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Optimal distributed control of Cahn-Hilliard-Brinkman

system in three dimension

XIAO Xiang-yu PU Zhi-lin

Abstract. In this paper, we consider the distributed optimal control of the three-dimensional

Cahn-Hilliard-Brinkman system with a more general potential. We obtain the regularity results

for the weak solution which are essential for an associated optimal control problem. We then

show that the control-to-state operator is Fréchet differentiable and we derive the first-order

necessary optimality conditions in terms of a variational inequality involving the adjoint state

variables.

§1 Introduction

Let Ω ⊂ R3 be a bounded domain with a smooth boundary ∂Ω and let ΩT denote Ω× [0, T ].

We consider the Cahn-Hilliard-Brinkman system as follows:

∂φ(x,t)
∂t +∇ · (uφ)(x, t) = ∇ · (M∇µ)(x, t), (x, t) ∈ ΩT ,

µ(x, t) = −ε∆φ(x, t) + 1
εf(φ(x, t)), (x, t) ∈ ΩT ,

−ν∆u(x, t) + ηu(x, t) = −∇p(x, t)− γφ∇µ(x, t) + v(x, t), (x, t) ∈ ΩT ,

∇ · u(x, t) = 0, (x, t) ∈ ΩT ,

u(x, t) = 0, ∂φ(x,t)
∂n = ∂µ(x,t)

∂n = 0, (x, t) ∈ ∂ΩT ,

φ(x, 0) = φ0(x), x ∈ Ω.

(1)

M > 0 represents the mobility; ε > 0 is associated with the diffuse interface thickness; ν > 0

denotes the viscosity; η > 0 denotes the fluid permeability; and γ > 0 is the surface tension

parameter. p(x, t) represents the fluid pressure; φ(x, t) indicates the difference in relative con-

centrations between the two phases; u(x, t) = (u1(x, t), u2(x, t), u3(x, t)) denotes the fluid veloc-

ity; and µ(x, t) refers to chemical potential. φ0(x) provides the initial data; ∂n represents the

derivative in the direction of the outward unit normal n; and v(x, t) = (v1(x, t), v2(x, t), v3(x, t))

acts as the distributed control. For simplicity, we assume M = ε = γ = ν = η = 1.
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System (1) comprises a convective Cahn-Hilliard equation coupled with the Brinkman e-

quation via the surface tension force γφ∇µ. This diffuse interface model is closely related to

the behavior of multi-phase fluids [1]. We refer to a series of papers where well-posedness and

regularity have been established [2, 3]. Additionally, the long-time behavior and global attrac-

tor have been analyzed in [4, 5]. Furthermore, Xiao and Pu [6] demonstrated the existence of

the global attractors in Hs(Ω) (s = 1, 2, 3, 4) for Cahn-Hilliard-Brinkman system with a more

general potential.

It is well known that control problems are essential in many technical applications. The

optimal control problem for this model with a regular potential was studied in [7,8]. The authors

in [9,10,11,12] investigated optimal control for other similar models of the local Cahn-Hilliard-

Brinkman system and the nonlocal Cahn-Hilliard-Brinkman system can be found in [13,14,15].

For further theoretical insights, a series of papers are available [16,17,18,19,20,21, 22].

Generally speaking, one uses Hk(Ω) to denote the usual Sobolev spaces with norm ∥·∥Hk(Ω)

and Lp(Ω) to denote the usual Lp spaces with norm ∥·∥Lp(Ω). We also use L2(Ω) to denote(
L2(Ω)

)3
with the norms ∥u∥L2(Ω) = ∥(u1, u2, u3)∥L2(Ω) =

(
3∑

i=1

∥ui∥2L2(Ω)

) 1
2

and use H1(Ω) to

denote
(
H1(Ω)

)3
with the norms ∥u∥H1(Ω) = ∥(u1, u2, u3)∥H1(Ω) =

(
3∑

i=1

∥ui∥2H1(Ω)

) 1
2

.

We recall that

H =
{
u ∈ (C∞

0 (Ω))
3
: ∇ · u = 0

}L2(Ω)

and

V =
{
u ∈ (C∞

0 (Ω))
3
: ∇ · u = 0

}H1(Ω)

are the classical Hilbert spaces for the incompressible Navier-Stokes equations with no-slip

boundary conditions [23] equipped with the norms in L2(Ω) and H1(Ω).

In this paper, we primarily consider the following control problem.

(CP) Minimize the cost functional[24]

J(φ,u, µ,v) =
λ0
2

∫ T

0

∫
Ω

|φ(x, t)− φΩT (x, t)|
2
dxdt+

λ1
2

∫
Ω

|φ(x, T )− φΩ(x)|2dx

+
λ2
2

∫ T

0

∫
Ω

|u(x, t)− uΩT
(x, t)|2dxdt+ λ3

2

∫ T

0

∫
Ω

|v(x, t)|2dxdt
(2)

subjecting to the control constraint

v ∈ Uad =
{
v ∈ L2(0, T ;L2(Ω)) : vmin ≤ v ≤ vmax, a.e.(x, t) ∈ ΩT

}
, (3)

where φ,u and µ respectively represent the concentration difference, fluid velocity and chemical

potential in system (1).

To analyze the state system (1)-(3), we assume the following conditions.

(H1) λ0, λ1, λ2 and λ3 are nonnegative but not all zero.

(H2) U is a nonempty bounded open subset of L2(0, T ;H) containing Uad and there exists

a constant R > 0 satisfying

∥v∥L2(0,T ;H) ≤ R, ∀v ∈ U.

(H3) φΩT
∈ L2(ΩT ), φΩ ∈ L2(Ω), uΩT

∈ L2(0, T ;L2(Ω)), vmin, vmax ∈ L∞(ΩT ) with

vmin ≤ vmax for almost everywhere in ΩT .
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Here, suppose f satisfy the following hypothesis, which will be assumed throughout this

paper, f ∈ C3(R), F (t) =
∫
f(t)dt, and

|f(t)| ≤ c(1 + |t|3), (4)

|f ′(s)− f ′(t)| ≤ c |s− t| (1 + |s|+ |t|), (5)

|f ′′(t)| ≤ c(1 + |t|), (6)

F (t) ≥ −c, c ≥ 0. (7)

We observe that f(t) = t3 − t satisfies the above conditions.

In this paper, we concentrate on the optimal control problem for the Cahn-Hilliard-Brinkman

system. Indeed, solving an optimal control problem necessitates a higher degree of solution

regularity. Leveraging the well-posedness results established in [6], we extend the work of [7] to

consider a more general potential. The structure of this paper is outlined as follows. In Section

2, we derive the higher regularity. In Section 3, we prove the existence of a solution for the

optimal control problem (CP), then we get the Fréchet differentiability of the control-to-state

operator and the fist-order necessary optimality conditions for (CP).

§2 The regularity of weak solutions

Definition 2.1. ([6]) Let T > 0, v ∈ L2(0, T ;H) and φ0 ∈ H1(Ω) be given. A triple (φ,u, µ)

is called a weak solution to the state system (1) on [0, T ], if

φ ∈ L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H3(Ω)),

φt ∈ L
8
5 (0, T ; (H1(Ω))∗),

µ ∈ L2(0, T ;H1(Ω)),

u ∈ L2(0, T ;V),

and it satisfies 
(φt, ψ) + (∇µ,∇ψ) = (uφ,∇ψ), ∀ψ ∈ H1(Ω),

(∇u,∇w) + (u, w) = (µ∇φ,w) + (v, w), ∀w ∈ V,

φ(x, 0) = φ0(x), x ∈ Ω.

In the following, we will prove the continuous dependence of weak solution for the state

system (1) with respect to the control term v .

Theorem 2.1. Assume φ0 ∈ H1(Ω) be given. Then for any v ∈ U , there exists a triple

(φ,u, µ) which is a unique weak solution to the state system (1) on [0, T ]. If (φ1,u1, µ1) and

(φ2,u2, µ2) are two weak solutions to the Cahn-Hilliard-Brinkman system for any v1,v2 ∈ U ,

there exists a constant C1 > 0 depending only on T,R and the initial data of the system for

every T > 0 such that the following continuous dependence estimate holds

max
t∈[0,T ]

∥∇φ1(t)−∇φ2(t)∥L2(Ω) + ∥∇µ1 −∇µ2∥L2(0,T ;L2(Ω)) + ∥u1 − u2∥L2(0,T ;V)

+∥φ1 − φ2∥L2(0,T ;H3(Ω)) + ∥∂tφ1 − ∂tφ2∥L2(0,T ;(H1(Ω))∗)

≤ C1∥v1 − v2∥L2(0,T ;H).

Proof. As said in [6], the well-posedness of weak solution for the state system (1) can be

established using the Faedo-Galerkin method. In the next step, we will provide some estimates
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of weak solution for the state system.

By multiplying the first equation of (1) by 1 and then integrating the resulting equation,

we obtain the following result ∫
Ω

φ(t)dx =

∫
Ω

φ0dx.

Multiplying the first equation and the third equation of (1) by µ and u, respectively, and

integrating the resulting equations over the domain Ω, we obtain

d

dt

(∫
Ω

(
1

2
|∇φ|2 + F (φ)

)
dx

)
+ ∥∇µ∥2L2(Ω) + ∥u∥2H1(Ω)

= −
∫
Ω

∇ · (uφ)µdx−
∫
Ω

(uφ) · ∇µdx+

∫
Ω

v · udx

=

∫
Ω

v · udx.

Subsequently, by applying Hölder’s inequality and Young’s inequality, we derive the following

result
d

dt

(∫
Ω

(
1

2
|∇φ|2 + F (φ)

)
dx

)
+ ∥∇µ∥2L2(Ω) + ∥u∥2H1(Ω)

≤ 1

2
∥v∥2L2(Ω) +

1

2
∥u∥2L2(Ω) ,

which entails that
d

dt

(∫
Ω

(
|∇φ|2 + 2F (φ)

)
dx

)
+ 2 ∥∇µ∥2L2(Ω) + 2 ∥∇u∥2L2(Ω) + ∥u∥2L2(Ω) ≤ ∥v∥2L2(Ω) . (8)

For any t ∈ [0, T ], integrating the inequality (8) from 0 to t, we get

∥∇φ(t)∥2L2(Ω) + 2

∫
Ω

F (φ(x, t))dx+

∫ t

0

(2 ∥∇µ(s)∥2L2(Ω) + 2 ∥∇u(s)∥2L2(Ω) + ∥u(s)∥2L2(Ω))ds

≤
∫ t

0

∥v(s)∥2L2(Ω) ds+ ∥∇φ0∥2L2(Ω) + 2

∫
Ω

F (φ0(x))dx.

