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Optimality analysis for nonsmooth vector equilibrium

problems with constraints via generalized subdifferentials

Tran Van Su1,∗ Dinh Dieu Hang2

Abstract. This paper is devoted to the study of KKT-type optimality via the generalized sub-

differentials of a nonsmooth vector equilibrium problem with set, inequality and equality con-

straints (CVEP, for brevity) and its applications. First, we provide the notion of the generalized

subdifferentials associated to the contingent epiderivatives (also called the Aubin-Frankowska’s

generalized subdifferentials) and the Clarke’s generalized subgradients. Additionally, we provide

some regularity conditions (RC1) and (RC3-s) for any index s ∈ I = {1, . . . , p}. Some KKT-type

necessary optimality conditions for the efficient solution types of problem CVEP under some

suitable regularity conditions are derived. Besides, some strong KKT-type necessary optimality

conditions become sufficient optimality conditions under some suitable assumptions on the pseu-

doconvexity, quasiconvexity and quasilinearly of objective and constraint functions. Finally, an

application of such result to the vector optimization problem with constraints (CVOP) and the

vector variational inequality problem with constraints (CVVI) is presented. Some illustrative

examples are also provided for our findings.

§1 Introduction

In the last several decades, primal and dual optimality conditions for the efficient solu-

tion types of nonsmooth vector equilibrium problems have been paid much attention from

researchers due to a wide range of applications in different areas of engineering and economic-

s; see ([3,4,7,8,9,15,16,19,21,29,34,35,42,44,49] and the references therein). There are a lot

of literature dealing with weak/strict efficiency conditions in nonsmooth vector equilibrium

problems using the tool of convex analysis, variational analysis and nonsmooth analysis; see

([5,12,13,14,15,16,17,18,22,23,24,25,26,30,31,33,36,37,38,39,40,41,43,45,46,47,48,50,51,52] and the

references therein). As we all know, the concept of generalized gradient for locally Lipschitz

functions and constraint qualifications for programs with Lipschitz conditions has been an im-

portant subject of study, e.g., in Clarke [6], Constantin [10], Jiménez and Novo [12,13], Jourani
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[15,16], Nobakhtian [21] and Luu [30,31,32]. However, the Clarke subdifferential only was ap-

plied for locally Lipschitz programs. In many nonsmooth vector optimization problems, the

data under consideration is only stable at the optimal point, but not locally Lipschitz around

that solution, and the well-known results in multiobjective program cannot be employed (see

Theorem 4.3 [13], for instance). Within this context, the notion of the generalized subdiffer-

entials associated to the contingent epiderivatives was introduced by Aubin and Frankowska

[2] (known as the Aubin-Frankowska’s generalized subdifferentials) which allows establishing

necessary conditions of Kuhn-Tucker type in scalar programs. On KKT-type necessary op-

timality conditions, these subdifferentials are finer than the Clarke subdifferentials, even the

Clarke subdifferentials are of less restrictive application than the Aubin-Frankowska’s gener-

alized subdifferentials. They only coincide in the case of locally Lipschitz convex functions.

Also, in most of research papers for multiobjective programs, primal and dual necessary as

well as sufficient optimality conditions via the generalized subdifferentials for efficiency are not

considered. Therefore, it is important for establishing strong Karush-Kuhn-Tucker-type nec-

essary/and sufficient optimality conditions via these associate subdifferentials for the efficient

solution types of nonsmooth vector equilibrium problem with set, inequality and equality con-

straints involving stable functions and its special problems. This is a motivation for our present

work in the literature.

The notion of contingent epiderivatives has a rich mathematical structure, which plays a

crucial role in variational analysis, convex analysis and nonlinear analysis. Moreover, such

concept has been used for providing primal and dual optimality conditions for weak efficiency

in nonsmooth vector equilibrium problems. It is also an extension of directional derivatives

in the single-valued convex sense, which was first introduced by Aubin-Frankowska [1,2], used

after by other researchers such as Jahn-Rauh [11], Jiménez-Novo [12,13], Jiménez et al. [14],

Luc [27], Rodŕıguez-Maŕın-Sama [36,37], Su [38,39,40] in deriving primal and Fritz John/and

Kuhn-Tucker dual efficiency conditions in any nonsmooth optimization problem. For example,

in vector optimization, Jahn-Rauh [11] provided some unified sufficient and necessary condi-

tions in terms of contingent epiderivatives; Jiménez et al. [14] established primal necessary and

sufficient conditions for strict minimizers in terms of contingent epiderivatives with stable/and

steady functions. More recently, Su [38] obtained Fritz John/and Kuhn-Tucker dual necessary

and sufficient optimality conditions for weak efficiency by combining contingent epiderivatives

and contingent derivatives with stable functions; Su [39] gave Fritz John/and Kuhn-Tucker

dual optimality conditions for the weakly efficient solution of nonsmooth vector equilibrium

problems with generalized convex data in terms of contingent epiderivatives. However, the

Aubin-Frankowska’s generalized subdifferentials involving stable functions are not used in de-

riving optimality conditions for nonsmooth constrained vector equilibrium problems with stable

conditions.

