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Dirichlet-Neumann alternating algorithm for an

anisotropic quasi-linear problem in an unbounded

domain with a concave angle

LIU Bao-qing TU Ming-yue

Abstract. In this paper, based on the Kirchhoff transformation and the natural boundary re-

duction, a Dirichlet-Neumann (D-N) alternating algorithm is discussed for solving the anisotrop-

ic quasi-linear problem in an unbounded domain with a concave angle. By using the principle

of the natural boundary reduction, the natural integral equation on the elliptical arc artificial

boundary is obtained in this paper, and the convergence of the algorithm and analysis is proved.

Meanwhile, the convergence rate for a typical domain is given in detail. Finally, some numerical

examples are verified to show the feasibility of the method.

§1 Introduction

In many fields of scientific and physical engineering, such as continuum thermodynamics,

fluid mechanics or magnetostatics, it is necessary to deal with some linear or nonlinear partial

differential equation problems in the unbounded domain. When solving a linear or nonlinear

partial differential equation problem in the unbounded domain, we find that the domain de-

composition method is one of the most efficient techniques. The domain decomposition method

is changed from the Coupling of NBEM and FEM method. Based on the natural boundary

reduction[2-6], these methods are used to solve some unbounded domain problems by introduc-

ing an artificial boundary. So far, these techniques have been used to solve many linear problems

[9-12], and generalized to solve quasi-linear problems [8,13,14,16]. In this paper, based on the

Kirchhoff transformation [13, 14, 17], we consider a D-N alternating algorithm, which is a non-

overlapping domain decomposition method, for an exterior anisotropic quasi-linear problem in

an unbounded domain with a concave Angle.

Suppose Ω is an unbounded and simple connected domain with sufficiently smooth boundary

∂Ω = Γ
∪

Γ1

∪
Γ2, like Figure 1. The boundary Γ is a smooth curve, and

Ω = {(r, θ) | r > R, 0 < θ < ω} ,
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Γ = {(r, θ) | r = R, 0 < θ < ω} ,
Γ1 = {(r, θ) | r > R, θ = 0} ,
Γ2 = {(r, θ) | r > R, 0 = θ} ,

where ω is a concave angle, and 0 < ω ≤ 2π. We consider the following quasi-linear problem

Figure 1. the illustration of domain.


−
(

∂
∂x

(
αa (x, u) ∂u

∂x

)
+ ∂

∂y

(
βa (x, u) ∂u

∂y

))
= f, in Ω,

∂u
∂n = 0, on Γ1 ∪ Γ2,

u = 0, on Γ,

u (x) is unbounded, as |x| −→ ∞,

(1)

where β > α > 0, and a(x, u) are given functions with some properties. Problem (1) has

numerous mechanical applications. For example, in the field of image-sound physics, where

problem (1) can be regarded as a wave-type governing equation, a is the speed of sound in a

fluid and u is the velocity potential; in the field of two-dimensional elasticity, problem (1) can

be considered as a simple displacement governing equation, a is stress-strain relationship, u is

strain tensor and α, β are elastic constant. In this paper, following [8, 9], we suppose that the

given function satisfies

0 < C0 ≤ a(x, u) ≤ C1,∀u ∈ R, (2)

and for almost all x ∈ Ω, with two constants C0, C1 ∈ R

|a(x, u)− a(x, v)| ≤ CL |u− v| ,∀u, v ∈ R, (3)

and for almost all x ∈ Ω, with a constant CL > 0. We also assume that ∂a
∂s ,

∂2a
∂s2 are continuous.

In the following, we suppose that the given function f ∈ L2(Ω) has compact support, i.e., there

exists a constant K > 0, such that

suppf ⊂ ΩK =
{
x ∈ R2 | |x| ≤ K

}
. (4)

We also assume that

a(x, u) ≡ a0(u), when |x| ≤ Kor |x| ≥ K. (5)

The rest of the paper is organized as follows. In section 2, we introduce the artificial

boundary of elliptic arc boundary Γ0, and derive the exact quasi-linear elliptical arc artificial

boundary condition. In section 3, we give the nonoverlapping domain decomposition method

and derive the convergence of the algorithm. In section 4, we give some numerical examples to

illustrate the efficiency and feasibility of this method.



LIU Bao-qing, TU Ming-yue. Dirichlet-Neumann alternating algorithm for an anisotropic... 403

§2 Natural boundary reduction

Now, we introduce an elliptical arc artificial boundary Γ0 in R2, Γ0 enclosing Γ such that

Γ0 = {(µ, ϕ) | µ = µ1 > K, 0 < ϕ < ω} (2.1)

with dist(Γ0,Γ) > 0, like Figure 2.

Figure 2. artificial boundary of domain.

