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Sweedler’s duality of Hopf algebras in Yetter-Drinfeld’s

categories and an application

GU Yue! WANG Shuan-hong?3*

Abstract. Let 2D denote the Yetter-Drinfeld category over a Hopf algebra H with a bijective
antipode. Let (A, m, u, A, &, S) be a Hopf algebra in the category %YVD. Then we mainly study
Sweedler’s duality A° of A and show that (A°, m°P,&*, A°P u* S*) is again a Hopf algebra in
HYD generalizing the main result in [8]. As an application of our result, we show that the
space of binary-linearly recursive sequences is closed under the quantum convolution product of

binary-linearly recursive sequences.

81 Introduction

The concept of a Hopf algebra contains a symmetry between its algebraic structure and its
coalgebraic structure and has many important applications (see [1], [6], [7] and [12]). A theory
of linearly recursive sequences related Hopf algebras was first studied in 1980 by Peterson and
Taft (see [9]) and later investigated in some papers (see [8], [14], [15], [16], [18] and [20]).

Throughout, k will denote a fixed field. All vector spaces will be over k and all homomor-
phisms will be k-linear maps. Let C' be a coalgebra with a coproduct A : C — C ® C. We
will adopt the Sweedler’s “sigma” notation about A:

Ac) = Z c1 ® co
for all c € C' (cf. [12]).
In what follows, let (A, m 4, 14) be an associative algebra over k. Then we have the coalgebra
AV over k given by Sweedler in [12] as follows:

A® = { f € A* | Kerf contains a cofinite ideal, }

where A* is the linear dual space, and a cofinite ideal is an ideal J in A possessing that A/J
is finite-dimensional. Furthermore, when A is a Hopf algebra, A° has a natural Hopf algebra
structure which was described in [12, Section 6.2]. However, generally, A% is not isomorphic
to A, i.e, the Pontryagin duality does not hold (see [17]).
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For f € A* and a,b € A, one sets (a b f)(b) = f(ba) (similarly, (f 4 a)(b) = f(ab)). Then
one gets that A* is a A-A-bimodule. The following states are equivalent: for any f € A*
1) f € A° = (my) "1 (4" © A%);
2) AF f is a finite-dimensional vector space;
3) dim(f 4 A) < oo;
4) AF f 4 A is finite-dimensional.
We denote LSy the category of linear spaces and linear maps. Then (LSy, ®y, k) is a

(
(
(
(

symmetric category. We can describe the Sweedler’s duality in the following

Theorem A. A° forms a braided Hopf algebra in LS.

Given a Hopf algebra H with coproduct A, counit ¢, and antipode S. Then one writes g M
the category of left H-modules. Similarly for # M the category of left H-comodules.

For V e # M, we write p(v) = Y v(_1) @y for all v € V. A left-left Yetter-Drinfeld module
M over H is an object both in gy M and ¥ M such that

p(hm) = Zhlm(_1)5h3®h2 N (].)
holds, for m € M and h € H.

We have the category VD of left-left Yetter-Drinfeld modules. The category VD has the

braiding given by
MmN MQN — NQM, m®n>—>2m(_1)-n®mo. (2)

We note that the category £V D can provide a solution of quantum Yang-Baxter equation
(cf. [6]). Some related further studies can be found in [4], [11] and [19].

In this paper, we will replace the category LSy in Theorem A by the category ¥YD, and
then show the following main result.

Theorem B. Let A be a braided Hopf algebra in the category #YD. Then A° is a braided
Hopf algebra in ZYD.

This paper consists of four sections. In Section 2, we mainly show Theorem B, generalizing
Ng and Taft’s main result in [8].

In Section 3 and Section 4, we show that the space of binary-linearly recursive sequences
is closed under the quantum convolution product of binary-linearly recursive sequences (see
Theorem 4.1 and Theorem 4.5), generalizing the main result in [8] for the linear case.

In Section 5, one studies the structural properties of the space of binary linearly recursive
sequences (see Theorem 5.4).

