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Dirichlet-Neumann alternating algorithm for an
anisotropic quasi-linear problem in an unbounded

domain with a concave angle

LIU Bao-qing TU Ming-yue

Abstract. In this paper, based on the Kirchhoff transformation and the natural boundary re-
duction, a Dirichlet-Neumann (D-N) alternating algorithm is discussed for solving the anisotrop-
ic quasi-linear problem in an unbounded domain with a concave angle. By using the principle
of the natural boundary reduction, the natural integral equation on the elliptical arc artificial
boundary is obtained in this paper, and the convergence of the algorithm and analysis is proved.
Meanwhile, the convergence rate for a typical domain is given in detail. Finally, some numerical

examples are verified to show the feasibility of the method.

81 Introduction

In many fields of scientific and physical engineering, such as continuum thermodynamics,
fluid mechanics or magnetostatics, it is necessary to deal with some linear or nonlinear partial
differential equation problems in the unbounded domain. When solving a linear or nonlinear
partial differential equation problem in the unbounded domain, we find that the domain de-
composition method is one of the most efficient techniques. The domain decomposition method
is changed from the Coupling of NBEM and FEM method. Based on the natural boundary
reduction[2-6], these methods are used to solve some unbounded domain problems by introduc-
ing an artificial boundary. So far, these techniques have been used to solve many linear problems
[9-12], and generalized to solve quasi-linear problems [8,13,14,16]. In this paper, based on the
Kirchhoff transformation [13,14,17], we consider a D-N alternating algorithm, which is a non-
overlapping domain decomposition method, for an exterior anisotropic quasi-linear problem in
an unbounded domain with a concave Angle.

Suppose (2 is an unbounded and simple connected domain with sufficiently smooth boundary
00 =TIy YTy, like Figure 1. The boundary I is a smooth curve, and

Q={(r0)|r>R0<0<w},
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F={(r,0)|r=R,0<0<w},
ry={(r,0)|r>R,0=0},
Ly ={(r,0)|r>R,0=0},
where w is a concave angle, and 0 < w < 2w. We consider the following quasi-linear problem

Figure 1. the illustration of domain.

— (% (aa (z,u) g—;) + 3% (Ba(x,u) %)) =f i

ou __

%f()’ onI'y UTs, (1)
u =0, on I,

u (z) is unbounded, as |z] — oo,

where 8 > a > 0, and a(x,u) are given functions with some properties. Problem (1) has
numerous mechanical applications. For example, in the field of image-sound physics, where
problem (1) can be regarded as a wave-type governing equation, a is the speed of sound in a
fluid and wu is the velocity potential; in the field of two-dimensional elasticity, problem (1) can
be considered as a simple displacement governing equation, a is stress-strain relationship, u is
strain tensor and «, 8 are elastic constant. In this paper, following [8,9], we suppose that the
given function satisfies

0<Cy<alz,u) <Cq,Vu € R, (2)
and for almost all z € Q, with two constants Cy,C; € R
la(z,w) — a(z,v)] < CL |u—v|,Vu,v € R, (3)
da O3%a

and for almost all z € €, with a constant Cr, > 0. We also assume that are continuous.

s’ 0s2
In the following, we suppose that the given function f € L?(Q) has compact support, i.e., there

exists a constant K > 0, such that
suppf C Qx = {z € R* | 2| < K}. (4)
We also assume that
a(z,u) = ag(u), when || < Kor|z| > K. (5)
The rest of the paper is organized as follows. In section 2, we introduce the artificial
boundary of elliptic arc boundary I'g, and derive the exact quasi-linear elliptical arc artificial
boundary condition. In section 3, we give the nonoverlapping domain decomposition method

and derive the convergence of the algorithm. In section 4, we give some numerical examples to
illustrate the efficiency and feasibility of this method.
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§2 Natural boundary reduction

Now, we introduce an elliptical arc artificial boundary I'g in R2, T'y enclosing I' such that
Fo={(n,¢) | p=p1>K,0<¢<w} (2.1)
with dist(To,T") > 0, like Figure 2.

