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Optimal distributed control of Cahn-Hilliard-Brinkman

system in three dimension

XTAO Xiang-yu PU Zhi-lin

Abstract. In this paper, we consider the distributed optimal control of the three-dimensional
Cahn-Hilliard-Brinkman system with a more general potential. We obtain the regularity results
for the weak solution which are essential for an associated optimal control problem. We then
show that the control-to-state operator is Fréchet differentiable and we derive the first-order
necessary optimality conditions in terms of a variational inequality involving the adjoint state

variables.

81 Introduction

Let 2 C R? be a bounded domain with a smooth boundary 99 and let Q7 denote Q x [0, 7).
We consider the Cahn-Hilliard-Brinkman system as follows:

P4V - (up)(a,t) = V- (MVpr) (2, 1), (2,1) € O,
plz,t) = —eAp(a,t) + 2 f(o(2,1)), (z,t) € Qr,
—vAu(x,t) + nu(z, t) = —Vp(z,t) — voVu(z,t) + v(z,t), (z,t) € Qp, )
V -u(z,t) =0, (z,t) € Qp,

u(z, t) =0, 250 = 2520 =0, (2,t) € 00,

¢(z,0) = po(), x € Q.

M > 0 represents the mobility; € > 0 is associated with the diffuse interface thickness; v > 0
denotes the viscosity; nn > 0 denotes the fluid permeability; and v > 0 is the surface tension
parameter. p(x,t) represents the fluid pressure; ¢(z,t) indicates the difference in relative con-
centrations between the two phases; u(x,t) = (u(x,t), uz(x,t), us(x,t)) denotes the fluid veloc-
ity; and u(z,t) refers to chemical potential. ¢o(x) provides the initial data; On represents the
derivative in the direction of the outward unit normal n; and v(x,t) = (vi(x,t),v2(x, t), vs(z,t))
acts as the distributed control. For simplicity, we assume M =e =vy=v=n=1.

Received: 2024-03-22. Revised: 2025-06-13.

MR Subject Classification: 49J20, 49J50, 49K20, 92C50.

Keywords: distributed optimal control, more general potential, first-order necessary optimality conditions,
the adjoint state variables.

Digital Object Identifier(DOI): https://doi.org/10.1007/s11766-026-5185-5.

Supported by the Scientific Research Fund of the Science and Technology Department of Sichuan
Province (22CXTD0029).



XIAO Xiang-yu, PU Zhi-lin. Optimal distributed control of Cahn-Hilliard-Brinkman system... 431

System (1) comprises a convective Cahn-Hilliard equation coupled with the Brinkman e-
quation via the surface tension force y¢oVu. This diffuse interface model is closely related to
the behavior of multi-phase fluids [1]. We refer to a series of papers where well-posedness and
regularity have been established [2, 3]. Additionally, the long-time behavior and global attrac-
tor have been analyzed in [4, 5]. Furthermore, Xiao and Pu [6] demonstrated the existence of
the global attractors in H°(Q2) (s = 1,2,3,4) for Cahn-Hilliard-Brinkman system with a more
general potential.

It is well known that control problems are essential in many technical applications. The
optimal control problem for this model with a regular potential was studied in [7,8]. The authors
in [9,10,11,12] investigated optimal control for other similar models of the local Cahn-Hilliard-
Brinkman system and the nonlocal Cahn-Hilliard-Brinkman system can be found in [13,14,15].
For further theoretical insights, a series of papers are available [16,17,18,19,20,21, 22].

Generally speaking, one uses H*(Q) to denote the usual Sobolev spaces with norm IRIFTEe
and LP(Q2) to denote the usual L¥ spaces with norm ||-[[;, ). We also use L2(Q) to denote

1
3 3 2
(L2(€))" with the norms Iall 2 gy = [[(u1, ug, us)l| p2q) = (Z ||ui||iz(sz)> and use H'(Q) to
i=1

3 3
denote (Hl(Q))3 with the norms [[ul| 1 (q) = [[(u1, uz2, us) | 1) = <Z ||ui||§11(9)> .
i=1
We recall that

H={ue(CrQ)°:V u= 0}L2(m

and
H'(Q)

V:{ue (C2(Q)?:V-u=0
are the classical Hilbert spaces for the incompressible Navier-Stokes equations with no-slip
boundary conditions [23] equipped with the norms in L2(Q2) and H ().

In this paper, we primarily consider the following control problem.
(CP) Minimize the cost functional[24]

Mo [T A
Jpou,pv) = 20 / / (2, 1) — e (2, 1) Pdad + 22 / lo(, T) — pa(x) 2de

/ /|u z,t) — ug, (z,t)Pdedt + =2 / / \v(x,t)|*dzdt

subjecting to the control constraint
veEU= {v € L2(0,T; LQ(Q)) $Vimin <V < Viax, a.e.(x,t) € QT} , (3)

where @, u and p respectively represent the concentration difference, fluid velocity and chemical

(2)

potential in system (1).

To analyze the state system (1)-(3), we assume the following conditions.

(H1) Mo, A1, A2 and A3 are nonnegative but not all zero.

(Hy) U is a nonempty bounded open subset of L?(0,T;H) containing U,y and there exists
a constant R > 0 satisfying

1Vl 20,700y < B, YV EU.

(Hg) Yor € LZ(QT), o € LQ(Q), uo, € LQ(O,T;Lz(Q)), Vmin, Vmax € LOO(QT) with

Vmin < Vmax for almost everywhere in Q.
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Here, suppose f satisfy the following hypothesis, which will be assumed throughout this
paper, f € C3(R), F(t) = [ f(t)dt, and
F@O)] < e(1+ i), (4)
If'(s) = f/®) < cls =] (1 +[s] + [¢]), (5)
()] < (L +1t]), (6)
F(t) > —c,c>0. (7)
We observe that f(t) = t3 — t satisfies the above conditions.

In this paper, we concentrate on the optimal control problem for the Cahn-Hilliard-Brinkman
system. Indeed, solving an optimal control problem necessitates a higher degree of solution
regularity. Leveraging the well-posedness results established in [6], we extend the work of [7] to
consider a more general potential. The structure of this paper is outlined as follows. In Section
2, we derive the higher regularity. In Section 3, we prove the existence of a solution for the
optimal control problem (CP), then we get the Fréchet differentiability of the control-to-state
operator and the fist-order necessary optimality conditions for (CP).

82 The regularity of weak solutions

Definition 2.1. ([6]) Let T'> 0, v € L?(0,T; H) and ¢y € H(2) be given. A triple (¢, u, i)
is called a weak solution to the state system (1) on [0, T, if
o € L>(0,T; H'(Q)) N L*(0,T; H*(Q)),
e € LF(0,.T; (H'(@)"),
we L0, H'(9),
uc L?0,T;V),

and it satisfies

(6, ¥) + (Viu, Vi) = (up, VY), Vo € H(Q),

(Vu,Vw) + (u,w) = (uVe,w) + (v,w), Yw €V,

o(z,0) = go(z), x €.