82 The proof of Theorem B

In this section, H denotes a Hopf algebra with a bijective antipode S.
Given a bialgebra (B, mpg, up, Ap,cp) in category £YD. Recall from [1] that B* is a left
H-module with
(h- £)(b) = F(S(h) - b)
with h,b € H and f € B*.
Similarly for the coaction of H on B* given by

p(f)(b) = 57 (b—1)) @ f(bo),
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with h € H,b € B and f € B*.
Given two algebras A and B in ZYD. One has the algebra A®B with the multiplication
(2®y)(a®b) = z(y(-1) - )RYob
for z,a € A and y,b € B.
The following two lemmas are easy results.
Lemma 2.1. With the above notation,
(1) The H is a left H-linear;
(2) The F is a left H°°P-linear.
Lemma 2.2. B° is an H-submodule of B*.
Proposition 2.3. B is a subalgebra of B*.
Proof. Let f,g € B*. For a,b € B, we compute
((fg) Ha)(b) = (fg)(ab) = (f ® g)A(ab)
= f(ai(ag—1) - b1)g(az0b2)
= flag1y2 - [(S™Haz1)1) - a1)b1])g(azobs)
= (S Nag(~1)2) - NS (az-1)1) - a1)b1]g(azobs)
= [(S™Hag(—1y2) - f) (S (ag(—1)1) - a1)](b1) (g + az0)(b2)
= A*[(S (ag(—1)) - (f Fa1) @ g 1 ag)](b),
where we apply that B is an H-module algebra to the third equation above and use Lemma
2.1 to the final equation.
Therefore, we have
(fg) ABC A*[H - (f 1B)® g B
CAY[(H - f)4B)®g- Bl
By f € BY and Lemma 2.2, one obtains H - f € B®. Applying f,g € B° and the right-hand
side of the above containment is finite-dimensional, so fg € B°. Finally, it is straight to show
that £%(1) € BC.
This concludes the proof. W
Lemma 2.4. io7: (B*)?®(B*)? — (B®B)*°? is a homomorphism as algebra in YD
Proof. It follows the definition of the coaction of H on B*. W
Then we can get Theorem B as follows.
Theorem 2.5. Assume that (B, mg, up, Ap,ep,Sp) is a Hopf algebra in £D. Then (B,
(mpo)°P, €%, (Apo)°P, uy, Sg) is a braided Hopf algebra in £YD.
Proof. Following [8, Theorem 3.4], we have to finish checking the following steps:
(1) BY is an H-subcomodule of B*.
(2) Observe that (mpo)°? = A%oior : B® B — B*. Tt is morphism in #)D. Obviously,
g%k — BYis. Thus, (BY, (mpo)°,e%) is an algebra in the category pM.

(ior)71

(3) Note that (Apo)°? is the composite map B° ™y i(B°® B%) "— B%® B°. This is
morphism in £YD. % : B® — k. So, (BY, (Apo)°P, u%) is a coalgebra in the category gM.

(4) (Apo)°P : (BY)P — (B%)°P®(B")°P is an algebra map.

(5) S (BY) C BY.

(6) (mpo)°P(Sh ®idpo)(Apo)°P =cehuy and (mpo)°(idpe ® S§)(Ape)P =ehuy.
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These checks are omitted here. W

A Hopf algebra H is said to be quasitriangular provided there exists an invertible element
R=>RY @ R? ¢ H® H satistying (r := R),

(QT1) . RMW; ® RMWy @ R® =S (RM @ 1@ R)(1orM @ r?);

(QT2) > RY @ R?; @ Ry =3 (RV @ 1@ R?)(rM @ r? ®1);

(QT3) > AcP(h) = RA(h)R™!, with h € H.

Furthermore, when R~' = 3" R® ® R, (H, R) is said to be triangular.