Motivated and inspired by the results due to [2,14,36,37,38,39], our paper will continue

to study and develop some KKT-type necessary/and sufficient optimality conditions in terms

of the Aubin-Frankowska’s generalized subdifferentials for the efficient solution types to such

problems. The content of this paper is organized as follows. After some preliminaries, Section

3 presents KKT-type necessary optimality conditions for the efficient solution types of nons-
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mooth vector equilibrium problem with set, inequality and equality constraints (CVEP) via

the Aubin-Frankowska’s generalized subdifferentials with stable, steady and Hadamard differ-

entiable functions. Section 4 is devoted to investigating KKT-type sufficient optimality for this

kind of problem (CVEP) under suitable assumptions on the pseudoconvexity, quasiconvexity

and quasilinearly of objective and constraint functions. Section 5, an application of these results

for the vector optimization problem (CVOP) and the vector variational inequality problem with

common constraints (CVVI) is presented.

§2 Preliminaries

Throughout this paper, we use the standard notation of variational analysis and convex

analysis, e.g., in Aubin-Frankowska [2] and Rockafellar [35]. One writes Rn (n ∈ N) standing

for a finite real Euclide space and its topological dual, whose norm is expressed as ∥ · ∥, denote
by ∅ ̸= C ⊂ Rn instead of a nonempty subset of Rn. By 0 one denotes the origin of any

space Rn, and ⟨· , ·⟩ the inner product in any space Rn. The nonnegative (resp., nonpositive)

orthant cone of Rn is denoted by Rn
+ (resp. Rn

−), where Rn
− := −Rn

+ and Rn
++ := intRn

+

(the interior of the orthant cone Rn
+). For r > 0, we use B(x, r) to denote the open ball of

radius r and centered at x, and tn → 0+ to denote the sequence of positive real numbers

(tn)n≥1 with the limit 0. For each A ⊂ Rn, let us denote, as usual, its closure, interior, relative

interior and cone hull by clA, intA, riA and coneA, respectively, and by Ax := A − x for all

x ∈ Rn. Denote by |A| the cardinality of A, i.e., the number of elements of A, and by A+

and A♯ the positive polar cone and the strictly positive polar cone of A, respectively, where

A+ = {ξ ∈ Rn | ⟨ξ, a⟩ ≥ 0, ∀ a ∈ A} and A♯ = {ξ ∈ Rn | ⟨ξ, a⟩ > 0, ∀ a ∈ A \ {0}}. Let two

vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) in Rn, we use the following notations

x 5 y, if xi ≤ yi, ∀ i,

x ≤ y, if x 5 y, and x ̸= y,

x = y, if xi = yi, ∀ i,

x < y, if xi < yi, ∀ i.
Let a mapping f : Rn → Rs and x, v ∈ Rn. We recall that the graph, the hypograph and the

epigraph of f are defined respectively by graphf :=
{
(x, y) ∈ Rn × Rs|y = f(x)

}
, hypf :={

(x, y) ∈ Rn × Rs|y ∈ f(x)− Rs
+

}
and epif :=

{
(x, y) ∈ Rn × Rs|y ∈ f(x) + Rs

+

}
.

Definition 1 ([12]) Let x ∈ clM with M be subset of Rn.

(i) The contingent cone to the set M at the point x is defined by

T (M,x) = {v ∈ Rn | ∃tn → 0+, ∃vn → v such that x+ tnvn ∈ M, ∀n ∈ N}.

(ii) The cone of attainable directions to the set M at the point x is defined by

A(M,x) = {v ∈ Rn | ∀tn → 0+, ∃vn → v such that x+ tnvn ∈ M, ∀n ∈ N}.

(iii) The normal cone to the set M at the point x is defined by

N(M,x) = {ξ ∈ Rn | ⟨ξ, v⟩ ≤ 0 (∀ v ∈ T (M,x))}.
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Observe that N(M,x) = [−T (M,x)]+ and A(M,x) ⊂ T (M,x). If M is convex, then

A(M,x) = T (M,x) = cl cone(M − x).

According to Aubin and Frankowska [2], the contingent derivative of f at x in the direction v,

which is denoted as ∂f(x)v, defined by

w ∈ ∂f(x)v ⇐⇒ (v, w) ∈ T (graphf, (x, f(x))).

It is evident that ∂f(x)v is a closed set and the set-valued map v 7→ ∂f(x)v is positively

homogeneous. The contingent epiderivative of f at x in the direction v, which is denoted as

D↑f(x)v, defined by

w ∈ D↑f(x)v + Rs
+ ⇐⇒ (v, w) ∈ T (epif, (x, f(x))).

Also, the contingent hypoderivative of f at x in the direction v, which is denoted as D↓f(x)v,

defined by

w ∈ D↓f(x)v − Rs
+ ⇐⇒ (v, w) ∈ T (hypf, (x, f(x))).

It is not difficult to verify that for each v ∈ Rn, if there exists D↑f(x)v, then, one can achieve

the results that D↑f(x)v ∈ ∂f(x)v and ∂f(x)v ⊂ D↑f(x)v + Rs
+. It follows from D↓f(x)v =

−D↑(−f)(x)v that D↓f(x)v ∈ ∂f(x)v and ∂f(x)v ⊂ D↓f(x)v − Rs
+. When s = 1, by [2] we

have

D↑f(x)v = inf{w|w ∈ ∂(f + R+)(x, f(x))(v)} = lim inf
t→0+, w→v

f(x+ tw)− f(x)

t
,

D↓f(x)v = sup{w|w ∈ ∂(f − R+)(x, f(x))(v)} = lim sup
t→0+, w→v

f(x+ tw)− f(x)

t
.

