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Online outcome weighted learning with varying Gaussians

and non-identical distributions

YANG Ao-lit? FAN Jun® XIANG Dao-hong!?*

Abstract. Outcome weighted learning is one of the most promising data-driven methods de-
veloped for estimating optimal individualized treatment rules (ITR) in precision medicine by
reweighting outcomes based on observed data. This paper proposes a fully regularized online
outcome weighted learning (ROOWL) algorithm to tackle sequential, independent but non-
identically distributed data in precision medicine. We consider a time-varying Gaussian kernel
to enhance flexibility in dynamic environments, and a time-varying regularization parameter
to better adapt to evolving data. Its generalization ability evaluated by the excess value func-
tion is studied for commonly used loss functions, including hinge loss, generalized DWD loss,
least square loss, and ¢g-norm SVM loss. Fast learning rates are derived under smoothness or

geometric noise conditions on the target function for a broad class of loss functions.

81 Introduction

The growing interest in precision medicine stems from the significant heterogeneity in pa-
tient responses to treatments [11,21]. The primary goal of precision medicine is to determine the
optimal individualized treatment rule (ITR) [18-20,26,33,35] based on individual patient traits
such as demographics, clinical results, and genetic data, to maximize each patient’s expected
clinical outcome (referred to as value function). Many data-driven approaches for estimating
ITR have been developed, with outcome weighted learning (OWL) being a notable approach
proposed by [33]. They demonstrated that maximizing the individual clinical outcome is equiv-
alent to minimizing a weighted classification error, using clinical outcomes as the classification
weights. In [33], the hinge loss function is introduced as a surrogate for the 0-1 loss function [19]
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to make optimization feasible. The error analysis for OWL with general loss functions is pro-
vided in [36]. Additionally, [10] examined the batch OWL algorithm within the context of the
Gaussian kernel and /;-norm regularization. The common assumption of the aforementioned
studies is that the sample is independent and identically distributed. However, medical data
often show distributional differences due to variations in factors such as age, disease type, and

severity. Collecting large and homogeneous datasets is both challenging and costly.

In this paper, we incorporate non-identically distributed sample from multiple sources, in-
cluding genomic data, clinical records, and imaging, into an online version of OWL. This ap-
proach aims to enhance the understanding of disease mechanisms and treatment effects while
efficiently handle large-scale and stream medical datasets. Online learning [4,12,30] is a pow-
erful approach for large-scale and streaming data. A key implementation of this paradigm
is online gradient descent (OGD), which efficiently updates model parameters incremental-
ly using single data points. This method provides notable computational savings over batch
approaches [5,6,9,17]. Beyond standard supervised learning, OGD has been effectively ap-
plied to pairwise learning such as ranking and metric learning in large-scale settings [28, 31].
In information-theoretic learning, OGD supports model development grounded in information
principles [25]. Functional data analysis benefits from OGD in capturing complex patterns in
signals and biological data [3,8]. In robust learning, OGD enhances resilience to noise and out-
liers [7]. Additionally, it advances tensor learning and inference by enabling efficient updates
on tensor-structured data [2]. Recently, the authors in [27] studied two online OWL algorithms
and established the convergence theory under an i.i.d. setting.

Our contributions are threefold. First, we extend the regularized online outcome weighted
learning (ROOWL) algorithm [27] via two key modifications: a time-varying Gaussian kernel
(with adaptive bandwidth o; > 0 per iteration) to boost flexibility in dynamic environments,
and a time-varying regularization parameter A(t) (replacing the fixed ) to better fit evolving
data. These enable online adaptation to new data, suiting large-scale or streaming precision
medicine applications. Second, to handle distributional heterogeneity, we relax i.i.d. assumption
of [27] by allowing samples from a time-varying distribution P(), and establish convergence
rates for ROOWL across loss functions including hinge loss, generalized DWD loss, least square
loss, and g-norm SVM loss. Finally, we improve the convergence theory of existing online
algorithms [13,14]: we derive faster rates for ROOWL under non-smooth target functions (e.g.,
hinge loss, generalized DWD loss) and, for the first time, lay a theoretical foundation for online
learning with a varying Gaussian kernel in this setting.

The structure of this paper is organized as follows. Section 2 elaborates on the mathemat-
ical framework underlying the fully ROOWL algorithm, which is built upon varying Gaussian
kernels. In Section 3, we formulate the key assumptions, present the primary theoretical results,
and provide upper bounds for excess value function under a variety of loss functions. A detailed
error analysis of the fully ROOWL algorithm in the scenario of non-identically distributed data
is conducted in Section 4. Section 5 concludes the paper and outlines potential directions for
future research.
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82 Methodology

We are considering a randomized trial for binary treatment. Let the patient’s prognostic
variables be denoted as X € X C R". We assume that the assignment of treatment, A € A =
{+1, —1}, is independent of X. The clinical outcome, R € R C RT serves as the corresponding
reward, quantifying the treatment’s effectiveness, such as clinical response, disease progression,
or survival rates. For simplicity, we assume that 0 < R < M, with larger values of R being
more desirable. An ITR D is a decision rule that maps the patient’s covariate space X into the
treatment space A. Let P be the distribution of Z = (X, .4, R), and accordingly, let E stand
for the expectation with respect to P. The value function [27,33] V(D) is employed to evaluate
the prediction performance of D, which is defined as follows:

szE{HA_mX»RL
Ao+ (1—A)/2
where I(-) is the indicator function, and ¢ = P(A = 1) > 0. Then the optimal ITR is defined
as

D*:agn%xﬁ{l@4zzxxn }.

Ao+ (1—-A4)/2
As shown in [27,33], we can write D* as D* = sign(f*(x)) with
f () =E[R|IX =2,A=1] - E[R|X =2,A=-1].

The idea behind OWL proposed in [33] is to transform the ITR model into a weighted
classification problem, more precisely, the value function V(D) can be rewritten as E[R|A =
1]+ E[R|A = —1] — R(D), where

I(A# DX
RD) =B | R o
is regarded as a weighted misclassification error. Therefore, D* = arg maxp V(D) = arg minp
R(D).
Since ITR D is usually induced by D(x) = sign(f(x)) for a real-valued function f : X — R,

then we define R
R(f)=E {A@%—(l—A)/QI(Af(X) < 0)] .

The original OWL algorithm in [33] uses the convex hinge loss function ¢, (af(z)) = (1—af(z))+
to substitute the 0-1 loss function ¢o_1(af(x)) = I(af(x) < 0). In this paper, we consider the
fully ROOWL algorithm with general convex loss function and varying Gaussian kernels in an
independent but non-identically distributed setting.

Definition 1. A function ¢ : R — Ry is called an admissible loss function if it is convex and
differentiable at 0, with the condition that ¢'(0) < 0.

Examples of the admissible loss functions include the hinge loss function ¢, (u) = max{1 —
u,0} = (1 —u), the least square loss function ¢;s(u) = (1 —u)?, the g-norm SVM loss function
bq(u) = (on(u))?,1 < ¢ < 0o, and the generalized DWD loss function

1—u, if u < 74,
d+1 (2)

1 d? . d
W @ ifu> gy

Pawd(u) =
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where 0 < d < oo.
Gaussian kernel is widely used in machine learning due to its smoothness and universal
approximation capabilities. It is a function on X x X with variance ¢ > 0 given by
|z —vf?
K,(z,v) =exp {— 572 .

It defines [1] a reproducing kernel Hilbert space (RKHS) H,, with the inner product (-, ), given

by (Ks(z,-), Ks(v,"))e = Ky(z,v). Its reproducing property plays a special role in learning

theory
(Ko(z,-), [)o = flx), VoelX, feH,. (3)
Let C(X) be the space of continuous functions on X with the norm || - |¢(xy. Then it follows
from (3) that
[flley < [ flles Vo € X, f€H,. (4)

A key factor influencing the structure of the RKHS H, is the variance o of the Gaussian
kernel. The value of o significantly affects the expressive power of the kernel, as it controls
the smoothness and locality of the resulting functions. Smaller values of o lead to kernels that
are more localized, allowing the RKHS H, to capture finer data variations, thus enhancing the
approximation capability of the learning algorithm. However, a small o may cause overfitting,
while a large o may lead to underfitting, highlighting the importance of appropriately tuning
the variance parameter in practical applications.