Figure 2. artificial boundary of domain.

'y divides €2 into two parts, a bounded domain 2; and an unbounded domain 5, the

problem (1) can be rewritten in the coupled form

_ (6% (aa (z,u) %) + 8% <6a (z,u) gz>> =f, inQq,

g% = O, on Fll U Fgl, (22)
u =0, on I'.

— (8@ (aa (z,u) g“) + 3, (5@ (z,u) gZ)) =0, in Dy,

% = 0 on F12 U FQQ’ (23)
u (2) is unbounded, as |z] — oo,

where u(z) and aag(u )nx 52 + Bao(u )ny% are continuous on I'g, T'11 = Q; NT,T91 = Qo N
I',Tig = QNI Ty = Qo NIy, and n = (ng,ny) is the unit exterior normal vector on
Ty. Particularly, a(x,u) = a is independent of x and u when |z| > K, and the problem
(2.3) is simplified to the linear exterior elliptic problem. We have the nonoverlapping domain

decomposition algorithm.
Step 1: Choose an initial value \° € H? (To) , and let k£ = 0.

Step 2: Solve a Dirichlet boundary value problem in the exterior domain s,

(81 (aa (z,ub) 0u2) + 5 (ﬂa (z,uf) 85;2)) =0, inQy,

= \F r
sz ’ onto (2.4)
g =0, on I'yy UT 99,

uk (z) = o(1), as |z| — oo.
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Step 3: Solve a mixed boundary value problem in the interior domain 2,

(az (aa (z, uf) aul) + 9 (ﬁa (z,uf) 5 9ul )) 1, in O,
ouk du ub dub
ozag(u)nx 52 + Bao(u)ny, 5+ oy = —(aag(u )nx 52 + Bao(u )nya—;), on I'g, (25)
% =0, on I'yg UT9,
uy (x) =0, on I'.
Step 4: Update the boundary valve 0 < 0y < 1,
Mt = gpuf + (1 — 0x)N\*  on T. (2.6)
Step 5: Put k =k + 1, turn to Step 2.
The next, we introduce the so-called Kirchhoff transformation [14]:
w(z) = ou(l) ag(§)ds, x € Qy, (2.7)
which gives
Vw = ap(u v u, (2.8)
ow _Ow ou ou
(aax,ﬂay> = (aao(u)nxax,ﬂao(u)nyay) . (2.9)
From the problem (2.7), we have that w satisfies
wh = [ ag(€)de, on Ty, (2.10)
and
2 2
- (aa %y’%}> = 07 in QQ?
gu —, on I'1g UT g9, (2.11)

u (z) is unbounded, as |z|] — oo.
The next, we need to obtain the corresponding results for quasi-linear problem in €25, by virtue
of the Poisson integral formula and natural integral equation for the linear problem. For this
purpose, we should discuss the relationship between elliptic coordinates (u, ¢) and Cartesian
coordinates (z,y) first. The relationship can be expressed as below

x = focosh pcos ¢, (2.12)

y = fosinh psin ¢,
where

fo=+Va%2—1b%a= focoshui,b= fosinh uq,
a+b
Q:_{(M,¢)‘LL>M0,0<¢<OJ},F_:{(M,¢) |M:,U,0,0<¢<CU},
Fl Z{(/«h(b)|M>MO7¢:O},F2={(M7¢)|H>M07¢=W}a

u1 =1In

Theorem 1. The transformation (2.13) possesses the following property: The Jacobi determi-
nant of equation (2.13) is

28 ¢
J(p, @) = gﬁ % =f2 (sinh2 1 cos ¢ + cosh? yusin? ). (2.13)
o 9
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(1) For u € C*(R?), we have

Fu P (P P
op?  0p? ox?2  Oy? )’
(2) For the domain Qa,
ou_ 1o
o JJou
where v denotes the unit exterior normal vector on 'y,

1
v = ———= (fosinh p cos ¢, fo cosh psin ¢) .
o} (fosinh pcos ¢, fo psin @)

405

(2.14)

(2.15)

(2.16)

Now, we assume that w(z) is the solution of the problem (2.11), and the value w |jy—, is

given
w [r,= wo(p1, §)
and the boundary can be described as this form

Lo == {(z,y) | az® + by® = 1} , with 8b > aa > 0.