Γ0 divides Ω into two parts, a bounded domain Ω1 and an unbounded domain Ω2, the

problem (1) can be rewritten in the coupled form
−
(

∂
∂x

(
αa (x, u) ∂u

∂x

)
+ ∂

∂y

(
βa (x, u) ∂u

∂y

))
= f, in Ω1,

∂u
∂n = 0, on Γ11 ∪ Γ21,

u = 0, on Γ.

(2.2)


−
(

∂
∂x

(
αa (x, u) ∂u

∂x

)
+ ∂

∂y

(
βa (x, u) ∂u

∂y

))
= 0, in Ω2,

∂u
∂n = 0, on Γ12 ∪ Γ22,

u (x) is unbounded, as |x| −→ ∞,

(2.3)

where u(x) and αa0(u)nx
∂u
∂x + βa0(u)ny

∂u
∂y are continuous on Γ0, Γ11 = Ω1 ∩ Γ1,Γ21 = Ω2 ∩

Γ1,Γ12 = Ω1 ∩ Γ2,Γ22 = Ω2 ∩ Γ2, and n = (nx, ny) is the unit exterior normal vector on

Γ0. Particularly, a(x, u) ≡ a is independent of x and u when |x| ≥ K, and the problem

(2.3) is simplified to the linear exterior elliptic problem. We have the nonoverlapping domain

decomposition algorithm.

Step 1: Choose an initial value λ0 ∈ H
1
2 (Γ0) , and let k = 0.

Step 2: Solve a Dirichlet boundary value problem in the exterior domain Ω2,
−
(

∂
∂x

(
αa
(
x, uk

2

) ∂uk
2

∂x

)
+ ∂

∂y

(
βa
(
x, uk

2

) ∂uk
2

∂y

))
= 0, in Ω2,

uk
2 = λk, on Γ0,

∂uk
2

∂n1
= 0, on Γ21 ∪ Γ22,

uk
2 (x) = o(1), as |x| −→ ∞.

(2.4)
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Step 3: Solve a mixed boundary value problem in the interior domain Ω1,
−
(

∂
∂x

(
αa
(
x, uk

1

) ∂uk
1

∂x

)
+ ∂

∂y

(
βa
(
x, uk

1

) ∂uk
1

∂y

))
= f, in Ω1,

αa0(u)nx
∂uk

1

∂x + βa0(u)ny
∂uk

1

∂y = −(αa0(u)nx
∂uk

2

∂x + βa0(u)ny
∂uk

2

∂y ), on Γ0,
∂uk

1

∂n2
= 0, on Γ12 ∪ Γ22,

uk
1 (x) = 0, on Γ.

(2.5)

Step 4: Update the boundary valve 0 < θk < 1,

λk+1 = θku
k
1 + (1− θk)λ

k on Γ0. (2.6)

Step 5: Put k = k + 1, turn to Step 2.

The next, we introduce the so-called Kirchhoff transformation [14]:

w(x) =
∫ u(x)

0
a0(ξ)dξ, x ∈ Ω2, (2.7)

which gives h
w = a0(u)

h
u, (2.8)

(
α
∂w

∂x
, β

∂w

∂y

)
=

(
αa0(u)nx

∂u

∂x
, βa0(u)ny

∂u

∂y

)
. (2.9)

From the problem (2.7), we have that w satisfies

wk =
∫ λk

0
a0(ξ)dξ, on Γ0, (2.10)

and 
−
(
α∂2w

∂x2 + β ∂2w
∂y2

)
= 0, in Ω2,

∂u
∂n = 0, on Γ12 ∪ Γ22,

u (x) is unbounded, as |x| −→ ∞.

(2.11)

The next, we need to obtain the corresponding results for quasi-linear problem in Ω2, by virtue

of the Poisson integral formula and natural integral equation for the linear problem. For this

purpose, we should discuss the relationship between elliptic coordinates (µ, ϕ) and Cartesian

coordinates (x, y) first. The relationship can be expressed as belowx = f0 coshµ cosϕ,

y = f0 sinhµ sinϕ,
(2.12)

where

f0 =
√
a2 − b2, a = f0 coshµ1, b = f0 sinhµ1,

µ1 = ln
a+ b√
a2 − b2

,

Ω̄ = {(µ, ϕ) | µ > µ0, 0 < ϕ < ω} , Γ̄ = {(µ, ϕ) | µ = µ0, 0 < ϕ < ω} ,
Γ̄1 = {(µ, ϕ) | µ > µ0, ϕ = 0} , Γ̄2 = {(µ, ϕ) | µ > µ0, ϕ = ω} ,