Assume that z = {(a:i,ai,ri)}iTzl C ZT is a sample drawn independently from P. The
following batch OWL algorithm generates an ITR sign (fz ) by implementing an off-line
regularization framework in H, involving the general convex loss ¢

T
faro =a?g€;njn{;gm¢(atf(%))+;\Hflg}, (5)
where A > 0 is the regularization parameter. While the off-line algorithm (5) demonstrates
strong performance both in theory and in various applications, it may encounter practical
challenges when dealing with a large sample size T or extensively large data. For example, if
P(u) = (1 —u); = max{1l—u,0} or (1 —u)?%, the scheme (5) becomes a quadratic optimization
problem, which has a standard complexity about O (T3 ) To handle scenarios with large sample
size, online learning algorithms with linear complexity O(T") can be utilized and provide efficient
ITR.
In this paper, we study a family of online OWL algorithms associated with an admissible
loss function and varying Gaussian kernels.

Definition 2. The fully regularized online outcome weighted learning (ROOWL) algorithm with
varying Gaussian kernels is defined by f1 =0 and

r
Jerr=fe—m {MW_ (arfi (21)) at Ko, (24,-) + )\tft} , fort=1,---.T, (6)
where ny > 0 is the step size, Ay > 0 the regularization parameter and oy > 0 the variance of
the Gaussian kernels.

The ITR is given by sign(fry1). Its performance is measured by the excess value function
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V(D*)=V(sign(fr+1)). In this fully ROOWTL algorithm, the regularization parameter A; and the
variance oy of the Gaussian kernels change with learning step t. We are interested in studying the
role of the regularization parameter and the variance of Gaussian kernels in the fully ROOWL
algorithm. The main purpose of this paper is to estimate the excess value function V(D*) —
V(sign(fry1)) as T — oco. Convergence rates will be derived under the choice of the parameters
M= Mt op=t" np=mt™® (7)
for v,5,a > 0 and conditions on the distribution P and the loss function ¢. For a general
Mercer kernel K and a fixed A, the error analysis for ROOWL was investigated in [27].

83 Main results

In this section, we start with the introduction of some assumptions that will enable us to

present the main results.

3.1 Assumptions and comparison theorems

In contrast to an i.i.d. setting, this paper assumes that the sequence of probability distri-
: t
butions {P( )}t=1,2,~~
produces a sample point z; = (x4, as,7;) independently. Denote by C¢(X) the Holder space

on Z vary at each step. Specifically, each probability distribution P

defined as the set of all continuous functions on & with a finite norm given by || f[|cc(x) =
[ fllcxy + [flocxy, where |[flocyy = sup,, W. To conduct the error analysis, we
assume that the sequence of marginal distributions { P} 115 On X converges polynomially
in the dual of C¢(X) for some 0 < ¢ < 1 as below. Let Py be the marginal distribution on X,

and let P)((t ) be the empirical distribution of X at time step t.

Assumption 1. We assume that the sequence {Pg)}tzl , ... converges polynomially to a prob-
ability distribution Py in (C’C(X))* for 0 < ¢ <1, that is, there exist C > 0 and b > 0 such
that

Py <Ot teN 8)

- PX“(CC(X))*

By the definition of the dual space (C¢(X ))* , the decay condition (8) can be reformulated

[ 1@arf) [ s@irs] < ctiloqm, vieci@ten o)
The power indg{x b quantitativgfly highlights the distinctions between our non-identical frame-
work and the i.i.d. setting, where the latter is characterized by b = occ.

Another assumption for distributions is as follows, which will be used in the error analysis
of algorithm (6) under the sample drawn from non-identical distribution setting.

Assumption 2. Assume that the conditional distributions { P,(a,r) = P(A,R|X =2z) :z € X}
is Lipschitz ¢ in (C’C(.A X R))* Specifically, there exists a constant Cp > 0 such that

1P (a,7) = Pula,7) [l oc(axmyy < Cple —ul®, Va,ue X. (10)



YANG Ao-li, et al. Online outcome weighted learning with varying Gaussians and... 485

This assumption imposes a mild regularity condition on the joint distribution of actions
and rewards: it requires that the conditional distribution P(A,R | X = xz) varies smoothly
with respect to the patient’s prognostic variables X. The Lipschitz continuity in the dual of
C¢(AxTR) ensures stability under small changes in X, which is essential for deriving convergence
rates in individualized treatment rule learning.

The following assumption regarding the loss function ¢ sets out two conditions: a growth
condition for its left derivative ¢’ , and that it is locally Lipschitz at the origin. These conditions

are essential for analyzing the error of algorithm (6).

Assumption 3. Assume that the admissible loss function ¢ satisfies the following increment
condition: for some p > 0, Ny > 0,
N(w) :=sup {|¢__(v)] : Ju| < w} < Nyw?, Vw > 1, (11)
and
N(w) := sup{[lé(u)lloc(a) : [ul < w} < NywP*H v > 1. (12)
Additionally, assume that ¢'_ is locally Lipschitz at the origin with
[#(u) — ¢ (0)]

My := sup { ]

Sul < 1} < 00. (13)

|6 (u)—¢' (0

Define M (w) := sup{ m ) ul < w|}, it follows from [14] that

M(w) < Mo+ 2N(w) < (Mo +2Nq) [w]?,  V]w| > 1. (14)
This assumption can be easily verified for several commonly used loss functions [15], including
the hinge loss function with p = 0, the least square loss function with p = 1, the g-norm SVM
loss function with p = ¢ — 1, and the generalized DWD loss function with p = 0.

Define the weighted generalization error for the admissible loss function ¢ as
r

R
E(f)=E mﬂflﬂ){))} = /2 m¢(af(x))dP, (15)
and f;ﬁ is a minimizer of £(f) over all measurable functions.
The comparison theorems in the framework of ITR show that the excess value function
V (D*) — V(D) can be bounded by the excess weighted generalization error £(f) — &( fﬁ). For
the hinge loss function ¢(u) = (1 — u)4, Theorem 3.2 in [33] together with Lemma 3.2 in [10]
showed that
V(D) — V(sign(f)) < E(f) - € (D"). (16)
For the generalized DWD loss function, the authors in [27] proved that

V(D) Visien(f) < T [e() — erp]. a7
For more general loss functions, the following noise condition is required to derive a tight
comparison theorem.

Assumption 4. Recall f*(x) = E[R|X = 2, A = 1] — E[R|X = z, A = —1]. Assume that the
distribution P satisfies the Tsybakov noise condition with index T € [0, +00], that is, there exists
a constant Cr > 0 such that for any t > 0,

Py({z e X:|f (x)| <Ot} <t (18)
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Under the Tsybakov noise condition, Theorem 3.3 in [36], along with Proposition 1 in [27]
established the comparison theorem for an admissible loss function with ¢”(0) > 0, as stated

below
T41

T2

V(D) ~ Visign(f)) < CF [£(5) - (5] 7 (19)

where Cf is a constant.

3.2 Learning rates

Since the RKHS H, is used as a hypothesis space for ROOWL, the learning ability of
Algorithm (6) depends on the approximation power of the space H, with respect to the target
function ff;. We can quantify the approximation power by the following regularization error.

Definition 3. Let f] € H, with A > 0. The regularization error with (¢, P) in H, is defined
by
o o) A o2
D(o,A) =& (f3) = E(fp) + 5 15, - (20)

There are different choices for the function f{ € H,. We usually take it as

A
13 o= arg uin {E0) - €79 + 11, |- (21)
Thus, the error decomposition for (6) can now be conducted as follows:
& (fre1) = E(E) = {EUr) — EUTD} + {€U5D) - €}
<{&(fr1) = E(FE)} +Dlor, Ar).

In (22), the regularization error term D(or, Ar) is independent of the sample z = {zt}:{:l,
which will be bounded in Lemma 3 and Lemma 5. The term £(fr11) — E(fY)) is referred to
as the sample error which can be controlled by H fre1 — ffTT HUT.

(22)

In the existing studies [13,14], the convergence analysis of online learning algorithms typ-
ically relies on the assumption that the target function satisfies specific regularity conditions,
including smoothness within Lipschitz or Sobolev spaces. This assumption is particularly com-
mon when utilizing loss functions such as the least square loss or the g-norm SVM loss. In our
framework, we further extend the scope to consider the cases where the target function lies in
a generalized Lipschitz space [24], which is characterized by the following ¢-th order modulus
of continuity.