(9)

From equation (4), we derive∣∣∣∣∫
Ω

µ(x)dx

∣∣∣∣ = ∣∣∣∣− ∫
Ω

∆φ(x)dx+

∫
Ω

f (φ(x))dx

∣∣∣∣
≤ c

∫
Ω

(1+|φ(x)|3)dx ≤ c(1 + ∥φ∥3H1(Ω)) ≤ c(R),

such that

∥µ(t)∥H1(Ω) ≤ ∥∇µ(t)∥L2(Ω) +
∥∥∥µ(t)− µ(t)

∥∥∥
L2(Ω)

+
∣∣∣µ(t)∣∣∣ |Ω| 12

≤ c(1 + ∥∇µ(t)∥L2(Ω) + ∥φ∥3H1(Ω)),

where µ(t) = 1
|Ω|

∫
Ω
µ(x)dx. Furthermore, to determine the norms of µ and φt, we utilize

equation (9) and the following result

∥φt∥(H1(Ω))∗

≤ ∥∇µ∥L2(Ω) + ∥u∥L3(Ω)∥φ∥L6(Ω)

≤ ∥∇µ∥L2(Ω) + c∥u∥H1(Ω)∥φ∥H1(Ω)
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to derive ∫ t

0

(∥µ(s)∥2H1(Ω) + ∥φt∥2(H1(Ω))∗)ds

≤ c

∫ T

0

(
1 + ∥∇µ(s)∥2L2(Ω) + ∥φ(s)∥6H1 + ∥u(s)∥2H1(Ω) ∥φ(s)∥

2
H1(Ω)

)
ds

≤ c(R, T ).

(10)

Applying the estimate

∥∇∆φ∥L2(Ω)

≤ ∥∇µ∥L2(Ω) + ∥f ′(φ)∥L∞(Ω)∥∇φ∥L2(Ω)

≤ ∥∇µ∥L2(Ω) + c(1 + ∥φ∥2L∞(Ω))∥∇φ∥L2(Ω)

≤ ∥∇µ∥L2(Ω) + c∥∇φ∥L2(Ω) + c ∥∇φ∥
3
2

L2(Ω) ∥∇∆φ∥
1
2

L2(Ω)

≤ ∥∇µ∥L2(Ω) + c∥∇φ∥L2(Ω) +
1

2
∥∇∆φ∥L2(Ω) + c ∥∇φ∥3L2(Ω) ,

we derive ∫ T

0

∥φ(t)∥2H3(Ω)dt ≤ c(R, T ). (11)

Moreover, we employ interpolation inequality to derive∫ T

0

∥∆φ(t)∥4L2(Ω)dt ≤
∫ T

0

∥∇φ(t)∥2L2(Ω) ∥∇∆φ(t)∥2L2(Ω) dt ≤ c(R, T ).

Suppose (φ1,u1, µ1) and (φ2,u2, µ2) be two weak solutions for the system with control term

(v1,v2), respectively. Denote by

φ = φ1 − φ2, µ = µ1 − µ2,

and

u = u1 − u2,v = v1 − v2.

Then (φ,u, µ) satisfies

φt(x, t) = ∆µ(x, t)−∇ · (uφ1)(x, t)−∇ · (u2φ)(x, t), (x, t) ∈ ΩT ,

µ(x, t) = −∆φ(x, t) + f(φ1)(x, t)− f(φ2)(x, t), (x, t) ∈ ΩT ,

−∆u(x, t) + u(x, t) = −φ1∇µ(x, t)− φ∇µ2(x, t) + v(x, t), (x, t) ∈ ΩT ,

u(x, t) = 0, ∂φ(x,t)
∂n = ∂µ(x,t)

∂n = 0, (x, t) ∈ ∂ΩT ,

φ(x, 0) = 0, x ∈ Ω.

(12)

Multiplying the first equation and the third equation of (12) by −∆φ and u, respectively, and

integrating the resulting equation over Ω, we derive
1

2

d

dt
∥∇φ∥2L2(Ω) + ∥u∥2H1(Ω)

=−
∫
Ω

(∆µ−∇ · (uφ1)−∇ · (u2φ))∆φ+

∫
Ω

u · ∇φµ2dx

+

∫
Ω

u · ∇φ1(−∆φ+ f(φ1)− f(φ2)) + v · udx

=−
∫
Ω

∆µ∆φdx+ u2 · ∇φ∆φdx+

∫
Ω

u · ∇φµ2dx
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+

∫
Ω

u · ∇φ1(f(φ1)− f(φ2)) + v · udx. (13)

Next, we estimate the terms on the right-hand side of (13)

−
∫
Ω

∆µ∆φdx ≤ −∥∇∆φ∥2L2(Ω) + ∥∇(f(φ1)− f(φ2))∥L2(Ω)∥∇∆φ∥L2(Ω),

and ∫
Ω

u2 · ∇φ∆φdx+

∫
Ω

u · ∇φµ2dx+

∫
Ω

u · ∇φ1(f(φ1)− f(φ2))dx

≤∥u2∥L3(Ω)∥φ∥L6(Ω)∥∇∆φ∥L2(Ω) + ∥u∥L3(Ω)∥∇µ2∥L2(Ω)∥φ∥L6(Ω)

+ ∥u∥L3(Ω)∥φ1∥L6(Ω)∥∇(f(φ1)− f(φ2))∥L2(Ω)

≤c∥u2∥H1(Ω)∥∇φ∥L2(Ω)∥∇∆φ∥L2(Ω) + ∥u∥H1(Ω)∥∇µ2∥L2(Ω)∥∇φ∥L2(Ω)

+ ∥u∥H1(Ω)∥φ1∥H1(Ω)∥∇(f(φ1)− f(φ2))∥L2(Ω).

Furthermore, we apply (5), (6) and (9) to derive

∥∇(f(φ1)− f(φ2))∥L2(Ω)

=∥f ′(φ1)∇φ+ (f ′(φ1)− f ′(φ2))∇φ2∥L2(Ω)

≤c∥f ′(φ1)∥L∞(Ω)∥∇φ∥L2(Ω) + c∥φ∥L6(Ω)

(
1 + ∥φ1∥L6(Ω) + ∥φ2∥L6(Ω)

)
∥∇φ2∥L6(Ω)

≤c(1 + ∥φ1∥2L∞(Ω))∥∇φ∥L2(Ω)

+ c∥∇φ∥L2(Ω)

(
1 + ∥φ1∥L6(Ω) + ∥φ2∥L6(Ω)

)
∥φ2∥H2(Ω)

≤c∥∇φ∥L2(Ω)(1 + ∥∆φ1∥+ ∥φ2∥H2(Ω)).

Therefore, we can transform (13) into the following form

d

dt
∥∇φ∥2L2(Ω) + ∥u∥2H1(Ω) + ∥∇∆φ∥2L2(Ω)

=−
∫
Ω

∆µ∆φdx+ u2 · ∇φ∆φdx+

∫
Ω

u · ∇φµ2dx

+

∫
Ω

u · ∇φ1(f(φ1)− f(φ2)) + v · udx

≤c ∥∇φ∥2L2(Ω) (1 + ∥∆φ1∥2L2(Ω) + ∥φ2∥2H2(Ω) + ∥u2∥2H1(Ω) + ∥∇µ2∥2L2(Ω)) + ∥v∥2L2(Ω) .

Integrating the result on [0, t], we derive

∥∇φ(t)∥2L2(Ω) +

∫ t

0

(∥∇∆φ(s)∥2L2(Ω) + ∥u(s)∥2H1(Ω))ds

≤ (

∫ t

0

∥v(s)∥2L2(Ω)ds)e
∫ T
0

(1+∥∆φ1(s)∥2
L2(Ω)

+∥φ2(s)∥2
H2(Ω)

+∥u2(s)∥2
H1(Ω)

+∥∇µ2(s)∥2
L2(Ω)

)ds

≤ C1

3

∫ t

0

∥v(s)∥2L2(Ω)ds.

(14)

Furthermore, we get estimates for ∥∇µ∥2L2(Ω) and ∥φt∥2(H1(Ω))∗∫ t

0

∥∇µ(s)∥2L2(Ω)ds ≤
∫ t

0

∥∇∆φ(s)∥2L2(Ω)ds+

∫ t

0

∥∇(f(φ1(s))− f(φ2(s)))∥2L2(Ω)ds
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≤ C1

3

∫ t

0

∥v(s)∥2L2(Ω)ds,

and∫ t

0

∥φt(s)∥2(H1(Ω))∗ds

≤
∫ t

0

∥∇µ(s)∥2L2(Ω)ds+

∫ t

0

∥u(s)∥2L6(Ω) ∥φ1(s)∥2L3(Ω) ds+

∫ t

0

∥u2(s)∥2L6(Ω) ∥φ(s)∥
2
L3(Ω)ds

≤ C1

3

∫ t

0

∥v(s)∥2L2(Ω)ds.

§3 An optimal control problem

In the following, we will prove the existence of an optimal control by the monotonicity

arguments and compactness theorem.

Theorem 3.1. Suppose that (H1)− (H3) are fulfilled. Then the optimal control problem (CP)

admits a solution.

Proof. Let {vn}∞n=1 ⊂ U be a minimizing sequence for (CP) and let T (vn) = (φn,un, µn) for

each n ∈ N . Owing to the inequalities (9), (10), (11) and the assumption H2, we get

{vn}∞n=1 is uniformly bounded in L
2(0, T ;H),

{φn}∞n=1 is uniformly bounded in L
∞(0, T ;H1(Ω)) ∩ L2(0, T ;H3(Ω)),

{un}∞n=1 is uniformly bounded in L
2(0, T ;V),

{µn}∞n=1 is uniformly bounded in L
2(0, T ;H1(Ω)),

{∂tφn}∞n=1 is uniformly bounded in L
2(0, T ; (H1(Ω))∗).