Dually, a coquasitriangular Hopf algebra is a pair (H,<|>), where H is a Hopf algebra
over k and <|>: B® B — k is a k—linear form (braiding) which is convolution invertible in
Homy(H ® H, k) such that the following compatibility relations hold, for any h,g,l € H

(BR1) <h|gl>=<hi|g><ha|l>

(BR2) < hg |l>=<g|li ><h|ls>;

(BR3) < h1 | g1 > g2ho = h1g1 < ha| g2 >.

If <hi|gr><ge|he >=c€(g)e(h), then (H,<|>) is called a cotriangular Hopf algebra.

Example 2.6. (1) Let (H, R) be a quasitriangular Hopf algebra. Then the category pM
left H-modules is a braided monoidal subcategory of ZYD with the following braiding

MmN MON —-NoM, men—R?.n@RY.m (3)
forall M,N € gM, m € M and n € N.

Let A and B be algebras in g M. Then we have the braided product A#B (called braided

algebra) of A and B given via

(attx) (bfty) = a(R? - )#(RY - 2)y (4)
for any a,b € A and z,y € B.
(2) Let (H,<|>) be a coquasitriangular Hopf algebra. Then the category “ M left H-
comodules is a braided monoidal subcategory of YD with the following braiding
TMN:MIN — NM, m®n»—><m(_1)|n(_1)>n0®mo (5)
forall M,N € gM, m € M and n € N.
Let A and B be algebras in g M. Then we have the braided product A#B (called braided
algebra) of A and B given via

(a#tx)(b#y) =< w1y | b—1) > aboFHzoy (6)
for any a,b € A and =,y € B.

As a straightforward result of Theorem 1.5, we have

Corollary 2.7. ([8, Theorem 3.4]) Given a quasitriangular Hopf algebra (H, R) with
a bijective antipode S. If (A,ma,pa,A4,64,54) is a braided Hopf algebra in g M, then
(A% (mp0)°P, %, (A 40)°P, %, S%) is also a braided Hopf algebra in g M.

Theorem 2.8. Given a coquasitriangular Hopf algebra (H,|) with a bijective antipode S.
When (A, ma, 14, Aa,e4,S4) is a braided Hopf algebra # M, (A, (m 40)°P, €%, (A 40)°P, ¥, S%)
is also a braided Hopf algebra in 7 M.

Finally, as an application, let A = k[z, y] be the bialgebra with = group-like element and with
y (z,1)-primitive. Consider a cyclic group G = (g) of order n. One has a Hopf algebra H = k|G|
with h group-like for any h € G. Moreover, H is quasitriangular with R = (1/n) Z?;O p Y (g'®
¢’), where p is a primitive nth root of unity in k (see [6] or [8]). Thus g.M is a braided monoidal
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subcategory of £YD. We can study the Sweedler’s duality A° = k[z,y]° in Section 3.

83  Binary-linearly recursive sequences

Let A = k[z] be the polynomial algebra in one variable z. It has a bialgebra structure given
by A(z) =2 ® 1+ 1®x and e(x) = 0. On one hand, we can identify an element f in the
dual space A* with the sequences (fn)n>0 = (fo, f1, f2,---), where f, = f(2™) for n > 0. On
the other hand, A has a dual coalgebra A° = {f € A* | f(J) = 0 for some cofinite ideal J of
A, i.e., A/J is finite dimensional}. Since a cofinite ideal J of A = k|x] is just a nonzero ideal
generated by a monic polynomial h(x) = 2" — hyz" ! — -+ — h,, the condition f(J) = 0 means
that f, = h1fn_1+ -+ hy fr_y for all n > r. This meas that f is linearly recursive, satisfying
the recursive relation h(x). Thus the space of linearly recursive sequences has a Hopf algebra
structure. See the references [3],[9],[13],[14] and [15] for details of this structure.