Definition 4. For any Lebesque measurable function f : R™ — R with f € LY (R™) for some
0 < v < o0, its £-th modulus of continuity in LY-norm is defined as

wi(f, h) = sup ||| ALF(C) | (EN,h >0,
[u|<h

where |u| denotes the Euclidean norm of u € R"™ and the (-th divided difference AL f(-) is given
by

Lv (Rn) )

£
1=0

AlLf(x) = Z ( f ) (1) f(z +iu), Yz eR"
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Definition 5. For 0 < s < ¢, £ = [s] + 1 and 1 < v < oo, the generalized Lipschitz space
Lip* (s, LY (R™)) is defined as

Lip™ (s, L (R")) := {f € L" (R"), | f|1ip=(s,Lo(mn)) < 00}
with the semi-norm

| FlLips (5,10 Ry == sup h*wi(f, )
h>0

and the norm || f|| Lip=(s,Lo®n)) = [[fll v @®n) + [flLip(s, Lo ®n))-

As shown in [36], the target functions corresponding to the least squares loss and the g-norm
SVM loss are given by
b1s E[R| X =2,A=1-ER|X =z,4=-1]
() =
P ER| X =2,A=1]+ER|X =, A= —1]

and
(E[R | X=z A= 1])1/(4—1) o (E[R | X=0,A= 71})1/(11—1)

EBR|X=2,A=1)Y "D L BR|X =2, 4A=—1)/@ D
respectively. When ¢ =2, and f7* = g,s'

fpi(x) =

Let us demonstrate our main results by stating learning rates for the least squares loss
$1s(u) = (1 — u)? and the 2-norm SVM loss ¢o(u) = (1 — u)3. Despite both functions being
smooth and convex, their effectiveness in our analysis stems from a nice structural property:
the excess ¢o-risk can be tightly bounded by the L? distance between the corresponding least
squares solutions. Specifically, we have € (f) — E(f5) < M||f — foe ||2L2(X)7 which allows us
to derive sharper convergence rates. This relationship plays a crucial role in the subsequent
theoretical guarantees. To simplify notation, we denote by Ez, the expectation over the sample

set {z1,...,2¢}.

Theorem 1. Let M = ﬁ For ¢ys(u) = (1 —w)? and ¢o(u) = (1 — u)%, ~deﬁne
{f: f;ll by (6). Let Assumptions 1, 2 and 3 be satisfied. Assume that for s > 0, fg“’ €
Lip* (s, L2 (R")) N L= (R") and fp* = fb |x . Choose the triple {\;,01,m:} as (T) with
0<m <1/(8M), A1 =2M and B = c1y where c1 =1/ (2s+n). If

0<~v<1/(44 3nc1/2),

YB4+nc) <a<l-—(nc /24 1)y,

and
b> (ne1 + et +3)7,
then we have
Ez,[€ (fry1) — E(fP)] =0 (T— min{0172scw}> 7
where
61 := min{2 — 2o — (nc1 + 2)y, @ — (3 + nc1)y,b — (ner + Cer + 3)v} (23)

By combining Theorem 1 with (19), we can derive an explicit learning rate for the least
squares loss and the 2-norm SVM loss under specific parameter choices.

Corollary 1. For ¢is(u) = (1 — u)? and ¢o(u) = (1 — w)?, all assumptions of Theorem 2

8n+16s B _ 2 _ 2n+4s
T1nt22s’ = Tint22s’ 7 T Tint22s’

and Assumption 4 are satisfied. Choosing o = and
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8n+12s+2¢
b > Tinta5s then we have

T4+1 _ 8n+412s5+42¢ )

Ez, [V(D*) — V(sign(fr4+1))] = O (T* =5 min{ 1t b M ee

Remark 1. For the least squares and 2-norm SVM loss, Corollary 1 gets a better convergence
rate of O (T_%> compared to the prior rate of O (T_%) from [14] in an
i.9.d. setting as b — oo. This improvement stems from a more precise variance error analysis,
crucial for time-varying kernel online learning. Unlike the loose bound in [14], we use Lemma 2,
which exploits the Gaussian kernel’s convolutional structure (o, = t=7). This enhances the

decay of variancing error, thereby leading to improved convergence.

For more general loss functions whose target functions satisfy a smoothness condition in a

generalized Lipschitz space, we present the following result.

Theorem 2. Let M = ﬁ. For an admissible loss function ¢, define {f: tT:ll by (6).
Let Assumptions 1, 2 and 8 be satisfied. Suppose that for s > 0, ff, € Lip* (s, L" (R™)) N
L (R™) ,fld; = fg |x and % e LY(X) with L+ L1 = 1. Take the triple {\;,00,m:} as (7)

with 0 < my < 1/(M (Mo + 2N1) + A1), A > M|¢’(O)| and 8 = ¢y with c =1/ (s +n). Then if

0<~v<1/(max{(5p+1)(nc/2+1)+1,(p+1)(2+4 3nc/2) +p}), (24)
ymax{p(2nc+4) +1,(p+ 1)(1 +nc) +p} <a<1—(p+1)(nc/2 + 1)y, (25)
and
b>[(3p+1)(nc/2+ 1)+ Cc+ 1]y, (26)
we have
Ezp[€ (frin) = E(fP)) = O (1 mn{Ep (e} )
where

0 :=min{2 — 2a — (nc+ 2)y,a — (1 + nc)y,a — (1 + npc + 2p)~,

(27)
b—((p+1D(ne/2+1) + (e + 1)}

The following corollary comes immediately from Theorem 2 and comparison theorem (19).

Corollary 2. Let ¢ be an admissible loss function such that ¢"(0) > 0. All assumptions of
Theorem 2 and Assumption 4 are satisfied. Then we have

Bz, [V(D") ~ Visign(fr.1))] = O (- Fmin{E (5 410,
where 6 is defined by (27).

Corollary 2 provides the convergent rates for convex loss with ¢”(0) > 0, such as the g-norm
SVM loss function ¢q(u) = (1 —u)d,1 < ¢ < oo.

Example 1. Let ¢q(u) = (1 —u)i with 1 < g < oo. All assumptions of Theorem 2 and

. . 12¢—10)n+(8q—2)s
Assumption 4 are satisfied. If ¢ > 2 — gZigj, then o = %, 8= m,
_ 2n+2 (9g—4)n+(69—2)s+2¢ 2n+2 _ (6g—2)n+(4q+2)s
v= (15q—110)nj-10q5 and b > 5(3¢—2)n+10gs If1<q<2-350550, thena = (9g—2)n+(6q+4)s’

_ 2 _ 2n+2s (9¢g—4)n+(6g—2)s+2¢
B = amreans ¥ = e ontearns 90> o5t 6aias

Ez, [V (D*) = V(sign(fr+1))] = O (T~%),

. In both cases, we have
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where
T4+1 s s b (99—4)n+(69—2)s+2¢ _ 2n+2s
2 "N {5, 70)nt10gs 2 10(3¢—2)n+20gs ] 22— 5550
0q = +1 2 b (9g—4)n+(6g—2)s+2¢ 2n+2
T . s — — n S
2 T O 2)n+(6¢+4)s’ 2 (18¢q—4)n-+(12¢+8)s } o 1<g<2-35750

Remark 2. The convergence rate 0, has two piecewise forms based on whether q exceeds the

threshold 2 — gfligz For high regularity (s — oo), nearly stationary data distribution (b — o),
2n+2s

3n+2s?

1

and negligible noise (1 — o), the convergence rate approaches O (T_ﬁ) ifqg>2— and

3n+2s”
convergence for larger q in the worst case.

0] (T_ﬁ> if 1 < q<2— 20825 The results show how q (related to loss smoothness) slows

The result in Example 1 applies to general g-norm SVM loss with 1 < q < oo, including
q = 2. However, under the stronger reqularity f;ﬁ € Lip*(s, L2(R™)), Corollary 1 gives a sharper
convergence rate for 2-norm SVM loss. Therefore, when L?-based regularity holds, Corollary 1

should be preferred over the general result in Example 1.

To study loss functions whose associated target functions ff, may be discontinuous, such as
the hinge loss and the generalized DWD loss, we cannot impose the same smoothness conditions
as in previous results. For instance, it is shown in [24] that f5" = D*, and the target function
induced by the generalized DWD loss is given by

. d 7 1/(d+1) o q 1/(d+1) -
e =0 (q) I{p>q}—<p) I{p<q}]7
where p = E[R | X = 2,A=1] and § = E[R | X = z,A = —1]. In such cases, the target

function ffﬁ may exhibit discontinuities, and thus does not belong to any generalized Lips-

chitz space. To address this, the study in [24] demonstrates that employing varying Gaussian
functions can enhance learning performance across various scenarios. This improvement stems
from incorporating geometric noise conditions to estimate approximation error, removing the
requirement for smoothness conditions in generalized Lipschitz spaces. To do this, define a
distance function N¢(z) := inf,cx {|z — u|, s.t. |fg(x) - f;ﬁ(u)| > ¢} for given x € X and
e > 0. For example, if there exists g > 0 such that |f$(x) - ff;(u)| < gg for all u € X, then
Ngj (x) = oco. Recall that Py denotes the marginal distribution on X.