Definition 2 ([12]) The Hadamard derivative of f : Rn → R at x ∈ Rn in the direction v ∈ Rn

is given by

df(x)v = lim
(t,u)→(0+,v)

f(x+ tu)− f(x)

t
.

The mapping f is said to be Hadamard differentiable at x in the direction v iff, df(x)v exists,

and f is said to be Hadamard differentiable at x iff, df(x)v exists for every v ∈ Rn. If f is

Fréchet differentiable at x, its Fréchet derivative at x is denoted by ∇f(x).

Definition 3 ([12,20,34]) Let f : Rn → R and x, v ∈ Rn. Then

(i) f is said to be stable (or calm) at x iff, there exist a neighborhood U of x and a stable

constant L > 0 such that ∥f(x)− f(x)∥ ≤ L∥x− x∥ ∀x ∈ U.

(ii) f is said to be steady at x in the direction v, abbreviated f is steady at (x, v), iff

lim
(t,u)→(0+,v)

f(x+ tu)− f(x+ tv)

t
= 0.

It is said that f is steady at x iff, f is steady at x in all the directions v ∈ Rn.

It is evident that f is steady at (x, 0) ⇐⇒ f is stable at x. Especially, if f is stable at x,

then D↑f(x)0 = 0. We remark that the above notions are different and moreover the class of

steady functions is wider than the class of Hadamard differentiable functions.

Given a vector function g : Rn → Rq. We define a mapping (f, g) : Rn → Rs × Rq by

(f, g)(x) = (f(x), g(x)) for every x ∈ Rn, and then, a norm in Rs+q is taken as ∥(x, y)∥ =
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∥x∥+∥y∥ for all (x, y) ∈ Rs+q. According to Proposition 3.3 (i& ii) in [12], (f, g) is stable (resp.

steady) at x ⇐⇒ f and g are stable (resp. steady) at that point.

We recall the following definitions, which play a crucial role for our next study.

Definition 4 ([2]) Let an extended-real-valued function f defined on Rn and let x, v ∈ Rn.

Suppose that f is stable at x. Then

(i) The generalized subdifferential of f at x in the case of Aubin and Frankowska [2] is

∂0f(x) :=
{
p ∈ Rn | ∀ v ∈ Rn, ⟨p, v⟩ ≤ D↑f(x)(v)

}
.

For each p ∈ ∂0f(x) is called the subgradient and the generalized subdifferential associ-

ating to the contingent epiderivative is called the Aubin-Frankowska’s generalized

subdifferential.

(ii) If, in addition, f is Lipschitz around a point x ∈ X, then the generalized subgradient of

f at x in the case of Clarke [6] (or the Clarke’s generalized subgradient) is

∂Cf(x) :=
{
p ∈ Rn | ∀ v ∈ Rn, ⟨p, v⟩ ≤ C↑f(x)(v)

}
,

where

C↑f(x)(v) := lim sup
t→0+, x→x

f(x+ tv)− f(x)

t
.

Naturally, we have the following inclusion

∂0f(x) ⊂ ∂Cf(x). (1)

In the case f is convex, it follows from the well-known result in Ref. [2] that the contingent

epiderivative and the Clarke’s directional derivative coincide and are equal to

D↑f(x)(v) := lim inf
u→v

(
inf
t>0

f(x+ tu)− f(x)

t

)
.

Therefore, the subdifferential of f at x in the sense of convex analysis

∂Cof(x) = ∂0f(x) = ∂Cf(x). (2)

Let us consider the vector bifunction F : Rn × Rn → Rp such that F (x, x) = 0 for every

x ∈ Rn, and consider the constraint mappings g : Rn → Rm and h : Rn → Rr. Then, it can be

written as F = (F1, . . . , Fp), g = (g1, . . . , gm) and h = (h1, . . . , hr), where Fi is an extended-

real-valued bifunction defined on Rn × Rn for every i ∈ I := {1, . . . , p}, gj , hk are extended-

real-valued functions defined on Rn for all j ∈ J := {1, . . . ,m} and k ∈ R := {1, . . . , r}.
Let us call J(x) := {j ∈ J | gj(x) = 0} (the set of active constraints). Set H := h−1(0) ={
x ∈ Rn |h(x) = 0

}
and K(H) :=

{
x ∈ Rn | ⟨∇h(x), x⟩ = 0

}
. For each x ∈ Rn, one writes

Fx : Rn → Rp in which Fx(x) = F (x, x) for any x ∈ Rn. Then, one can reach that for all i ∈ I,

Fi,x = Fi(x, .) and furthermore Fi,x(x) = 0. For shortly, taking Fx(K) :=
∪
{Fx(x) |x ∈ K}

and MF :=
∏

i∈I D↑Fi,x(x)(C − x)×
∏

j∈J(x) D↑gj(x)(C − x).