We introduce z = /a&,y = /Bn, the boundary T'y is changed to the elliptic arc boundary

Lo = {(&,n) | €a€? + Bbn? = 1}, the unit exterior normal vector on Iy is

1
7= — Vaacos ¢,/ Bbsin ) .
Vaacos? ¢+ fbcos? ¢ ( ? ¢
The problem (2.11) is transformed into
~Aw=— (g +5%) =0, in,
Ge =0, on I’y U T,
w (z) = o(1), as |z| — oo.
Similar with (2.12), let
& = focosh pcos ¢,
1 = fosinh psin ¢,
we have
b8 — ac Vvao 4 /b
fo= o R, po = I Y22 £ VO

aabl VB —aa ’
Q2 ={(1:0) [ 1> 1,0 <o <wj,To={(1,0) [ 1= 1,0 < d <w}
. Based on the natural reduction [3], there are the Poisson integral formulas[4]

1 [« 2 R nwimwn ¢ — ¢
’LU(,LL,¢) = ;/(; wO(M7¢/)d¢/ + ; Ze ( @ : /0 COs MWO(MW)CZ&?
n=1

and the natural integral equation

ow 27 io / @ (i1, 0)
—=— n w(p1, @) cos
on UJQ\/ Jo el 0 i
where.Jy = f2(cosh? ji; — cos? ¢).

From (2.8), we obtain

/
nm nw
¢ cos —qbd(b’,
w w

ou_ o
an _ 0\Wg,

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

Combining (2.19), (2.20) and (2.21), we obtain the exact artificial boundary condition of u
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on Fo,

0 0
aag (u)nwa—z + Bag (u)nya—u

b = u(p,¢)
= _w;TR\/a,COSQ ZcfbsinQ ¢/o chos n(¢ —¢') </0 ao(y)dy> do (2.22)
n=1

L i (u(un, 9)).

83 Variational problem and finite element approximation

3.1 The equivalent variational problems

Now,we will use W™? denoting the standard Sobolev spaces. ||-||,, , o and || denoting

m,p, m,p,§

the corresponding norms and semi-norms. In particular, we denote H™(Q2) = W2(Q), [||,,,.o

= HmQQ and |- |mQ | |mQQ
Let us introduce the space

V={veH () |v|r=0}, (3.1)

and the corresponding norms

2 2
Iollos, =/ [ 1o dﬂmllvll,gl—\/ | 4]V
Ql Q1

The boundary value problem (2.22) is equivalent to the following variational problem

Find uw € V,such that

(3.2)
A(u;u,v) + Bluyu,v) = F(v) v eV,
with
Alw;u,v) = /Q a(z,w) ( gu gz 5?;?)”) , (3.3)
B(w;u,v) = 7; nif /Ow /Ow ao(w(p, @) 8u(g;; ¢) 3”(5;’ 9) cosn(d — )dd'ds,  (3.4)
Fw) = f(z)v(x)dx. (3.5)

971
Lemma 1. [13] There exists C},C; > 0, such that

2
|B(w;u,v)] < Cg llully o, 1]y q, » Blw;u,v) = Ctlully g, , w,v,weV.