Assumption 5. Let X C R"™ be a compact set. We assume that the distribution Py satisfies
the general geometric noise condition, that is, there exist Cy > 0, &1,& > 0, for small enough

e > 0, such that

N2(x))?
/exp{(ah(z)) dPy < C1h%e %2, Yo<h< 1. (28)
X

This condition characterizes the complexity of the target function fg, near its discontinuities.
The function N'¢(x) measures the minimum distance required to move from a point z to observe
a change of at least € in the function value. If the function is smooth or nearly constant
around z, this distance is large; otherwise, it is small near sharp transitions or discontinuities.
The geometric noise condition (28) controls the concentration of the data distribution near

such irregular regions. This enables effective approximation error estimates, even when the
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target function lacks smoothness, thereby improving the performance of kernel-based learning
methods. Under this assumption, we obtain the following main result.

Theorem 3. Let M = m. For an admissible lossfunction @, define {Jit ;f:+11 by (6).
Let Assumptions 1, 2, 3, and 5 be satisfied. Suppose that ff, € L™ (R"),fﬁ = f}ﬁ, |x. Choose
the triple { i, o¢, i} as (7) with 0 <y < 1/(M (Mo + 2N1)+ A1), A1 > M |¢'(0)] and 8 = cay

) . 14¢ )
with Coy = m Then Zf

0 <y <1/(max{(bp+1)(nca/2+ 1)+ 1, (p+1)(2+ 3nc2/2) + p}),
ymax{p(2ncs +4) + 1,(p+ 1)(1 + nce) + p} < a <1 —(p+1)(neca/2 + 1)y,

and
b> [(3p+1)(nea/2 4+ 1) + Cez + 1],
we have
Ez, € (fra1) — E(f2)] = O (T min{gzzp(’?ﬂ)miﬁ;}) |
where

05 := min{2 — 2a — (ncz + 2)7, a — (1 + nea)y, a — (1 + npey + 2p)7,
b— ((p41)(nea/2 +1) + Cea + 1)7}.

Theorem 3 together with (16) yields the following result for the hinge loss function and
generalized DWD loss function.

Corollary 3. For ¢ = ¢y, and ¢ = dgwa, suppose all assumptions of Theorem 3 hold. Assume

that N (z) > ¢ > 0 almost surely for some constant ¢ > 0 and any 0 < € < 1. Choosing

4An+6£, _ 2 _ 2&i+2n 5n+4&1+2¢
Tnr10€; B = 108’ | T Tnrl0g;’ and b > Tnb10&; then we have

Y . _ —min{ 7n,i§110§ 7%_511;,‘1-5215224
Ez,[V(D*) = V(sign(fr41))] = O (T ! v

o =

Remark 3. The convergence rate in Corollary 8 depends on the minimum of two terms: one
from the geometric noise exponent &1, and the other from the distributional shift parameter
b. A large & implies strong geometric separation of the target function ff_f,h or fﬁd"“d. If b
is sufficiently large, the convergence rate approaches O (T_M‘zfilloil) , tmproving with & . This
highlights the effectiveness of the geometric noise condition for analyzing mon-smooth target
functions like hinge or generalized DWD loss.

We summarize our main results and compare them with existing work in Table 1. This paper
establishes the first convergence analysis of the ROOWL algorithm with a varying-bandwidth
Gaussian kernel under independent but non-identically distributed (i.n.i.d.) data. We derive
convergence rates for commonly used loss functions including the hinge loss, generalized DWD
loss, least squares loss, and g-norm SVM loss. Except for the least squares loss under i.i.d.
settings (see Remark 1), no prior work has analyzed the convergence of these losses in regularized
online algorithms with adaptive kernels, whether for classification or OWL. In practice, data
often exhibit distributional shifts, so developing theory under such conditions is essential. Our
results enrich the theoretical understanding of ROOWL and provide guidance on loss function

selection in dynamic, i.n.i.d. environments, especially for ITR learning.



YANG Ao-li, et al. Online outcome weighted learning with varying Gaussians and... 491

Table 1. Comparison for learning rates.

Loss function [14] Our paper
+1 s 41 . 4 8n412s+2¢
Dis T T2 TEnt1es T 2 'm‘n{ TTnt22s 0~ Tint22s
+1 . 4s 8n+12s42¢
Gq, q =2 No T :+2‘m‘n{ TInt22s 0~ “Tint22s
S 741 ~min{ 2s b_ (99g—4)n+(69—2)s+2¢
(bq’ 1< q < 2— 3”125 No T+2 (9¢g—2)n+(6g+4)s’2 (18q—4)n+(12¢+8)s
n el
s = 2 b_ (9g—4)n+(6g—2)s+2¢
by > 2 — gnigs q#2 No TT+2 mm{ (15¢-10)nT1045° 3 T0(8q—2)n+20gs
- n S
. 261 p_ 5n+dag +2¢
on No T mm{ Tnt10€, 2 14n+20&;
. 2&1 b 5n+4&1+2¢
dewd No T mm{ Tn+10€, 2 14n+20&;

84  Proofs of main results

4.1 Preliminary Lemmas

We demonstrate some useful bounds, including error caused by non-identical distributions,
variancing error resulting from changes in the Gaussian kernels o; and approximation error,
which all can be used in algorithm (6) and play critical roles in proving the main results.

The key analysis for one-step iteration (Proposition 1) is to handle an extra error arising
from the non-identical distributions. A similar result for classification and regression problems

is presented in [15].

Lemma 1 (Error by non-identical). Let M = and Assumption 2 be satisfied.

Then for h,g € C¢(X), we have

/z m {0 (ah(x)) — & (ag(x))} d[P*) — P]‘

< {QMBh,g(HhHCC(X) + Hchc(){)) + QMCPEh,g} HP/’(Vt) - PX”(C'C(X))*’

where By 4 and By 4 are constants given by

Bhg =sup{|¢’ (af)| :a € A={-1,1},|f] < max {[|h]lcx); lgllc)}}

M
min{e.1=o}

and
Bhg = sup {[|o(af)llcc(ay s a € A= {=1,1},|f] < max {||A]lccxy, lgllca }}-

Proof. Let P,(a,r) = P(R, A|X = x). We first decompose the probability distributions on Z
into marginal and conditional distributions

/Z m {6 (ah(x)) — & (ag())} d[P*) - P]

= | ] g k(e = dlag(@)] P, P — P
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It follows from the definition of the norm in (C¢ (X))* that
— — t) _
L ao+ (1—a)/2 {¢ (ah(z)) — ¢ (ag(x))} d[P ¢ P]

t
< ||PY = Pxllcecay-
where J is a function on X" given as
r

Ie) = /Am a0t (a2
= () ~ o(g()) [ rdPlriza=1)

R

JHCC(X)a

[¢(ah(z)) — d(ag(z))] dPx(a,T)

1 [B(=h(x)) - d(—g(a))] /R rdP(rlz,a = —1)

< MA{[¢(h(z)) — o(g(@))] + [6(=h(2)) — o(—g(x))]}, z€X.
The notion of By 4 implies that |¢p(ah(x)) — ¢(ag(x))| < Bhglh(z) — g(z)| for each a € A.
Therefore, we have
[ ]lexy < 2M B gllh = gllc(x)-
Next, we bound |J|c¢(xy. For z,u € X, split J(z) — J(u) into two parts
T

J(x) = J(u) = R m{[¢(ah($)) — ¢(ag())]
~ [B(ah(w) — olag()]}dPu(e,) (29)
+ [ g e(ah() — dlag)]a (P — P (a.r).

It is observed from the definition of By, 4 and |f[cc(x) := Sup, 4, W that

|b(ah(@)) = p(ah(u))| < Buglh(z) = h(u)| < Bhglhloc ) (d(z, w))*,
and
|6(ag(x)) — dlag(u)| < Brglg(x) — g(u)| < Bnglgloea)(d(z, u))*.
Therefore, the first term of (29) is bounded by 2M B, 4 (|h|C<(X) + |g\C<(X)) (d(x,u))¢. For the

second term of (29), from Assumption 2 and the definition of Eh,g, it follows that

‘ /AR M[wah(u» — ¢(ag(w))]d [Py — Pu] (a,r)

<3 \ [ iotah) - dlagu)ld (P (e.r) - Pute, r>>\
AXR

< M |[¢(ah(u)) — ¢lag(u))ll (e ay 1Pe(a,r) = Pula; m)ll ccaxmy)
< 2M By, ,Cp(d(z,u))S.
By integrating the two bounds presented above, we can conclude that
|J(x) = J(u)]
J = sup ——————
| |C<(X) srue X (d(z,u))¢
Then the desired bound follows, thereby proving the lemma. O

< 2M By, g {|h|cexy + 9loc )} + 2MCp By .