Theorem 1. The transformation (2.13) possesses the following property: The Jacobi determi-

nant of equation (2.13) is

J(µ, ϕ) =

∣∣∣∣∣ ∂ξ∂µ ∂ξ
∂ϕ

∂η
∂µ

∂η
∂ϕ

∣∣∣∣∣ = f2
0

(
sinh2 µ cos2 ϕ+ cosh2 µ sin2 ϕ

)
. (2.13)
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(1) For u ∈ C2(R2), we have

∂2u

∂µ2
+

∂2u

∂ϕ2
= J

(
∂2u

∂x2
+

∂2u

∂y2

)
. (2.14)

(2) For the domain Ω2,
∂u

∂v
= − 1√

J

∂u

∂µ
, (2.15)

where v denotes the unit exterior normal vector on Γ0,

v = − 1√
J
(f0 sinhµ cosϕ, f0 coshµ sinϕ) . (2.16)

Now, we assume that w(x) is the solution of the problem (2.11), and the value w ||u|=u1
is

given

w |Γ0= w0(µ1, ϕ)

and the boundary can be described as this form

Γ0 ==
{
(x, y) | ax2 + by2 = 1

}
,with βb > αa > 0.

We introduce x =
√
αξ, y =

√
βη, the boundary Γ0 is changed to the elliptic arc boundary

Γ̄0 =
{
(ξ, η) | αaξ2 + βbη2 = 1

}
, the unit exterior normal vector on Γ̄0 is

v⃗ = − 1√
αa cos2 ϕ+ βb cos2 ϕ

(√
αa cosϕ,

√
βb sinϕ

)
. (2.17)

The problem (2.11) is transformed into
−

a
w = −

(
∂2w
∂ξ2 + ∂2w

∂η2

)
= 0, in Ω̄2,

∂w
∂n = 0, on Γ̄12 ∪ Γ̄22,

w (x) = ◦(1), as |x| −→ ∞.

(2.18)

Similar with (2.12), let ξ = f0 coshµ cosϕ,

η = f0 sinhµ sinϕ,

we have

f0 =

√
bβ − aα

aαbβ
R, µ0 = ln

√
aα+

√
bβ√

bβ − aα
,

Ω̄2 = {(µ, ϕ) | µ > µ1, 0 < ϕ < ω} , Γ̄0 = {(µ, ϕ) | µ = µ1, 0 < ϕ < ω}
. Based on the natural reduction [3], there are the Poisson integral formulas[4]

w(µ, ϕ) =
1

ω

∫ ω

0

w0(µ, ϕ
′)dϕ′ +

2

ω

+∞∑
n=1

e
n(µ1−µ)π

ω

∫ ω

0

cos
nπ(ϕ− ϕ′)

ω
w0(µ, ϕ

′)dϕ′, (2.19)

and the natural integral equation

∂w

∂n
=

2π

ω2
√
J0

+∞∑
n=1

n

∫ ω

0

w(µ1, ϕ
′) cos

nπϕ′

ω
cos

nπϕ

ω
dϕ′, (2.20)

whereJ0 = f2
0 (cosh

2 µ1 − cos2 ϕ).

From (2.8), we obtain
∂w

∂n
= a0(u)

∂u

∂n
. (2.21)

Combining (2.19), (2.20) and (2.21), we obtain the exact artificial boundary condition of u
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on Γ0, ∣∣∣∣αa0(u)nx
∂u

∂x
+ βa0(u)ny

∂u

∂y

∣∣∣∣
µ=µ1

= − π

ω2R

√
αaβb

a cos2 ϕ+ b sin2 ϕ

∫ ω

0

∞∑
n=1

n cosn(ϕ− ϕ′)

(∫ u(µ1,ϕ)

0

a0(y)dy

)
dϕ

a
= κ1(u(µ1, ϕ)).

(2.22)

§3 Variational problem and finite element approximation

3.1 The equivalent variational problems

Now,we will use Wm,p denoting the standard Sobolev spaces. ∥·∥m,p,Ω and |·|m,p,Ωdenoting

the corresponding norms and semi-norms. In particular, we denote Hm(Ω) = Wm,2(Ω), ∥·∥m,Ω

= ∥·∥m,2,Ω and |·|m,Ω = |·|m,2,Ω.