In practice, we need to truncate the series in (2.22) for some nonnegative integer N, that
is,
ou ou
2 5+ Bao(u )nya = k7 (u(p, ), (3.6)

aap(u)ng

with

aafb ulk,¢)
A1 (u(pn, 6)) = wQR \/ acos? ¢ + bsin? / cho&n ¢=4) </0 ao(y)dy> dg. (3.1)
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Then, we consider the following approximate problem
_ (a% (aa (z,ul) 6(;;) + 2 (Ba (z,u) %)) =0, in®Q,

N
%Ln :0, on Fll Urgl,
ulN =0, on I
N N
Oéao(UN)nz% + ﬂao(UN)”yaaLy = ”{V(UN(ﬂh ?)), on Ip.

The problem (3.8) is equivalent to the following variational problem
Find «V € V,such that
AN uN v) + By(uV;uN v) = F(v) veV,

where

o' 0¢

N w w a / a
BN(w;uw):Z\%ﬁ /0 /0 ao(wpn, ) LBV 0N 0) (o gyagtas.

Similar with Lemma 1, we have

Lemma 2. [15] There exists C{/,Cy > 0, such that

2
[ By (w;u, v)| < Cf [lully g, vl q, » By (w;u,0) 2 CF [lully o, , wv,we V.

3.2 Finite element approximation

Suppose 7, is a regular and quasi-uniform triangulation on €2, such that

o= K,

KETH

where K is a (curved) triangle, and h denotes the maximal side of the triangles. Let
Vi, = {vn € V| v |i is a linear polynomial VK € 7} .
The approximate problem of (3.9) can be written as
Find uj) € V4(£21),such that

A(U}I;[§U;1Vavl1) + BN(U}Iy;uiv7vh) = F(vh) Up € Vh(Ql)

407

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

We divide the arc I'y into M parts, and take a finite element subdivision in €, which their

nodes on I'y are coincident. Let 0; represents the split point,i = 1,2,..., M — 1, where 6y =
0<bi << - <bOy_1<w E@M, and let hl = Qi—Hi_l,i: 1,2,...,M— 1. Take Ll(e) as

the following piecewise linear interpolation function

ua 90§9§91,

Lo@) =4 ™
0, else;
0_2%7 91'71 S 0 S 91'7
Li(0) = ¢ 522, 0, <0< 01,1 <i<M+1,

0, else;

0—0n_1

—h Ono1 <0 <0,

Lo(e) = hi

0, else.
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Therefore, we know V, = {Li(e)}j‘il, and get

M M
up =Y _U;Li(0),vn = Y _ ViL(0). (3.14)
=1 i=1

Coming (3.13), we can get the finite element equation
QU =,
where, @ = Q1 + Q2. The matrix Q1 = (¢i;) nn is the stiffness matrix obtained from the finite

element in €, while Q2 = (¢;) follows from the natural boundary element method on Iy,

M x M
and see reference [1] for the calculation formula Q. In this paper, we analyze the use of linear
interpolation in the case of uniform boundary I'y partition, and we know h = h; = 33,0; =
i~h:iﬁ‘“7andget

),ij=1,2,..., M. (3.15)

32M2 IX 1 nw n(i—j)w
Qi =9i= "3 Z

-4
5 2 g S (o) eos(——7=

From the discrete problem (3.13), we can get the following the discrete form of nonoverlap-
ping domain decomposition algorithm:

Step 1: Choose an initial value \) € Hz (), and let k = 0.

Step 2: Solve a Dirichlet boundary value problem in the exterior domain s,
dub duk .
= (& (oo (o) %520 ) + 45 (90 (o) %532 )) =0, o,

k k
uk, = Ak, on I'g,
aiﬁ (3.16)
oy = 0, on I'y; UT'g2,
uyy, () = o(1), as || — oo.
Step 3: Solve a mixed boundary value problem in the interior domain €,
) ouf 3 duk .
B (% (aa (w, u3) aglch> oy (Ba (. u5y) a;h2> =/ in
k k k
aal?(u)nm ag;" + Bao(u)n, agéh = —(aap(u)n, 875? + Bao(u)nyag—;h), on I'p,
8812; =0, on I';p UT g2,
uk, (r) =0, onT.
(3.17)
Step 4: Update the boundary valve 0 < 0y < 1,
M = 0puk, + (1 —0x)N\}  on T. (3.18)

Step 5: Put k =k + 1, turn to Step 2.