To estimate the variancing error and the approximation error, [24] introduced an approxi-
mation function fy* € H,, and provided a construction under the smoothness assumption of
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the generalized Lipschitz space Lip* (s, LY (R™)) and the general geometric noise condition. In
the error analysis of algorithm (6), we adopt the same approximation function fy*.

Now, we present the variancing error and the approximation error under smooth conditions
fg € Lip* (s, L (R”)) N L™ (R™), fP = fl‘ﬁ |x and 2 ¢ LY (X) with & + 1 =1 for some
5> 0. Let K, ( ) { \z|2} and define a function f,(z) : R" — R as

[

2o 202

i0=3 () (i) fow -

‘
/n Z( ) 1) pr(x—kz u)du.

Therefore, a sequence {f{ € H,} ., can be constructed by taking f{(z) := fo(x) |x, which

I

represents the restriction of f, (z) onto X. Denote by hy = Hf;t -

(30)

the variancing error.
ot

We now present the bound proved in [24] for the variancing error.

Lemma 2 (Variancing error under smooth condition). Define f,, by (30) and f{(x) :=

fo(x) |x€ Hy. Then we have
o gcﬁ o)
131 < W‘}fPHL%R")

4 4
where ¢y, := max {( . ) 1< < f} = ( 102 > If the sequence {0} is non-increasing,

i
then )

(Jt71> _1'%—’;’
Ot

where Cy p is a constant independent of t. Specially, let oy = t=% with 0 < 8 < 1. Then for
anyt>1,

o2, (31)

ht S Cs,P

Ot EC@ Fo zg
1y, < WHfPHLQ(Rn)t 7, (32)
and
hy < Cyppt 1% (33)

where Cs p g is a constant independent of t.

Following the construction of { f{ € ’HU}G>O above, we will now estimate the approximation

error as follows. The idea of the proof is similar to that in [24, 36].

Lemma 3 (Approximation error under smooth condition). Define f,, by (30) and
fA( ) = fo(x) |X€ H,. Suppose that for s > 0, fjﬁ € Lip* (s, LY (R™)) N L*® (R"),f}?, =
fb|x and P ¢ LY (X) with L+1 = 1. Then there is a function {f{ € Hy : 0 <o <1,A >0}
such that

I Lo 2y < B, (34)

A ~ _
E (1) = E(f2) + S 113, < Blo® +Aa™"), (35)
where the constant B > 1 is independent of o and \ (given explicitly in the proof).
In particular, for ¢s(u) = (1—u)? and ¢p2(u) = (1—u)3, assume that fg € Lip* (s, L* (R™))N
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L>*(R™) and f;g = ff, |x with s > 0, the following holds true
||fx e ey < B, (36)

E(fD) —E(fR) +5 Hfi’l\m < By (0% +207), (37)
where the constant El > 1 is independent of o and A (given explicitly in the proof).

Proof. According to the proof of Theorem 3 in [24], when f;ﬁ € L> (R"), we have

0 / _
VEE o ST, )
=1
and
|5 = 17 < Ay 00, (39)

where A, , is a constant independent of o.
Let g = % ¢ LY (X) and denote p=E[R | X =2,A=1] and =E[R| X =z, A = —1].
It follows from (15) and the Schwarz inequality that

E(FD) — (1)
/ (6(f5 () — S(fE(x))) 7
(6(—F5 () — d(—F2(x)) - gl dPx

t(y )
o [ s o g|<max{ ()18}
Ik {|+ ) 2] () [T AT | S
15 (2) = fH(2)|g(x)da
VU8l 15 = sl

o
(£ ) 1l f

This together with (31) implies that (34) and (35) hold with
_ , ) _
B = max {211 ( ; ) HfﬁHLm(RnyQMsup

2
{’d)-'r | |§| < Z’L 1 ( > || ||Loo(Rn } ||gHL",(X)A1,'Ua% ((\/%I/”/z ||fPHL2 Rn)) 71}

Now we prove the second part of Lemma 3. If ¢;5(u) = (1 — u)? or ¢o(u) = (1 —u)%, we
get that

S
Lv’(X)ALvU .

E(fS) —E(F5) S E(fD) — E(fL)

= E[mm P (X) - Aff\’(X))Q}
< I [ (@) - K @)dpy

= MHf,\ - fp ||L2(X)-
Therefore, the above bound combined with (38), (39) and (31) yields that (36) and (37) hold
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T ¢ 2
with By = maX{LZi_l ( ) HfP||L°° (R™)5 MA%% 2 ((\/2%;7,/2 ||fP||L2 ]R")) . U

Remark 4. In the error analysis of algorithm (6) under the smooth condition, setting oy = t=5,
the bound (35) can be expressed as reqularization error D (o4, \y) < B(ot=P 4 \joy "t~ (=78)),

Therefore, a natural choice for the parameter is 3 = Hin in Theorem 2. When ¢is(u) = (1—u)?
and ¢a(u) = (1 — )2, (37) implies that D(oy, \r) < Bi(02t7258 + X\oy "t~ O0—8). In this
case, the parameter choice is 3 = ﬁ in Theorem 1.

Next, we present the bounds for the variancing error and the approximation error under
the noise condition (28). Consider & as the closed unit ball within R™, and let X = 3X. The
function fld; can be extended onto R™ as follows

fo(x), ifzeX,
fo(a) =4 fh(&), ifzeX/x, (41)
0, if z € R"/X.

n
Recall that K, (z) := (\/70) exp{ 202} We define
fo@) = [ Rola =i, v e 2" (42)
Consequently, let {f{}, ., be a sequence such that f7 € H, represents the restriction of fs
onto X.

We now present the error bounds for variance under noise condition, as detailed in Lemma
4 from [24].

Lemma 4 (Variancing error under noise condition). We define f,, by (42) and f{(z) =
fg(x) |x€ Ho. If oy =78 with 0 < B < 1, there holds
1 76 nB/2

1730, < Wﬂfpﬂm(m

and
2t 1422

he < V2(v/2m)n/2 ||fPHL2(R" £ ’
where cg = 2max {1,3°713}.

Lemma 5 (Approximation error under noise condition). Define f,, by (42) and f§(x) :=
fo(x) |x€ Hy. Let Assumption 5 be satisfied. Suppose that f;{f, e L*>® (R"), f?, = fﬁ |x. Then
there is a function {f{ € Ho : 0 <o < 1,A >0} such that

1S oo () < By, (43)

A ~ & .
E(FD) = EUR) + 5 1515, < Ba (078 +207), (44)
where the constant By > 1 is independent of o and \ (given explicitly in the proof).

Proof. Since f;ﬁ € L (R™), we directly estimate ||ff\’HLoc(X) from the expression of f,. Noting
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that fRn (y)dy = 1. For each z € X,
fP(x - “) o (u)du

fo@)| = | [ P Ko(e —w)du

Rn
<y | R = 173

So, we can get that
151 oo ey < TPl oo -

According to the conclusion of Theorem 6 in [24], we have

() — f;i’(x)’ dPy < e+ 16C, HfjiHL . (8n)6/2e= 6201

Using the first inequality of (40), then
E(f5) — € (f?i)
<01 [ sup{[o1 )] 161 < mas {1720 gy 151 e} } 50 68
<2t {0112 7]} (o 1601Hf:z\w<8n>fl/%-€2ofl) .
Choose € = UW then (43) and (44) are obtained by taking By = maX{”fg”Loc(Rn)’
2M sup {04, ()] 1e] < 1 FE ey f (14 16(CHISE] e ey B1022) ), 21PN ggeys 1} O

Remark 5. In the error analysis of algorithm (6) under the noise condition, by setting oy =

~ &1 g
t=8, the bound (44) can be formulated as a regularization error D (o¢, \t) < Ba (01”52 T 4

1+&

Alal_"t’(“f*"ﬁ)). Therefore, a natural choice for the parameter is f = ¢y with ¢ = FEE Ty

as specified in Theorem 3.

4.2 Drift error

The key analysis for full ROOWL is to estimate the error arising from changing the regu-
larization parameter from A;_1 to A;.