In the following, we will prove the continuous dependence of weak solution for the state
system (1) with respect to the control term v .

Theorem 2.1. Assume ¢q € H'(Q) be given. Then for any v € U, there exists a triple
(p,u, ) which is a unique weak solution to the state system (1) on [0,T]. If (¢1,u1,p1) and
(g2, 02, pu2) are two weak solutions to the Cahn-Hilliard-Brinkman system for any vi,ve € U,
there exists a constant C7 > 0 depending only on T, R and the initial data of the system for
every T > 0 such that the following continuous dependence estimate holds

tg%&?] Ve (t) — V‘P2(t)”L2(Q) + Vi — vﬂ2||L2(o,T;L2(Q)) + [lur = u2HL2(O,T;V)

+lp1 — <P2||L2(0,T;H3(Q)) + [|0rp1 — a75902||L2(0,T;(H1(Q))*)
< Cilve = vl p20.mm).

Proof. As said in [6], the well-posedness of weak solution for the state system (1) can be
established using the Faedo-Galerkin method. In the next step, we will provide some estimates



XIAO Xiang-yu, PU Zhi-lin. Optimal distributed control of Cahn-Hilliard-Brinkman system... 433

of weak solution for the state system.

By multiplying the first equation of (1) by 1 and then integrating the resulting equation,
we obtain the following result

/go(t)dx:/gpodx.

Q Q

Multiplying the first equation and the third equation of (1) by u and u, respectively, and
integrating the resulting equations over the domain €2, we obtain

d 1
dt (/Q <2|V@2 +F(¢)) dw) + IValZ2 ) + ullz o

:—/QV-(ucp),udx—/Q(u@)-Vudx—i—/v-uda:

Q
:/V-uda:.
Q

Subsequently, by applying Holder’s inequality and Young’s inequality, we derive the following
result

d 1 ) ) ,
dt (/ﬂ <2|Vs0 +F(<P)> da:) + ||Vu||L2(Q) + HullHl(Q)

1 9 1 2
< B} IVIIT2(0) + 5 allzzq)
which entails that
d 2 2 2 2 2
- (|V90\ + QF(W)) dr | +2(|Vpllp2q) + 2Vall o) + [ullzz ) S IVIL2@) - (8)
dat \ Jo,
For any ¢ € [0, T], integrating the inequality (8) from 0 to ¢, we get

t
IVe(t) 20 + 2 /Q F(p(z, 1))z + / V() ey + 2 1V0(3) 2y + [10(5) 2y s

t
< / V()2 ds + Vol e +2 / Flpo(z))da.

(9)
From equation (4), we derive
[ narte] = |- [ aptwyao+ [ 1ot
Q Q Q
< [ (Lol o < o1 + [elfrna) < o(R),
such that
1603y < 1980 20y + [0 =6, + (D] 1922
- < e+ [[Va)ll 2o + H‘PH?}Il(Q))v
where p(t) = ﬁ Jo n(z)dz. Furthermore, to determine the norms of x and ¢y, we utilize

t)
equation (9) and the following result

||<Pt||(H1(Q))*
< AIVellz2o) + alla o €l s )

<AVl L2 o) + cllull g o el o)
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to derive

t
/0 a3 2y + e ags - )

T
<c / (14 IVR) 2@ + o) + Iuls) Iy ()51 oy ) ds
<¢(R,T).
Applying the estimate
HVASOHB(Q)
< IVl gz + 1 O oo @ 1Vl L2 (0
< IVall 2y + ¢+ @l 70 @)Vl L2 0
<1Vl gy + eIVl oy + eIV Faqy 19201 2

1 3
< IVl g2y + Vel L2 ) + §HVA90HL2(Q) +clVellza(a)
we derive "
| ettt < (.. (11)

0
Moreover, we employ interpolation inequality to derive

T T
/0 HASD(t)Hiz(mdtS/o IV 1720y IVAGH) 720 dt < e(R, T).

Suppose (p1,u1, p1) and (@2, us, p2) be two weak solutions for the system with control term
(v1,va), respectively. Denote by
Y =Y1— P2, b= {1 — K2,
and
u=1u; —uy,v=v] — V.
Then (@, u, p) satisfies

ei(@,t) = Ap(z,t) = V- (upr)(z,t) = V- (uzp)(z,1), (z,t) € Qr,

wx,t) = —Ap(z,t) + fle1)(z,t) — flp2)(z, 1), (z,t) € Qr,
—Au(z,t) +u(z,t) = —o1Vu(x,t) — pVus(z,t) + v(z,t),  (z,t) € Qr, (12)
u(z,t) =0, 282D - ) _ (z,t) € 0Qr,

o(x,0) =0, x € Q.

Multiplying the first equation and the third equation of (12) by —A¢ and u, respectively, and
integrating the resulting equation over §2, we derive
1d
2 dt

:*/ (Au*V~(uw1)*V’(uw))A<ﬁ+/stouzdx
Q Q

2 2
Vel @) + [l o)

+ / - Vi (—Ag + f(p1) - flg2)) + v - ude
Q

=— / ApAedr + g - VoApdr + / u - Vousdx
Q Q



XIAO Xiang-yu, PU Zhi-lin. Optimal distributed control of Cahn-Hilliard-Brinkman system...

+/ u-Vori(f(e1) = f(p2)) + v - udz.
Q
Next, we estimate the terms on the right-hand side of (13)

- [ Butpds <~ VA @ + I9(7(01) = Fe2Dlloey IV AGl e
and
/ uy - VpApdr +/ u - Vopusdx +/ u- Vo (f(e1) — flp2))de
Q Q Q
<lhazll ps o) llell Lo (@) IVAQI L2y + 110l s o) Va2l L2 o) 0]l Lo g
+ [l s o lerll po (@) IV (f(01) = f2))l p20)

§C||u2||H1(Q)||V<PHL2(Q)||VAS0||L2(Q) + ||UHH1(Q)HVNZHL2(Q)||V<PHL2(Q)

+ [l g1y 1ol 1 @ IV (f(01) = F(@2))ll 12 (q)-
Furthermore, we apply (5), (6) and (9) to derive

IV(f (1) = f(e2))ll 20
=[lf (1) Ve + (f (1) = f(¢2)) Vel 12 (o
<l (@D V0l 2y + ellell gy (2 + lerllzaay + 122l oay ) 190200
<c(1+ H<P1||2Loo(9))||V90||L2(Q)

+ Vel 2 (1 + lle1llo) + H<P2||L6(Q)> el 20

<[Vl 2y (1 + 1A@1 + [l@2ll g2 (q))-
Therefore, we can transform (13) into the following form
d 2 2 2
2 1VelLai) +lull ) + VAL q)
=— / ApApdr +uy - VoApdr + / u - Vousdx
Q Q

+ / - Vor(f(g1) — flg2) +v - uda
Q

2 2 2 2 2 2
<c|Velza ) 1+ 1ALz ) + l02llme @) + 02l @) + 1Vl @) + V]2 ) -

Integrating the result on [0, ¢], we derive
t
Vel + [ (VA0 + a6 s

t T 2 2 2 2
+||A + + K \% 5
<(/ V()22 ds)els” HIAP O oy ez 10 s o HI T2 () 2 )
0

Ol ¢ 2
<G [ v oy

Furthermore, we get estimates for ||Vu||iQ(Q) and ||<Pt||?H1(Q))*

/0 IV () 172 ds < /0 IV AR(s)[1 72y ds + /0 IV(£(pr(s) = F(p2(5)))l72(0yds

435

(13)

(14)



436 Appl. Math. J. Chinese Univ. Vol. 41, No. 2

Cl K 2
<G [ v s
and

t
/0 () 2o - s
t 2 t 2 2 t 2 2
< / IV () 2y s + / la() e s ()15 ds + / s (3)112 o 9(5)112 s

[t 2
<G [ v oy

§3 An optimal control problem

In the following, we will prove the existence of an optimal control by the monotonicity
arguments and compactness theorem.