Therefore, we can get a system of algebraic equations for our quasi-linear problem with the

U b
Q11+ Q2 Q12 1) _ (& 7 (3.19)
Q21 Q22 ) \U2 ba
where Uy, Us are vectors, whose components are function values at nodes on I'y and at interior

Q1 Q12
Qa1 Q2

the finite element in €2y, while @2 follows from the natural boundary element method on T'y.

following form

nodes of €y respectively. The matrix Q1 = is the stiffness matrix obtained from



LIU Bao-qing, TU Ming-yue. Dirichlet-Neumann alternating algorithm for an anisotropic... 409
The problem (3.19) can also be rewritten as follows:
U b1 — QU
Q11 Q12 1) _ (01— Q2Uh ’ (3.20)
Q21 Q2 ) \Us ba
then, we have the iterative algorithm
U b1 — Q2A
Q11 Q2 1K) _ (01— QaAk ’ (3.21)
Q21 Q) \ Uk ba

Ak+1 :GkU1k+(1—9k),k:0,1,2,... (3.22)

By condition (1.2), we obtain that @7 is a positive definite matrix, so the Q2_21 exists. We

with

assume that Sj, = S;(Ll) + Q2 is the discrete analogue of the Steklov-Poincare operator on Iy,
with
SV = Qun — QLQ5 Q1.
B =b1 — Q12Q; bo.
We have the preconditioned Richardson iteration
S}(Apy1 — Ap) = 0x(B — SpAyg). (3.23)

Theorem 2. [14] The D-N alternating algorithm (2.4)-(2.6) is equivalent to the preconditioned
Richardson iteration (3.23).

Theorem 3. [14] If 0 < minf, < max0, < 1, the discrete nonoverlapping alternating
method (3.16)-(3.18) is convergent, and both the convergence rate and the condition number
of [S,(Ll)]’lSh are independent of the mesh size h.

84 Convergence analysis of the method
Theorem 4. If 0 < 0y < 1, then the D-N alternating algorithm (2.4)-(2.6) is convergent.
Proof: We assume that the exact solution to problem (1.1) is u, and let A = u |ry,ur =

u|q,,k = 1,2. According to (2.4)-(2.6), we let e¥ = u; —u¥ i = 1,2 and u* = €} |p,= A — \.
We suppose I' = { (i, @) | p = 0,0 < ¢ < w}, 1 > po, and combing (2.4) and (2.5), we get

—Aeb =0, in Qg,

egk: uk, on Iy, 1)
g =0, on Tyg U T,

wh(z) =o(1), as |z| — oo,

—Aek =0, in

%Zi = _gi’ on Iy, (4.2)
8—211 =0, on I'1g UT9g,

wk(z) =0, on I,
p = Onel I, +(1 — 0n) A", (4.3)
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and let
= ; 1 1 [¥ .
uk = Z a,e’™? e Hz(Ty),a, = —/ poe” " dg, (4.4)
n=—o0 W Jo
by the natural integral equation (3.7), we know
Je} k 1 & ; T ,
1 )y — bn ing bnzf A —m¢d 4.5
B K1 (p”) 77 n;m In| bne™?, - /O e b, (4.5)
and we get
- A ellC = 07 in Ql7
ek =0, on T, (4.6)
%L;f = % e In|bne™®, on Ty.

In order to get the exact solution of the problem (4.6), we introduce the following Lemma

Lemma 3. [8] If u € H*(Q4) is the solution of (4.7),
—Au=0, in Q.