Let us introduce the space

V =
{
v ∈ H1(Ω1) | v |Γ= 0

}
, (3.1)

and the corresponding norms

∥v∥0,Ω1
=

√∫
Ω1

|v|2 dx, ∥v∥1,Ω1
=

√∫
Ω1

(|v|2 +
∣∣∣h v

∣∣∣2)dx.
The boundary value problem (2.22) is equivalent to the following variational problemFind u ∈ V, such that

A(u;u, v) +B(u;u, v) = F (v) v ∈ V,
(3.2)

with

A(w;u, v) =

∫
Ω1

a(x,w)

(
α
∂u

∂x

∂v

∂x
+ β

∂u

∂y

∂v

∂y

)
dx, (3.3)

B(w;u, v) =

∞∑
n=1

√
αβ

nπ

∫ ω

0

∫ ω

0

a0(w(µ1, ϕ
′)
∂u(µ1, ϕ

′)

∂ϕ′
∂v(µ1, ϕ)

∂ϕ
cosn(ϕ′ − ϕ)dϕ′dϕ, (3.4)

F (v) =

∫
Ω1

f(x)v(x)dx. (3.5)

Lemma 1. [13] There exists C ′
0, C

′
1 > 0, such that

|B(w;u, v)| ≤ C ′
0 ∥u∥1,Ω1

∥v∥1,Ω1
, B(w;u, v) ≥ C ′

1 ∥u∥
2
1,Ω1

, u, v, w ∈ V.

In practice, we need to truncate the series in (2.22) for some nonnegative integer N , that

is, ∣∣∣∣αa0(u)nx
∂u

∂x
+ βa0(u)ny

∂u

∂y

∣∣∣∣
u=µ1

= κN
1 (u(µ1, ϕ)), (3.6)

with

κN
1 (u(µ1, ϕ)) = − π

ω2R

√
αaβb

a cos2 ϕ+ b sinϕ

∫ ω

0

N∑
n=1

n cosn(ϕ−ϕ′)

(∫ u(µ1,ϕ)

0

a0(y)dy

)
dϕ. (3.7)
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Then, we consider the following approximate problem
−
(

∂
∂x

(
αa
(
x, uN

)
∂uN

∂x

)
+ ∂

∂y

(
βa
(
x, uN

)
∂uN

∂y

))
= 0, in Ω1,

∂uN

∂n = 0, on Γ11 ∪ Γ21,

uN = 0, on Γ.

αa0(u
N )nx

∂uN

∂x + βa0(u
N )ny

∂uN

∂y = κN
1 (uN (µ1, ϕ)), on Γ0.

(3.8)

The problem (3.8) is equivalent to the following variational problemFind uN ∈ V, such that

A(uN ;uN , v) +BN (uN ;uN , v) = F (v) v ∈ V,
(3.9)

where

BN (w;u, v) =
N∑

n=1

√
αβ

nπ

∫ ω

0

∫ ω

0

a0(w(µ1, ϕ
′))

∂u(µ1, ϕ
′)

∂ϕ′
∂v(µ1, ϕ)

∂ϕ
cosn(ϕ′ − ϕ)dϕ′dϕ. (3.10)

Similar with Lemma 1, we have

Lemma 2. [13] There exists C ′′
0 , C

′′
1 > 0, such that

|BN (w;u, v)| ≤ C ′′
0 ∥u∥1,Ω1

∥v∥1,Ω1
, BN (w;u, v) ≥ C ′′

1 ∥u∥21,Ω1
, u, v, w ∈ V.

3.2 Finite element approximation

Suppose τh is a regular and quasi-uniform triangulation on Ω1, such that

Ω1 =
∪

κ∈τh

K, (3.11)

where K is a (curved) triangle, and h denotes the maximal side of the triangles. Let

Vh = {vh ∈ V | v |k is a linear polynomial,∀K ∈ τh} . (3.12)

The approximate problem of (3.9) can be written asFind uN
h ∈ Vh(Ω1), such that

A(uN
h ;uN

h , vh) +BN (uN
h ;uN

h , vh) = F (vh) vh ∈ Vh(Ω1).
(3.13)

We divide the arc Γ0 into M parts, and take a finite element subdivision in Ω1, which their

nodes on Γ0 are coincident. Let θi represents the split point,i = 1, 2, . . . ,M − 1, where θ0 ≡
0 < θ1 < θ2 < · · · < θN−1 < ω ≡ θM , and let hi = θi − θi−1, i = 1, 2, . . . ,M − 1. Take Li(θ) as

the following piecewise linear interpolation function

L0(θ) =

 θ1−θ
h1

, θ0 ≤ θ ≤ θ1,

0, else;

Li(θ) =


θ−θi−1

hi
, θi−1 ≤ θ ≤ θi,

θi+1−θ
hi+1

, θi ≤ θ ≤ θi+1, 1 ≤ i ≤ M + 1,

0, else;

L0(θ) =


θ−θN−1

hi
, θN−1 ≤ θ ≤ θM ,

0, else.
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Therefore, we know Vh = {Li(θ)}Mi=1, and get

uh =
M∑
i=1

UiLi(θ), vh =
M∑
i=1

ViLi(θ). (3.14)