Theorem 3.1. Suppose that (Hy) — (Hs) are fulfilled. Then the optimal control problem (CP)
admits a solution.

Proof. Let {v,} ., C U be a minimizing sequence for (CP) and let T'(v,,) = (¢n, Up, pt,) for
each n € N. Owing to the inequalities (9), (10), (11) and the assumption Hs, we get

{vn}o2 | is uni formly bounded in L*(0,T;H),

{on}or, is uniformly bounded in L>(0,T; H'(Q)) N L*(0,T; H*(Q)),

{u,}o2, is uniformly bounded in L*(0,T;V),

{pn}o2, is uniformly bounded in L*(0,T; H'(Q)),

{Ovpn Yoo, is uni formly bounded in L*(0,T; (H(2))*).
Thus, there exist
v € L?(0,T; H),
0 e L=(0,T; H(Q)) N L*(0,T; H3(Q)),
uc L*0,T;V),
€ L2(0,T; HY(9),
pe € L0, T; (H'(Q))"),
and we can extract subsequences {vy, };’il , {én, };11 Ay, }jil A b, }50:1 ,{0von, }
Vatoors {entnzrs {undoly, A dozys {0ipn},Z,, such that
Vi, — v weakly in L*(0,T;H),
©n, — @ weakly star in L>(0,T}; H'(Q)),
on; — ¢ weakly in L*(0,T; H3(Q)),
u,, — uweakly in L*(0,T; V),
Py = p1 weakly in L*(0,T; H(Q)),
Ospn; — Opp weakly in L2(0,T; (H'(2))%).

o0

of

j=1
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Furthermore, we can obtain
©n, = ¢ strong in C([0,T]; H" () N L*(0,T; H*())
by using the Aubin-Lions compactness theorem.
For any ¢ € L*(Q), we know

/Q f(@nj)wdx < Hf(‘ﬁnj)HLz(Q)”wHL?(Q)

3
S C(l + H@nj HLS(Q))Hw”Lz(Q) S C(R)”wHLz(Q)?
such that
p = —Ap+ f(p) = p
Thanks to
/Q (Von, tin, — Vop)wdzr = — /g Vpin, (Pn; — p)wdz — /Q o(Viin, — Vi)wdz
2

for any w € V and

[ non, = g)- Ve = [ o, - Filn, — o+ [ (0, ) Vs
Q Q

Q
for any ¢ € H*(Q2), we derive

/ (Un,; @n;) - Vdo — / (up) - Vipdz, as j — +oo,
Q Q

/ w - (Vo tin, Jdox — / w-Veoudz, asj— —+oo.
Q Q

Therefore, the pair (v, (p, u, 1)) is admissible for (CP). It follows from the weak lower sequential
semicontinuity of the cost functional that v € U is an optimal control for (CP). O

Define the solution operator
S:v—=(p,u,p).
From Theorem 2.1, we realise that S is a Lipschitz continous mapping from L?(0,7; H) onto
A =L>(0,T; HY(Q)) N L?(0,T; H3(Q)) x L*(0,T; H*(Q)) x L*(0,T; H*()).

Let ¥ € U be a local minimizer for (CP) and let S(Vv) = (¥, T, 1) be the associated state.
We will establish a differentiability result at any point for the control-to-state operator. In the
following, for any fixed h € L?(0,7;H), we will consider the well-posedness of weak solution
for the following linearized system
L) £V - (@) (2, ) + V- ((P) () = Ab(a, 1), (,1)
O(x,t) = —Aw(x,t) + f'([@)w(z, 1), (z,1)
—Al(x,t) + {(z,t) = —Vq(z,t) —pVO(x,t) — wVL(z,t) + h(z, 1), (z,t) € Qr,

(z,t)
(z,1)

t
V- C(l‘,t) =0, (15)

((z,t) =0, 2wt — 0D 1) € OOy,
w(z,0) =0, ze€Q,

where
n=—-Ap+ f(®).

Theorem 3.2. Let h € L?(0,T;H). The system (15) has a unique weak solution (w,(,0) with
w € L®(0,T; H'(Q2)) N L*(0, T; H*(2)),
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¢ € L*0,T; V),

0 € L*0,T; H'(Q)),

wy € L2(0,T; (HY(Q))").
Moreover, there exists a constant Co > 0 depending only on R,T and the initial data of the
system such that

T T T
2 2 2 2
m t 4 dt o(t dt 4 dt
te[g%] [Jw( )HHI(Q) +/0 [Jw( )“HS(Q) +/0 [16( )”Hl(Q) +/0 1¢( )“Hl(Q)

T
<, / ()20t

Proof. First, we eastablish the existence of weak solution to the system (15) using the Faedo-
Galerkin method [25].

Let A = —PA be the Stokes operator where P is the Leray-Helmholtz projector from
(L?(©))? onto H. We all know that for the eigenvalue problem A¢ = )¢, there exists a sequence

o0

1> Which are orthonormal

of non-decreasing numbers {\,,} ~_; and a sequence of functions {¢, }
and complete in H such that for every k > 1, we have

A& = A& and  lim A\ = +o0.
k— 4o

Let us introduce the operator N which is the inverse of the Laplacian operator —A, where
—A is endowed with Neumann boundary conditions that impose zero average over 2. It is
well-known that there exists a sequence of non-decreasing numbers {x,} -, and a sequence of
functions {1, }.-,, which are orthonormal and complete in L?({2) such that 1 = 0 and ¢; = 1
as well as for every k > 2, we have

1
Ny, = —1, and
Kk

For any n > 1, we introduce two finite-dimensional spaces W,, = span{u1,vs...,1,} and
H, = span{¢,&...,&,}. Let P, be the orthogonal projector from L2?(Q) to W, and let
I',, be the orthogonal projector from H to H,. We will look for appropriate coefficients
(a(t), Bi(t),0;(t))(i = 1,2..n) so that

lim &k, = +oo.
k—-+o0

wnlt) = ai(t),
i=1
Ca(t) = Zﬁi(t)fm

On(t) =D vilt)vs.
i=1
These approximate solutions satisfy the problem
(%, 9) — (Awn + (up, V) + (Vln, Vib) =0,
<0’ﬂ7 <> = <vwn’ V<> + <f/(¢)wna §> 9
(VG VE) + ((n, §) = — (@VOn +wn VL, §) + (h(z,1),§),
OéZ(O) = <w(z,0),1/)1> = 0’7' = 15 2"7”7
for any £ € H,, and ¢,¢ € W,.