Let ¢ # 0 in k. In 1997, Ng and Taft [8] showed that the space of linearly recursive
sequences is closed under the quantum convolution product (f,) *4 (gn) = (hy), where h, =

i ( n ) fign—; when q is a root of unity.
i

We now c(z)nsider the bialgebra A = k[x,y] with  group-like element and with y a (z,1)-
primitive. A = k[z]®k[y] as an algebra, and thus A° = k[z]° @k[y]® as a coalgebra. We identify
each f in A* as a binary-sequence (f; ;) for i,j > 0, where f; ; = f(z'y’). A row of such a
binary-sequence is a sequence {f; , | p > 0} for a fixed ¢ > 0, which we say is parallel to the
y-axis, or a sequence {fp ; | p > 0} for a fixed j > 0, which we say is parallel to the z-axis.

Let f be in A%, f(J) = 0 for a cofinite ideal J of A. For each i, j, the powers of z (y) spans
a finite-dimensional space in A/J, so there is a minimal monic h;(x) (h;(z)) in k[z] such that
each row of f parallel to the y (x)-axis satisfies h;(x) (h;(z)). Thus J contains the cofinite
elementary ideal I' generated by h;(z)h;(y).

Recall from [8] that given a ¢ # 0 in k and an integer n > 0, one has the Gaussian polynomial

for0<i<n
n _ (n)g!
i) T @l

where (n), =1+ ¢+ -+ ¢" ! and the g-factorial of n is given by (0)!, = 1 and

_ iy = @= D@ =1 (" = 1)
(n)lg = (1)q(2)q (n)g = (q—1)»

if n > 0. It is a polynomial in ¢ with coefficients in Z. If ¢ = 1, then < n ) is the ordinary
i

binomial coefficient.
Let x and y be variables subject to the quantum plane relation yr = gzry. Then for any

@+y)"= Y ( :L > z'y" (7)

0<i<n

n > 0 we have

Let ¢ = 1. Then we have that ( Z > is the ordinary binomial coefficient.
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Proposition 3.1. ([8,Lemma 5.2]) Let g be a primitive nth root of 1. For integers a > b > 0,
write a =a'n+7,b=0b6n+ s for 0 <r,s <n. Then

a [ r
b )\ ¥V s )7
q q
r .
Where< >:01fr<s.
s
q

We will let A = k,[z,y] with yz = gzy, here 0 # g € k. Then f € A* is regarded as

the binary sequences (fm,n)mn>0 = (fo,0, fo,1, s fon, froo s S fmos s fans o)
where

fn = JE™) = G ) = "
for all m,n > 0. We call them the ¢-binary sequences. A has a bialgebra structure with a
group-like element = and with a (x,1)-primitive element y, i. e., we have a comultiplication A
given by the following

Alz)=zz, Aly)=zy+y®1,

ex)=1, e(y) =0,
requiring A and ¢ to be algebra homomorphisms from A to A ® A and A to k, respectively.
Thus one has

n
0<k<n
for any m,n > 0. Therefore, the quantum convolution product on A* is given by fy, n *q Gm.n =

n
R n, where Ry, , = Zogkgn ( L ) fmtkn—k ® gm,x for m,n > 0.
q

By a cofinite ideal J of A = k4[z,y] we mean a nonzero ideal generated by a monic binary

polynomial
h(z,y) =2"y® — hyoa" 'y — - = hy oy
_ ho’lxrys—l _ hl,lxr_lys_l L hr,lys_l
o h072x'ry572 o h1,2$T71y372 . hr,2y572
- h075.’L‘T — hLSl‘T_l — e — hrs-

i

By the condition f(J) =0, we have the following cases.