Coming (3.13), we can get the finite element equation

QU = b,

where, Q = Q1 +Q2. The matrix Q1 = (qij)NN is the stiffness matrix obtained from the finite

element in Ω1, while Q2 =
(
q2ij
)
M×M

follows from the natural boundary element method on Γ0,

and see reference [1] for the calculation formula Q1. In this paper, we analyze the use of linear

interpolation in the case of uniform boundary Γ0 partition, and we know h = hi = ω
M , θi =

i · h = iω
M , and get

qi,j = qj,i =
32M2

π3

+∞∑
n=1

1

n3
sin4(

nπ

2M
) cos(

n(i− j)π

M
), i, j = 1, 2, . . . ,M. (3.15)

From the discrete problem (3.13), we can get the following the discrete form of nonoverlap-

ping domain decomposition algorithm:

Step 1: Choose an initial value λ0
h ∈ H

1
2 (Γ0), and let k = 0.

Step 2: Solve a Dirichlet boundary value problem in the exterior domain Ω2,
−
(

∂
∂x

(
αa
(
x, uk

2h

) ∂uk
2h

∂x

)
+ ∂

∂y

(
βa
(
x, uk

2h

) ∂uk
2h

∂y

))
= 0, in Ω2,

uk
2h = λk, on Γ0,

∂uk
2h

∂n1
= 0, on Γ21 ∪ Γ22,

uk
2h (x) = o(1), as |x| −→ ∞.

(3.16)

Step 3: Solve a mixed boundary value problem in the interior domain Ω1,
−
(

∂
∂x

(
αa
(
x, uk

2h

) ∂uk
1h

∂x

)
+ ∂

∂y

(
βa
(
x, uk

2h

) ∂uk
1h

∂y

))
= f, in Ω1,

αa0(u)nx
∂uk

1h

∂x + βa0(u)ny
∂uk

1h

∂y = −(αa0(u)nx
∂uk

2h

∂x + βa0(u)ny
∂uk

2h

∂y ), on Γ0,
∂uk

1h

∂n2
= 0, on Γ12 ∪ Γ22,

uk
1h (x) = 0, on Γ.

(3.17)

Step 4: Update the boundary valve 0 < θk < 1,

λk+1
h = θku

k
1h + (1− θk)λ

k
h on Γ0. (3.18)

Step 5: Put k = k + 1, turn to Step 2.

Therefore, we can get a system of algebraic equations for our quasi-linear problem with the

following form (
Q11 +Q2 Q12

Q21 Q22

)(
U1

U2

)
=

(
b1
b2

)
, (3.19)

where U1, U2 are vectors, whose components are function values at nodes on Γ0 and at interior

nodes of Ω1 respectively. The matrix Q1 =

(
Q11 Q12

Q21 Q22

)
is the stiffness matrix obtained from

the finite element in Ω1, while Q2 follows from the natural boundary element method on Γ0.
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The problem (3.19) can also be rewritten as follows:(
Q11 Q12

Q21 Q22

)(
U1

U2

)
=

(
b1 −Q2U1

b2

)
, (3.20)

then, we have the iterative algorithm(
Q11 Q12

Q21 Q22

)(
U1K

U2K

)
=

(
b1 −Q2ΛK

b2

)
, (3.21)

with

Λk+1 = θkU1k + (1− θk), k = 0, 1, 2, . . . (3.22)

By condition (1.2), we obtain that Q1 is a positive definite matrix, so the Q−1
22 exists. We

assume that Sh = S
(1)
h + Q2 is the discrete analogue of the Steklov-Poincare operator on Γ0,

with

S
(1)
h = Q11 −QT

12Q
−1
22 Q21,

B = b1 −Q12Q
−1
22 b2.

We have the preconditioned Richardson iteration

S1
h(Λk+1 − Λk) = θk(B − ShΛk). (3.23)

Theorem 2. [14] The D-N alternating algorithm (2.4)-(2.6) is equivalent to the preconditioned

Richardson iteration (3.23).

Theorem 3. [14] If 0 < min θk < max θk < 1, the discrete nonoverlapping alternating

method (3.16)-(3.18) is convergent, and both the convergence rate and the condition number

of [S
(1)
h ]−1Sh are independent of the mesh size h.

§4 Convergence analysis of the method

Theorem 4. If 0 < θk < 1, then the D-N alternating algorithm (2.4)-(2.6) is convergent.

Proof: We assume that the exact solution to problem (1.1) is u, and let λ = u |Γ0 , uk =

u |Ωk
, k = 1, 2. According to (2.4)-(2.6), we let eki = ui − uk

i , i = 1, 2 and uk = en1 |Γ0= λ− λk.