(16)
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Let ¢ = 1 in the first equation of (16)

/an(x,t)dm = /an(x,())dx =0.

Let ¢ =0,, ¢ = Bg)tn’ §=0Gn
||an||L2(Q + (Vs HL2(Q +H<n||H1(Q

1d
2.dt

:/ﬁ~V9nwndx—/Cn-Vﬁwndw—/f'(E)wn%dx—k/ h(z,t)-Coda
Q Q Q ot Q (17)

<Al o) IVOnll L2 llwnll a0y + [16nll o) I VBN L2y llwnll L2 (0

. Owy
= [ 1@ T dn + @ Ol [l

which implies
||an||L2(Q) +5 ||V9 ||L2(Q) + HCn”Hl(Q)

2
SC(Ilullm ot IIVMIIL2 @) 1V@nlz2() + ClhlZ2 )
() ( ( (

d SN
-4 [ F @l [ F@p ol
Q Q

Integrating the above inequality over [0, ], we derive

3 t t
Ve sy + 5 [ IO Eaaps + [ 1u(o) raopds

<e [ ) oy + 19706 F200) [V (6) a5 = 5 [ /@00l

e / (8122 s + = / / £ (@(5))uleon 2 dds.

With the help of (6), we can perform further calculations on the above equation

[Veon(6) ooy + 5 / 190, (5) 22yl + / 16 ()12 0y s
t
<c / (R sy + IV 2(0) 90 () 2 s + 5 / |1+ PO lwn (1) de
t 5 1 t - - 5
+O [ I G+ 5 [ [ (4 ) Prds
0

t
SC/O () 7710y + IV A N 72(0)) IVwn (51720 ds

& _
5 (L 1Oz lwn (] 2y ln () o o)

I _ 5 I _ 2
+§/o ||90t||(H1(Q))*||90(5)||H1(Q) ||Wn||L6(sz)d3+§/O ||<Pt||(H1(Q))* A@(S)”m(sz) ||WnHL6(Q)dS
INA _
43 | 1etlarsian- 19 s lon (9l 1960(5) 5oy
0

t
e / I(s) 2 s
(18)
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Let ¢ = Aw,, and ¢ = —AAw,, in (16) for A determined later.
Ad

2 2
Sdt [wnllz2(0) + AllAwn 720

— ) /Q £ (@)eon Dcondar — A /Q (o - VP)umda

S M@l e @) lwnll L2 @yl Awnll L2 ) + AlCall ooy VO L2 oy lwnll 2 (q)
which entails that

t
2 2
Mon(®)]2 0 + A / 1A (3)]12 5

t t
_ 2 _ 1
< [ OIF@EN i+ X IVFF20) 1965y s+ 5 1 ) oy
(19)
Hence, adding (18) with (19) we end up with
1 o t
5 1Ven(®) 720y + (3 = e+ 1B [ 700 llon(B) 20y + (A = 1) / 18w (5) 72y

3 [ 5 1 [ 5
3 [ 190t 3 [ 16 s

t
— 2 _ 2 — — — 2
SC/O (IF() 1 ) + VRO 720) + 1+ 19l (111 )+ 18 1oy + 18el[ 1 )+

&(s)|I7s
_ _ _ 2 _
+ 1@l - 1AB() | L2y + M (@D oo () + A IVE()] 2 (0) Veon (8) 72 ds

t
+c/0 [h(s)]72 () s

Choosing A =1+¢ r%a%g](l + Haﬁ(t)”ig(m) > 0, we infer from the Gronwall inequality that
teo,

t
o (D571 0 +/0 (12wn ()25 + VO ()1 72 () + 16 (3171 () ds

(20)
< @ [ (@) s
=79 o L2(0) @S-
Due to
Oown, _ _
% < 1 gy ol sy + 16l sy Iy + 1900l
(HL(Q)*
and
VAWl 120

S IV @wn)ll L2y + VOl 20

<@ s IVwnll oy + 1 (@) Lo@) IV Al Loy lwnll Lo 0y + VOl L2 (o

2 _ _
< U+ [l zs @) IVwnll ooy + (L + 181 Lo (@)IIVEIl oo lwnll oy + IVOl 120
we derive

{wn}or | is uniformly bounded in L°°(0,T; H'(2)) N L*(0,T; H*()),
{¢ )02, is uni formly bounded in L*(0,T; V),
{0,327, is uniformly bounded in L*(0,T; H*(2)),
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ot

Therefore, there exist

don } is uniformly bounded in L*(0,T; (H"(Q))*).
n=1

w € L=(0,T; H'()) 1 L2(0,T; H(Q),

¢ e LQ(O,T; V),

0 € L*(0,T; H'(Q)),

wy € L2(0,T; HY(Q)*)

dwn. )X
and we can extract subsequences {wnj };‘;1, {an};il, {Hnj};il, {%}]:1 of {wn}io:l,
{Cado {02, agt" Zozl, such that
Wn, — wweakly star in L>(0,T; H'(Q)),

wp, — wweakly in L*(0,T; H*(2)),

Cn, — Cweakly in L*(0,T; V),

0., — 0 weaklyin L*(0,T;H"(2)),

Own,
ot

Passing to the limit, we obtain the existence of a weak solution for system (15).

—  wy weakly in L*(0,T; (H'(Q))%).

Finally, we can prove the uniqueness of weak solution which is in common with [7]. We omit
the proof here. O

Based on the results about the well-posedness of weak solution of (15), we can get the
following: Theorem 3.3 and Theorem 3.4.

Theorem 3.3. Suppose that (Hy) — (Hs) are satisfied. Then the control-to-state mapping S
is Fréchet differentiable for any v € U. Furthermore, for any h € L?(0,T;H), the Fréchet
derivative DS(V)h is defined as follows: for any h € L?(0,T;H), we have DS(V)h = (w,(, ),
where (w, (,0) is the unique weak solution for the linearized system (18).

Proof. Let any v € U be fixed and let S(¥) = (i, U, 1) be the associated solution for the state
system (1). Since U is an open subset of L?(0,7;H), there exists some o > 0 such that for
any h € L?(0,T; H) with B[l 72,74 < @, we have V4+h € U. Let (", u", u") be the unique
weak solution for the state system (1) with v+ h and let (w, ¢, 8) be the unique weak solution
for the linearized system (15) with h.