Case 1: If f(z™ "h(z,y)y" *) = 0, then we have a binary linearly recursive sequence
f = (fm.n)m>rn>s satisfying the recursive relation h(zx,y), where

fm,n :hl,Ofmfl,n + h2,0fm72,n + -+ hr,Ofmf'r,n
+ hO,lfm,nfl + hl,lfmfl,nfl + -+ hr,lfmfr,nfl
+ h0,2fm,n—2 + hl,?fm—l,n—Q + -+ hr,?fm—r,n—Q

+ hO,Sfm,n—s + hl,sfm—l,n—s +-- hr,sfm—r,n—s-

Case 2: If f(z™ "y" *h(x,y)) = 0, then we have a parameterized binary linearly recursive
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sequence f = (fmn)m>rn>s Satisfying the recursive relation h(x,y), where
Fom =0 " hy 0 fmim + ¢ 2" ho o fnom o+ ¢ R0 frnrn
+ho1fmmn—1+ qf(nis)h1,1fm—1,n71 + qu(nfs)hzlfm—z,nq
+o g e
+hoofmm-2+q "R ofm1m2+q 2" ho s frn a2
g o o e
+hosfmms + 0 " o fmim-s + 02V ho  frnoono
R ERREE o Bl S
Case 3: If f(h(z,y)z™ "y" *) = 0, then we have a parameterized binary linearly recursive
sequence f = (fmn)m>rn>s Satisfying the recursive relation h(x,y), where
fon =h10fm—1.n + hoofm—omn + -+ M ofim—rn
+ qf(mfr)ho,lfm,n—l + qi(miT)hl,lfmfl,nfl + qf(mir)hzlfm—z,nq
+o g " e
+ 42" hg o frnm—a + ¢ 2R o fn i+ ¢ 2 hg o fon o2
o g2 o e
+ 47" o frnn—s + 0" s frumtnes o+ 4 T R s

Remarks: (1) Set h; ; = q ")}, ; in Case 1. We then have a new monic binary polynomial
K (z,y) as follows:

hl(l‘,y) :xrys _ qn—s /I,Oxr_lys o qr(n—s)h;70ys
_ hG,ILL’rys_l _ qn—sh/l’lxr—lys—l L qr(n—s)h;’lys—l

_ h6,2$7‘y872 _ qnfsh/172xr71ysf2 o qr(nfs)h;,2y872

/ r n—siy/ r—1 r(n—s)/
_hO,s‘r —q 1,sT - —q ( )hr,s‘

In this situation, we get a new binary linearly recursive sequence f’ = ( fr/n,n)mZnnZS satisfying
the recursive relation h'(x,y), where

frln,n = /1,0fm*1,’ﬂ + hl2,0fm72,n +--- 4+ h;,ofmf'r,n
+ hé),lfﬂl,nfl + h,171fm71,n71 R h%lfmfr,nfl
=+ h6,2fm,n—2 + h/172fm—1,n—2 R h;n72fm—r,n—2

+ hé)’sfm,nfs + hll,sfmfl,nfs +--- 4+ h;’sfmfr,n787
which satisfies the relation h'(z,y).

(2) Similarly, set h;’ = g7 (m_r)hi,j in Case 2. We then have a new monic binary polynomial
h"(x,y), hence we can obtain a new binary linearly recursive sequence f” = (f;, ,)m>rn>s
satisfying the recursive relation h'”(z,y),
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Example 3.2. Let h(z,y) = (x —a)(y — b) for any a,b € k. Then we have a binary linearly
recursive sequence
fm,n = bfm,n—l + afm—l,n - abfm—l,n—l
satisfying h(x,y), for all m > 1 and n > 1. If take foo = 1, fo;, = 0 and f;o = 0 for all
i € N, then one gets a binary linearly recursive sequence (1,0,0,---, 0, —ab, —ab®, —ab3,- - -,
0, —a?b, —a?b?, —a?b?,---).

Remark: In the case of ¢ = 1, the Case 1, the Case 2 and the Case 3 are the same.

84 Quantum convolution for ¢ =1

Let ¢ = 1. Then we have f,,, = fnm for any m,n > 0 and < Z ) is the ordinary

binomial coefficient. In this section we will study the binary linearly recursive sequence in Case
1 satisfying the recursive relation h(z,y) as in Section 2.