U = Ug, on f? (47)
% = Up, on fo,

where €; is the circular ring domain between I' and Ty, Ry > R, Ry, R are the radii of I'y, T,

+00 400
w= Y e e Hi([D)uy= > |n|d.e™ +do € H?(Ty), (4.8)

and there exists a unique
too n n 2[n| —|n [n|+1/ |n n|+1,.—
cnRM (17l 4 RE™ Iy 4 d, R rinl — Rinl+1p=In|
u(rp) = ( . o | )

; r
) €Zn¢+CO+R1bO ln E

W Rl 4+ ROl
(4.9)
Similar with Lemma 3, we can get
= Inl(n—p1) Inl(p1=m)y 4 g (elnl(n—po) Inl(ro—n) )
eb = — Z G te — )+ dn(e — te ) en?, (4.10)
P (eln\(m 1) + elnl(po #))
and
“+oo _ — — —
1 L (elml(h=p1) Inl(h1=m)y 4 g, (eIl (r—Ho) [l (po—p) )
kl(elf) =T Z |n| (C g = Inl(uruz . \n(lfuru) = )> e
VI = (e te )
(4.11)
Let
elrl(u=po) _ olnl(no—p)
Hn(i) = ey 3 glGao sy (4.12)
therefore, we have
Riia . 1 = .
e]f = Z aan(,Udl)emd)Jfl(elf) - _ﬁ Z |n|aan(,u1)e’"¢, (4.13)

then
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k+1
821 — —ri(A = AR
n
= k1 (Opul 4+ (1 = 01)AF = \)
= —Ora(e}) — (1 — Ok )ra(eh)
1 = .
-7 > nlan(OxHy (1) — 1+ 01)e™?. (4.14)
Let
Em™F = Z \/7|an| (OpHp(1) — 1+ Gk)
= (1—06,)°E™ + — Z \/7|an|20an(,u1)[9k(Hn(,u1) +2)—2]. (4.16)

Assuming that §; = inf we have % <0 <L If0<dp <61,k=0,1,2,..., then

2+H (p1)?
Emth < (1—6,)°E™, (4.17)

and by the trace theorem, we have
H61H1Q <CE™ — 0,m — oo. (4.18)

From (4.16), we have

EmH = = |an|*(0x Hp(11) — 1+ 61)
5 2
= (1-26,)°E™ + - Z \/—IanIQQkHL(ul)[ﬂk(Hé(ul) -2)+1], (419
where
1-H,

) ) = L= Inl) (4.20)

We suppose that

1

o= sup ————, 4.21
nez+ 2 — Hn(,ufl) ( )

then, we get 0 = %
For §o < 0 < 1,k = 0,1,2,..., the convergence result can be obtained. Therefore, for

0 < 0 < 1, the D-N alternating algorithm (2.4)-(2.6) is convergent.
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85 Numerical examples

We will give some numerical examples using the method developed above to test its effective-
ness. In the following, we choose the finite element space as given in (3.1). For simplicity, we let
Ap = B_E Ng = 1%, and let e(k) = ‘u—uhNH cen(k) = HUZN uhNH

_ eh(k_l)
- en(k)

M ’ ) (Jh

L= (£21)
to simulate the convergence rate.
Example 1. We assume
={(n,9) | n= uo70<¢<w}

Q={(8) | p> po,¢ =0},

D={(,0) | n> po, ¢ =w}.
with w = gﬂ,uo = 0.8, fo = 1.6. (According to reference [8-10], we make ¢ = 0.5 for easy
analysis.) We introduce an elliptical boundary

Lo ={(1,¢) | p=p1,0 < ¢ <w},p =15.
We take our numerical results for problem (1) with

9—r+ =, 08<r <15,

a(z,u)

1
I @y

= 1

14+u2

)

r > 1.5,

r=+vz?+y%u= tan(%),

2(z? sin(%) -z cos(

Sy + 7 sin(5) -

The numerical results are given in Table 1, Table 2 and Figure 3.