Denote by

and

for any t > 0.
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Then (¢,n, p) satisfies the following equations
oz, t)y = —u-Vo(x,t) —n-Vo(x,t) —a-Vo(z,t) + Ap(z,t), (x,t) € Qr,
pla,t) = =Ad(z,t) + f(")(2,t) = f(@) (2. t) = [ (@)w(z,t), (2,t) € Qr,
—An(z,t) +n(x,t) + Vp(z,t) = —oVu(z,t) — ¢Vi(z,t) —@Vp(z,t), (z,1) € Qr,
V-n(z,t) =0, (x,t) € Qr,
n(a,t) =0, 2880 = 2@t — o (z.¢) € Oy,
o(x,0) =0, z €.

Taking the inner product of the first equation and the third equation of (21) with —A¢ and 7,

(21)

respectively, we obtain

1d 2 2
33 IVOllza@) + lInll g

:—/Q (Ap—u-W—77-V@—ﬁ-V¢)A¢dﬂs+/ﬂ(—@vu—¢vﬁ—¢vfo)-ndw
=- / (Ap—u - Vp)Apdx + / u - VoAgdx + / (n-Voutn - Von)dx
Q Q Q
+ /Q 0 VE(H(") — £(@) - F(@w)da
=— / (Ap—u - Vp)Addx + / n - Voudz
Q Q
4 /Q T VOAG -+ Vi +n- VR (") — 1(7) — f(P)w)da.

In the following, we will divide the right-hand side of equation (22) into three parts of
computation.

In the first part, we find
— / (Ap —u-Vyo)Apdx
Q

= [ V864 F6") = 1)~ @)V A — u- Vb

< - ||VA¢||i2(Q) + lull s o) 1€l Lo @) VAR 12 (q) (23)
+ ||VA¢||L2(Q) Hv(f(@h) - f(@) - f’(@)w)HLz(Q)

< - ||VA¢||12(Q) + cllall g o) IVell 120y IVAS] 12 (0

+ ||VA¢||L2(Q) HV(f(gph) - f(@) - f/(E)w)HLz(Q)v
where we will use the Mean Value Theorem to handle the last term on the right-hand side of
(23) and demonstrate later.

Then, we can calculate the second part as follows

/ n - Voudx
Q

<l s @) 1l Lo () IVAQ 120 + ||77||L3(Q)||‘P||L6(Q)||V(f(§0h) - f(@))HLz(Q)
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<cllnll g Vel L2y IV AL L2

+ cllnll i o IVl (176" + (76" = @)V ey
§C||77HH1(Q)||V<P||L2(Q)||VA<P||L2(Q) + C||77||H1(Q)||V<P||L2(Q)(Hf/(¢h)||Loo(Q)||V<P||L2(Q)

tellll oy L+ 10" | o ey + 121 o)1Vl o) (24)
§C||77HH1(Q) ||V90||L2(Q) ||VA<P||L2(Q)

+ clnll g @) IVell L2 Hf/(@h)HLoo(Q) Vel 2 q)

+ cllnll g1 o) IVell L2 ) IVl 2 ) (1 + ||V<Ph||Lz(Q) + Vol L2 @)1 AG L2()-
In the last part, we obtain

/Qﬁ VoA +1-Vou+n-Ve(f(e") = f(@) — f(p)w)ds

<[l s ) 18]l Lo (@) IVAD 120y + I1ll 3 ) 191l Lo ) IVEN L2 ()
+ 17l 0 1Bl Lo o V(") = £(@) = ' (@))| 2 (25)
<cllull g1 @IVl L2 ) IVASI 12y + cllnll g1 @) IVl 2oy Il g1

+elnll g o) VP L2y [V (") = (@) = F (@) 120
We will focus particularly on the last term of (25). In the first, we get
F@") = f@) ~ f' (@)

— h_ — 1 /Th — ) — ! (— i ! (— h_f_w

= (¢ w)/o [f(re" + (1 =1)p) = f'(@)]dr + [ ([@)(¢" — 7 —w) (26)
1

—¢ [ [F0eh + 1 =n)0) - £(@dr+ 1@

Then, taking the derivative with respect to the spatial variable in equation (26), we have
V (f(e") = 1) = F(@)w)
1
=V /O [f (1" + (1= 1)p) = f(@)] + f (@) Ve + f(2) Vo
1
+o [ e+ (1 =)V + (1= 1)V9) — () Veldr
11
=V [ [ 7atre + (-0p) + (- R 4 (- dsd
1

+ s@/o [F'(re" + (1= 1)p)rVe

+Vp /0 " (s(re" + (1 =1)p) + (1 - 9)9) (19" + (1 — 7)p — P)ds]dr

+ f{(@)Vo+ f"(@)Vee
=A4,oVe + Bro®Vo+ f(@) Vo + f(9)Ves.
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Take the L?-norm on equation(27)
Hv (f(‘ph) - f(@) - f/(@)w) HLZ(Q)
2 _
SHAhHLoo(Q)||<P||L3(Q)HV<P||L6(Q) + ||Bh||L°<>(Q) ||§0||L6(Q) ||V‘P||L6(Q)
F I @ oo @ IVl 20y + 1 (@) oo ) IVl L3y 101l Lo ) (28)
<cllAnll e () VOl L2 () 1AL L2y + €l Brll Lo () ||V<PH%2(Q) 1AG] 120

F @l poe @ IVl 20y + €llf (@ oo () 1ABN L2y VA 1202y
where

1 1 1
Ay = /0 7'/0 f(sto" + (1 — s7)@)dsdr + /0 Tf"(re" + (1 — 7)@)dr, (29)

and L L
Bj, = / T / (57" + (1 — sT)P)dsdr. (30)

In view of theorem 2.1, we have 0 0
[Anll Lo + 1Bl < ¢ (31)

with ||h||L2(07T;H) <a.

From (22) to (31), we derive
d 2 2 2
pr VOl + 10z 0) + IVAD[72(q)
2
< a1(t) [Vl (q) + a2(t),

where
2 2 2 2 —2
a1(t) = c(|lF' @)=y + 1 @)@ 12BNz ) + @l o) + 7l )
< (14 el @)? + A+ ol Lo )2 18BN 720y + 187 ) + 17171 (0))

< e((1+ 1801172 () + 1+ 1801 L2(0)) 12BN 72 () + 18117 @) + 1770
and o 2 2 A 2 2 A 2
a2 (t) —C(HVSO”L?(Q) Hu”Hl(Q) + h||L°°(Q) HVS"HL%Q) | SDHLZ(Q)

+ ||Bh||2Loo(Q) \\V<P||i2(9) ||A¢||2L2(Q)
2
+ ||V<P||i2(ﬂ) ||VA90||%2(Q) + |\V<P||i2(ﬂ) ||f'(%0h)HLoo(m
4 2 —2 —n2
+ ||V<P||L2(Q) (1+ HV@hHLz(Q) + HVSDHLz(Q)) HASDHLZ(Q))-
Thanks to the Gronwall inequality, we get