Thus, there exist

v ∈ L2(0, T ;H),

φ ∈ L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H3(Ω)),

u ∈ L2(0, T ;V),

µ1 ∈ L2(0, T ;H1(Ω)),

φt ∈ L2(0, T ; (H1(Ω))∗),

and we can extract subsequences
{
vnj

}∞
j=1

,
{
φnj

}∞
j=1

,
{
unj

}∞
j=1

,
{
µnj

}∞
j=1

,
{
∂tφnj

}∞
j=1

of

{vn}∞n=1, {φn}∞n=1, {un}∞n=1, {µn}∞n=1, {∂tφn}∞n=1, such that

vnj ⇀ v weakly in L2(0, T ;H),

φnj ⇀ φ weakly star in L∞(0, T ;H1(Ω)),

φnj
⇀ φ weakly in L2(0, T ;H3(Ω)),

unj ⇀ u weakly in L2(0, T ;V),

µnj ⇀ µ1 weakly in L
2(0, T ;H1(Ω)),

∂tφnj ⇀ ∂tφ weakly in L2(0, T ; (H1(Ω))∗).
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Furthermore, we can obtain

φnj → φ strong in C([0, T ] ;H1(Ω)) ∩ L2(0, T ;H2(Ω))

by using the Aubin-Lions compactness theorem.

For any ψ ∈ L2(Ω), we know∫
Ω

f(φnj )ψdx ≤
∥∥f(φnj )

∥∥
L2(Ω)

∥ψ∥L2(Ω)

≤ c(1 +
∥∥φnj

∥∥3
L6(Ω)

)∥ψ∥L2(Ω) ≤ c(R)∥ψ∥L2(Ω),

such that

µ1 = −∆φ+ f(φ) = µ.

Thanks to∫
Ω

(∇φnjµnj −∇φµ)wdx = −
∫
Ω

∇µnj (φnj − φ)wdx−
∫
Ω

φ(∇µnj −∇µ)wdx

for any w ∈ V and∫
Ω

(unjφnj − uφ) · ∇ψdx =

∫
Ω

unj · ∇ψ(φnj − φ)dx+

∫
Ω

(unj − u) · ∇ψφdx

for any ψ ∈ H1(Ω), we derive∫
Ω

(unjφnj ) · ∇ψdx→
∫
Ω

(uφ) · ∇ψdx, as j → +∞,∫
Ω

w · (∇φnjµnj )dx→
∫
Ω

w · ∇φµdx, as j → +∞.

Therefore, the pair (v, (φ,u, µ)) is admissible for (CP). It follows from the weak lower sequential

semicontinuity of the cost functional that v ∈ U is an optimal control for (CP).

Define the solution operator

S : v → (φ,u, µ).

From Theorem 2.1, we realise that S is a Lipschitz continous mapping from L2(0, T ;H) onto

Λ = L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H3(Ω))× L2(0, T ;H1(Ω))× L2(0, T ;H1(Ω)).

Let v ∈ U be a local minimizer for (CP) and let S(v) = (φ,u, µ) be the associated state.

We will establish a differentiability result at any point for the control-to-state operator. In the

following, for any fixed h ∈ L2(0, T ;H), we will consider the well-posedness of weak solution

for the following linearized system

∂ω(x,t)
∂t +∇ · (uω)(x, t) +∇ · (ζφ̄)(x, t) = ∆θ(x, t), (x, t) ∈ ΩT ,

θ(x, t) = −∆ω(x, t) + f ′(φ)ω(x, t), (x, t) ∈ ΩT ,

−∆ζ(x, t) + ζ(x, t) = −∇q(x, t)− φ∇θ(x, t)− ω∇µ(x, t) + h(x, t), (x, t) ∈ ΩT ,

∇ · ζ(x, t) = 0, (x, t) ∈ ΩT ,

ζ(x, t) = 0, ∂ω(x,t)
∂n = ∂θ(x,t)

∂n = 0, (x, t) ∈ ∂ΩT ,

ω(x, 0) = 0, x ∈ Ω,

(15)

where

µ = −∆φ+ f(φ).

Theorem 3.2. Let h ∈ L2(0, T ;H). The system (15) has a unique weak solution (ω, ζ, θ) with

ω ∈ L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H3(Ω)),
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ζ ∈ L2(0, T ;V),

θ ∈ L2(0, T ;H1(Ω)),

ωt ∈ L2(0, T ; (H1(Ω))∗).
Moreover, there exists a constant C2 > 0 depending only on R, T and the initial data of the

system such that

max
t∈[0,T ]

∥ω(t)∥2H1(Ω) +

∫ T

0

∥ω(t)∥2H3(Ω)dt+

∫ T

0

∥θ(t)∥2H1(Ω)dt+

∫ T

0

∥ζ(t)∥2H1(Ω)dt

≤ C2

∫ T

0

∥h(t)∥2L2(Ω)dt.

Proof. First, we eastablish the existence of weak solution to the system (15) using the Faedo-

Galerkin method [25].

Let A = −P∆ be the Stokes operator where P is the Leray-Helmholtz projector from

(L2(Ω))3 onto H. We all know that for the eigenvalue problem Aξ = λξ, there exists a sequence

of non-decreasing numbers {λn}∞n=1 and a sequence of functions {ξn}∞n=1, which are orthonormal

and complete in H such that for every k ≥ 1, we have

Aξk = λkξk and lim
k→+∞

λk = +∞.

Let us introduce the operator N which is the inverse of the Laplacian operator −∆, where

−∆ is endowed with Neumann boundary conditions that impose zero average over Ω. It is

well-known that there exists a sequence of non-decreasing numbers {κn}∞n=1 and a sequence of

functions {ψn}∞n=1, which are orthonormal and complete in L2(Ω) such that κ1 = 0 and ψ1 = 1

as well as for every k ≥ 2, we have

Nψk =
1

κk
ψk and lim

k→+∞
κk = +∞.

For any n ≥ 1, we introduce two finite-dimensional spaces Wn = span{ψ1, ψ2..., ψn} and

Hn = span{ξ1, ξ2..., ξn}. Let Pn be the orthogonal projector from L2(Ω) to Wn and let

Γn be the orthogonal projector from H to Hn. We will look for appropriate coefficients

(αi(t), βi(t), θi(t))(i = 1, 2..n) so that

ωn(t) =
n∑

i=1

αi(t)ψi,

ζn(t) =
n∑

i=1

βi(t)ξi,

θn(t) =
n∑

i=1

γi(t)ψi.

These approximate solutions satisfy the problem

⟨
∂ωn

∂t , ψ
⟩
− ⟨uωn + ζnφ,∇ψ⟩+ (∇θn,∇ψ) = 0,

⟨θn, ς⟩ = ⟨∇ωn,∇ς⟩+ ⟨f ′(φ)ωn, ς⟩ ,
⟨∇ζn,∇ξ⟩+ ⟨ζn, ξ⟩ = −⟨φ∇θn + ωn∇µ, ξ⟩+ ⟨h(x, t), ξ⟩ ,
αi(0) = ⟨ω(x, 0), ψi⟩ = 0, i = 1, 2.., n,

(16)

for any ξ ∈ Hn and ψ, ς ∈Wn.
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Let ψ = 1 in the first equation of (16)∫
Ω

ωn(x, t)dx =

∫
Ω

ωn(x, 0)dx = 0.

Let ψ = θn, ς =
∂ωn

∂t , ξ = ζn
1

2

d

dt
∥∇ωn∥2L2(Ω) + ∥∇θn∥2L2(Ω) + ∥ζn∥2H1(Ω)

=

∫
Ω

u · ∇θnωndx−
∫
Ω

ζn · ∇µωndx−
∫
Ω

f ′(φ)ωn
∂ωn

∂t
dx+

∫
Ω

h(x, t)·ζndx

≤∥u∥L6(Ω)∥∇θn∥L2(Ω)∥ωn∥L3(Ω) + ∥ζn∥L6(Ω)∥∇µ∥L2(Ω)∥ωn∥L3(Ω)

−
∫
Ω

f ′(φ)ωn
∂ωn

∂t
dx+ ∥h(x, t)∥L2(Ω)∥ζn∥L2(Ω),

(17)

which implies
d

dt
∥∇ωn∥2L2(Ω) +

3

2
∥∇θn∥2L2(Ω) + ∥ζn∥2H1(Ω)

≤c(∥u∥2H1(Ω) + ∥∇µ∥2L2(Ω)) ∥∇ωn∥2L2(Ω) + C ∥h∥2L2(Ω)

− d

dt

∫
Ω

f ′(φ)|ωn|2dx+

∫
Ω

f ′′(φ)φt|ωn|2dx.

Integrating the above inequality over [0, t], we derive

∥∇ωn(t)∥2L2(Ω) +
3

2

∫ t

0

∥∇θn(s)∥2L2(Ω)ds+

∫ t

0

∥ζn(s)∥2H1(Ω)ds

≤c
∫ t

0

(∥u(s)∥2H1(Ω) + ∥∇µ(s)∥2L2(Ω)) ∥∇ωn(s)∥2L2(Ω) ds−
1

2

∫
Ω

f ′(φ(t))|ωn(t)|2dx

+ C

∫ t

0

∥h(s)∥2L2(Ω)ds+
1

2

∫ t

0

∫
Ω

f ′′(φ(s))φt|ωn|2dxds.