Definition 6. The drift error is defined by

Ut 1 Tt—1
dt - || f)\tfl

[

The drift error can be evaluated through the approximation error, a subject explored in
regression [13] and classification [14,29]. The proof for the OWL algorithm is a straightforward
adaptation from [14,29], and for simplicity, we have omitted it.

Lemma 6. Let ¢ be an admissible loss function, f{ defined as (21) and pn > X > 0. We have

g =5z, <4 (5- 1) (st +lszl) <4 (5 - )(W ﬁ)

Particularly, if we adopt the choice \y = \t™7 fort > 1 with some 0 <y <1, then
dy <2t —1)2"1/D(oy_1, M (t— 1)) /AL (45)
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4.3 Bounding the learning sequence

The authors in [23] studied how the RKHS norms in H, change with variations in the

variance o.
Lemma 7. If X CR" and 0 < o0 < ¢’ < oo, there holds

0_/

n/2
Hor CHy  and  ||f]ls < (U) Iflor VF € Hor (46)

We can now establish the following bound for {f;} by induction.

Lemma 8. Let M = m. Define { f; I+ by (6). Let Assumption 3 be satisfied. Assume

t=1
that the triple {\, o0, m:} is given by (7). If
A= MIg0)], (47)
and
m(MMEF+) +2) <1, t=1,...,T, (48)

then we have fort=1,...,T+1

nB

1 fell,, <t= 7. (49)
Proof. We prove it by induction. Note that f; € Hy, and [ f1]|,, <1 given that f; = 0. For
t < T, we assume that f; € H,, satisfies (49). Denote u; = a¢f(z:), we now examine fi i1,

which can be formulated as

Tt
frr1 = ( ) fe—ne a0t (1—ay)/2

Tt
a0+ (1 —ay)/2
Express the part of the middle term as

[¢l_ (ug) — ¢/(0)} Ko, (21, ) ” Lt ft,

where L;(g) = (g9, Ko, (x1,)), Ko, (xt,-). It is easy to verify that L; : H,, — H,, is a self-
adjoint, rank-1, and positive linear operator. We can establish bound on the operator norm as
1Zelse,, m,, < 1since (Lig,g)y, = (9 Ko, (z4,-))[5, < llglI2, for any g € H,,.

The local Lipschitz condition in Assumption 3 implies that the expression (¢ (u;) — ¢'(0)) /
uy is bounded by M (t%ﬁ+7). Since ¢’ is nondecreasing and 0 < M.
that

[0 (us) — ¢'(0)] a Ko, (24,-)

= ¢'(0) Ko, (x4, ).

6 (w) — (0)

gt

ooy
arot(—an/2 < M, we conclude

<t
S wer-m)
This leads to the linear operator A := m(tﬂ, (u¢) — ¢'(0)) Ly /ug defined on H,, being

self-adjoint and positive with its norm bounded by MM (t%‘*"y). By applying (48), the linear

ng

(0" (ue) — ¢/ (0))/ue < MM (¢ 7).

operator (1 — ) I — ntfl is self-adjoint, positive, and bounded by 1 — n:\;. Thus

| (X —=meAe) fone - m [0 () — ¢'(0)] a Ko, (24,-) ||,,t < (X =meAe) 1 fell, -

It yields from (7), (47) and M = m
[ fe+1lly, < (L =meAe) I fell, + e | (0))]

that
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— T At ot M [ (0)]

SEEF—(1F — )t M6/ (0)]
<tTH
Thus, we obtain from (46) that
n npB
Ot 2 t+1 T Lﬁ_,’_
< <|— tz TV < (t4+1
sl < (525) el < (5 (t+1)%
Therefore, we get the desired result using induction. O

4.4 One-step iteration

The first term on the right-hand side of (22) is to be evaluated by means of the error
H fre1 — ffTTHUT . This error is iteratively bounded through a one-step analysis shifting from
1fi= fxi o, to | i1 — I ||Ut. The subsequent Lemma 9 can be established following a
procedure analogous to that in [14].

Lemma 9. Define {f:},_ T+1 by (6). Then we have
Ee [fer = I3, < (= md) e = I, + 20

i / . 2
aro T (- (@i @) ato(z ) + Ml

r= [ i PR —eer@nia [P Pl 6

+ 7]t ]EZt ||

where

Proof. Denote G} := mqﬁ’_ (arfe (x1)) at Ko, (z1,-) + Aeft. (6) can be expressed as
ft—i—l = ft — 77th‘ Then
for = 1502 = [1fe = SN2, + 2 NG, + 20 (G A5 = £o),, - (51)

It follows from the reproducing property (3) that
Tt Tt

e / KO- ), [ - v / [ ,
(g ey (o @) oo, @) S5 = )| = G oy () (= )
where u7* = atht (z¢) and up = apfr (x¢). It can be deduced from the convexity of ¢ that

oL (ue) (uf* —ue) < b (uf") — & (ue).
For the other part of the last term of (51), we derive

2 1 1
o 55— 1), < 5 ISEIE, + 5 A2~ IRI2, = 5 NSEI2, = 5 IR0,
Thus, the last term of (51) can be bounded as follows:
<Gi\a f;tt - ft>at
Tt Ut _ Tt
e 0+ S IR - [ raame e + S 1A
Since f; only depends on {z1,- -+, 2z 1} and is independent of z;, it follows that

E. (G U5~ £, < [E U0 + 205t ] - [0+ 102, ] + A
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This in connection with Lemma 2 in [27] implies that

A
Ezt <GtA7 N ft> = é”f;tt_ftnif"'At
Therefore, it yields from the above bound and (51) that
E., || fee1 — f,\tH < (1= Xeme) || fe = UZH + 2 Ay + 17E., HG’\H
which is the result we desned. O

Define h; = ||f/‘\” — f\”‘ngt with fy* = f7' and let g; = Hfgt ! f;: fHat. The one-step
iteration result for algorithm (6) is given as follows. To achieve optimal error bounds, we will

utilize some free parameters 0 < 97 < 2 and Ay, As > 0.

Proposition 1. Define {fi} by (6). Let {\¢,0¢,m:} follow (7) with 0 < < L, a+~vy <1 and

t> (/\ o —|—1)1 “=7, For 0 < ¥1 < 2 and A1, Ay > 0, the bound holds
E., | fivs = £211,
3 oi
< (1 + 21419?1 + 2A2hf1 - 77t/\t> Hft — ) ||

+ 977" AL+ BT Ay + 297 + 2R + 2m A,

2

Ot—1

e [Hl—a)/Q o (acfe (xt))atKUt(xta')+>\tft”i’t,

where Ay is defined as (50).
Proof. We firstly decompose H fe— 13 || as follows:

e = £, < Nfe= 570+ 50 - fgt R =B, < = R, A et P
We can apply the elementary inequality 2zy < Ax?y?t + y?~"1 /A with 0 < ¥; < 2 and A > 0

tor = ||ft ;: 11||Ut y=g and A= A; or y = hy and A = A,, then we get
e — H < (1+ Ag) +A2hfl)\|ft—f§;_*j||m+gt U JAL + RETUYAg + 297 + 202 (53)

It follows from Lemma 9 and Lemma 7 that

E., || fe41 — f,(\TZHit
t A\ P
< {(t_l) (1+ Avgy + Aoh ) (1= mede) || fe = f1E° inH (54)

g2 AL+ BT Ay + 207 + 212 + 20+ 7E, |G

nfB
where G} := m(ﬂ_ (arfs (20)) as Ky, (24, )+ A fi. Sincenf < 1, (ﬁ) < 1+(t—1)71
for t > 2, the coefficient for the first component of (54) can be determined as

t \" o o
1 (1 + A1gy 't + Ashy ) (1 =)

< (124197 + 24500 + (= 1)) (1= mdy)
<1+ 241977 + 24507 + (£ — 1)1 — e,

1
Note that t > ( + 1) “" implies (t — 1)~ < 2m;\;. Then we get the desired conclusion
(52). O
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4.5 Sample error

We are now ready to apply one-step iteration to bound the sample error H fre1 — ff\’TT HGT.
While some ideas in the subsequent proof come from [13,14], our results offer a tighter upper
bound.

