows. To achieve optimal error bounds, we will

utilize some free parameters 0 < ϑ1 < 2 and A1, A2 > 0.

Proposition 1. Define {ft} by (6). Let {λt, σt, ηt} follow (7) with 0 < β < 1
n , α+ γ < 1 and

t ≥
(

4
λ1η1

+ 1
) 1

1−α−γ . For 0 < ϑ1 < 2 and A1, A2 > 0, the bound holds

Ezt

∥∥ft+1 − fσt

λt

∥∥2
σt

≤
(
1 + 2A1g

ϑ1
t + 2A2h

ϑ1
t − 3

4
ηtλt

)∥∥ft − f
σt−1

λt−1

∥∥2
σt−1

+ g2−ϑ1
t /A1 + h2−ϑ1

t /A2 + 2g2t + 2h2
t + 2ηt∆t

+ η2tEzt

[∥∥ rt
atϱ+ (1− at)/2

ϕ′
− (atft (xt)) atKσt(xt, ·) + λtft

∥∥2
σt

]
,

(52)

where ∆t is defined as (50).

Proof. We firstly decompose
∥∥ft − fσt

λt

∥∥
σt

as follows:∥∥ft − fσt

λt

∥∥
σt

≤
∥∥ft − f

σt−1

λt−1
+ f

σt−1

λt−1
− f

σt−1

λt
+ f

σt−1

λt
− fσt

λt

∥∥
σt

≤
∥∥ft − f

σt−1

λt−1

∥∥
σt

+ gt + ht.

We can apply the elementary inequality 2xy ≤ Ax2yϑ1 + y2−ϑ1/A with 0 < ϑ1 < 2 and A > 0

to x =
∥∥ft − f

σt−1

λt−1

∥∥
σt
, y = gt and A = A1 or y = ht and A = A2, then we get∥∥ft − fσt

λt

∥∥2
σt

≤
(
1 +A1g

ϑ1
t +A2h

ϑ1
t

)∥∥ft − f
σt−1

λt−1

∥∥2
σt

+ g2−ϑ1
t /A1 + h2−ϑ1

t /A2 + 2g2t + 2h2
t . (53)

It follows from Lemma 9 and Lemma 7 that

Ezt

∥∥ft+1 − fσt

λt

∥∥2
σt

≤

{(
t

t− 1

)nβ (
1 +A1g

ϑ1
t +A2h

ϑ1
t

)(
1− ηtλt

)∥∥ft − f
σt−1

λt−1

∥∥2
σt−1

}
+g2−ϑ1

t /A1 + h2−ϑ1
t /A2 + 2g2t + 2h2

t + 2ηt∆t + η2tEzt

∥∥Gλ
t

∥∥2
σt

,

(54)

whereGλ
t := rt

atϱ+(1−at)/2
ϕ′
− (atft (xt)) atKσt (xt, ·)+λtft. Since nβ < 1,

(
t

t−1

)nβ
≤ 1+(t−1)−1

for t ≥ 2, the coefficient for the first component of (54) can be determined as(
t

t− 1

)nβ (
1 +A1g

ϑ1
t +A2h

ϑ1
t

)
(1− ηtλt)

≤
(
1 + 2A1g

ϑ1
t + 2A2h

ϑ1
t + (t− 1)−1

)
(1− ηtλt)

≤ 1 + 2A1g
ϑ1
t + 2A2h

ϑ1
t + (t− 1)−1 − ηtλt.

Note that t ≥
(

4
λ1η1

+ 1
) 1

1−α−γ

implies (t− 1)−1 ≤ 1
4ηtλt. Then we get the desired conclusion

(52). �
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4.5 Sample error

We are now ready to apply one-step iteration to bound the sample error
∥∥fT+1 − fσT

λT

∥∥
σT

.

While some ideas in the subsequent proof come from [13, 14], our results offer a tighter upper

bound.