T
2 2 2
SR, Ve 720 +/0 (Im@ o) + IVASE)[|72(q))dt

T
< ( / as(t)dt)explo @1 (Ddt
0

where the integrability of a4 (t) and as(t) is attributed to above estimates and Theorem 2.1.
By virtue of (11), Theorem 2.1, Theorem 3.2 and

H¢t||(H1(Q))*
§H“||L6(Q)HS@HL3(Q) + ||77||L6(Q)||¢HL3(Q) + ||ﬁ||L6(Q)H¢||L3(Q) + ||VA¢||L2(Q)
+ V(") = £@) = S @) 12 0y
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we deduce
T
2 2 2 2
e Vo)l z2(a) +/0 (@) + IVAS@) 720y + @@l 1r1 ()= )t (32)
< AR, [ 2 0,7;8)) ||h||2L2(o,T;H) )
where A(t, R, [[h| 2o 7,12(c))) can be computed by above estimates and it satisfies
lim At R, b ) = 0.
il L ) 0 (t, R[] 2 0 120)
O

Theorem 3.4. Suppose that (Hy) — (Hs) are fulfilled. Then the mapping DS is Lipschitz
continuous on U in the following sense: there is constant C3 > 0 such that for any v,v € U
and any h € L?(0,T; H) we have
[DS(v)h = DS(¥)h||y < Cs|lv = 20 7am) 1Bl £20,781)
where A = (L>°(0,T; HY(2)) N L2(0,T; H3(2))) x L*(0,T; H*()) x L*(0,T; H()).
Proof. Let v+ k € U for any fixed v € U and k € L?(0,7; H). Denote by
S(V + k) = (kav ukv /‘k)v S(V) = (@vﬁvﬁ)v

and

(0w, 1) = (" —p,u* —u,p¥ — 1) = S(V+ k) - S(¥).
Let any h € L?(0,T; H) be fixed. Denote by

(w*,¢*,0%) = DS(¥ 4+ k)h, (@, ¢,0) = DS(¥)h,

and

(w,(,0) = (W —@,¢% - (0" —0) = DS(¥+ k)h — DS(¥)h.
Then (w, ¢, 0) satisfies the following equations
elet) - (aw + wwb) (2, 1) + V - (CB + CFo)(x, 1) = Ab(x, 1), (z,1) € Qr,
O(z,t) = —Aw(z,t) + f(@)w(z,t) + (f (") = f1(@))w* (2,1), (z,1) € Qr,
~Al(x,t) + ((z,t) = —Vp(x,t) — pVO(z,t) — oVOF (2,1) — wVTI(2,t)

—whV(x,t), (x,t) € Qr, (33)

V- ((z,t) =0, (x,t) € Qr,
C((x,8) =0, 2eotl _ 90t) o (1 4) € 9O,
w(z,0) =0,z € Q.
Taking the inner product of the first equation and the third equation of (33) with —Aw and ¢,

respectively, we obtain

1d 2 2 2
3 IV@liz (o) + VA2 0) + [l o)

=-— / VAw - (tw + uw® + (*p)dz — / (CP = VAw) - V(f'(@)w + (f' (") = f(9))w")dz
Q Q

- / ¢ (oVO* + WV + V) de,
Q

such that 1d
2 2 2
3 a IV@liz (o) + VAW 0) + (¢l o)
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SHVAW“L?(Q)(Hﬁ”LG(Q)||WHL3(Q) + Hu”LG(Q)HwkHLS(Q) + ||<k||Le(Q)||SD||L3(Q))
+ (I¢ll o (@ 121 220y + 1V AW 2@ [ V(' (@)w + (£ (") = S(@NW)]| 2
+ 1<l po o (Il o VO | 2 ) + Hw||L3(Q)||V:uHL2(Q) || s oy VRl 2 )
§C||VAW||L2(Q)(Hﬁ”Hl(Q)||VWHL2(Q) + ||u||H1(Q)HVWkHL2(Q) + HCkHHl HVSDHH(Q))
+ (el @ IVl 2oy + VA2 @[V (@)w + (F(6") = F(@)0) 120

+ C|\CHH1(Q)(HVS@||L2(Q)||V9k||,;z(m + ||VWHL2(Q)||Vﬁ||L2(Q) + ||vwkHL2(Q)HV/"‘||L2(Q))'
We can transform it into the following

IV ) + 178wl ) + €00y
<cIVAW| 2 ) (1l 2 o) VWl 20y + 1tll 2 ) HW’“HLz(Q +[1FN i IVl 2 0)
+ (€ll¢l g @) IVP 20y + VAW 20 |V (F (@)w + (f (") - f/@))wk)HLz(Q)
+ cllCll g ey ( |\V<P||L2(Q)||V9kHLz(Q) VWl 20y IVl L2y + vakHL2(Q)||V/J’||L2(Q))
eIl ) 1Vl 20y + Il 1905 oy + HC’“HZW IVell72)
+ c(IVB 320y + D [V (@) + (F(6°) = £/ @) |20

+ C(||V<P||L2(Q) HvakHLz(Q) + HVW||2L2(Q) HVEHIP(Q) + vak||L2(Q) ”VMH%Q(Q))'
(34)
As for the last term of the penultimate row in (34), we find
_ 2
IV @)+ (P65 = @) ey
=[f(@)Vw + [ (@) Vew + (f'(¢") = [ (@) Vo' + [ @) Veu® + (" (¢*) = f" (@) Ve'e|
%2(9)
_ 2 RN _ 2
= ||f/(‘P)VWHL2(Q) + ||f”(<P)V<PW||L2(Q) + ||f/(90k) - f/(SD))VWkHLz(Q)

2

1
_ 2 _
+ [/ (@)Yt oy + ’ w’“wwk/ F(ret + (L= 7)@)dr
0

L2(Q)
\12 2 12 12 2
< Hf/(SD)HLoo(Q) HVW”LZ(Q) + Hf”(@)”Loo(Q) ||V<P||L6(Q) ||W||L3(Q)
2 2 2 2
ellVellzay (1 [V Lo o) + 1V@lLa@) [V [1o0)
2

1
+c ”V(PHzL?(Q) HAkaHiQ(Q) ||vwkH2L2(Q) ‘A fm(,r(pk + (]- - T)@)d’r

Lo (%)

2 2
+ 1" @) 0y IV T2 10 oo -
We infer from Theorem 2.1 and Theorem 3.2 that
T T
2 2 2
max VOl + [ VAt + [ 160 0

Cs
< = ||k||L2(0TH) ||h||L2(OTH)’

where C3 > 0 dependb on R, T and ||‘P0||H1(Q .
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Furthermore, with the help of (33) we calculate the following two terms

Ow
atH(Hl(Q))*
<l[all g llwll o) + Hu||L6(Q)||wkHL3(Q) + ¢l ze o 1@l 3 (02)
165 o Ny + 19000,
and

/ Odx
Q

/Q f@)w + (F(e") - [(@))wkda

< ||f(¢)||L2(Q)Hw||L2(Q) + C||‘P||L3(Q)(1 + H‘PkHLe(Q) =+ ||¢||L6(Q))||wk||L2(Q)