We suppose Γ = {(µ, ϕ) | µ = µ0, 0 < ϕ < ω} , µ1 > µ0, and combing (2.4) and (2.5), we get
−

a
ek2 = 0, in Ω2,

ek2 = µk, on Γ0,
∂ek2
∂n1

= 0, on Γ12 ∪ Γ22,

wk(x) = ◦(1), as |x| −→ ∞,

(4.1)


−

a
ek1 = 0, in Ω1,

∂ek1
∂n1

= − ∂ek2
∂n2

, on Γ1,
∂ek1
∂n1

= 0, on Γ12 ∪ Γ22,

wk(x) = 0, on Γ,

(4.2)

µk+1 = θne
k
1 |Γ0 +(1− θn)λ

k, (4.3)
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and let

µk =
+∞∑

n=−∞
ane

inϕ ∈ H
1
2 (Γ0), an =

1

ω

∫ ω

0

µ0e
−inϕdϕ, (4.4)

by the natural integral equation (3.7), we know

∂ek1
∂n

= −κ1(µ
k) = − 1√

J

+∞∑
n=−∞

|n| bneinϕ, bn =
1

ω

∫ ω

0

λne−inϕdϕ, (4.5)

and we get 
−

a
ek1 = 0, in Ω1,

ek1 = 0, on Γ,
∂ek1
∂n = 1√

J

∑+∞
n=−∞ |n| bneinϕ, on Γ0.

(4.6)

In order to get the exact solution of the problem (4.6), we introduce the following Lemma

3.

Lemma 3. [8] If u ∈ H1(Ω1) is the solution of (4.7),
−

a
u = 0, in Ω̃1,

u = u0, on Γ̃,

∂u
∂n = un on Γ̃0,

(4.7)

where Ω̃1 is the circular ring domain between Γ̃ and Γ̃0, R0 > R,R0, R are the radii of Γ̃0, Γ̃,

u0 =

+∞∑
n=−∞

cne
inφ ∈ H

1
2 (Γ̃), un =

+∞∑
n=−∞

|n| dneinφ + d0 ∈ H
1
2 (Γ̃0), (4.8)

and there exists a unique

u(r, φ) =

+∞∑
n=−∞

(
cnR

|n|(r|n| +R
2|n|
0 r−|n|) + dnR

|n|+1
0 (r|n| −R|n|+1r−|n|)

R2|n| +R
2|n|
0

)
einφ+c0+R1b0 ln

r

R
.

(4.9)

Similar with Lemma 3, we can get

ek1 = −
+∞∑

n=−∞

(
cn(e

|n|(µ−µ1) + e|n|(µ1−µ)) + dn(e
|n|(µ−µ0) + e|n|(µ0−µ))

(e|n|(µ1−µ) + e|n|(µ0−µ))

)
einϕ, (4.10)

and

k1(e
k
1) = − 1√

J

+∞∑
n=−∞

|n|
(
cn(e

|n|(µ−µ1) + e|n|(µ1−µ)) + dn(e
|n|(µ−µ0) + e|n|(µ0−µ))

(e|n|(µ1−µ) + e|n|(µ0−µ))

)
einϕ.

(4.11)

Let

Hn(µ) =
e|n|(µ−µ0) − e|n|(µ0−µ)

e|n|(µ1−µ0) + e|n|(µ0−µ1)
, (4.12)

therefore, we have

ek1 = −
+∞∑

n=−∞
anHn(µ1)e

inϕ, κ1(e
k
1) = − 1√

J

+∞∑
n=−∞

|n|anHn(µ1)e
inϕ, (4.13)

then
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∂ek+1
1

∂n
= −κ1(λ− λk+1)

= κ1(θku
k
1 + (1− θk)λ

k − λ)

= −θkκ1(e
k
1)− (1− θk)κ1(e

k
2)

=
1√
J

+∞∑
n=−∞

|n|an(θkHn(µ1)− 1 + θk)e
inϕ. (4.14)

Let

Em =
π

ω

+∞∑
n=−∞

n2

√
1 + n2

|an|2, (4.15)

Em+1 =
π

ω

+∞∑
n=−∞

n2

√
1 + n2

|an|2(θkHn(µ1)− 1 + θk)
2

= (1− θk)
2Em +

π

ω

+∞∑
n=−∞

n2

√
1 + n2

|an|2θkHn(µ1)[θk(Hn(µ1) + 2)− 2]. (4.16)

Assuming that δ1 = inf 2
2+Hn(µ1)

, we have 2
3 < δ1 < 1. If 0 < δk < δ1, k = 0, 1, 2, . . . , then

Em+1 < (1− θk)
2Em, (4.17)

and by the trace theorem, we have∥∥ek1∥∥21,Ω1
≤ CEm −→ 0,m −→ ∞. (4.18)

From (4.16), we have

Em+1 =
π

ω

+∞∑
n=−∞

n2

√
1 + n2

|an|2(θkHn(µ1)− 1 + θk)
2

= (1− 2θk)
2Em +

π

ω

+∞∑
n=−∞

n2

√
1 + n2

|an|2θkH ′
n(µ1)[θk(H

′
n(µ1)− 2) + 1], (4.19)

where

H ′
n(µ1) =

1−Hn(µ1)

2
. (4.20)

We suppose that

σ = sup
n∈Z+

1

2−Hn(µ1)
, (4.21)

then, we get σ = 2
3 .