Proposition 2. Let M̃ = M
min{ϱ,1−ϱ} . For an admissible loss function ϕ, define the sequence

{ft}T+1
t=1 by (6). Suppose Assumptions 1, 2 and 3 hold. Suppose that for some s > 0, f̃ϕ

P ∈
Lip∗ (s, Lv (Rn)) ∩ L∞ (Rn) , fϕ

P = f̃ϕ
P |X and dPX

dx ∈ Lv′
(X ) with 1

v′ +
1
v = 1. Take the triple

{λt, σt, ηt} as specified in (7), where 0 < η1 ≤ 1/
(
M̃
(
M0 + 2N1

)
+ λ1

)
, λ1 ≥ M̃ |ϕ′(0)| and

β = cγ with c = 1/ (s+ n). If the following conditions are satisfied

0 < γ < 1/(1 + max{3nc/2 + 1, (2 + nc)(p+ 1/2)}), (55)

γmax{nc+ 1, (2 + nc)p+ 1} < α < 1− (nc/2 + 1)γ, (56)

and

b > ((p+ 1)(nc/2 + 1) + ζc+ 1)γ, (57)

then the inequality

EZT

∥∥fT+1 − fσT

λT

∥∥2
σT

≤ C2T
−θ (58)

holds. Here θ is defined by (27) and C2 is a constant independent of T (explicitly derived in

the proof).

Proof. Firstly, we bound ∆t using Lemma 8. Applying (14) with w = t
nβ
2 +γ , where p(nβ/2+

γ) ≤ α, and the condition η1 ≤ 1/(M̃ (M0 + 2N1) + λ1), we obtain

ηt

(
M̃M

(
t
nβ
2 +γ

)
+ λt

)
≤ ηt

(
M̃(M0 + 2N1)t

p(nβ/2+γ) + λ1t
−γ
)

≤ η1

(
M̃(M0 + 2N1) + λ1

)
≤ 1.

The above bound in connection with λ1 ≥ M̃ |ϕ′(0)| and (4) implies that

∥ft∥C(X ) ≤ ∥ft∥σt
≤ t

n
2 β+γ .

According to (34), we get that
∥∥fσt

λt

∥∥
C(X )

≤ B̃ for a constant B̃ ≥ 1. Therefore, plugging the

bounds for ft and fσt

λt
into Lemma 1 , we get

Bf
σt
λt

,ft ≤ N(B̃t
n
2 β+γ), B̃f

σt
λt

,ft ≤ Ñ(B̃t
n
2 β+γ).

Recall the following result stated in [34]

∥g∥Cζ(X ) ≤
(
1 + σ−ζ

)
∥g∥σ. (59)

Then we have

∥ft∥Cζ(X ) ≤ A′
0t

γ+(n/2+ζ)β ,
∥∥fσt

λt

∥∥
Cζ(X )

≤ A′
1t

ζβ .

Here A′
0 = (1 + σ−ζ

1 ) and A′
1 = B̃(1 + σ−ζ

1 ). Thus, we can bound ∆t as

∆t ≤
∥∥P (t)

X − PX
∥∥
(Cζ(X ))∗

{
2M
(
∥ft∥Cζ(X ) +

∥∥fσt

λt

∥∥
Cζ(X )

)
N(B̃t

n
2 β+γ)

+ 2M̃CP Ñ(B̃t
n
2 β+γ)

}
≤ C0t

−b+(np/2+n/2+ζ)β+(p+1)γ ,

where C0 = Cb[2MB̃p (A′
0 +A′

1) + 2CP M̃B̃p+1]N1.
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Next, we come to estimate the last part of (52)

η2tEzt

[∥∥ rt
atϱ+(1−at)/2

ϕ′
− (atft (xt)) atKσt(xt, ·) + λtft

∥∥2
σt

]
.

According to Lemma 8, it is bounded by

2η21(M̃
2N2

1 + λ2
1)t

−min{2α−p(nβ+2γ),2α−nβ}.