In the present paper, we shall be concerned with the following constrained vector equilibrium

problem (in short, (CVEP)): finding x ∈ K such that

Fx(x) ̸∈ −intRp
+ ∀x ∈ K, (3)
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where K :=
{
x ∈ C | g(x) 5 0, h(x) = 0

}
denotes the feasible set of problem (CVEP). A

vector x solves (3) is said to be a weakly efficient solution for the problem (CVEP). If there

exists a neighborhood U of x such that (3) holds for all x ∈ K ∩ U, we say that x is a local

weakly efficient solution for the problem (CVEP). A vector x ∈ K is a local weakly efficient

solution for the problem (CVEP) iff there exists a real number δ > 0 such that there is no

x0 ∈ K ∩ B(x; δ) with Fx(x0) < 0. We recall (see [27]) that a cone Q has a convex base B iff,

0 ̸∈ clQ and Q = cone(B). Especially, if a cone Q has a convex base B, then Q♯ ̸= ∅. Let B is

a bounded closed convex base of Q := Rp
+, we set

Q∆(B) :=
{
ξ ∈ Q♯ | ∃ t > 0 such that ⟨ξ, b⟩ ≥ t (∀ b ∈ B)

}
.

We always have

Q∆(B) = intRp
+ = Rp

++.

Additionally, 0 ̸∈ clB. By invoking the standard separation theorem of two disjoint convex sets

{0} and cl B in Rockafellar [35] yields the existence of ξ ∈ Rp \ {0} such that

r = inf
{
⟨ξ, b⟩ | b ∈ B

}
> ⟨ξ, 0⟩ = 0.

We define an open absolutely convex neighborhood of the origin in Rp by

VB :=
{
y ∈ Rp | | ⟨ξ, y⟩ | < r

2

}
,

where the notion VB will be used throughout this article. According to Luc [27], for any convex

neighborhood U of the origin in Rp such that U ⊂ VB , the cone hull cone(U + B) is pointed

and convex satisfying Rp
+ \ {0} ⊂ int cone(U +B).

Definition 5 ([17,18,26]) The vector x ∈ K is said to be

(i) a globally efficient solution of problem (CVEP) iff there exists a pointed and convex cone

H ⊂ Rp with Rp
+ \ {0} ⊂ intH such that Fx(K) ∩ (−H \ {0}) = ∅.

(ii) a Henig efficient solution of problem (CVEP) iff there exists some absolutely convex

neighborhood U of zero with U ⊂ VB such that coneFx(K) ∩ (−int cone(U +B)) = ∅.

(iii) a superefficient solution of problem (CVEP) iff for each neighborhood V of zero in Rp,

there exists some neighborhood U of the origin such that coneFx(K) ∩ (U − Rp
+) ⊂ V.

In previous Definitions, replacing K by K ∩ B(x, δ) for some δ > 0, we obtain the notations

of local globally efficient, local Henig efficient and local superefficient solutions for problem

(CVEP), respectively. Finally, we recall some definitions on pseudoconvexity, quasiconvexity

and quasilinearly, which the reader can be found in Refs. [2,19].

Definition 6 ([2]) An extended-real-valued function f defined on Rn is called pseudoconvex at

x if its epigraph is pseudoconvex at (x, f(x)), i.e., iff: for every x ∈ Rn,

D↑f(x)(x− x) ≤ f(x)− f(x).

Definition 7 ([19]) An extended-real-valued function f defined on a convex subset C is said

to be quasiconvex at x ∈ C with respect to C iff: for each x ∈ C,

f(x) ≤ f(x) =⇒ ∀ t ∈]0, 1[, f(tx+ (1− t)x) ≤ f(x).

It is said that f is quasiconvex on C iff, it is quasiconvex at each x ∈ C. It is said that f is

quasilinear at x ∈ C with respect to C iff, ±f are quasiconvex at x with respect to C.
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Finally, we make an assumption which is needful to treat KKT-type necessary optimality

conditions for weak efficiency to such a problem.

Assumption 1 Let a feasible solution x. For all i ∈ I and j ∈ J(x), the real-valued functions

Fi,x and gj are steady at x and at least one of the functions Fx and g is Hadamard differentiable

at x; for all j ∈ J \J(x), the real-valued function gj is continuous at x; the mapping h is Fréchet

differentiable at x and continuous on a neighborhood of x; the regularity condition (RC2) holds,

where

0 ∈
∑
k∈T

γk∇hk(x) +N(C, x) =⇒ γ = 0. (RC2)

Under this assumption, it can be seen that

K(H) ∩ ri(C − x) ̸= ∅.

§3 KKT-type necessary optimality conditions for efficiency

In this section, we establish KKT-type necessary optimality conditions in terms of the

generalized subdifferentials with steady functions for the local efficient solutions of problem

(CVEP). To begin with, we provide some the following regularity conditions.

Definition 8 Let x ∈ K and an index s ∈ I. It is said that

(i) the regularity condition of the (RC1) type holds (at x) iff:{
v ∈ Rn : D↑gj(x)v < 0 (∀ j ∈ J(x)), ⟨∇hk(x, v)⟩ = 0 (∀ k ∈ R)

}∩
Cx ̸= ∅. (RC1)

(ii) the regularity condition of the (RC3-s) type at x is fulfilled iff: there exists a direction

v0 ∈ C − x such that 
D↑Fi,x(x)v0 < 0, ∀ i ∈ I \ {s},
D↑gj(x)v0 < 0, ∀ j ∈ J(x),

⟨∇hk(x), v0⟩ = 0, ∀ k ∈ R.

(RC3-s)

Next, we state the extension of classical Ljusternik theorem, which can be found in Ref. [13].