For δ2 < θk < 1, k = 0, 1, 2, . . . , the convergence result can be obtained. Therefore, for

0 < θk < 1, the D-N alternating algorithm (2.4)-(2.6) is convergent.
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§5 Numerical examples

We will give some numerical examples using the method developed above to test its effective-

ness. In the following, we choose the finite element space as given in (3.1). For simplicity, we let

△µ = µ1−µ0

m ,△ϕ = ω
M , and let e(k) =

∥∥∥u− uk
h,N

∥∥∥
L∞(Ω1)

, eh(k) =
∥∥∥uk

h,N − uk−1
h,N

∥∥∥
L∞(Ω1)

, qh(k)

= eh(k−1)
eh(k)

to simulate the convergence rate.

Example 1. We assume

Ω = {(µ, ϕ) | µ > µ0, 0 < ϕ < ω} ,
Γ = {(µ, ϕ) | µ = µ0, 0 < ϕ < ω} ,

Ω = {(µ, ϕ) | µ > µ0, ϕ = 0} ,
Γ = {(µ, ϕ) | µ > µ0, ϕ = ω} .

with ω = 7
4π, µ0 = 0.8, f0 = 1.6. (According to reference [8-10], we make ε = 0.5 for easy

analysis.) We introduce an elliptical boundary

Γ0 = {(µ, ϕ) | µ = µ1, 0 < ϕ < ω} , µ1 = 1.5.

We take our numerical results for problem (1) with

a(x, u) =

9− r2 + 1
1+u2 , 0.8 ≤ r ≤ 1.5,

1
1+u2 , r > 1.5,

r =
√
x2 + y2, u = tan(

y

r2
),

f = − 1

r4 cos( y
r2 )

3
(2(x2 sin(

y

r2
)− x2 cos(

y

r2
)y + y2 sin(

y

r2
)− y3 cos(

y

r2
)− 9 sin(

y

r2
))).

The numerical results are given in Table 1, Table 2 and Figure 3.

Table 1. The relationship between meshes and convergence rate (N = 100, θk = 0.9, ε = 0.5).

mesh
Iteration number

k 0 1 2 3 4 5

h
e(k) 7.42E-01 5.34E-01 3.80E-01 3.25E-01 2.30E-01 2.29E-01
eh(k) - 3.58E-02 1.56E-02 8.57E-03 5.35E-03 3.63E-03
qh(k) - - 2.2915 1.8212 1.6019 1.4751

h/2
e(k) 7.24E-01 4.59E-01 3.22E-01 3.15E-01 2.24E-01 1.83E-01
eh(k) - 2.53E-02 1.09E-02 5.93E-03 3.67E-03 2.48E-03
qh(k) - - 2.3229 1.8378 1.6129 1.4833

h/4
e(k) 7.11E-01 4.26E-01 2.95E-01 2.87E-01 2.19E-01 1.81E-01
eh(k) - 1.44E-02 6.45E-03 3.59E-03 2.26E-03 1.54E-03
qh(k) - - 2.2272 1.7959 1.5882 1.4663
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Table 2. The relationship between ε and convergence rate (N = 100, θk = 0.9,m = 4,M = 17).

ε
Iteration number

k 0 1 2 3 4 5

0.9

e(k) 7.42E-01 5.34E-01 3.80E-01 3.25E-01 2.30E-01 2.29E-01

eh(k) - 2.44E-02 1.05E-02 5.72E-03 3.55E-03 2.40E-03

qh(k) - - 2.2915 1.8212 1.6019 1.4751

0.75

e(k) 7.47E-01 5.00E-01 3.62E-01 3.51E-01 2.50E-01 2.07E-01

eh(k) - 2.47E-02 1.06E-02 5.80E-03 3.60E-03 2.43E-03

qh(k) - - 2.3216 1.8365 1.6119 1.4824

0.5

e(k) 7.24E-01 4.59E-01 3.22E-01 3.15E-01 2.24E-01 1.83E-01

eh(k) - 2.53E-02 1.09E-02 5.93E-03 3.67E-03 2.48E-03

qh(k) - - 2.3229 1.8378 1.6129 1.4833

0.3

e(k) 7.27E-01 4.64E-01 3.37E-01 3.28E-01 2.30E-01 1.95E-01

eh(k) - 2.56E-02 1.10E-02 6.00E-03 3.72E-03 2.51E-03

qh(k) - - 2.3217 1.838 1.6135 1.4838

0.1

e(k) 7.64E-01 5.61E-01 4.30E-01 3.43E-01 2.63E-01 2.59E-01

eh(k) - 2.51E-02 1.10E-02 5.99E-03 3.72E-03 2.51E-03

qh(k) - - 2.2801 1.837 1.6124 1.4833

Figure 3. The relationship between θk and convergence rate (N = 100,m = 4,M = 17), k = 4.