With the help of (6), we can perform further calculations on the above equation

∥∇ωn(t)∥2L2(Ω) +
3

2

∫ t

0

∥∇θn(s)∥2L2(Ω)ds+

∫ t

0

∥ζn(s)∥2H1(Ω)ds

≤c
∫ t

0

(∥u(s)∥2H1(Ω) + ∥∇µ̄(s)∥2L2(Ω)) ∥∇ωn(s)∥2L2(Ω) ds+
c

2

∫
Ω

∣∣∣1 + |φ(t)|2
∣∣∣|ωn(t)|2dx

+ C

∫ t

0

∥h(s)∥2L2(Ω)ds+
1

2

∫ t

0

∫
Ω

(1 + |φ(s)|)φt|ωn|2dxds

≤c
∫ t

0

(∥u(s)∥2H1(Ω) + ∥∇µ̄(s)∥2L2(Ω)) ∥∇ωn(s)∥2L2(Ω) ds

+
c

2
(1 + ∥φ(t)∥2L6(Ω))∥ωn(t)∥L2(Ω)∥ωn(t)∥L6(Ω)

+
1

2

∫ t

0

∥φ̄t∥(H1(Ω))∗∥φ̄(s)∥H1(Ω) ∥ωn∥2L6(Ω)ds+
1

2

∫ t

0

∥φ̄t∥(H1(Ω))∗∥∆φ̄(s)∥L2(Ω) ∥ωn∥2L6(Ω)ds

+
1

2

∫ t

0

∥φ̄t∥(H1(Ω))∗∥φ̄(s)∥L6(Ω)∥ωn(s)∥L6(Ω)∥∇ω(s)∥L6(Ω)ds

+ C

∫ t

0

∥h(s)∥2L2(Ω)ds.

(18)
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Let ψ = λωn and ς = −λ∆ωn in (16) for λ determined later.

λ

2

d

dt
∥ωn∥2L2(Ω) + λ ∥∆ωn∥2L2(Ω)

= λ

∫
Ω

f ′(φ)ωn∆ωndx− λ

∫
Ω

(ζn · ∇φ)ωndx

≤ λ∥f ′(φ)∥L∞(Ω)∥ωn∥L2(Ω)∥∆ωn∥L2(Ω) + λ∥ζn∥L6(Ω)∥∇φ∥L2(Ω)∥ωn∥L3(Ω),

which entails that

λ ∥ωn(t)∥2L2(Ω) + λ

∫ t

0

∥∆ωn(s)∥2L2(Ω)ds

≤ c

∫ t

0

(λ ∥f ′(φ(s))∥2L∞(Ω) + λ2 ∥∇φ(s)∥2L2(Ω)) ∥∇ωn(s)∥2L2(Ω) ds+
1

2

∫ t

0

∥ζn(s)∥2H1(Ω)ds.

(19)

Hence, adding (18) with (19) we end up with

1

2
∥∇ωn(t)∥2L2(Ω) + (λ− c(1 + ∥φ(t)∥4L6(Ω)) ∥ωn(t)∥2L2(Ω) + (λ− 1)

∫ t

0

∥∆ωn(s)∥2L2(Ω)ds

+
3

2

∫ t

0

∥∇θn∥2L2(Ω)ds+
1

2

∫ t

0

∥ζn(s)∥2H1(Ω)ds

≤c
∫ t

0

(∥u(s)∥2H1(Ω) + ∥∇µ̄(s)∥2L2(Ω) + 1 + ∥φ̄t∥(H1(Ω))∗∥φ̄(s)∥L6(Ω) + ∥φ̄t∥2(H1(Ω))∗ ∥φ̄(s)∥
2
L6

+ ∥φt∥H1(Ω)∗∥∆φ(s)∥L2(Ω) + λ ∥f ′(φ̄(s))∥2L∞(Ω) + λ2 ∥∇φ̄(s)∥2L2(Ω)) ∥∇ωn(s)∥2L2(Ω) ds

+ C

∫ t

0

∥h(s)∥2L2(Ω)ds.

Choosing λ = 1 + c max
t∈[0,T ]

(1 + ∥φ̄(t)∥4L6(Ω)) > 0, we infer from the Gronwall inequality that

∥ωn(t)∥2H1(Ω) +

∫ t

0

(∥∆ωn(s)∥2L2(Ω) + ∥∇θn(s)∥2L2(Ω) + ∥ζn(s)∥2H1(Ω))ds

≤ C2

2

∫ t

0

∥h(s)∥2L2(Ω)ds.

(20)

Due to ∥∥∥∥∂ωn

∂t

∥∥∥∥
(H1(Ω))∗

≤ ∥u∥L6(Ω)∥ωn∥L3(Ω) + ∥ζn∥L6(Ω)∥φ∥L3(Ω) + ∥∇θn∥L2(Ω)

and

∥∇∆ωn∥L2(Ω)

≤ ∥∇(f(φ̄)ωn)∥L2(Ω) + ∥∇θn∥L2(Ω)

≤ ∥f ′(φ̄)∥L3(Ω)∥∇ωn∥L6(Ω) + ∥f ′′(φ̄)∥L6(Ω)∥∇φ̄∥L6(Ω)∥ωn∥L6(Ω) + ∥∇θn∥L2(Ω)

≤ c(1 + ∥φ∥2L6(Ω))∥∇ωn∥L6(Ω) + c(1 + ∥φ̄∥L6(Ω))∥∇φ̄∥L6(Ω)∥ωn∥L6(Ω) + ∥∇θn∥L2(Ω),

we derive

{ωn}∞n=1 is uniformly bounded in L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H3(Ω)),

{ζn}∞n=1 is uniformly bounded in L2(0, T ;V),

{θn}∞n=1 is uniformly bounded in L2(0, T ;H1(Ω)),
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{
∂ωn

∂t

}∞

n=1

is uniformly bounded in L2(0, T ; (H1(Ω))∗).

Therefore, there exist

ω ∈ L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H3(Ω)),

ζ ∈ L2(0, T ;V),

θ ∈ L2(0, T ;H1(Ω)),

ωt ∈ L2(0, T ;H1(Ω)∗)

and we can extract subsequences
{
ωnj

}∞
j=1

,
{
ζnj

}∞
j=1

,
{
θnj

}∞
j=1

,
{

∂ωnj

∂t

}∞

j=1
of {ωn}∞n=1,

{ζn}∞n=1, {θn}
∞
n=1 ,

{
∂ωn

∂t

}∞
n=1

, such that

ωnj ⇀ ω weakly star in L∞(0, T ;H1(Ω)),

ωnj ⇀ ω weakly in L2(0, T ;H3(Ω)),

ζnj ⇀ ζ weakly in L2(0, T ;V),

θnj ⇀ θ weakly in L2(0, T ;H1(Ω)),

∂ωnj

∂t
⇀ ωt weakly in L

2(0, T ; (H1(Ω))∗).

Passing to the limit, we obtain the existence of a weak solution for system (15).

Finally, we can prove the uniqueness of weak solution which is in common with [7]. We omit

the proof here.

Based on the results about the well-posedness of weak solution of (15), we can get the

following: Theorem 3.3 and Theorem 3.4.

Theorem 3.3. Suppose that (H1) − (H3) are satisfied. Then the control-to-state mapping S

is Fréchet differentiable for any v̄ ∈ U . Furthermore, for any h ∈ L2(0, T ;H), the Fréchet

derivative DS(v)h is defined as follows: for any h ∈ L2(0, T ;H), we have DS(v)h = (ω, ζ, θ),

where (ω, ζ, θ) is the unique weak solution for the linearized system (18).

Proof. Let any v ∈ U be fixed and let S(v) = (φ,u, µ) be the associated solution for the state

system (1). Since U is an open subset of L2(0, T ;H), there exists some α > 0 such that for

any h ∈ L2(0, T ;H) with ∥h∥L2(0,T ;H) ≤ α, we have v+h ∈ U . Let (φh,uh, µh) be the unique

weak solution for the state system (1) with v+ h and let (ω, ζ, θ) be the unique weak solution

for the linearized system (15) with h.

Denote by

ϕ(t) = φh(t)− φ(t)− ω(t) = φ(t)− ω(t),

η(t) = uh(t)− u(t)− ζ(t) = u(t)− ζ(t),

and

ρ(t) = µh(t)− µ(t)− θ(t) = µ(t)− θ(t)

for any t ≥ 0.
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Then (ϕ, η, ρ) satisfies the following equations

ϕ(x, t)t = −u · ∇φ(x, t)− η · ∇φ(x, t)− ū · ∇ϕ(x, t) + ∆ρ(x, t), (x, t) ∈ ΩT ,

ρ(x, t) = −∆ϕ(x, t) + f(φh)(x, t)− f(φ)(x, t)− f ′(φ)ω(x, t), (x, t) ∈ ΩT ,

−∆η(x, t) + η(x, t) +∇p(x, t) = −φ∇µ(x, t)− ϕ∇µ(x, t)− φ∇ρ(x, t), (x, t) ∈ ΩT ,

∇ · η(x, t) = 0, (x, t) ∈ ΩT ,

η(x, t) = 0, ∂ϕ(x,t)∂n = ∂ρ(x,t)
∂n = 0, (x, t) ∈ ∂ΩT ,

ϕ(x, 0) = 0, x ∈ Ω.

(21)

Taking the inner product of the first equation and the third equation of (21) with −∆ϕ and η,

respectively, we obtain
1

2

d

dt
∥∇ϕ∥2L2(Ω) + ∥η∥2H1(Ω)

=−
∫
Ω

(∆ρ− u · ∇φ− η · ∇φ− u · ∇ϕ)∆ϕdx+

∫
Ω

(−φ∇µ− ϕ∇µ− φ∇ρ) · ηdx

=−
∫
Ω

(∆ρ−u · ∇φ)∆ϕdx+

∫
Ω

u · ∇ϕ∆ϕdx+

∫
Ω

(η · ∇φµ+η · ∇ϕµ)dx

+

∫
Ω

η · ∇φ(f(φh)− f(φ)− f ′(φ)ω)dx

=−
∫
Ω

(∆ρ−u · ∇φ)∆ϕdx+

∫
Ω

η · ∇φµdx

+

∫
Ω

u · ∇ϕ∆ϕ+ η · ∇ϕµ+ η · ∇φ(f(φh)− f(φ̄)− f ′(φ̄)ω)dx.

(22)

In the following, we will divide the right-hand side of equation (22) into three parts of

computation.