Proposition 2. Let M = m. For an admissible loss function ¢, define the sequence

{f: tT;ll by (6). Suppose Assumptions 1, 2 and 3 hold. Suppose that for some s > 0, fg €
Lip* (s, LV (R™)) N L= (R™), fp = fp |x and Ex ¢ [V(X) with 5 + L = 1. Take the triple
{At,00,m:} as specified in (7), where 0 <y < 1/ (M(MO + 2Ny) —1—)\1), A1 > M |¢'(0)] and
B =cy with c =1/ (s +n). If the following conditions are satisfied

0 <7 <1/(1+max{3nc/2+1,(2+nc)(p+1/2)}), (55)
ymax{nc+1,(2+nc)p+1} <a <1l—(nc/2+1)y, (56)
and
b> ((p+1)(nc/2+1) + (e + 1)y, (57)
then the inequality
Ez, || fre1 — I HiT <1 (58)

holds. Here 0 is defined by (27) and Cy is a constant independent of T (explicitly derived in
the proof).

Proof. Firstly, we bound A; using Lemma 8. Applying (14) with w = t%ﬁ+7, where p(nfs/2 +
v) < @, and the condition n; < 1/(M (Mp + 2N71) + A1), we obtain

Nt (MM (t%ﬁ_‘—’y) + )\t> S Nt (M(MO + 2N1)tp(n'8/2+7) + )\1t_’y)
< (M(Mo +2N1) + 1) < 1.
The above bound in connection with Ay > M |¢'(0)] and (4) implies that

I fell oy < Ielly, < t25F7.

According to (34), we get that Hf;: HC(X)
bounds for f; and ff: into Lemma 1 , we get

Bygi p, S N(BtEHY), Byor ; < N(BtE9H7),
Recall the following result stated in [34]

lglleey < (L+07) llglo- (59)

< B for a constant B > 1. Therefore, plugging the

Then we have
[ fellosqay < 4408132 gy < A2
Here A = (1+07°) and A} = B(1+ 07 °). Thus, we can bound A, as
® o =
v < [PY = Pallioe iy {2M (1 illoc iy + 15 ey ) N (BEEF)
+ 21\70PN(§t%ﬁ+v)}
< Cpt b+ /240 /240 B+ (p+1)y

where Co = Cy[2M BP (A} + A) + 2Cp M BPTN; .
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Next, we come to estimate the last part of (52)
2
Es, [Hmczt (aufy (@) @Ko (w0, + M2, ]

According to Lemma 8, it is bounded by

277%(]/\\4/2]\712 + A%)t7 min{2a7p(n6+2’y),2a7nﬁ}'
To estimate the other parts of (52), we further need to determine the bound of the drift error
d =5 = 1, <20 - DED o M- 17 /. (60)
Notice that sf =~ —ng. It follows from (60) and Lemma 3 that

t\7
=5 =K < (7)1 = 5
ng

to\ . -
g(m) 20t — )31t — 1)~ \/Bcrl+)\101 ™ /A1 < got F L,

where go = 4\/§(Jf + Ao ™)/A1. Applying the above bound and (33), we can choose ¥; =

1“*,13 JAL = ;’1—1)9‘; and Ay = % Since a+v < 1 and nf < 1 lead to O‘J“L € (0,2), then the
Y 90 s,P,8 -

coefficient of the first term of (5 ) can be bounded as

3 1
1+ 2A19191 + 2A2hf1 - Znt)\t <1- *Ut)\t.

Therefore, we obtain from Proposition 1 that for each ¢ > (n o+ 1) Tma=
ot |12 1 or_11|2 _0
IEZtHft+1 - f>\fj“a,, S (1 - ZntAt)Ethluft - f)\t—ll Ha’t_l + Agt 9’ (61)
where
6 =min{2 —nB — a —v,2a — p(nf +2v),2a — nB,b+ a — (np/2 +n/2+ ()8 — (p+ 1)1}
and

Az =g5~ U1/ A +hg” 191/1424‘290+2h0+277100+771(M2N1 +2)7). )
+1) 1*“’”—‘ to

Now we iteratively substitute the above bound into (61) from ¢t = T := [( /\14771
t = T. Therefore

EZT HfT+1 f)\T o4 A3 Z H ( 771)\1 .—’y oz)t—é

t=Tpo j=t+1

T
MA 9o~
+{ H (1_ 141t Y= a)}EZTOIHfTO _f)\;:?_llui'po—l'

t=To

(62)

Denote t =1— —a. Since 1 —u <e™™ for u > 0, one can deduce that

T T+1
MmAL mAL MmAL .
— x) < Tl < 7o
I | (1 1 t ) _exp{ E t~ } exp{ 1 T dx
(63)

t=Top t=To To

om0

Applying the elementary inequality exp{—cx} < (ec)vx_” with ¢ = W 4 = % and x =
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(T + 1), we get

d mA A1) 2

_ MMM —y—a) 1N e T2
t_I Tl (1 VE t > exp{ 14 To} (8/eA1my ) T™=.
=To

For the remaining part of (62), we use the following elementary inequality [22], which is valid
for0<q1<léq2>0andt€N

Zz 4 exp { —¢ Z jT < (2q1+q2/é+ [(1+q2)/eé(1—2%*1)](1*‘12)/“““))tW@.
Jj=i+1

Set qlzfy—i—aandque Then

T
A A 5 j
E H (1 — M '—’Y a)t—é < E exp _M E j—'Y—a t_e < A4T’Y+OZ—‘97
t=Tp j=t+1 t=Tp Jj=t+1

where A, is the constant defined as ~

Ay = 20082 3 1 (44 40) Jem Ay (1—271)) O
Subsequently, by substituting the above bound and (63) into (62), it can be deduced that (58)
holds for § = 6 — a — v, and the constant Cs is determined by

A L o’t
Cy = A3A4+exp{ i L}(S/e)\ml)?/ |max Ez, (Hft I3 11H2 )
>t>4o

Ot—1
This completes the proof of Proposition 2. O
Proposition 3. Let M = ﬁ. For ¢is(u) = (1 —w)? and ¢o(u) = (1 — )2, de-

fine {fi};_ T+1 y (6). Assume Assumptions 1, 2 and 3 hold. Suppose that for s > O,ff; €
Lip* (s,L2 (]R")) N L>® (Rd) and fld; = fff, |x . Take the triple {\;,0¢,m:} as specified in (7),
where 0 < m1 < 1/(8M), Ay = 2M and B = c1y with ¢ = 1/ (2s+n). If the following
conditions are satisfied
0<~v<1/(4+ 3nc1/2),
YB+na) <a<l—(nc/2+1)y,
and
b > (ncy + Ce1 + 3)7,
then the inequality
Ez, || fre1— ffTTHiT <37
holds. Here 01 is defined as (23) and Cs is a constant independent of T

Proof. We can verify that the least square loss function ¢s(u) = (1 — u)? and 2-norm SVM
loss function ¢2(u) = (maz{l —u,0})? satisfy (11) with p =1, Ny = 2 and (13) with M, = 2.
So the restriction 7, < 1/ (M(Mo +2Ny) + /\1> can also be expressed as 71 < 1/(8M) when

AL = 2M. Tt comes immediately from Remark 4 that the parameter choice for both the least

square loss function and 2-norm SVM loss function is 8 = c17y. Since the proof is

Y.
2s+n
similar to the one for Theorem 2, we omit it. O

To derive Proposition 4, we replace the smoothness condition in Proposition 2 with the
geometric noise condition. Its proof follows the same steps as that of Proposition 2, substituting

Lemma 2 with Lemma 4 and Lemma 3 with Lemma 5 (as in Proposition 2s original proof).
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Hence the proof is omitted.