Proposition 1 Let x ∈ C ∩H. Suppose that

(i) C is a convex set;

(ii) h is continuous in a neighborhood of x and Fréchet differentiable at x;

(iii) the regularity condition of the (RC2) type is valid. Then

A(H ∩ C, x) = T (H ∩ C, x) = K(H) ∩ T (C, x) = cl
[
K(H) ∩ cone(C − x)

]
.

Theorem 1 (Weak KKT-type necessary optimality) Assume that all the hypotheses of Assump-

tion 1 are fulfilled and C is convex. Suppose also that x ∈ K is a local weakly efficient solution
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for the problem (CVEP) and the regularity condition of the (RC1) type at x is fulfilled. Then,

there exist (λ, µ) ∈ (Rp
+ \ {0})× Rm

+ and η ∈ Rr such that

0 ∈
p∑

i=1

λi∂0Fi,x(x) +
m∑
j=1

µj∂0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x), (4)

µjgj(x) = 0, ∀ j ∈ J. (5)
Proof. By reasons of similarity, we prove only for the hypotheses that g is Hadamard differential

at x. For this hypotheses, it should be pointed out that if x ∈ K is a local weakly efficient

solution of problem (CVEP), then the following system is impossible

D↑Fi,x(x)v < 0, ∀ i ∈ I, (6)

D↑gj(x)v < 0, ∀ j ∈ J(x), (7)

⟨∇hk(x), v⟩ = 0, ∀ k ∈ R, (8)

v ∈ C − x. (9)

Arguing by contradiction, assume that the system from (6) to (9) has at least a solution v0 ∈ Rn.

Since the set C is convex, it results in C − x ⊂ T (C, x), which combined with (9) guarantees

that v0 ∈ T (C, x). It follows from the previous equalities (8) that v0 ∈ K(H), or equivalently,

v0 ∈ K(H) ∩ T (C, x). Under the regularity condition of the (RC2) type, which together with

Proposition 1, it holds that

v0 ∈ T (C ∩H,x) = A(C ∩H,x). (10)

By invoking the concept of contingent epiderivative, for any i ∈ I, the contingent epiderivative

D↑Fi,x(x)v0 can be described as a limit of differential quotients (see [2,36,37], for instance),

which means that

D↑Fi,x(x)v0 = lim inf
t→0+, u→v0

Fi,x(x+ tu)− Fi,x(x)

t
.

Therefore, for every i ∈ I, there exist sequences tn → 0+ and v′n → v0 such that

lim
n→+∞

Fi,x(x+ tnv
′
n)− Fi,x(x)

tn
= D↑Fi,x(x)v0 < 0. (11)

Together (11) with the steadiness of Fi,x at x, we obtain that

lim
n→+∞

Fi,x(x+ tnv
′′
n)− Fi,x(x)

tn
= D↑Fi,x(x)v0 (12)

holds for any sequence v′′n converges to v0. For the preceding real numbers sequence (tn)n≥1, as

v0 ∈ A(C ∩H,x) (see (10)), thus, there exists a sequence vn → v0 such that

x+ tnvn ∈ H ∩ C, ∀n ≥ 1. (13)

From (12) and the fact D↑Fi,x(x)v0 < 0, it follows that there exists N1 > 0 such that

Fi,x(x+ tnvn)− Fi,x(x) < 0, ∀n ≥ N1, ∀ i ∈ I. (14)

In other words, since gj is Hadamard differentiable at x for all j ∈ J(x), similarly to the

preceding argument, it holds that

D↑gj(x)v0 := lim inf
t→0+, u→v0

gj(x+ tu)− gj(x)

t
= dgj(x)v0, ∀ j ∈ J(x).

Therefore for each j ∈ J(x), it ensures that

D↑gj(x)v0 = lim
n→+∞

gj(x+ tnvn)− gj(x)

tn
< 0,
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which allows us to conclude that there exists a natural number N2 ≥ N1 such that

gj(x+ tnvn) < 0, ∀n ≥ N2, ∀ j ∈ J(x).

Taking into account the continuity of gj (j ∈ J \ J(x)), there exists a natural number N3 ≥ N2

such that for every n ≥ N3, one can achieve the strict inequality that

gj(x+ tnvn) < 0, ∀ j ∈ J \ J(x).
Consequently,

gj(x+ tnvn) < 0, ∀n ≥ N3, ∀ j ∈ J. (15)

Combining (13)-(15) yields that x + tnvn ∈ K for all n ≥ N3. This is a contradiction with

inequality (14), means that x is not a local weakly efficient solution for the problem (CVEP).

So, the system from (6) to (9) has no solution in Rn. In view of the known result in Rockafellar

[35], which can be used since K(H) ∩ ri(C − x) ̸= ∅, one finds (λ, µ′, η) ∈ Rp × R|J(x)| × Rr

with (λ, µ′) ̸= (0, 0) such that (λ, µ′) ≥ 0 and moreover,
p∑

i=1

λiD↑Fi,x(x)v +
∑

j∈J(x)

µ′
jD↑gj(x)v +

r∑
k=1

ηk ⟨∇hk(x), v⟩ ≥ 0, ∀ v ∈ C − x.