In the first part, we find

−
∫
Ω

(∆ρ− u · ∇φ)∆ϕdx

=

∫
Ω

∇(−∆ϕ+ f(φh)− f(φ)− f ′(φ)ω)∇∆ϕ− u · φ∇∆ϕdx

≤− ∥∇∆ϕ∥2L2(Ω) + ∥u∥L3(Ω)∥φ∥L6(Ω)∥∇∆ϕ∥L2(Ω)

+ ∥∇∆ϕ∥L2(Ω)

∥∥∇(f(φh)− f(φ)− f ′(φ)ω)
∥∥
L2(Ω)

≤− ∥∇∆ϕ∥2L2(Ω) + c∥u∥H1(Ω)∥∇φ∥L2(Ω)∥∇∆ϕ∥L2(Ω)

+ ∥∇∆ϕ∥L2(Ω)

∥∥∇(f(φh)− f(φ)− f ′(φ)ω)
∥∥
L2(Ω)

,

(23)

where we will use the Mean Value Theorem to handle the last term on the right-hand side of

(23) and demonstrate later.

Then, we can calculate the second part as follows∫
Ω

η · ∇φµdx

≤∥η∥L3(Ω)∥φ∥L6(Ω)∥∇∆φ∥L2(Ω) + ∥η∥L3(Ω)∥φ∥L6(Ω)

∥∥∇(f(φh)− f(φ))
∥∥
L2(Ω)
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≤c∥η∥H1(Ω)∥∇φ∥L2(Ω)∥∇∆φ∥L2(Ω)

+ c∥η∥H1(Ω)∥∇φ∥L2(Ω)

(∥∥f ′(φh)∇φ+ (f ′(φh)− f ′(φ̄))∇φ̄
∥∥
L2(Ω)

)
≤c∥η∥H1(Ω)∥∇φ∥L2(Ω)∥∇∆φ∥L2(Ω) + c∥η∥H1(Ω)∥∇φ∥L2(Ω)(

∥∥f ′(φh)
∥∥
L∞(Ω)

∥∇φ∥L2(Ω)

+ c∥φ∥L6(Ω)(1 +
∥∥φh

∥∥
L6(Ω)

+ ∥φ̄∥L6(Ω))∥∇φ̄∥L6(Ω))

≤c∥η∥H1(Ω)∥∇φ∥L2(Ω)∥∇∆φ∥L2(Ω)

+ c∥η∥H1(Ω)∥∇φ∥L2(Ω)

∥∥f ′(φh)
∥∥
L∞(Ω)

∥∇φ∥L2(Ω)

+ c∥η∥H1(Ω)∥∇φ∥L2(Ω)∥∇φ∥L2(Ω)(1 +
∥∥∇φh

∥∥
L2(Ω)

+ ∥∇φ̄∥L2(Ω))∥∆φ̄∥L2(Ω).

(24)

In the last part, we obtain∫
Ω

u · ∇ϕ∆ϕ+ η · ∇ϕµ+ η · ∇φ(f(φh)− f(φ̄)− f ′(φ̄)ω)dx

≤∥u∥L3(Ω)∥ϕ∥L6(Ω)∥∇∆ϕ∥L2(Ω) + ∥η∥L3(Ω)∥ϕ∥L6(Ω)∥∇µ∥L2(Ω)

+ ∥η∥L3(Ω)∥φ∥L6(Ω)

∥∥∇(f(φh)− f(φ̄)− f ′(φ̄)ω)
∥∥
L2(Ω)

≤c∥u∥H1(Ω)∥∇ϕ∥L2(Ω)∥∇∆ϕ∥L2(Ω) + c∥η∥H1(Ω)∥∇ϕ∥L2(Ω)∥µ∥H1(Ω)

+ c∥η∥H1(Ω)∥∇φ∥L2(Ω)

∥∥∇(f(φh)− f(φ̄)− f ′(φ̄)ω)
∥∥
L2(Ω)

.

(25)

We will focus particularly on the last term of (25). In the first, we get

f(φh)− f(φ)− f ′(φ)ω

= (φh − φ)

∫ 1

0

[
f ′(τφh + (1− τ)φ)− f ′(φ)

]
dτ + f ′(φ)(φh − φ− ω)

= φ

∫ 1

0

[
f ′(τφh + (1− τ)φ̄)− f ′(φ̄)

]
dτ + f ′(φ̄)ϕ.

(26)

Then, taking the derivative with respect to the spatial variable in equation (26), we have

∇
(
f(φh)− f(φ̄)− f ′(φ̄)ω

)
=∇φ

∫ 1

0

[
f ′(τφh + (1− τ)φ̄)− f ′(φ̄)

]
+ f ′(φ̄)∇ϕ+ f ′′(φ̄)∇φ̄ϕ

+ φ

∫ 1

0

[
f ′′(τφh + (1− τ)φ)(τ∇φh + (1− τ)∇φ)− f ′′(φ)∇φ

]
dτ

=∇φ
∫ 1

0

∫ 1

0

f ′′(s(τφh + (1− τ)φ) + (1− s)φ)(τφh + (1− τ)φ− φ)dsdτ

+ φ

∫ 1

0

[f ′′(τφh + (1− τ)φ)τ∇φ

+∇φ
∫ 1

0

f ′′′(s(τφh + (1− τ)φ) + (1− s)φ)(τφh + (1− τ)φ− φ)ds]dτ

+ f ′(φ̄)∇ϕ+ f ′′(φ̄)∇φ̄ϕ
=Ahφ∇φ+Bhφ

2∇φ̄+ f ′(φ̄)∇ϕ+ f ′′(φ̄)∇φ̄ϕ.

(27)
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Take the L2-norm on equation(27)∥∥∇ (
f(φh)− f(φ̄)− f ′(φ̄)ω

)∥∥
L2(Ω)

≤∥Ah∥L∞(Ω)∥φ∥L3(Ω)∥∇φ∥L6(Ω) + ∥Bh∥L∞(Ω) ∥φ∥
2
L6(Ω) ∥∇φ̄∥L6(Ω)

+ ∥f ′(φ̄)∥L∞(Ω)∥∇ϕ∥L2(Ω) + ∥f ′′(φ̄)∥L∞(Ω)∥∇φ̄∥L3(Ω)∥ϕ∥L6(Ω)

≤c∥Ah∥L∞(Ω)∥∇φ∥L2(Ω)∥∆φ∥L2(Ω) + c∥Bh∥L∞(Ω) ∥∇φ∥
2
L2(Ω) ∥∆φ̄∥L2(Ω)

+ ∥f ′(φ̄)∥L∞(Ω)∥∇ϕ∥L2(Ω) + c∥f ′′(φ̄)∥L∞(Ω)∥∆φ̄∥L2(Ω)∥∇ϕ∥L2(Ω),

(28)

where

Ah =

∫ 1

0

τ

∫ 1

0

f ′′(sτφh + (1− sτ)φ)dsdτ +

∫ 1

0

τf ′′(τφh + (1− τ)φ)dτ, (29)

and

Bh =

∫ 1

0

τ

∫ 1

0

f ′′′(sτφh + (1− sτ)φ)dsdτ . (30)

In view of theorem 2.1, we have

∥Ah∥L∞ + ∥Bh∥L∞ ≤ c (31)

with ∥h∥L2(0,T ;H) ≤ α.

From (22) to (31), we derive

d

dt
∥∇ϕ∥2L2(Ω) + ∥η∥2H1(Ω) + ∥∇∆ϕ∥2L2(Ω)

≤ α1(t) ∥∇ϕ∥2L2(Ω) + α2(t),

where

α1(t) = c(∥f ′(φ)∥2L∞(Ω) + ∥f ′′(φ)∥2L∞(Ω) ∥∆φ∥
2
L2(Ω) + ∥u∥2H1(Ω) + ∥µ∥2H1(Ω)),

≤ c((1 + ∥φ∥2L∞(Ω))
2 + (1 + ∥φ∥L∞(Ω))

2 ∥∆φ∥2L2(Ω) + ∥u∥2H1(Ω) + ∥µ∥2H1(Ω))

≤ c((1 + ∥∆φ∥2L2(Ω)) + (1 + ∥∆φ∥L2(Ω)) ∥∆φ∥
2
L2(Ω) + ∥u∥2H1(Ω) + ∥µ∥2H1(Ω))

and
α2(t) =c(∥∇φ∥2L2(Ω) ∥u∥

2
H1(Ω) + ∥Ah∥2L∞(Ω) ∥∇φ∥

2
L2(Ω) ∥∆φ∥

2
L2(Ω)

+ ∥Bh∥2L∞(Ω) ∥∇φ∥
4
L2(Ω) ∥∆φ∥

2
L2(Ω)

+ ∥∇φ∥2L2(Ω) ∥∇∆φ∥2L2(Ω) + ∥∇φ∥4L2(Ω)

∥∥f ′(φh)
∥∥2
L∞(Ω)

+ ∥∇φ∥4L2(Ω) (1 +
∥∥∇φh

∥∥2
L2(Ω)

+ ∥∇φ∥2L2(Ω)) ∥∆φ∥
2
L2(Ω)).

Thanks to the Gronwall inequality, we get

max
t∈[0,T ]

∥∇ϕ(t)∥2L2(Ω) +

∫ T

0

(∥η(t)∥2H1(Ω) + ∥∇∆ϕ(t)∥2L2(Ω))dt

≤ (

∫ T

0

α2(t)dt)exp
∫ T
0

α1(t)dt,

where the integrability of α1(t) and α2(t) is attributed to above estimates and Theorem 2.1.

By virtue of (11), Theorem 2.1, Theorem 3.2 and

∥ϕt∥(H1(Ω))∗

≤∥u∥L6(Ω)∥φ∥L3(Ω) + ∥η∥L6(Ω)∥φ∥L3(Ω) + ∥u∥L6(Ω)∥ϕ∥L3(Ω) + ∥∇∆ϕ∥L2(Ω)

+
∥∥∇(f(φh)− f(φ)− f ′(φ)ω)

∥∥
L2(Ω)

,
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we deduce

max
t∈(0,T )

∥∇ϕ(t)∥2L2(Ω) +

∫ T

0

(∥η(t)∥2H1(Ω) + ∥∇∆ϕ(t)∥2L2(Ω) + ∥ϕt(t)∥2(H1(Ω))∗)dt

≤ λ(t, R, ∥h∥L2(0,T ;H)) ∥h∥
2
L2(0,T ;H) ,

(32)

where λ(t, R, ∥h∥L2(0,T ;L2(Ω))) can be computed by above estimates and it satisfies

lim
∥h∥L2(0,T ;L2(Ω))→0+

λ(t, R, ∥h∥L2(0,T ;H)) = 0.