Table 1. The relationship between meshes and convergence rate (N = 100,60, = 0.9, = 0.5).

y cos(%) - 9sin(r%))).

. Iteration number
mesh —p 0 1 2 3 1 5
e(k) | 7.42E-01 | 5.34E-01 | 3.80E-01 | 3.25E-01 | 2.30E-01 | 2.29E-01
h en (k) - 3.58E-02 | 1.56E-02 | 8.57E-03 | 5.35E-03 | 3.63E-03
qn (k) - - 2.2915 1.8212 1.6019 1.4751
e(k) | 7.24E-01 | 4.59E-01 | 3.22E-01 | 3.15E-01 | 2.24E-01 | 1.83E-01
h/2 | en(k) - 2.53E-02 | 1.09E-02 | 5.93E-03 | 3.67E-03 | 2.48E-03
qn (k) - - 2.3229 1.8378 1.6129 1.4833
e(k) | 7.11E-01 | 4.26E-01 | 2.95E-01 | 2.87E-01 | 2.19E-01 | 1.81E-01
h/4 | en(k) - 1.44E-02 | 6.45E-03 | 3.59E-03 | 2.26E-03 | 1.54E-03
an (k) - - 2.2272 1.7959 1.5882 1.4663




LIU Bao-qing, TU Ming-yue.

Dirichlet-Neumann alternating algorithm for an anisotropic...

413

Table 2. The relationship between e and convergence rate (N = 100,60, = 0.9,m =4, M = 17).

12 /’
1.1

0

0.1 02 03

0.4 05
ek

0.6 07 08

09

Iteration number
© Ik 0 1 2 3 4 5
e(k) | 7.42E-01 | 5.34E-01 | 3.80E-01 | 3.25E-01 | 2.30E-01 | 2.29E-01
0.9 (k) - 2.44E-02 | 1.05E-02 | 5.72E-03 | 3.55E-03 | 2.40E-03
(k) - - 2.2915 1.8212 1.6019 1.4751
e(k) | 747E-01 | 5.00E-01 | 3.62E-01 | 3.51E-01 | 2.50E-01 | 2.07E-01
0.75 (k) - 2.47E-02 | 1.06E-02 | 5.80E-03 | 3.60E-03 | 2.43E-03
(k) - - 2.3216 1.8365 1.6119 1.4824
e(k) | 7.24E-01 | 4.59E-01 | 3.22E-01 | 3.15E-01 | 2.24E-01 | 1.83E-01
0.5 (k) - 2.53E-02 | 1.09E-02 | 5.93E-03 | 3.67E-03 | 2.48E-03
(k) - - 2.3229 1.8378 1.6129 1.4833
e(k) | 7.27TE-01 | 4.64E-01 | 3.37E-01 | 3.28E-01 | 2.30E-01 | 1.95E-01
0.3 (k) - 2.56E-02 | 1.10E-02 | 6.00E-03 | 3.72E-03 | 2.51E-03
(k) - - 2.3217 1.838 1.6135 1.4838
e(k) | 7.64E-01 | 5.61E-01 | 4.30E-01 | 3.43E-01 | 2.63E-01 | 2.59E-01
0.1 (k) - 2.51E-02 | 1.10E-02 | 5.99E-03 | 3.72E-03 | 2.51E-03
(k - - 2.2801 1.837 1.6124 1.4833
17
e=0.8
o} | i = o

Figure 3. The relationship between 6, and convergence rate (N = 100, m =4, M = 17),k = 4.

Example 2. We assume

with w =

Q={(1,®) | > po,¢ =0}, T ={(1t,0) | 4> ppo, ¢ =w}.

analysis.) We introduce an elliptical boundary

FOZ{(M7¢)|ILL:#170<¢<W}7M1 =1.5.