Under the regularity condition of the (RC1) type, λ ̸= 0. Indeed, if it was not so, then λ = 0

and so µ′ ̸= 0. Take v̂ ∈ K(H) such that v̂ ∈ Cx and D↑gj(x)v̂ < 0 ∀ j ∈ J(x). If some µ′
j > 0,

then we have that
∑m

j=1 µ
′
jD↑gj(x)v̂ +

∑r
k=1 ηk ⟨∇hk(x), v̂⟩ < 0, and this is a contradiction.

We set µ = (µj)j∈J , where

µj =

{
µ′
j , if j ∈ J(x),

0, otherwise.

Evidently, (λ, µ) ≥ 0 with λ ̸= 0 and η ∈ Rr satisfying (5) and the following inequality
p∑

i=1

λiD↑Fi,x(x)v +

m∑
j=1

µjD↑gj(x)v +

r∑
k=1

ηk ⟨∇hk(x), v⟩ ≥ 0 ∀v ∈ Cx. (16)

Thus, 0 ∈ Cx is a minimum on the convex set Cx of the convex function

φ(v) =

p∑
i=1

λiD↑Fi,x(x)v +

m∑
j=1

µjD↑gj(x)v +

r∑
k=1

ηk ⟨∇hk(x), v⟩ .

Consequently,

0 ∈ ∂Coφ(0) +N(C, x)

=

p∑
i=1

λi∂CoD↑Fi,x(x)(.)(0) +
m∑
j=1

µj∂CoD↑gj(x)(.)(0) +
r∑

k=1

ηk∇hk(x) +N(C, x),

which is equivalent to the relation (4), as it was shown.

Remark 1 It is worth mentioning that if f : Rn → R is stable at x, then ∂↑f(x)0 = 0. Thus the

associate subdifferential to the contingent epiderivative of f at x is given by

∂0f(x) = ∂CoD↑f(x)(.)(0),

and it is contained, by (6.7) in Ref. [2], in the Clarke subdifferential ∂Cf(x).

Theorem 2 (Weak KKT-type necessary optimality) Under all the hypotheses of Theorem 1,

we have the following statements:

(i) If Fx, g are Lipschitz around x, then there exist (λ, µ) ∈ (Rp
+ \ {0}) × Rm

+ and η ∈ Rr
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such that

0 ∈
p∑

i=1

λi∂CFi,x(x) +
m∑
j=1

µj∂Cgj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x), (17)

µjgj(x) = 0, ∀ j ∈ J ; (18)

(ii) If Fx, g are convex on C, then there exist (λ, µ) ∈ (Rp
+ \ {0})×Rm

+ and η ∈ Rr such that

0 ∈
p∑

i=1

λi∂C0Fi,x(x) +
m∑
j=1

µj∂C0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x), (19)

µjgj(x) = 0, ∀ j ∈ J. (20)

Proof. (i) Using the Lipschitzness of Fx, g around x, which ensures the Lipschitzness of Fi,x,

gj (i ∈ I, j ∈ J) around x. This along with the inclusion (1) and Theorem 1 guarantees that

there exist (λ, µ) ∈ (Rp
+ \ {0})× Rm

+ and η ∈ Rr such that (17) and (18) are fulfilled.

(ii) Analogously to the proof of case (i), by applying the equality (2) guarantees that there

exist (λ, µ) ∈ (Rp
+ \ {0}) × Rm

+ and η ∈ Rr such that (19) and (20) are satisfied too, which

completes the proof.

The following results can be viewed as a directly consequence from Theorems 1 and 2.

Corollary 1 Suppose that C = Rn, under the hypotheses of Theorem 1 in which the reg-

ularity condition of the (RC2) type is replaced by the linear independence of the system

{∇h1(x),∇h2(x), . . . ,∇hr(x)}. Suppose also that x ∈ K is a local weakly efficient solution

for the problem (CVEP). We have the following statements:

(i) There exist (λ, µ, η) ∈ Rp
+ × Rm

+ × Rr with (λ, η) ̸= (0, 0) satisfying (4)-(5);

(ii) If Fx, g are Lipschitz around x, then there exist (λ, µ, η) ∈ Rp
+×Rm

+×Rr with (λ, η) ̸= (0, 0)

satisfying (17)-(18);

(iii) If Fx, g are convex on C, then there exist (λ, µ, η) ∈ Rp
+ × Rm

+ × Rr with (λ, η) ̸= (0, 0)

satisfying (19)-(20).

Additionally, λ ̸= 0 under the regularity condition of the (RC1) type.

Proof. First, we need to prove that the regularity condition of the (RC2) type at x is valid.

Indeed, if 0 ∈
∑r

k=1 ηk∇hk(x) + N(C, x), then one can achieve from the initial hypotheses

C = Rn the right equality T (C, x) = cl cone(C − x) = cl cone(C − x) = C, which leads to

N(C, x) = {0}. Consequently,
∑r

k=1 ηk∇hk(x) = 0. Second, from the linear independence of

the system {∇h1(x), . . . ,∇hr(x)}, it yields that η1 = . . . = ηr = 0, which means that the

regularity condition (RC2) at x is satisfied. Finally, by taking into account Theorem 1 and

Theorem 2, we get the desired conclusion.