Theorem 3.4. Suppose that (H1) − (H3) are fulfilled. Then the mapping DS is Lipschitz

continuous on U in the following sense: there is constant C3 > 0 such that for any v,v ∈ U

and any h ∈ L2(0, T ;H) we have

∥DS(v)h−DS(v)h∥Λ ≤ C3∥v − v∥L2(0,T ;H)∥h∥L2(0,T ;H),

where Λ = (L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H3(Ω)))× L2(0, T ;H1(Ω))× L2(0, T ;H1(Ω)).

Proof. Let v + k ∈ U for any fixed v ∈ U and k ∈ L2(0, T ;H). Denote by

S(v + k) = (φk,uk, µk), S(v) = (φ,u, µ),

and

(φ,u, µ) = (φk − φ,uk − u, µk − µ) = S(v + k)− S(v).

Let any h ∈ L2(0, T ;H) be fixed. Denote by

(ωk, ζk, θk) = DS(v + k)h, (ω, ζ, θ) = DS(v)h,

and

(ω, ζ, θ) = (ωk − ω, ζk − ζ, θk − θ) = DS(v + k)h−DS(v)h.

Then (ω, ζ, θ) satisfies the following equations

∂ω(x,t)
∂t +∇ · (uω + uωk)(x, t) +∇ · (ζφ+ ζkφ)(x, t) = ∆θ(x, t), (x, t) ∈ ΩT ,

θ(x, t) = −∆ω(x, t) + f ′(φ)ω(x, t) + (f ′(φk)− f ′(φ̄))ωk(x, t), (x, t) ∈ ΩT ,

−∆ζ(x, t) + ζ(x, t) = −∇p(x, t)− φ∇θ(x, t)− φ∇θk(x, t)− ω∇µ(x, t)
−ωk∇µ(x, t), (x, t) ∈ ΩT ,

∇ · ζ(x, t) = 0, (x, t) ∈ ΩT ,

ζ(x, t) = 0, ∂ω(x,t)
∂n = ∂θ(x,t)

∂n = 0, (x, t) ∈ ∂ΩT ,

ω(x, 0) = 0, x ∈ Ω.

(33)

Taking the inner product of the first equation and the third equation of (33) with −∆ω and ζ,

respectively, we obtain
1

2

d

dt
∥∇ω∥2L2(Ω) + ∥∇∆ω∥2L2(Ω) + ∥ζ∥2H1(Ω)

=−
∫
Ω

∇∆ω · (uω + uωk + ζkφ)dx−
∫
Ω

(ζφ−∇∆ω) · ∇(f ′(φ̄)ω + (f ′(φk)− f ′(φ̄))ωk)dx

−
∫
Ω

ζ · (φ∇θk + ω∇µ+ ωk∇µ)dx,

such that
1

2

d

dt
∥∇ω∥2L2(Ω) + ∥∇∆ω∥2L2(Ω) + ∥ζ∥2H1(Ω)
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≤∥∇∆ω∥L2(Ω)(∥u∥L6(Ω)∥ω∥L3(Ω) + ∥u∥L6(Ω)

∥∥ωk
∥∥
L3(Ω)

+
∥∥ζk∥∥

L6(Ω)
∥φ∥L3(Ω))

+ (∥ζ∥L6(Ω)∥φ∥L3(Ω) + ∥∇∆ω∥L2(Ω))
∥∥∇(f ′(φ̄)ω + (f ′(φk)− f ′(φ̄))ωk)

∥∥
L2(Ω)

+ ∥ζ∥L6(Ω)(∥φ∥L3(Ω)

∥∥∇θk∥∥
L2(Ω)

+ ∥ω∥L3(Ω)∥∇µ∥L2(Ω) +
∥∥ωk

∥∥
L3(Ω)

∥∇µ∥L2(Ω))

≤c∥∇∆ω∥L2(Ω)(∥u∥H1(Ω)∥∇ω∥L2(Ω) + ∥u∥H1(Ω)

∥∥∇ωk
∥∥
L2(Ω)

+
∥∥ζk∥∥

H1∥∇φ∥L2(Ω))

+ (c∥ζ∥H1(Ω)∥∇φ∥L2(Ω) + ∥∇∆ω∥L2(Ω))
∥∥∇(f ′(φ̄)ω + (f ′(φk)− f ′(φ̄))ωk)

∥∥
L2(Ω)

+ c∥ζ∥H1(Ω)(∥∇φ∥L2(Ω)

∥∥∇θk∥∥
L2(Ω)

+ ∥∇ω∥L2(Ω)∥∇µ∥L2(Ω) +
∥∥∇ωk

∥∥
L2(Ω)

∥∇µ∥L2(Ω)).

We can transform it into the following

d

dt
∥∇ω∥2L2(Ω) + ∥∇∆ω∥2L2(Ω) + ∥ζ∥2H1(Ω)

≤c∥∇∆ω∥L2(Ω)(∥u∥H1(Ω)∥∇ω∥L2(Ω) + ∥u∥H1(Ω)

∥∥∇ωk
∥∥
L2(Ω)

+
∥∥ζk∥∥

H1∥∇φ∥L2(Ω))

+ (c∥ζ∥H1(Ω)∥∇φ∥L2(Ω) + ∥∇∆ω∥L2(Ω))
∥∥∇(f ′(φ̄)ω + (f ′(φk)− f ′(φ̄))ωk)

∥∥
L2(Ω)

+ c∥ζ∥H1(Ω)(∥∇φ∥L2(Ω)

∥∥∇θk∥∥
L2(Ω)

+ ∥∇ω∥L2(Ω)∥∇µ∥L2(Ω) +
∥∥∇ωk

∥∥
L2(Ω)

∥∇µ∥L2(Ω))

≤c(∥u∥2H1(Ω) ∥∇ω∥
2
L2(Ω) + ∥u∥2H1(Ω)

∥∥∇ωk
∥∥2
L2(Ω)

+
∥∥ζk∥∥2

H1(Ω)
∥∇φ∥2L2(Ω))

+ c(∥∇φ∥2L2(Ω) + 1)
∥∥∇(f ′(φ̄)ω + (f ′(φk)− f ′(φ̄))ωk)

∥∥2
L2(Ω)

+ c(∥∇φ∥2L2(Ω)

∥∥∇θk∥∥2
L2(Ω)

+ ∥∇ω∥2L2(Ω) ∥∇µ∥
2
L2(Ω) +

∥∥∇ωk
∥∥2
L2(Ω)

∥∇µ∥2L2(Ω)).

(34)

As for the last term of the penultimate row in (34), we find∥∥∇(f ′(φ̄)ω + (f ′(φk)− f ′(φ̄))ωk)
∥∥2
L2(Ω)

=
∥∥f ′(φ̄)∇ω + f ′′(φ̄)∇φω + (f ′(φk)− f ′(φ̄))∇ωk + f ′′(φ)∇φωk + (f ′′(φk)− f ′′(φ))∇φkωk

∥∥
2
L2(Ω)

= ∥f ′(φ̄)∇ω∥2L2(Ω) + ∥f ′′(φ̄)∇φ̄ω∥2L2(Ω) +
∥∥f ′(φk)− f ′(φ̄))∇ωk

∥∥2
L2(Ω)

+
∥∥f ′′(φ̄)∇φωk

∥∥2
L2(Ω)

+

∥∥∥∥ωkφ∇φk

∫ 1

0

f ′′′(τφk + (1− τ)φ̄)dτ

∥∥∥∥2
L2(Ω)

≤ ∥f ′(φ̄)∥2L∞(Ω) ∥∇ω∥
2
L2(Ω) + ∥f ′′(φ̄)∥2L∞(Ω) ∥∇φ∥

2
L6(Ω) ∥ω∥

2
L3(Ω)

+ c ∥∇φ∥2L2(Ω) (1 +
∥∥∇φk

∥∥2
L2(Ω)

+ ∥∇φ∥2L2(Ω))
∥∥∇ωk

∥∥2
L6(Ω)

+ c ∥∇φ∥2L2(Ω)

∥∥∆φk
∥∥2
L2(Ω)

∥∥∇ωk
∥∥2
L2(Ω)

∥∥∥∥∫ 1

0

f ′′′(τφk + (1− τ)φ̄)dτ

∥∥∥∥2
L∞(Ω)

+ ∥f ′′(φ̄)∥2L∞(Ω) ∥∇φ∥
2
L2(Ω)

∥∥ωk
∥∥2
L∞(Ω)

.

We infer from Theorem 2.1 and Theorem 3.2 that

max
t∈[0,T ]

∥∇ω(t)∥2L2(Ω) +

∫ T

0

∥∇∆ω(t)∥2L2(Ω)dt+

∫ T

0

∥ζ(t)∥2H1(Ω) dt

≤ C3

2
∥k∥2L2(0,T ;H) ∥h∥

2
L2(0,T ;H) ,

(35)

where C3 > 0 depends on R, T and ∥φ0∥H1(Ω).
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Furthermore, with the help of (33) we calculate the following two terms∥∥∥∥∂ω∂t
∥∥∥∥
(H1(Ω))∗

≤∥u∥L6(Ω)∥ω∥L3(Ω) + ∥u∥L6(Ω)

∥∥ωk
∥∥
L3(Ω)

+ ∥ζ∥L6(Ω)∥φ∥L3(Ω)

+
∥∥ζk∥∥

L6(Ω)
∥φ∥L3(Ω) + ∥∇θ∥L2(Ω),

and∣∣∣∣∫
Ω

θdx

∣∣∣∣ = ∣∣∣∣∫
Ω

f(φ)ω + (f(φk)− f(φ))ωkdx

∣∣∣∣
≤ ∥f(φ)∥L2(Ω)∥ω∥L2(Ω) + c∥φ∥L3(Ω)(1 +

∥∥φk
∥∥
L6(Ω)

+ ∥φ∥L6(Ω))
∥∥ωk

∥∥
L2(Ω)

≤ c(1 + ∥φ∥2L4(Ω))∥ω∥L2(Ω) + c∥∇φ∥L2(Ω)(1 +
∥∥∇φk

∥∥
L2(Ω)

+ ∥∇φ∥L2(Ω))
∥∥∇ωk

∥∥
L2(Ω)

,

such that we derive ∫ T

0

∥ωt(t)∥2(H1(Ω))∗dt+

∫ T

0

∥θ(t)∥2H1(Ω)dt

≤ C3

2
∥k∥2L2(0,T ;H) ∥h∥

2
L2(0,T ;H) .

We will derive the variational inequality that the optimal control satisfies. Indeed, it follows

from the quadratic form of J that the reduced cost functional J(v) = J(S(v),v) is Fréchet

differentiable at every v ∈ U with the Fréchet derivative given by

DJ(v) = D(φ,u,µ)J(S(v),v) ◦DS(v) +DvJ(S(v),v).