In what follows, by a method similar to that in [8] we can consider A = k[z,y] in g M (see
the end of Section 1) via
gt (zFyh) = p" ROkl for all ¥y € A, ¢' € H. (9)
It is not hard to verify that A is an algebra in gy M. By (2) and (5), we have

TA A(xkyl ® .%‘Syt)

== Zp Uy - @y ) @ g - ("))
1,j=0
1 n—1
~n > p I TP EED (20t @ 2yt

ij*O
pr””“‘:vy ® z*y')

1]0

n—1
- Z zu Zp](r ) .13 yt ®J}kyl),
where we write s—l—t:an—i—nk‘—i—l —bn+ufor some 0 < r,u < n.

If i # r, then Z?;()lpj(“i) = 0. Therefore, 74 a(z"y' @ x5yt) = pEHOEFD (gsyt @ ghyl).

Thus we have a braided algebra A# A with
(l.kl yll #xslyh)(xkzylz #xszytz) _ p(81+t1)(k2+12)(mkﬁ‘kzyl1+lz#x51+82yt1+tz) (10)
for all xFryligtasiytr pheyledgsayts ¢ A#A.

Note that ¢ = 1, so xzy = yx. It follows from (6) that (x#y)(y#1) = play#y) =
p(y#1)(z#ty). If we regard A as a bialgebra in the category yM, then by Majid’s bosonization
[3], this requires A to be an algebra morphism in gz M. Note that (z#vy)' = p%l(”l)(xl#yl),
and so, by (1) and (6) we have

m l 5 m(m m m
Az™y) = Z ( ) p;[(l k) (I=k+1)+m(m+2141)] ,m+1—k yF sty E (11)
P

0<k<l
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for m,l > 0.
Notice that z™ is not a group-like element since A(z™) = p2™(m+D) (zm4ym) and y" is

(x™,1)-primitive, i.e., A(y™) = z"#y™ + y"#1 since ( Z ) =0forl1 <k<n-—1. The

p
counit ¢ of A is given as usual by e(z™) = 1,e(y*) = do k. It is easy to check that A and e

are morphisms in y M. But, A is not a Hopf algebra in M unless 22 = 1 with S(z) = x and
S(y) = —zy.

In what follows, Theorem 3.1 shows that the space A? of binary linearly recursive sequences
is a bialgebra in y M. The quantum convolution product in A* is given (fim.1)*p (gm.1) = (hm.1),
where

by = 3 ( ]i ) pHU—R Ukt pmm2i D (12)
0<k<I »

Thus, we have

Theorem 4.1. Let p be a root of unity in k. Then the binary linearly recursive sequences
is closed under the quantum convolution product (fim.i) *p (gm,i) = (hm,) where hy,; is given
by (12).

Remarks: 1) If x =1 in A = k[z, y], then by (7) we have

A=Y ( ]i ) Yy
0<k<lI p
for all [ > 0. Hence, we can get the result in [8, Theorem 4.1 ].
2) If y =1in A = k[z,y], then by (7) one has
A(a™) = pam ) (2 y™)
In this case, we have
B = p2™ D o kG (13)

Notice that the algebraic structure of linearly recursive sequences under Hadamard product
was described in [3]. We call the product given by (9) a quantum Hadamard product. Then
we have

Corollary 4.2. The linearly recursive sequences are closed under the quantum Hadamard
product (f) *p (gm) = (hm), where h,, is given by (13).

Next, we give a direct proof of Theorem 4.1.

First, we have

Lemma 4.3. Let f = (f,,,;) be the binary linearly recursive sequence over k satisfying the
relation h(z,y). Let aq,--- ,ag; B1,-- -, Bu be the roots of h(x,y) in k, the algebraic closure of
k. Then, for any 4,7 > 0,s,t > 0, the subsequence f()(5:%) given by

Flen =(fi,s fisstt> fistats
Jitiss fitjstts fitjstots
Jit2jss fivogstts fivagstats -
is a binary linearly recursive sequence over k satisfying the relation h; ((z,y) = (z —af) - -+ (z —

o)y —BL) - (y — BL).
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Proof. It suffices to show h,,(z,y) — @) = 0 in order to verify that £t gatisfies
hj(x,y), where — is defined by (a — f)(b) = f(ba) for a,b € A, and f € A*, for Ais a
commutative algebra.