Corollary 2 Assume that all the hypotheses of Assumption 1 are fulfilled and the set C is

convex. Suppose also that x ∈ K is a local weakly efficient solution of problem (CVEP). Then,

we have the following assertions:
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(i) There exist (λ, µ) ∈ Rp
+ × Rm

+ , not all zero, satisfying (5) and

0 ∈
p∑

i=1

λi∂0Fi,x(x) +
m∑
j=1

µj∂0gj(x) +N(C ∩H,x); (21)

(ii) If Fx, g are Lipschitz around x, then there exist (λ, µ) ∈ Rp
+×Rm

+ , not all zero, satisfying

(5) and

0 ∈
p∑

i=1

λi∂CFi,x(x) +

m∑
j=1

µj∂Cgj(x) +N(C ∩H,x); (22)

(iii) If Fx, g are convex on C, then there exist (λ, µ) ∈ Rp
+ × Rm

+ , not all zero, satisfying (5)

and

0 ∈
p∑

i=1

λi∂C0Fi,x(x) +
m∑
j=1

µj∂C0gj(x) +N(C ∩H,x). (23)

Moreover, λ ̸= 0 under the regularity condition of the (RC1) type.

Proof. Arguing similarity as for proving Theorem 1, we assert that there would exists a pair

(λ, µ) ∈ Rp
+ × Rm

+ , not all zero, satisfying (5) and the following inequality
p∑

i=1

λiD↑Fi,x(x)v +
m∑
j=1

µjD↑gj(x)v ≥ 0 ∀ v ∈ K(H) ∩ Cx.

Since the single-valued mapping L : Rn ⇒ R given by

v 7→ D↑Fi,x(x)v

is positively homogeneous (i ∈ I), which guarantees that
p∑

i=1

λiD↑Fi,x(x)v +
m∑
j=1

µjD↑gj(x)v ≥ 0 ∀ v ∈ K(H) ∩ T (C, x). (24)

Thanks to Proposition 1, it follows from (24) that
p∑

i=1

λiD↑Fi,x(x)v +

m∑
j=1

µjD↑gj(x)v ≥ 0 ∀ v ∈ T (C ∩H,x). (25)

By hypotheses, the cone T (C ∩H,x) is convex, then, in a similar idea to the proof of Theorem

1, one can achieve from the inequality (25) the result (21). We observe that λ ̸= 0 is due to the

regularity condition of the (RC1) type at x is satisfied. For the remain cases, by directly applying

the results obtained in Theorem 2, which combined with the previous similar arguments, we

get the desired conclusion.

Remark 2 Evidently, if x ∈ K is a weakly efficient solution of (CVEP), then it is also a local

weakly efficient solution of that problem. Thus all the preceding obtained results are still

true in the sense of a local weakly efficient solution is replaced by a weakly efficient solution.

Example 1 Let us consider the problem (CVEP) in which n = 3, p = 3, m = 2, r = 2,

C = [0, 1
2 ]× [0, 1

2 ]× [−1, 1] and x = (0, 0, 0). For the illustration, for every x = (x1, x2, x3) ∈ R3,

let us may take the mapping Fx(.) := (F1,x(.), F2,x(.), F3,x(.)) : R3 → R3, be given by

F1,x(x) = dist(x1, A) + dist(x2, B) + x3,

F2,x(x) = x1 + x2
2 + x3

3, F3,x(x) = x2
1 + x2 − x2

3,
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where A :=
{
0, 1

2 ,
1
4 , . . . ,

1
2n , . . .

}
and B :=

{
0
}∪[

7
16 ,

5
8

]∪[
7
32 ,

5
16

]∪
. . . . Consider the map-

ping g := (g1, g2) : R3 → R2 is given for all x = (x1, x2, x3) ∈ R3 by

g1(x) = x2
1 + x2

2 + x2
3 − x3; g2(x) = x1 + x2 + x3 − 0.5,

and the mapping h := (h1, h2) : R3 → R2 given for all x = (x1, x2, x3) ∈ R3 by

h1(x) = x1 − 2x2 − x3, h2(x) = 2x1 − 4x2 + x3.

It can be easily seen that F1,x, F2,x and F3,x are steady at x, g1 is Hadamard differentiable

at x, g2 is continuous at x, h1, h2 are Fréchet differentiable at x with ∇h1(x) = (1,−2,−1)

and ∇h2(x) = (1,−4, 1), and further the set MF is convex. By directly calculating, one can

achieve the result that I = {1, 2, 3}, J = {1, 2}, R = {1, 2}, J(x) = {1}, J \ J(x) = {2},
K(H) = {(u1, u2, u3) ∈ R3 |u1 = 3u2, u2 = u3} and T (C, x) = R+ ×R+ ×R which guarantees

that N(C, x) = R− × R− × {0}. Thus, the regularity condition (RC2) is valid and the set C is

convex, which proves all the hypotheses of Assumption 1. We easy to verify that the feasible set

of (CVEP) is of the formK =
{
x = (x1, x2, x3) ∈ C |x2

1+x2
2+x2

3 ≤ x3, x1+x2+x3 ≤ 1
2

}
. Thus,

x = (0, 0, 0) is a local weakly efficient solution of problem (CVEP). Furthermore, for all u =

(u1, u2, u3) ∈ Cx it results D↑F1,x(x)u = u3, D↑F2,x(x)u = u1, D↑F3,x(x)u = u2, D↑g1(x)u =