To estimate the other parts of (52), we further need to determine the bound of the drift error

dt =
∥∥fσt−1

λt
− f

σt−1

λt−1

∥∥
σt−1

≤ 2(t− 1)
γ
2 −1
√

D (σt−1, λ1(t− 1)−γ) /λ1. (60)

Notice that sβ = γ − nβ. It follows from (60) and Lemma 3 that

gt =
∥∥fσt−1

λt
− f

σt−1

λt−1

∥∥
σt

≤
(

t

t− 1

)nβ
2 ∥∥fσt−1

λt
− f

σt−1

λt−1

∥∥
σt−1

≤
( t

t− 1

)nβ
2

2(t− 1)
γ
2 −1(t− 1)−

sβ
2

√
B̃(σs

1 + λ1σ
−n
1 )/λ1 ≤ g0t

nβ
2 −1,

where g0 = 4

√
B̃(σs

1 + λ1σ
−n
1 )/λ1. Applying the above bound and (33), we can choose ϑ1 =

α+γ

1−nβ
2

, A1 = η1λ1

8g
ϑ1
0

and A2 = η1λ1

8C
ϑ1
s,P,β

. Since α+ γ < 1 and nβ < 1 lead to α+γ

1−nβ
2

∈ (0, 2), then the

coefficient of the first term of (52) can be bounded as

1 + 2A1g
ϑ1
t + 2A2h

ϑ1
t − 3

4
ηtλt ≤ 1− 1

4
ηtλt.

Therefore, we obtain from Proposition 1 that for each t >
(

4
η1λ1

+ 1
) 1

1−α−γ ,

EZt

∥∥ft+1 − fσt

λt

∥∥2
σt

≤
(
1− 1

4
ηtλt

)
EZt−1

∥∥ft − f
σt−1

λt−1

∥∥2
σt−1

+A3t
−θ̃, (61)

where

θ̃ = min{2− nβ − α− γ, 2α− p(nβ + 2γ), 2α− nβ, b+ α− (np/2 + n/2 + ζ)β − (p+ 1)γ}
and

A3 = g2−ϑ1
0 /A1 + h2−ϑ1

0 /A2 + 2g20 + 2h2
0 + 2η1C0 + η21(M̃

2N2
1 + 2λ2

1).

Now we iteratively substitute the above bound into (61) from t = T0 :=
⌈(

4
λ1η1

+ 1
) 1

1−α−γ

⌉
to

t = T. Therefore

EZT

∥∥fT+1 − fσT

λT

∥∥2
σt

≤ A3

T∑
t=T0

T∏
j=t+1

(
1− η1λ1

4
j−γ−α

)
t−θ̃

+

{
T∏

t=T0

(
1− η1λ1

4
t−γ−α

)}
EZT0−1

∥∥fT0 − f
σT0−1

λT0−1

∥∥2
σT0−1

.

(62)

Denote ι = 1− γ − α. Since 1− u ≤ e−u for u ≥ 0, one can deduce that
T∏

t=T0

(
1− η1λ1

4
t−γ−α

)
≤ exp

{
−η1λ1

4

T∑
t=T0

t−γ−α

}
≤ exp

{
−η1λ1

4

∫ T+1

T0

x−γ−αdx

}

≤ exp

{
λ1η1
4ι

T ι
0

}
exp

{
−λ1η1

4ι
(T + 1)ι

}
.

(63)

Applying the elementary inequality exp{−cx} ≤
(

v
ec

)v
x−v with c = λ1η1

4ι , v = 2
ι and x =
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(T + 1)ι, we get
T∏

t=T0

(
1− η1λ1

4
t−γ−α

)
≤ exp

{
λ1η1
4ι

T ι
0

}
(8/eλ1η1)

2
ι T−2.

For the remaining part of (62), we use the following elementary inequality [22], which is valid

for 0 < q1 < 1 ĉ, q2 > 0 and t ∈ N
t−1∑
t=1

i−q2 exp

−ĉ
t∑

j=i+1

j−q1

 ≤
(
2q1+q2/ĉ+

[
(1 + q2) /eĉ

(
1− 2q1−1

)](1+q2)/(1−q1)
)
tq1−q2 .