Proposition 4. Let M = m. For an admissible loss function ¢, define {f: tT:Jrll by

(6). Assume Assumptions 1, 2, 8 and 5 hold. Suppose that f;ﬁ € L™ (R"),fﬁ = f}ﬁ |x. Take
the triple {\¢, 0, m:} as specified in (7) with 0 < ny < 1/(M (Mo + 2N1) + A1), A1 > M |¢'(0)]

and 8 = co7y, where co = ﬁﬁ_&) If the following conditions are satisfied
0<~v<1/(14max{3nca/2+1,(24+nc2)(p+1/2)}), (64)
ymax{ncs +1,(2+nec2)p+ 1} < a <1— (nc2/2 + 1)y, (65)
and
b> ((p+1)(nca/2+ 1) + Cea + 1)y, (66)
the the inequality
Bz, || fro1 = [52)2, < CaT™ (67)

holds. Here 0 is defined as (3) and Cy is a constant independent of T

4.6 Convergence rates

Proof of Theorem 1. Based on Corollary 5.3 in [36] and the fact that || f||z2x) < [|fllc) <
| f |3, , it can be concluded that

E (fre1) — E(F2) < € (frer) — E(FP)

2
< QM/X (fzd;ls(l“) - fT+1($)) dPx (68)
g 2 ag ls 2
<aM || frn = S5EI1 +40 |15 - £ .
It follows from Proposition 3 that
o112 _
Ezy || fr1 — f,\TTHUT < CsT 7. (69)
From equation (39) with f{ = f{” and v = 2, we know that for ¢ = ¢;5 and ¢ = ¢s,
2
T — fh < AF TR 70
|z = 2] 0, < 422 (70)

Therefore, putting (69) and (70) into (68), we get
Ez, {5 (fre1) — 5(f1‘3)} < [4MC5+ 4MA%,2} 7 min{f2sen),
Then the proof is complete. 0

Lemma 10. Consider a general conver function ¢. Let ("—26 —|—’y> p < 1 and suppose the as-

sumptions of Lemma 8 are satisfied. Assume that s > 0, f;ﬁ € Lip* (s, L” (R™))NL> (R™) 7fﬁ =

f;ﬁ |lx and % eV (X) with % + % = 1. Then we have the following inequality:
ng

€ (Frin) = € (J50)] < aMNBPTPE ) | frgs = 57|, (71)

Additionally, suppose Assumption 5 is satisfied and let fg € L>® (R™) ,fg = fﬁ |x . Then the
inequality

€ (fra1) = € (F7)| < 4AMM BTS2 || fros — 157 | (72)

or

holds.
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Proof. To simplify the notations, let p=E[R | X =2,A=1]and =E[R| X =z, A = —1].
It is easy to get from the convexity of the loss function and the Chauchy-Schwarz inequality

that
€ (fre1) =€ (f;’;f)!

< max {|¢" (afry1(x))],[¢" (af{Z( !}/ P+ Q| fraa(z) — fIT(@)|dPy  (73)

< 2M - max {[¢" (afr1(2)], |6° (af{] (@) [} || frea = ST, -
Applying Lemma 3 and Lemma 8, we get

afrar(@)] < fraillo,,, <2EPTER Jaffr @) < 7]y < B

This in connection with (11) and the condition (% + ’y) p < 1 leads to
max {|¢"_ (afri1(2))], 0" (af{7 (@)} < NQFHB.-TF+) <N Brr(F ). (74)

Therefore, the bound (71) can be derived by putting (74) into (73). Similarly, the bound (72)
can be obtained by replacing Lemma 3 with Lemma 5. 0

With the preliminaries established, we can now proceed to the specific proofs for our main
results.
Proof of Theorem 2. Since (56) and 8 = ¢y, we have

np
(2 +’Y>p< 1.

Therefore, (71) holds. Consequently, it follows from Theorem 2 that

Ez, [€ (fre1) — € (f70)] < AMN BP/Cor—3+(5 1), (75)
We obtain from Definition 3 and (35) with fy* = f7* that
E(fIT) = E(fp) < D(or, Ar) < B (0} + Moy ™) T~ (76)

Therefore, we get the following bound from (75) and (76)

Ez, [ (fre1) — E(fj;)} < [MN,B*\/Cy + B (05 + Moy ™) |7~ min{s (5 +1)vse7}.
Proof of Example 1. We consider the convergence rate for the g-norm SVM loss function
¢ = ¢4 under two cases.

Case 1: ¢ > 2 — 20425 Ty thig case, it is easy to verify that the g-norm SVM loss function

3n+2s
¢ = ¢, satisfies condition (11) in Assumption 3 with p = ¢ — 1, N7 = ¢, and condition (13)

with My = g(qg — 1)2971. As a result, when \; = qM, the step size 71 can be chosen as
1

M(q(q —1)24=1 +3q)

m <

We then take the parameters
_ (12¢ —10)n + (8¢ — 2)s 5= 2 B 2n 4 2s
T (15¢—10)n+10gs " (15— 10)n+10gs’ | (15q— 10)n + 10gs’

and assume
(9g —4)n + (6 — 2)s + 2¢
5(3q — 2)n + 10gs '
Under these choices, the conditions in Theorem 2 are satisfied. In particular, inequality (24)

b >

becomes
2n + 2s

(15g — 10)n + (10g — 6)s’

0<y<
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and inequality (25) becomes
(12¢ — 10)n + (8¢ — 6)s N (12g — 10)n + 8¢s
(15q — 10)n + 10gs (15g — 10)n + 10gs’

both of which are valid. Therefore, we obtain the convergence rate
b (9a—)n+(6g=2)s+2¢

EZT (E(fT+1) _ g(fg)) =0 <T7 min{(l5q—lg)sn+10qs’ 27 T 10(3¢—2)nt20qs ) .

Case 2: 1 < ¢ < 2-— 32132 In this case, we verify that the g-norm SVM loss ¢ = ¢,

satisfies condition (11) with p = ¢ — 1, Ny = ¢, and condition (13) with My = 4. Accordingly,

when Ay = ¢M, we choose the learning rate
m S —_.
M(4+ 3q)

We set

(6g —2)n+ (4g + 2)s 2 2n + 2s

o = ) /8 = ) 7 = 3

(9¢ —2)n+ (6g +4)s (9¢ —2)n+ (6g+4)s (9¢ —2)n+ (6g+4)s

and assume

(9¢g — H)n + (6g — 2)s + 2¢

(9¢ —2)n+ (6g +4)s
Then, Theorem 2 applies. Specifically, inequality (24) becomes
2n + 2s

(9g — 2)n + (6g — 2)s’

b >

0<y<

and inequality (25) becomes
(6g — 2)n + (4q — 2)s < (6g —2)n+ (4g +4)s
(9¢ —2)n+ (6g+4)s (9¢ —2)n + (6g + 4)s’
both of which are valid. Hence, the convergence rate is

(9g—4)n+(69—2)s+2¢ )

Ez, (5(fT+1) — 5(f1¢;)) -0 (T* min{ o7t wrTas ) § s Dt (T3a s

In summary, considering both cases above, the learning rate for the g-norm SVM loss func-

tion follows from inequality (19). O
Proof of Theorem 3. Since (65) and 8 = coy hold, we have
(% + 7);0 < 1.

Hence, (72) holds. Consequently, it can be derived from Proposition 4 that

Bz, [€ (fri1) — € (f27)] < 4AMN, BE\/CyT~ 3405 41), (77)
We obtain from Definition 3 and (44) with f{* = f7* that

EFE) — £(SF) < Dlor, Ar) < Balot + Moy ™) T~ T (78)
Therefore, we get the following bound from (75) and (78),
Ezp [5 (fr41) — g(ﬁ;)} < [MNBE\/Cy+ By (0 + Moy ™) | T~ min{ (5 +1) S8

Then we get our desired result. 0

Proof of Corollary 3. The hinge loss function ¢ = ¢y, satisfies (11) with p = 0, Ny = 1
and (13) with My = 0, while the generalized DWD loss function ¢ = ¢g,,q satisfies (11) with
p =0, Ny =1 and (13) with My = (d + 1)2/d. For ¢ = ¢, with A\; = M, the restriction
0<m < 1/(M(Mo +2N;) + A1) in Proposition 4 simplifies to n; < 1/(3M) For ¢ = dgwa
with A, = M, it becomes n; < 1/(((d + 1)2/d + 3)M). Given N'¢"(z) > & > 0, (28) holds for
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any &1 € (0,00) and & = 0. With the specified choices in this corollary, the desired learning
rates for the hinge loss function follow from Theorem 3 and (16) or (17). O

85 Discussion

In summary, we propose a regularized online outcome weighted learning (ROOWL) algo-
rithm for estimating ITR in precision medicine. Our method handles sequential, independent
but non-identically distributed (i.n.i.d.) data by employing a time-varying Gaussian kernel and
a time-varying regularization parameter. Theoretical analysis establishes convergence rates
for several common used loss functions including the hinge loss, generalized DWD loss, least
squares loss, and g-norm SVM loss, under two settings: smooth target functions in generalized
Lipschitz spaces, and non-smooth target functions under a geometric noise condition. Our re-
sults demonstrate improved performance over existing approaches, especially in non-i.i.d. and
non-smooth settings.

We did not address the following questions which are beyond the scope of this paper. It
would be interesting to incorporate sparsity-inducing penalties such as ¢;-regularization, which
may further improve model interpretability and performance on high-dimensional genomic and
imaging data [16]. Furthermore, developing distributed or federated versions [32] of ROOWL
would help address privacy and data decentralization challenges in healthcare, enabling se-
cure collaborative learning across multiple institutions without compromising sensitive patient
information.
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