Recalling that Uad is a closed and convex subset of L2(0, T ;L2(Ω)), we know that for any

minimizer v ∈ Uad,

DJ(v)(v − v) ≥ 0, ∀v ∈ Uad.

Hence, we derive the following result.

Theorem 3.5. Suppose that (H1) − (H3) are fulfilled. If v ∈ Uad is an optimal control for

the control problem (CP) with associated state S(v) = (φ,u, µ), then for any v ∈ Uad and any

t ∈ [0, T ], we have

λ0

∫ T

0

∫
Ω

(φ̄(x, t)− φΩT
(x, t))ω(x, t)dxdt+ λ1

∫
Ω

(φ̄(x, T )− φΩ(x))ω(x, T )dx

+ λ2

∫ T

0

∫
Ω

(u(x, t)− uΩT (x, t)) · ζ(x, t)dxdt+ λ3

∫ T

0

∫
Ω

v(x, t) · (v(x, t)−v(x, t))dxdt ≥ 0,

(36)

where (ω, ζ, θ) = DS(v)(v − v) is the unique weak solution for the linearized system (18) with

h = v − v.

In order to establish the necessary first-order optimality conditions for (CP), we need to

eliminate ζ and ω from (36). To this end, we will prove the well-posedness of weak solution

of the adjoint state system and simplify the inequality (36). To this aim, we need to give the

following result about the regularity of weak solution for the state system.

Theorem 3.6. Assume that φ0 ∈ H2(Ω) in system (1). Then for any v ∈ U , there exists

a constant C4 > 0 depending only on R, T and the initial data of the system such that the
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associated solution (φ,u, µ) for the state system satisfies

max
t∈[0,T ]

∥φ(t)∥H2(Ω) + ∥φ∥L2(0,T ;H4(Ω)) ≤ C4.

Proof. Multiplying the first equation of (1) by ∆2φ and integrating the resulting equation, we

obtain
1

2

d

dt
∥∆φ∥2L2(Ω) +

∥∥∆2φ
∥∥2
L2(Ω)

= −
∫
Ω

u · ∇φ∆2φdx+

∫
Ω

∆f(φ)∆2φdx

≤ ∥u∥L6(Ω)∥∇φ∥L3(Ω)

∥∥∆2φ
∥∥
L2(Ω)

+ ∥∆f(φ)∥L2(Ω)

∥∥∆2φ
∥∥
L2(Ω)

≤ c(∥u∥2H1(Ω) ∥∆φ∥
2
L2(Ω) + ∥∆f(φ)∥2L2(Ω)) +

1

2

∥∥∆2φ
∥∥2
L2(Ω)

.

(37)

By using Ladyzhenskaya′s inequality and Y oung inequality, we observe that

∥∆f(φ)∥2L2(Ω)

=
∥∥∥f ′′(φ)(∇φ)2 + f ′(φ)∆φ

∥∥∥2
L2(Ω)

≤ c ∥f ′′(φ)∥2L∞(Ω) ∥∇φ∥
4
L4(Ω) + c ∥f ′(φ)∥2L∞(Ω) ∥∆φ∥

2
L2(Ω)

≤ c ∥f ′′(φ)∥2L∞(Ω) ∥∆φ∥
3
L2(Ω) + c ∥f ′(φ)∥2L∞(Ω) ∥∆φ∥

2
L2(Ω) .

(38)

With the help of the assumptions on f , we find

∥f ′′(φ)∥2L∞(Ω) ≤ c(1 + ∥φ∥L∞(Ω))
2 ≤ c(1 + ∥∆φ∥L2(Ω)), (39)

∥f ′(φ)∥2L∞(Ω) ≤ c(1 + ∥φ∥2L∞(Ω))
2 ≤ c(1 + ∥∆φ∥2L2(Ω)). (40)

Exploiting the inequalities (11), (37), (38), (39) and (40), we derive

d

dt
∥∆φ∥2L2(Ω) +

∥∥∆2φ
∥∥2
L2(Ω)

≤ c(1 + ∥u∥2H1(Ω) + ∥∆φ∥2L2(Ω)) ∥∆φ∥
2
L2(Ω) ,

which yields

max
t∈[0,T ]

∥∆φ∥2L2(Ω) +

∫ T

0

∥∥∆2φ(t)
∥∥2
L2(Ω)

dt ≤ C4. (41)

Theorem 3.7. Assume (H1)−(H3) and φ0 ∈ H2(Ω) hold. If v ∈ Uad is an optimal control for

the control problem (CP) with the associated state S(v) = (φ,u, µ), then the following adjoint

state system

−∂ρ(x,t)
∂t −∇ · (uρ)(x, t) +∇ · (ϑµ)(x, t)−∆ξ(x, t) + f ′(φ)ξ(x, t) = λ0(φ̄− φΩT )(x, t),

(x, t) ∈ ΩT ,

ξ(x, t) = −∆ρ(x, t)−∇ · (ϑφ)(x, t), (x, t) ∈ ΩT ,

−∆ϑ(x, t) + ϑ(x, t) = −∇q(x, t) + φ∇ρ(x, t) + λ2(u(x, t)− uΩT
(x, t)), (x, t) ∈ ΩT ,

∇ · ϑ(x, t) = 0, (x, t) ∈ ΩT ,

ϑ(x, t) = 0, ∂ρ(x,t)
∂n = ∂ξ(x,t)

∂n = 0, (x, t) ∈ ∂ΩT ,

ρ(x, T ) = λ1(φ(x, T )− φΩT (x)), x ∈ Ω,

(42)

has a unique solution (ρ, ϑ, ξ) ∈ H and for any v ∈ Uad, we have∫ T

0

∫
Ω

(ϑ(x, t) + λ1v(x, t))·(v(x, t)− v(x, t))dxdt ≥ 0, (43)
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where H =
(
L∞ (

0, T ;L2(Ω)
)
∩H1

(
0, T ;

(
H2(Ω)

)∗) ∩ L2
(
0, T ;H2(Ω)

))
×L2

(
0, T ;H1(Ω)

)
×

L2
(
0, T ;L2(Ω)

)
.

Proof. As mentioned in the proof of Theorem 3.2, let A be the Stokes operator [26] and let

N be the inverse of the Laplacian operator −∆ endowed with Neumann boundary condition

imposing zero average over Ω. Furthermore, let {ωn}∞n=1 and {ψn}∞n=1 be the eigenfunctions of

the operator A and N , respectively. For any n ≥ 1, we introduce two finite-dimensional spaces

Wn = span{ψ1, ψ2..., ψn} and Hn = span{ω1, ω2..., ωn}. Let Pn be the orthogonal projector

from L2(Ω) onto Wn and let Γn be the orthogonal projector from H onto Hn.

We will look for appropriate coefficients (αi(t), βi(t), γi(t))(i = 1, 2..n) so that

ρn(t) =
n∑

i=1

αi(t)ψi,

ϑn(t) =
n∑

i=1

βi(t)ωi,

ξn(t) =

n∑
i=1

γi(t)ψi.

These approximate solutions satisfy the system
−
⟨

∂ρn

∂t , ψ
⟩
+ (uρn − ϑnµ,∇ψ) + (∇ξn,∇ψ) + ⟨f ′(φ̄)ξn − λ0(φ(x, t)− φΩT ), ψ⟩ = 0,

(ξn, σ) = (∇ρn,∇σ) + (ϑnφ,∇σ),
(∇ϑn,∇ϕ) + (ϑn, ϕ) = ⟨φ∇ρn + λ2(u− uΩT

), ϕ⟩ ,
(ρn(·, T ), ψi) = (λ3(φ(·, T )− φΩ), ψi), i = 1, 2..., n,

(44)

for any ϕ ∈ Hn and ψ, σ ∈Wn.

Let σ = 1 in the second equation of (44)∫
Ω

ξn(x, t)dx = 0.

Let ψ = ρn, σ = Pn(−∆ρn + f ′(φ̄)ρn) and ϕ = ϑn in system (44)

− 1

2

d

dt
∥ρn∥2L2(Ω) + ∥ϑn∥2H1(Ω) + ∥∆ρn∥2L2(Ω)

=

∫
Ω

(ϑn · ∇ρn)(φ+ µ)dx+ λ2

∫
Ω

(u(x, t)− uΩT ) · ϑndx−
∫
Ω

ϑn · ∇φ∆ρndx

+

∫
Ω

f ′(φ̄)ρn∆ρndx−
∫
Ω

f(φ)(ϑn · ∇ρn)dx+ λ0

∫
Ω

(φ(x, t)− φΩT
)ρndx

=

∫
Ω

(ϑn · ∇ρn)(φ−∆φ)dx+λ2

∫
Ω

(u(x, t)− uΩT
) · ϑndx−

∫
Ω

ϑn · ∇φ∆ρndx

+

∫
Ω

f ′(φ̄)ρn∆ρndx+ λ0

∫
Ω

(φ(x, t)− φΩT
)ρndx

≤∥ϑn∥L3(Ω)∥ρn∥L2(Ω)∥∇φ−∇∆φ∥L6(Ω) + ∥∇ϑn∥L2(Ω)∥ρn∥L2(Ω)∥φ−∆φ∥L∞(Ω)

+ ∥∇ϑn∥L2(Ω)∥∇φ̄∥L6(Ω)∥∇ρn∥L3(Ω) + ∥ϑn∥L6(Ω)∥∆φ∥L2(Ω)∥∇ρn∥L3(Ω)

+ ∥f ′(φ̄)∥L∞(Ω)∥ρn∥L2(Ω)∥∆ρn∥L2(Ω) + λ0∥φ(x, t)− φΩT
∥L2(Ω)∥ρn∥L2(Ω)
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+ λ2∥u(x, t)− uΩT
∥L2(Ω)∥ϑn∥L2(Ω)

≤c∥ϑn∥H1(Ω)∥ρn∥L2(Ω)(∥∆φ∥L2(Ω) +
∥∥∆2φ

∥∥
L2(Ω)

)

+ c∥ϑn∥H1(Ω)∥ρn∥L2(Ω) ∥∇φ−∇∆φ∥
1
2

L2(Ω)

∥∥∆φ−∆2φ
∥∥ 1

2

L2(Ω)

+ λ2∥u(x, t)− uΩT
∥L2(Ω)∥ϑn∥L2(Ω) + c∥ϑn∥H1(Ω)∥φ̄∥H2(Ω)∥∇ρn∥L3(Ω)

+ c∥ρn∥L2(Ω)∥∆ρn∥L2(Ω)(1 + ∥∆φ∥L2(Ω)) + λ0∥φ(x, t)− φΩT ∥L2(Ω)∥ρn∥L2(Ω).