Set q1 = γ + α and q2 = θ̃. Then

T∑
t=T0

T∏
j=t+1

(
1− η1λ1

4
j−γ−α

)
t−θ̃ ≤

T∑
t=T0

exp

−η1λ1

4

T∑
j=t+1

j−γ−α

 t−θ̃ ≤ A4T
γ+α−θ̃,

where A4 is the constant defined as

A4 = 2γ+α+θ̃+2/η1λ1 + 1 +
(
(4 + 4θ̃)/eη1λ1

(
1− 2−ι

) )(1+θ̃)/ι
.

Subsequently, by substituting the above bound and (63) into (62), it can be deduced that (58)

holds for θ = θ̃ − α− γ, and the constant C2 is determined by

C2 = A3A4 + exp

{
λ1η1
4ι

T ι
0

}
(8/eλ1η1)

2/ι
max

1≤t≤T0

EZt

(∥∥ft − f
σt−1

λt−1

∥∥2
σt−1

)
.

This completes the proof of Proposition 2. �

Proposition 3. Let M̃ = M
min{ϱ,1−ϱ} . For ϕls(u) = (1 − u)2 and ϕ2(u) = (1 − u)2+, de-

fine {ft}T+1
t=1 by (6). Assume Assumptions 1, 2 and 3 hold. Suppose that for s > 0, f̃ϕ

P ∈
Lip∗

(
s, L2 (Rn)

)
∩ L∞ (Rd

)
and fϕ

P = f̃ϕ
P |X . Take the triple {λt, σt, ηt} as specified in (7),

where 0 < η1 ≤ 1/(8M̃), λ1 = 2M̃ and β = c1γ with c1 = 1/ (2s+ n). If the following

conditions are satisfied

0 < γ < 1/(4 + 3nc1/2),

γ (3 + nc1) < α < 1− (nc1/2 + 1)γ,

and

b > (nc1 + ζc1 + 3)γ,

then the inequality

EZT

∥∥fT+1 − fσT

λT

∥∥2
σT

≤ C3T
−θ1

holds. Here θ1 is defined as (23) and C3 is a constant independent of T .

Proof. We can verify that the least square loss function ϕls(u) = (1 − u)2 and 2-norm SVM

loss function ϕ2(u) = (max{1− u, 0})2 satisfy (11) with p = 1, N1 = 2 and (13) with M0 = 2.

So the restriction η1 ≤ 1/
(
M̃(M0 + 2N1) + λ1

)
can also be expressed as η1 ≤ 1/(8M̃) when

λ1 = 2M̃ . It comes immediately from Remark 4 that the parameter choice for both the least

square loss function and 2-norm SVM loss function is β = γ
2s+n := c1γ. Since the proof is

similar to the one for Theorem 2, we omit it. �
To derive Proposition 4, we replace the smoothness condition in Proposition 2 with the

geometric noise condition. Its proof follows the same steps as that of Proposition 2, substituting

Lemma 2 with Lemma 4 and Lemma 3 with Lemma 5 (as in Proposition 2s original proof).
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Hence the proof is omitted.

Proposition 4. Let M̃ = M
min{ϱ,1−ϱ} . For an admissible loss function ϕ, define {ft}T+1

t=1 by

(6). Assume Assumptions 1, 2, 3 and 5 hold. Suppose that f̃ϕ
P ∈ L∞ (Rn) , fϕ

P = f̃ϕ
P |X . Take

the triple {λt, σt, ηt} as specified in (7) with 0 < η1 ≤ 1/(M̃ (M0 + 2N1) + λ1), λ1 ≥ M̃ |ϕ′(0)|
and β = c2γ, where c2 = 1+ξ2

ξ1+n(1+ξ2)
. If the following conditions are satisfied

0 < γ < 1/(1 + max{3nc2/2 + 1, (2 + nc2)(p+ 1/2)}), (64)

γmax{nc2 + 1, (2 + nc2)p+ 1} < α < 1− (nc2/2 + 1)γ, (65)

and

b > ((p+ 1)(nc2/2 + 1) + ζc2 + 1)γ, (66)

the the inequality

EZT

∥∥fT+1 − fσT

λT

∥∥2
σT

≤ C4T
−θ2 (67)

holds. Here θ2 is defined as (3) and C4 is a constant independent of T .