—n2 —
< (1 + [l 7@ 9l L2y + eVl L2y (1 + V| L2y + VP 20 V|| 2
such that we derive

T T
/0 e (8)1201 - + / 1008) 21 eyt

Cs 2 2
< 5 1Kl 220,750 Rl 2200, 7:81) - -

We will derive the variational inequality that the optimal control satisfies. Indeed, it follows
from the quadratic form of J that the reduced cost functional J(v) = J(S(v),v) is Fréchet
differentiable at every v € U with the Fréchet derivative given by

DJ(V) = D@amd (S(V),V) o DS(V) + D3J(S(V), V).
Recalling that U,q is a closed and convex subset of L?(0,T;L?(Q)), we know that for any
minimizer Vv € Uyq,
DIV)(v—=¥) >0, Vv €Uy
Hence, we derive the following result.
Theorem 3.5. Suppose that (Hy) — (Hs) are fulfilled. If Vv € Uaq is an optimal control for

the control problem (CP) with associated state S(V) = (p,Q, i), then for any v € Uyq and any
t € 10,71, we have

T
)\o/o /Q(@(x,t) - SOQT(a:,t))w(x,t)dxdt+/\1/ (@(z,T) — pa(z))w(z, T)dx

Q
T T
+ )\2/ / ((z,t) — ug, (z,t)) - ((x, t)dxdt + )\3/ / V(z,t) - (v(z,t)—V(x,t))dzdt > 0,
o Ja o Ja
(36)
where (w,(,0) = DS(¥V)(v — V) is the unique weak solution for the linearized system (18) with
h=v-v.

In order to establish the necessary first-order optimality conditions for (CP), we need to
eliminate ¢ and w from (36). To this end, we will prove the well-posedness of weak solution
of the adjoint state system and simplify the inequality (36). To this aim, we need to give the
following result about the regularity of weak solution for the state system.

Theorem 3.6. Assume that po € H2(Q) in system (1). Then for any v € U, there exists
a constant Cy > 0 depending only on R, T and the initial data of the system such that the
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associated solution (p,u,u) for the state system satisfies

R le@)l g2y + 1190l L2 (0,753 (02)) < Ca-

Proof. Multiplying the first equation of (1) by A2y and integrating the resulting equation, we
obtain

2 P ||ASD||L2 @t ’|A2<P||L2(Q
—/u-chAngdx—&—/ Af(p)A%pdx
Q Q
< Il ooy IV s @ 1% 1] 2 ) + IAF (@)l 2y 1% 2

2 2 2 1 2
< e(lfullf o) I8¢ o) + 1AF (D) z2(0) + 5 |87 12(q)
By using Ladyzhenskaya's inequality and Young inequality, we observe that

IAF ()72
:‘fu( (Ve + 1 ’L%Q) (38)

2 2
< cllf" () (o ||V<P||L4(Q) +ellF (O (o ”A(PHiﬁ(Q)

2 2
< cllF" (D)oo 181720 + ¢ 1 (D)1 1oe ) 180N 720
With the help of the assumptions on f, we find

2
1Py < €1+ [l e)? < 1+ 186l 2 (39)
2
1F ()70 0y < L+ 917 () < el + A0 )72 (0)- (40)
Exploiting the inequalities (11), (37), (38), (39) and (40), we derive

d 2 2 2 2 2
P [1A@ll72q) + HAQSDHLz(Q) < (1 + [lullg o) + 1Al L2 0) 1ALl 72 (q) »
which yields

T
e 186050 + [ (182000 a0t < Co. (41)

Theorem 3.7. Assume (Hy)— (Hs3) and B, € H?(Q) hold. IfV € Uyuq is an optimal contmlfoE;
the control problem (CP) with the associated state S(V) = (¢, U, [i), then the following adjoint
state system
—96 V- (Wp) (@, t) + V- (V) (x, 1) — A&(x, 1) + F(@)&(x, 1) = Mo(@ — parr) (@, 8),
(z,t) € Qp,
(a,t) = —Ap(x,t) = V- (0p)(x,1), (x,1) € Qr,
—Aﬁ(m,t) + ¥z, t) = =Vq(z,t) + Vp(x,t) + Ao (TU(x, t) —ug,(z,1)), (x,t) € Qp,

-9(x,t) =0, (x,t) € Qp,
ﬂ(x,t) 0, 2ot _ Ot o (41) € 9O,
p(z,T) = M@z, T) - par(2), =€,

has a unique solution (p,¥,€) € H and for any v € U,q, we have

/ / (z,t) + Mv(z,t)-(v(z,t) — V(z,t))dzdt > 0, (43)
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where H = (L= (0,T; L2()) N H' (07T; (H2(Q))*) N L2 (0, T; H2(Q))) x L2 (0,T; HY(Q)) x
L? (O,T; LQ(Q)).

Proof. As mentioned in the proof of Theorem 3.2, let A be the Stokes operator [26] and let
N be the inverse of the Laplacian operator —A endowed with Neumann boundary condition
imposing zero average over ). Furthermore, let {w,} -, and {¢,,} -, be the eigenfunctions of
the operator A and N, respectively. For any n > 1, we introduce two ﬁnlte dimensional spaces

W, = span{i,s...,0n} and H,, = span{wi,ws...,wy}. Let P, be the orthogonal projector
from L? () onto W,, and let T',, be the orthogonal projector from H onto H,,.

We will look for appropriate coefficients (ozl( ), Bi(t),7:(t))(i = 1,2..n) so that

t) = Zai(f)”t/fi,
= Z Bi(t)wi,
= Z%‘(t)w

These approximate solutions satisfy the system
— (%) + (@pn — Oty V) + (Vén, V) + (1 (@) — Mo(@(,1) — @0,), ) =0,
(&ns0) = (Von, Vo) + (9,9, Vo),
(VIn, V) + (Un, ¢) = (@Vpn + A2(UW—ua,), @),
(on (-, T),¢00) = As(@(, T) = pa), i), i =1,2..n

for any ¢ € H,, and 9,0 € W,,.
Let 0 = 1 in the second equation of (44)

/gnxt dxr = 0.
Letzb:pn,a— W (—App, + f'(@)pn) and ¢ = O, in system (44)

— 5 lonll3acy + 190 o) + 1m0

= [ @0 Vo @+ [

(A(z,t) —uq,) - Opde — / Oy, - VOAp,dx
Q Q

+ [ 1 @natpude = [ 1@, Voddr+ o [ (@lant) = oo, )puds

/ (O - Vo) (@ — A@)dm—i—)\g/ (u(z,t) — uq,) - Ipdx — / Iy - VeAppdx
Q

Q

+ [ 1 @atpude+ o [ o) = o, )pude
Q
N9nll sy lonll L2 @) VP = VAB Loy + 1V Inll L2 1ol L2 (0 1@ — APl Loe (@)
+ HV79n||L2(Q)||VS5||L6(Q)||Vpn||L3(Q) + ||79n||L6(Q)||A¢||L2(Q)||Vpn“L3(Q)
L @) oy |onll L2 ) [ APl L2y + Aol[B(@,t) — Varllp2@yllonll L2 q)