Note that f()ED(20y%) = fivpisrwt = f(@ysT0) for v,w > 0. So, for all g(z,y) €
kla,y), O (g(a,y)) = f(a'y*g(a?y')). Thus, we have

hye(a,y) = fODED (@)
=D @y hy 4 (x,y))
=@y x" Ty hja(a?,y"))
=f(a Ty T by (2, ).
For hj.(z7,y") = I(z,y)h(z,y) for some I(x,y) € k[z,y], and h(z,y) — f = 0, one has
flattoiystwtp, (23, yt) = (h(z,y) — f)(@TysT [(2,y)) = 0, concluding the proof. M
Example 4.4. In Example 2.2, we have a subsequence
FLAEA =(f1,3, fr7 fran, -
I3,35 f3,7, fa11, -
f5.3 f5,7 5,11, )
satisfying ha 4(z,y) = (z — a?)(y — b*). Explicitly, one has a binary linearly recursive sequence
Gmn = b4gm7n,1 +a2gm,17nfa2b4gm,17n,1 satisfying ho 4(z,y), and (gm,n)m>1,n>1 is the same
as f12BA) | For example, goo = fi3 = —ab®, go1 = fir = —ab”, g10 = fz.3 = —a’b?, and it
follows from the formula g, ,, that
g1.1 =b'g1 0+ a’go1 — a*btgop
= b*(—a®V®) + a*(—ab") — a®b*(—ab?)
= —a®" —a® +a®h =~
which equals to fs 7.

Theorem 4.5. Let p be a primitive nth root of unity. Let f = (fmn,) and g = (gm,1) be
binary linearly recursive sequences, satisfying h(z,y) = [[; ;(z — ;)™ (y — ;)" and J(z,y) =
[T (@ — )% (y — An)'r, respectively. Then the quantum product (fim,i) *p (gm.i) = (hn,1)
where h,,; is given by (8), is a binary linearly recursive sequence, satisfying W(x",y™); here
W(z,y) = [ ol — (@ + )™y — (8) + Xt

Proof. For 0 <a,b <n and ¢,d > 0, we have

Rlam)(bn) (geqd)

:ha+cn7b+dn

b+dn
. Z ( b+ dn ) p%[(b+dn—u)(b+dn—u+l)+(a+cn)(a+2b+(c+2d)n+l)]
P

fa+b+(c+d)n7u uYa+cn,b+dn—u (by (8))

_ZZ ( b+dn ) pI=5)+(@=)nl[(b=5)+(d—)n-+11+(aten)la2b+(c+2d)n+1]}
s=0 j=0 P

fa+b—s+(c+d—j)n,s+jnga+cn,b—s+(d—j)n
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) < b ) p%{[(bfs)wL(dfj)n][(bfs)+(d7j)n+1]+(a+cn)[a+2b+(c+2d)n+1]}
p

fa+b—s+(c+d—j)n,s+jnga+cn,b—s+(d—j)n (by PI‘OpOSitiOH 31)

( b ) 369 (b=s+D)ta(at2b+1)]
S
p

d a —s,n)(s,n a,n —Ss,n
( . )(f( Fo=sn)(s, ))(c+d—j,j)(9( b, ))(c,dfj))

j=0 J
b
Z( b ) 39 (b-s+D)ta(at2p+1)]
s
s=0 p
‘[ d
(Z ( ) ) (f(a+b—s,7l)(s,7l))(C+i’d7i)(g(a,n)(b—s,n))(c’i)).
i=0
Therefore,

b
h(a,n)(b,n) _ Z < z > p%[(b—s)(b—s+1)+a(a+2b+1)f(a+b—s,7L)(s,7L) *g(a,n)(b—s,n)7
p

s=0
where * is the usual convolution product. It follows from Lemma 4.3 that f(@tb=sm)(s:m) and
g(@™®=51) are hinary linearly recursive sequences, satisfying k., ,(z,y) = [L;(z—ai)™ (y -
B and Jnn(2,y) = [, (& — ) (y — A?)', respectively. Hence Theorem 4.5 holds. In
fact, h is the interlacing of the sequences h(0)(0:7) ~p(0)(1n) = = p(O0n)(n=1n) ... = p(1n)(0n)
o R Ln) L L)) L L) (L),