4.6 Convergence rates

Proof of Theorem 1. Based on Corollary 5.3 in [36] and the fact that ∥f∥L2(X ) ≤ ∥f∥C(X ) ≤
∥f∥Hσ , it can be concluded that

E (fT+1)− E(fϕ2

P ) ≤ E (fT+1)− E(fϕls

P )

≤ 2M

∫
X

(
fϕls

P (x)− fT+1(x)
)2

dPX

≤ 4M
∥∥fT+1 − fσT

λT

∥∥2
σT

+ 4M
∥∥∥fσT

λT
− fϕls

P

∥∥∥2
L2(X )

.

(68)

It follows from Proposition 3 that

EZT

∥∥fT+1 − fσT

λT

∥∥2
σT

≤ C3T
−θ1 . (69)

From equation (39) with fσ
λ = fσT

λT
and v = 2, we know that for ϕ = ϕls and ϕ = ϕ2,∥∥∥fσT

λT
− fϕ

P

∥∥∥2
L2(X )

≤ A2
1,2T

−2sc1γ . (70)

Therefore, putting (69) and (70) into (68), we get

EZT

[
E (fT+1)− E(fϕ

P )
]
≤
[
4MC3 + 4MA2

1,2

]
T−min{θ1,2sc1γ}.

Then the proof is complete. �

Lemma 10. Consider a general convex function ϕ. Let
(

nβ
2 + γ

)
p < 1 and suppose the as-

sumptions of Lemma 8 are satisfied. Assume that s > 0, f̃ϕ
P ∈ Lip∗ (s, Lv (Rn))∩L∞ (Rn) , fϕ

P =

f̃ϕ
P |X and dPX

dx ∈ Lv′
(X ) with 1

v′ +
1
v = 1. Then we have the following inequality:∣∣E (fT+1)− E

(
fσT

λT

)∣∣ ≤ 4MN1B̃
pT p(nβ

2 +γ) ∥∥fT+1 − fσT

λT

∥∥
σT

. (71)

Additionally, suppose Assumption 5 is satisfied and let f̃ϕ
P ∈ L∞ (Rn) , fϕ

P = f̃ϕ
P |X . Then the

inequality ∣∣E (fT+1)− E
(
fσT

λT

)∣∣ ≤ 4MN1B̃
p
2T

p(nβ
2 +γ) ∥∥fT+1 − fσT

λT

∥∥
σT

(72)

holds.
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Proof. To simplify the notations, let p̄ = E[R | X = x,A = 1] and q̄ = E[R | X = x,A = −1].

It is easy to get from the convexity of the loss function and the Chauchy-Schwarz inequality

that ∣∣E (fT+1)− E
(
fσT

λT

)∣∣
≤ max

{∣∣ϕ′
− (afT+1(x))

∣∣ , ∣∣ϕ′
−
(
afσT

λT
(x)
)∣∣} ∫

X
(p̄+ q̄)|fT+1(x)− fσT

λT
(x)|dPX

≤ 2M ·max
{∣∣ϕ′

− (afT+1(x))
∣∣ , ∣∣ϕ′

−
(
afσT

λT
(x)
)∣∣} ∥∥fT+1 − fσT

λT

∥∥
σT

.

(73)

Applying Lemma 3 and Lemma 8, we get

|afT+1(x)| ≤ ∥fT+1∥σT+1
≤ 2

nβ
2 +γT

nβ
2 +γ ,

∣∣afσT

λT
(x)
∣∣ ≤ ∥∥fσT

λT

∥∥
L∞(X )

≤ B̃.