After simplification, we obtain

− d

dt
∥ρn∥2L2(Ω) + ∥ϑn∥2H1(Ω) + ∥∆ρn∥2L2(Ω)

≤c(1 + ∥∆φ̄∥2L2(Ω) +
∥∥∆2φ̄

∥∥2
L2(Ω)

+ ∥∇∆φ̄∥2L2(Ω) + ∥∆φ̄∥4L2(Ω) + ∥∆φ̄∥8L2(Ω)) ∥ρn∥
2
L2(Ω)

+ c ∥u(x, t)− uΩT ∥
2
L2(Ω) + c ∥φ(x, t)− φΩT ∥

2
L2(Ω) ,

(45)

where we have used Gagliardo-Nirenberg interpolation inequality and Young’s inequality. In-

tegrating the above inequality over [t, T ], we infer from the Gronwall inequality and Theorem

4.6 that

max
s∈[t,T ]

∥ρn(s)∥2L2(Ω) +

∫ T

0

∥ϑn(s)∥2H1(Ω) ds+

∫ T

0

∥∆ρn(s)∥2L2(Ω)ds

≤ c(R).

(46)

Furthermore, we find∥∥∥∥∂ρn∂t
∥∥∥∥
(H2(Ω))∗

≤∥u∥L3(Ω)∥ρn∥L2(Ω) + ∥ϑn∥L3(Ω)∥µ∥L2(Ω) + ∥ξn∥L2(Ω)

+ ∥f(φ)∥L3(Ω)∥ξn∥L2(Ω) + λ0∥φ(x, t)− φΩT
∥L2(Ω)

≤c∥u∥H1(Ω)∥ρn∥L2(Ω) + c∥ϑn∥H1(Ω) + ∥ξn∥L2(Ω) + c(1 + ∥φ∥2L6(Ω))∥ξn∥L2(Ω)

+ λ0∥φ(x, t)− φΩT
∥L2(Ω),

and

∥ξn∥L2(Ω) ≤ ∥∆ρn∥L2(Ω) + ∥ϑ∥L3(Ω)∥∇φ∥L6(Ω).

Therefore, we obtain

{ρn}∞n=1 is uniformly bounded in L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H2(Ω)),

{ϑn}∞n=1 is uniformly bounded in L2(0, T ;V),

{ξn}∞n=1 is uniformly bounded in L2(0, T ;L2(Ω)),

{(ρn)t}
∞
n=1

is uniformly bounded in L2(0, T ; (H2(Ω))∗),

which entail that there exist

ρ ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H2(Ω)),

ϑ ∈ L2(0, T ;V),

ξ ∈ L2(0, T ;L2(Ω)),

ρt ∈ L2(0, T ; (H2(Ω))∗)

and with the help of the Kakutani theorem and the Banach-Alaoglu-Bourbaki theorem we

can extract subsequences
{
ρnj

}∞
j=1

,
{
ϑnj

}∞
j=1

,
{
ξnj

}∞
j=1

,
{

∂ρnj

∂t

}∞

j=1
of {ρn}∞n=1 , {ϑn}∞n=1,
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{ξn}∞n=1 ,
{

∂ρn

∂t

}∞

n=1
such that they satisfy

ρnj ⇀ ρ weakly star in L∞(0, T ;L2(Ω)),

ρnj ⇀ ρ weakly in L2(0, T ;H2(Ω)),

ϑnj ⇀ ϑ weakly in L2(0, T ;V),

ξnj ⇀ ξ weakly in L2(0, T ;L2(Ω)),

∂ρnj

∂t
⇀

∂ρ

∂t
weakly in L2(0, T ; (H2(Ω))∗).

Passing to the limit, we obtain the existence of weak solution for system (42).

In the following, we will prove the uniqueness of solution for the system (42). Let (ρ1, ϑ1, ξ1,

q1), (ρ2, ϑ2, ξ2, q2) be two weak solutions for the system (42) and let ρ = ρ1 − ρ2, ϑ = ϑ1 − ϑ2,

ξ = ξ1 − ξ2 and q = q1 − q2, then (ρ, ϑ, ξ, q) satisfies the following equations

−∂ρ(x,t)
∂t −∇ · (uρ)(x, t) +∇ · (ϑµ)(x, t)−∆ξ(x, t) + f ′(φ)ξ(x, t) = 0, (x, t) ∈ ΩT ,

ξ(x, t) = −∆ρ(x, t)−∇ · (ϑφ)(x, t), (x, t) ∈ ΩT ,

−∆ϑ(x, t) + ϑ(x, t) = −∇q(x, t) + φ∇ρ(x, t), (x, t) ∈ ΩT ,

∇ · ϑ(x, t) = 0, (x, t) ∈ ΩT ,

ϑ(x, t) = 0, ∂ρ(x,t)
∂n = ∂ξ(x,t)

∂n = 0, (x, t) ∈ ∂ΩT ,

ρ(x, T ) = 0, x ∈ Ω.

Repeating the proof of (46) with λ0 = λ1 = λ2 = 0, we getρ1 = ρ2, ϑ1 = ϑ2, ξ1 = ξ2, and we

can derive the result.

Multiplying the first equation, the second equation and the third equation of (15) with ρ, ϑ

and ξ, respectively, and integrating over Ω and [0, T ], for h = v − v we obtain∫ T

0

∫
Ω

∂ω

∂t
ρdxdt+

∫ T

0

∫
Ω

∇ · (uω)ρdxdt+
∫ T

0

∫
Ω

∇ · (ζφ)ρdxdt+
∫ T

0

∫
Ω

∇θ · ∇ρdxdt∫ T

0

∫
Ω

∇ω · ∇ξdxdt+
∫ T

0

∫
Ω

f ′(φ)ωξdxdt−
∫ T

0

∫
Ω

θξdxdt+

∫ T

0

∫
Ω

∇ζ · ∇ϑdxdt

+

∫ T

0

∫
Ω

ζ · ϑdxdt+
∫ T

0

∫
Ω

φ(ϑ · ∇θ)dxdt+
∫ T

0

ω(ϑ · ∇µ)dxdt

=

∫ T

0

∫
Ω

(v − v) · ϑdxdt,

(47)

where (ρ, ϑ, ξ) is the weak solution of (42). Taking the inner product of the first equation, the

second equation and the third equation of (42) with ω, θ and ζ, we get

−
∫ T

0

∫
Ω

∂ρ

∂t
ωdxdt−

∫ T

0

∫
Ω

∇ · (uρ)ωdxdt+
∫ T

0

∫
Ω

∇ · (ϑµ)ωdxdt+
∫ T

0

∫
Ω

∇ξ · ∇ωdxdt

+

∫ T

0

∫
Ω

f ′(φ)ξωdxdt+

∫ T

0

∫
Ω

∇ρ · ∇θdxdt−
∫ T

0

∫
Ω

∇ · (ϑφ)θdxdt−
∫ T

0

∫
Ω

ξθdxdt

+

∫ T

0

∫
Ω

∇ϑ · ∇ζdxdt+
∫ T

0

∫
Ω

ϑ · ζdxdt

=

∫ T

0

∫
Ω

(φζ) · ∇ρdxdt+ λ0

∫ T

0

∫
Ω

(φ(x, t)− φΩT
)ωdxdt+ λ2

∫ T

0

∫
Ω

(u(x, t)
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− u(x, t) · ζdxdt,
(48)

where (ω, ζ, θ) is the weak solution of (15) with h = v − v. we infer from equation (47) and

equation (48) that

λ0

∫
ΩT

(φ̄(x, t)− φΩT )ωdxdt

+ λ1

∫
Ω

(φ̄(x, T )− φΩ)ω(x, T )dx+ λ2

∫
ΩT

(u(x, t)− u(x, t)) ·ζdxdt

=

∫ T

0

∫
Ω

(v − v) · ϑdxdt.

(49)

Therefore, from Theorem 4.5 and equation (49), we deduce∫ T

0

∫
Ω

(v(x, t)−v(x, t)) · (ϑ+ λ3v(x, t))dxdt ≥ 0. (50)

Remark 3.1. The system (1), the adjoint system (42) and the variational inequality (50) form

together the first-order necessary optimality conditions. Moreover, since Uad is a nonempty,

convex and closed subset of L2(0, T ;H), then from (50) we derive the following conclusions:

(1) In the case λ3 > 0, the optimal control v is equivalent to the following condition

v(x, t) = P(−
ϑ

λ3
),

where P is the orthogonal projector in L2(0, T ;H) onto Uad. Thanks to projection property, we

obtain

vi(x, t) = max
{
(vi)min,min {−λ−1

3 ϑi, (vi)}max

}
, i = 1, 2, 3, for a. e. (x, t) ∈ ΩT ,

where v = (v1,v2,v3).

(2) In the case λ3 = 0, we derive that

vi(x, t) =

{
(vi)min, if ϑi > 0,

(vi)max, if ϑi < 0,

for i = 1, 2, 3.
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