Q={(r, @) | n>po,0 < <w},l'={(1,0) | p=p0,0 < <w},

%w,,uo = 0.8, fo = 2. (According to reference [8-10], we make ¢ = 0.5 for easy
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We take our numerical results for problem (1), with

f=

1

BT cos(%)3 (

a(x,u)

_1
1+u?”

r=+z2+y%u= tan(rﬂ),

)
r2

2(—2? cos(=5) + o2 sin(r%) + sin(

r > 1.5,

2
Y
-2

1+ 4+ 7, 08<r <15,

Yy .
) — 3 cos(ﬁ) + ysin(

The numerical results are given in Table 3, Table 4 and Figure 4.

Table 3. The relationship between meshes and convergence rate (N = 100,60 = 0.8, = 0.6).

Vol. 41, No. 2

7).

2

mesh Iteration number
k 0 1 2 3 4 5
e(k) | 9.21E-01 | 8.65E-01 | 8.44E-01 | 7.80E-01 | 7.27E-01 | 6.84E-01
h en(k) - 4.04E-02 | 1.92E-02 | 1.06E-02 | 6.59E-03 | 4.44E-03
an (k) - - 2.0987 1.8088 1.6137 1.4855
e(k) | 9.16E-01 | 8.39E-01 | 7.96E-01 | 7.66E-01 | 6.88E-01 | 6.05E-01
h/2 | en(k) - 2.25E-02 | 1.08E-02 | 5.96E-03 | 3.70E-03 | 2.49E-03
qn (k) - - 2.0903 1.8041 1.6111 1.484
e(k) | 8.71E-01 | 8.81E-01 | 7.88E-01 | 7.36E-01 | 6.36E-01 | 5.90E-01
h/4 | en(k) - 8.42E-03 | 4.55E-03 | 2.72E-03 | 1.77E-03 | 1.23E-03
qn (k) - - 1.8498 1.6727 1.5386 1.441

Table 4. The relationship between e and convergence rate (N = 100,60, = 0.8, m =4, M = 17).

Iteration number
[k 0 1 2 3 1 5
e(k) | 9.16E-01 | 8.34E-01 | 7.92E-01 | 7.62E-01 | 6.86E-01 | 5.95E-01
0.95 | en(k) - 2.18E-02 | 1.04E-02 | 5.80E-03 | 3.61E-03 | 2.43E-03
qn (k) - - 2.0831 1.7999 1.6087 1.4826
e(k) | 9.16E-01 | 8.39E-01 | 7.96E-01 | 7.66E-01 | 6.88E-01 | 6.05E-01
0.8 | en(k) - 2.25E-02 | 1.08E-02 | 5.96E-03 | 3.70E-03 | 2.49E-03
qn (k) - - 2.3216 1.8365 1.6119 1.4824
e(k) | 9.15E-01 | 8.37E-01 | 7.91E-01 | 7.58E-01 | 6.78E-01 | 6.46E-01
0.6 | en(k) - 1.99E-02 | 9.65E-03 | 5.41E-03 | 3.38E-03 | 2.29E-03
qn (k) - - 2.057 1.7848 1.6002 1.4774
e(k) | 9.14E-01 | 8.35E-01 | 7.85E-01 | 7.52E-01 | 6.70E-01 | 6.23E-01
0.4 | en(k) - 1.70E-02 | 8.51E-03 | 4.86E-03 | 3.08E-03 | 2.10E-03
qn (k) - - 1.9945 1.75 1.5809 1.4662
e(k) | 9.10E-01 | 8.30E-01 | 7.73E-01 | 7.41E-01 | 6.60E-01 | 5.94E-01
0.2 | en(k) - 1.23E-02 | 6.80E-03 | 4.10E-03 | 2.67E-03 | 1.86E-03
qn (k) - - 1.8134 1.6581 1.5335 1.4398
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£=0.8
—S—e=05 3
—#—¢=0.3 eyt

0 0.1 02 03 04 05 06 07 08 09
6,

Figure 4. The relationship between 0y and convergence rate (N = 100, m =4, M = 17),k = 5.
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