This in connection with (11) and the condition
(

nβ
2 + γ

)
p < 1 leads to

max
{∣∣ϕ′

− (afT+1(x))
∣∣ , ∣∣ϕ′

−
(
afσT

λT
(x)
)∣∣} ≤ N(2

nβ
2 +γB̃ · T

nβ
2 +γ) ≤ 2N1B̃

pT (
nβ
2 +γ)p. (74)

Therefore, the bound (71) can be derived by putting (74) into (73). Similarly, the bound (72)

can be obtained by replacing Lemma 3 with Lemma 5. �
With the preliminaries established, we can now proceed to the specific proofs for our main

results.

Proof of Theorem 2. Since (56) and β = cγ, we have(
nβ

2
+ γ

)
p < 1.

Therefore, (71) holds. Consequently, it follows from Theorem 2 that

EZT

[
E (fT+1)− E

(
fσT

λT

)]
≤ 4MN1B̃

p
√
C2T

− θ
2+p(nc

2 +1)γ . (75)

We obtain from Definition 3 and (35) with fσt

λ = fσt

λt
that

E(fσT

λT
)− E(fϕ

P ) ≤ D(σT , λT ) ≤ B̃
(
σs
1 + λ1σ

−n
1

)
T−scγ . (76)

Therefore, we get the following bound from (75) and (76)

EZT

[
E (fT+1)− E(fϕ

P )
]
≤
[
M̃N1B̃

p
√
C2 + B̃

(
σs
1 + λ1σ

−n
1

) ]
T−min{ θ

2−p(nc
2 +1)γ,scγ}.

Proof of Example 1. We consider the convergence rate for the q-norm SVM loss function

ϕ = ϕq under two cases.

Case 1: q ≥ 2− 2n+2s
3n+2s . In this case, it is easy to verify that the q-norm SVM loss function

ϕ = ϕq satisfies condition (11) in Assumption 3 with p = q − 1, N1 = q, and condition (13)

with M0 = q(q − 1)2q−1. As a result, when λ1 = qM̃ , the step size η1 can be chosen as

η1 ≤ 1

M̃(q(q − 1)2q−1 + 3q)
.

We then take the parameters

α =
(12q − 10)n+ (8q − 2)s

(15q − 10)n+ 10qs
, β =

2

(15q − 10)n+ 10qs
, γ =

2n+ 2s

(15q − 10)n+ 10qs
,

and assume

b >
(9q − 4)n+ (6q − 2)s+ 2ζ

5(3q − 2)n+ 10qs
.

Under these choices, the conditions in Theorem 2 are satisfied. In particular, inequality (24)

becomes

0 < γ <
2n+ 2s

(15q − 10)n+ (10q − 6)s
,
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and inequality (25) becomes

(12q − 10)n+ (8q − 6)s

(15q − 10)n+ 10qs
< α <

(12q − 10)n+ 8qs

(15q − 10)n+ 10qs
,

both of which are valid. Therefore, we obtain the convergence rate

EZT

(
E(fT+1)− E(fϕ

P )
)
= O

(
T−min{ 2s

(15q−10)n+10qs
, b

2−
(9q−4)n+(6q−2)s+2ζ

10(3q−2)n+20qs }
)
.

Case 2: 1 < q < 2 − 2n+2s
3n+2s . In this case, we verify that the q-norm SVM loss ϕ = ϕq

satisfies condition (11) with p = q − 1, N1 = q, and condition (13) with M0 = 4. Accordingly,

when λ1 = qM̃ , we choose the learning rate

η1 ≤ 1

M̃(4 + 3q)
.

We set

α =
(6q − 2)n+ (4q + 2)s

(9q − 2)n+ (6q + 4)s
, β =

2

(9q − 2)n+ (6q + 4)s
, γ =

2n+ 2s

(9q − 2)n+ (6q + 4)s
,

and assume

b >
(9q − 4)n+ (6q − 2)s+ 2ζ

(9q − 2)n+ (6q + 4)s
.