450 Appl. Math. J. Chinese Univ. Vol. 41, No. 2

+ Ael[a(z, 1) — g, |l p2)llVnll L2 o)
<cllOull g llonll 2 @) I8P L2 ) + [ AB 12
+ cllInll 10 ||Pn||L2(Q) Ve — VA@”%z(Q) HA¢ - Az@“%z(g)
+ Ao|[T(z,t) — uq, HL?(Q)”ﬁn”m(Q) + C||79n||H1(Q)||95||H2(Q)||VPnHL3(Q)

+ ellpall 2y 1800l 2y (L + 1AF ] 12g0) + AolB(@,8) = Parr | 2gey ol 2 -
After simplification, we obtain

d 2 2 2
— [onllz20) + 19nllE () + 1APnll72(q)
- 112 _ _4 _
<c(1+ HASDHiz(Q) + HA2<P||L2(Q) + ||VA80||2L2(Q) + ||A<P||L2(Q) + ||A<PH8L2(Q)) ”pn”iz(ﬁ) (45)

— 2 _ 2

+c Hu(a?? t) —uqQ, ||L2(Q) +c ||<,D(.’17, t) - ¥YQr ||L2(Q) ’
where we have used Gagliardo-Nirenberg interpolation inequality and Young’s inequality. In-
tegrating the above inequality over [t,T], we infer from the Gronwall inequality and Theorem
4.6 that

T T
2 2 2
mwmmmm@+A|mwmmmw+4nmmwm@w

s€t,T] (46)
< ¢(R).
Furthermore, we find
0pn _ _
- <@l gz lenllpz@) + 19nll 2o @) lIBll 22y + 1€l 20
Ot (120
+ 1 f @ s )llénll 2 ) + Aoll@(@, ) = varllp2(q)
_ 2
<cl[all g1 lonll 2y + cllInll gy + 1&nll 2oy + (X 4+ 121 7s @)énll £2(0)
+ )\0”@(1’7 t) — PQr ||L2(Q)a
and

1€nllL2) < NAPallL2 @) + 191l Lo () VIl Lo q)-
Therefore, we obtain

{pn}or, is uniformly bounded in L>(0,T;L*(Q)) N L*(0,T; H*(2)),
{9,}00, is uniformly bounded in L*(0,T;V),

{6,350, is uniformly bounded in L*(0,T; L*(R)),

{(pn), }oo, is uniformly bounded in L*(0,T;(H?(2))*),

which entail that there exist

p € L>=(0,T; L*()) N L*(0,T; H*(Q)),

9 € L*(0,T;V),

¢ € L*(0,T; L*(Q)),

pe € L*(0,T; (H*(Q))")
and with the help of the Kakutani theorem and the Banach-Alaoglu-Bourbaki theorem we
can extract subsequences {p, }(;11 , {0, }]Oil , {&, }jil , {%}:’;1 of {pntri  {Un}ey,
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- oo
{&ntney s {%}nﬂ such that they satisfy

pn;, — p weakly star in L>(0,T; L*(Q)),
pn; — p weakly in L*(0,T; H*(Q)),

Un; — O weakly in L*(0,T; V),

&, — & weakly in L*(0,T; L*(2)),

L~ L*(0,T; (H*(Q
5 5 weakly in L*(0,T; (H*(Q))").
Passing to the limit, we obtain the existence of weak solution for system (42).

In the following, we will prove the uniqueness of solution for the system (42). Let (p1, %1, &1,
q1), (p2,92,&2,q2) be two weak solutions for the system (42) and let p = p; — p2, ¥ = ¥ — Vo,
=& — & and ¢ = 1 — go, then (p, 9, &, q) satisfies the following equations

— 28 - (Tp)(w,t) + V- (0F) (2, 1) — A&(x,t) + f/([@)E(x,t) =0, (a,t) € Qr,
&=, ) —Ap(@,t) = V- (99)(w, 1), (w,) € Or,
—A(x,t) + Iz, t) = =Vq(z,1) + BVp(z, 1), (2,t) € Qr,
V- 9(x,t) =0, (z,t) € Qr,
H(z,t) =0, 26 - @ _ g z,t) € 007,

plx,T) =0, x €.

Repeating the proof of (46) with Ay = Ay = Ay = 0, we getp; = p2, 91 = Ja, & = &, and we
can derive the result.

Multiplying the first equation, the second equation and the third equation of (15) with p, ¢
and &, respectively, and integrating over 2 and [0, 7], for h = v — ¥ we obtain

/ / pdxdt+/ / (aw pdmdt+/ / - ((P) pdxdt—i—/ /V9 Vpdxdt
/o /QVw~V§dxdt+/o /Qf’(@)wfdxdt—/o /Qefdmdt—l—/o /QVQVﬁdxdt
+/T/ C‘ﬁdl’dt+/T/@(19'V@)d$dt+/()TW(19‘VM)d$dt

/ / v — V) - ddxdt,

where (p, 9, €) is the weak solution of (42). Taking the inner product of the first equation, the

(47)

second equation and the third equation of (42) with w, 6 and ¢, we get

[ i [ [ 5 wpsanis [ [ 7oz [ [ ve v
YT R
+/0 /QV19~V§dxdt+/0 /Qﬁ-ﬁdxdt
- ' | @0 Vodsat+ 2 [ ' | @G0~ o dade + 2o | ' | @0
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(48)
u(z,t) - (dxdt,

where (w, (,0) is the weak solution of (15) with h = v — ¥. we infer from equation (47) and
equation (48) that

Yo [ (#lat) ~ oo Judade
Qr

+ A / (P(x, T) — pa)w(x, T)dx + )\2/ (a(z,t) —u(z,t)) -Cdadt (49)

Q Qr
T
= / / (v —¥) - ddadt.
0 Ja

Therefore, from Theorem 4.5 and equation (49), we deduce

/OT /Q (v(z,t)—V(z,1)) - (9 + AsV(z,t))dzdt > 0. (50)
O

Remark 3.1. The system (1), the adjoint system (42) and the variational inequality (50) form

together the first-order necessary optimality conditions. Moreover, since Uyq is a nonempty,

convex and closed subset of L?(0,T;H), then from (50) we derive the following conclusions:
(1) In the case A3 > 0, the optimal control ¥V is equivalent to the following condition

9
X
3
where P is the orthogonal projector in L?(0,T; H) onto Uaq. Thanks to projection property, we

V(z,t) = P(—

obtain
Vi(z,t) = max {(v;) i, min {=A; "9, (Vi) } o b1 = 1,2,3, for a. e. (z,t) € Qp,
where v = (v1,Va, V3).
(2) In the case A3 =0, we derive that
i) = {(vi)min, if 9;>0,
(Vi)maxs of 0; <0,
fori=1,2,3.
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