Example 2. We assume

Ω = {(µ, ϕ) | µ > µ0, 0 < ϕ < ω} ,Γ = {(µ, ϕ) | µ = µ0, 0 < ϕ < ω} ,
Ω = {(µ, ϕ) | µ > µ0, ϕ = 0} ,Γ = {(µ, ϕ) | µ > µ0, ϕ = ω} .

with ω = 3
2π, µ0 = 0.8, f0 = 2. (According to reference [8-10], we make ε = 0.5 for easy

analysis.) We introduce an elliptical boundary

Γ0 = {(µ, ϕ) | µ = µ1, 0 < ϕ < ω} , µ1 = 1.5.
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We take our numerical results for problem (1), with

a(x, u) =

1 + r2 + 1
1+u2 , 0.8 ≤ r ≤ 1.5,

1
1+u2 , r > 1.5,

r =
√
x2 + y2, u = tan(

y

r2
),

f = − 1

r4 cos( y
r2 )

3
(2(−x2 cos(

y

r2
) + x2 sin(

y

r2
) + sin(

y

r2
)− y3 cos(

y

r2
) + y sin(

y

r2
))).

The numerical results are given in Table 3, Table 4 and Figure 4.

Table 3. The relationship between meshes and convergence rate (N = 100, θk = 0.8, ε = 0.6).

mesh
Iteration number

k 0 1 2 3 4 5

h

e(k) 9.21E-01 8.65E-01 8.44E-01 7.80E-01 7.27E-01 6.84E-01

eh(k) - 4.04E-02 1.92E-02 1.06E-02 6.59E-03 4.44E-03

qh(k) - - 2.0987 1.8088 1.6137 1.4855

h/2

e(k) 9.16E-01 8.39E-01 7.96E-01 7.66E-01 6.88E-01 6.05E-01

eh(k) - 2.25E-02 1.08E-02 5.96E-03 3.70E-03 2.49E-03

qh(k) - - 2.0903 1.8041 1.6111 1.484

h/4

e(k) 8.71E-01 8.81E-01 7.88E-01 7.36E-01 6.36E-01 5.90E-01

eh(k) - 8.42E-03 4.55E-03 2.72E-03 1.77E-03 1.23E-03

qh(k) - - 1.8498 1.6727 1.5386 1.441

Table 4. The relationship between ε and convergence rate (N = 100, θk = 0.8,m = 4,M = 17).

ε
Iteration number

k 0 1 2 3 4 5

0.95

e(k) 9.16E-01 8.34E-01 7.92E-01 7.62E-01 6.86E-01 5.95E-01

eh(k) - 2.18E-02 1.04E-02 5.80E-03 3.61E-03 2.43E-03

qh(k) - - 2.0831 1.7999 1.6087 1.4826

0.8

e(k) 9.16E-01 8.39E-01 7.96E-01 7.66E-01 6.88E-01 6.05E-01

eh(k) - 2.25E-02 1.08E-02 5.96E-03 3.70E-03 2.49E-03

qh(k) - - 2.3216 1.8365 1.6119 1.4824

0.6

e(k) 9.15E-01 8.37E-01 7.91E-01 7.58E-01 6.78E-01 6.46E-01

eh(k) - 1.99E-02 9.65E-03 5.41E-03 3.38E-03 2.29E-03

qh(k) - - 2.057 1.7848 1.6002 1.4774

0.4

e(k) 9.14E-01 8.35E-01 7.85E-01 7.52E-01 6.70E-01 6.23E-01

eh(k) - 1.70E-02 8.51E-03 4.86E-03 3.08E-03 2.10E-03

qh(k) - - 1.9945 1.75 1.5809 1.4662

0.2

e(k) 9.10E-01 8.30E-01 7.73E-01 7.41E-01 6.60E-01 5.94E-01

eh(k) - 1.23E-02 6.80E-03 4.10E-03 2.67E-03 1.86E-03

qh(k) - - 1.8134 1.6581 1.5335 1.4398
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Figure 4. The relationship between θk and convergence rate (N = 100,m = 4,M = 17), k = 5.
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