Then, Theorem 2 applies. Specifically, inequality (24) becomes

0 < γ <
2n+ 2s

(9q − 2)n+ (6q − 2)s
,

and inequality (25) becomes

(6q − 2)n+ (4q − 2)s

(9q − 2)n+ (6q + 4)s
< α <

(6q − 2)n+ (4q + 4)s

(9q − 2)n+ (6q + 4)s
,

both of which are valid. Hence, the convergence rate is

EZT

(
E(fT+1)− E(fϕ

P )
)
= O

(
T−min{ 2s

(9q−2)n+(6q+4)s
, b

2−
(9q−4)n+(6q−2)s+2ζ
(18q−4)n+(12q+8)s }

)
.

In summary, considering both cases above, the learning rate for the q-norm SVM loss func-

tion follows from inequality (19). �
Proof of Theorem 3. Since (65) and β = c2γ hold, we have(nβ

2
+ γ
)
p < 1.

Hence, (72) holds. Consequently, it can be derived from Proposition 4 that

EZT

[
E (fT+1)− E

(
fσT

λT

)]
≤ 4MN1B̃

p
2

√
C4T

− θ2
2 +p(nc2

2 +1)γ . (77)

We obtain from Definition 3 and (44) with fσt

λ = fσt

λt
that

E(fσT

λT
)− E(fϕ

P ) ≤ D(σT , λT ) ≤ B̃2(σ
s
1 + λ1σ

−n
1 )T− ξ1c2γ

1+ξ2 . (78)

Therefore, we get the following bound from (75) and (78),

EZT

[
E (fT+1)− E(fϕ

P )
]
≤
[
M̃N1B̃

p
2

√
C4 + B̃2

(
σs
1 + λ1σ

−n
1

) ]
T

−min
{

θ2
2 −p(nc

2 +1)γ, ξ1c2γ
1+ξ2

}
.

Then we get our desired result. �
Proof of Corollary 3. The hinge loss function ϕ = ϕh satisfies (11) with p = 0, N1 = 1

and (13) with M0 = 0, while the generalized DWD loss function ϕ = ϕdwd satisfies (11) with

p = 0, N1 = 1 and (13) with M0 = (d + 1)2/d. For ϕ = ϕh with λ1 = M̃, the restriction

0 < η1 ≤ 1/(M̃ (M0 + 2N1) + λ1) in Proposition 4 simplifies to η1 ≤ 1/(3M̃). For ϕ = ϕdwd

with λ1 = M̃, it becomes η1 ≤ 1/(((d + 1)2/d + 3)M̃). Given N ϕh
ε (x) ≥ c̄ > 0, (28) holds for



506 Appl. Math. J. Chinese Univ. Vol. 41, No. 2

any ξ1 ∈ (0,∞) and ξ2 = 0. With the specified choices in this corollary, the desired learning

rates for the hinge loss function follow from Theorem 3 and (16) or (17). �

§5 Discussion

In summary, we propose a regularized online outcome weighted learning (ROOWL) algo-

rithm for estimating ITR in precision medicine. Our method handles sequential, independent

but non-identically distributed (i.n.i.d.) data by employing a time-varying Gaussian kernel and

a time-varying regularization parameter. Theoretical analysis establishes convergence rates

for several common used loss functions including the hinge loss, generalized DWD loss, least

squares loss, and q-norm SVM loss, under two settings: smooth target functions in generalized

Lipschitz spaces, and non-smooth target functions under a geometric noise condition. Our re-

sults demonstrate improved performance over existing approaches, especially in non-i.i.d. and

non-smooth settings.

We did not address the following questions which are beyond the scope of this paper. It

would be interesting to incorporate sparsity-inducing penalties such as ℓ1-regularization, which

may further improve model interpretability and performance on high-dimensional genomic and

imaging data [16]. Furthermore, developing distributed or federated versions [32] of ROOWL

would help address privacy and data decentralization challenges in healthcare, enabling se-

cure collaborative learning across multiple institutions without compromising sensitive patient

information.
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