This finishes the proof. W

85 Structural properties of binary linearly recursive sequence space

Let p be a primitive nth root of 1, BL the space of binary linearly recursive sequences.
Denote the quantum convolution product on BL by #,. Define a map ® : BL — BL by ®(f) =
JOmOn “where fOMOM) = (foo, fon, fozns s fr0s Frms Frzns s fan0s fonms fanzns -+ )-
Obviously, @ is surjective.

Let f,g € BL, h = f %, g. By the proof of Theorem 4.5, we get R(O:m)(O0n) — £(0.n)(0.n) 4
9(0’")(0’”). Hence ®(f *, g) = ®(h) = pO:mOn) — f'(O,n)(O,n) * Q(O’R)(O’n) = O(f) x @(g).
Therefore, we have

Lemma 5.1. ® is a surjective algebra map of (BL, %,) onto (BL, ).

Let Z(7) be the sequence with 1 in the (i,j)th position (coordinate) and zero elsewhere.
Then, by (8) one has

Lemma 5.2. (i) Z(49) x, Z(s) = < Hfj ) p3 D +s(itt425+1)] 7(s,45)
J
p

J
(iii) Z(0) %, Z(5:0) = pzs(s+1) Z(5,0),

(i) 20 %, Z(O:0) = ( tfj > pEt+1) Z(0t45)
p
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(iv) 7(i,0) % 7(0,t) p%t(t+1)Z(0,t)7

(v) 209 x, 7(s:0) = p2s(sH2i+1) Z(s.4),

Lemma 5.3. The kernel of ® is a nilpotent ideal of (BL, *j).

Proof. By the definition of ®, an element f in Ker ® is of the form Zi,jg_to(mod ny Qi
Z(3) (an infinite sum), so an element in (Ker®)" is of the form

Z QU oo iy anZ(il’jl) kp c o kp Z(insin),
i1, 4insd1,0,jn Z0(mod 1)
It suffices to verify that Z(1:71) s, ..., ZUnin) = 0 if 4y, ip; g1, ,jn # O(mod n). Set
Ty = QuN+Ty, Jo = byn+s, with 0 < r,,s, <nforu,v =1,---,n. There are v’,v" < n—1 such
that ri+---+ry <n,s1+---+sy <n,but ri1+---+ry+ry41 > n,and s1+- - +Sy +Syr1 = N
So, by Lemma 5.2(i), for some S in k, we have
Z0030) s, o xy, Z 0w ndu )

:ﬂZ(i“' It d,) *p Z(iu’+11ju’+1)

0 ( T e aly VA o N ) Z(iu,+17j1+'“+j'u’+jv’+1)’
Jv'+1
P
where o = Bp%[jru/+l(jv’+1+1)+iu’+1(iu’+2j1+'“+2jv’+j'u’+l+1)]. Note that j; + -+ + jor + Jurt1)
=n(bi+-+byp)+ s+ swpr—n)+n=n(br+ - +byp1 + 1)+ (s1+ -+ 5041
—n), here 81 + -+ + 8,741 — n < n. By Proposition 3.1 and an argument similar to [8, Lemma

i Rl I oy |

5.5], we have < > =0 and so (Ker®)" = 0.
P

Jv'41
This concludes the proof. W
Theorem 5.4. f € BL is ,-invertible if and only if ®(f) is *-invertible.

Proof. Similar to [8, Theorem 5.6]. It follows from Lemma 5.1 and Lemma 5.3 that

Theorem 5.4 holds. W
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