−u3, D↑g2(x)u = u1 + u2 + u3. Therefore, ∂0F1,x(x) = {(0, 0, 1)}, ∂0F2,x(x) = {(1, 0, 0)},
∂0F3,x(x) = {(0, 1, 0)}, ∂0g1(x) = {(0, 0,−1)} and moreover ∂0g2(x) = {(1, 1, 1)}. We verify

that the regularity condition of the (RC1) type at x holds. Then a weak KKT-type necessary

optimality condition is described by (4)-(5) holds with λ1 = 1, λ2 = 1, λ3 = 7, µ1 = 1, µ2 = 0,

η1 = 1 and η2 = 1. In fact, in this setting, one can reach that (λ, µ) ≥ 0, λ ̸= 0, µ1g1(x) = 0,

µ2g2(x) = 0 and moreover

0 ∈
3∑

i=1

λi∂0Fi,x(x) +
2∑

j=1

µj∂0gj(x)v +
2∑

k=1

ηk∇hk(x) +N(C, x) = (3, 1, 0) + R2
− × {0}.

It should be to mention that dist(x,M) := infy∈M ∥x− y∥, which proves that F1,x(x) ≥ x3 for

all x = (x1, x2, x3) ∈ C, which terminates the check.

Theorem 3 (KKT-type necessary optimality) Assume that all the hypotheses of Assumption 1

are fulfilled, C is convex and the regularity condition of the (RC3-s) type at x holds (for some

s ∈ I). Suppose also that x is a local weakly efficient solution for the problem (CVEP). Then

(i) There exist (λ, µ) ∈ Rp
+ × Rm

+ with λs > 0 and η ∈ Rr such that the conditions (4)-(5)

are valid;

(ii) If Fx, g are Lipschitz around x, then there exist (λ, µ) ∈ Rp
+×Rm

+ with λs > 0 and η ∈ Rr

such that the conditions (17)-(18) are satisfied;

(iii) If Fx, g are convex on the convex set C, then there exist (λ, µ) ∈ Rp
+ × Rm

+ with λs > 0

and η ∈ Rr such that the conditions (19)-(20) are fulfilled.

Proof. (i) By invoking the proof of Theorem 1, there would exist (λ, µ) ∈ Rp
+×Rm

+ \{(0, 0)} and

η ∈ Rr such that conditions (5) and (16) are satisfied. Under the regularity condition (RC3-s),
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where the index s ∈ I, one can find the direction v0 ∈ C − x such that

D↑Fi,x(x)v0 < 0, ∀ i ∈ I \ {s},
D↑gj(x)v0 < 0, ∀ j ∈ J(x),

⟨∇hk(x), v0⟩ = 0, ∀ k ∈ R.

Let us see that λs > 0. In fact, if it was not so, then λs = 0. It is evident that∑
i∈I\{s}

λiD↑Fi,x(x)v0 +
∑

j∈J(x)

µjD↑gj(x)v0 +
∑
k∈R

ηk ⟨∇hk(x), v0⟩ < 0. (26)

Using the inequality (16) for the case v = v0 ∈ C − x, it yields∑
i∈I

λiD↑Fi,x(x)v0 +
∑

j∈J(x)

µjD↑gj(x)v0 +
∑
k∈R

ηk ⟨∇hk(x), v0⟩ ≥ 0,

or equivalently,∑
i∈I\{s}

λiD↑Fi,x(x)v0 +
∑

j∈J(x)

µjD↑gj(x)v0 +
∑
k∈R

ηk ⟨∇hk(x), v0⟩ ≥ 0,

which conflicts with inequality (26). Hence, λs > 0, and then, by directly applying the achieved

result in Theorem 1, it proves the conclusion of case (i).

(ii) & (iii): Analogously to the proof of case (i) with observing Theorem 2, we also get the

desired conclusion.

In order to derive the strong KKT-type necessary optimality conditions for weak efficiency of

problem (CVEP) in which Lagrange multipliers are positive with respect to all the components

of the objective, observe that Rp
++ := {(λ1, . . . , λp) ∈ Rp|λi > 0, ∀ i ∈ I}.

Theorem 4 (Strong KKT-type necessary optimality) Assume that all the hypotheses of As-

sumption 1 are fulfilled, C is convex and the regularity condition of the (RC3-s) type at x holds

for all s ∈ I. Suppose also that x is a local weakly efficient solution for the problem (CVEP).

Then

(i) There exist (λ, µ, η) ∈ Rp
++ × Rm

+ × Rr such that the conditions (4)-(5) are valid.

(ii) If Fx, g are Lipschitz around x, then there exist (λ, µ, η) ∈ Rp
++ ×Rm

+ ×Rr such that the

conditions (17)-(18) are satisfied.

(iii) If Fx, g are convex on the convex set C, then there exist (λ, µ, η) ∈ Rp
++ ×Rm

+ ×Rr such

that the conditions (19)-(20) are fulfilled.

Proof. (i) By an argument analogous to that used for the proof of Theorem 3, we deduce that

for each s ∈ I, there exist a triple (λ(s), µ(s), η(s)) ∈ Rp
+ × Rm

+ × Rr with λ
(s)
s > 0 such that

conditions (27)-(28) hold, where
p∑

i=1

λ
(s)
i D↑Fi,x(x)v +

m∑
j=1

µ
(s)
j D↑gj(x)v +

r∑
k=1

η
(s)
k ∇hk(x)v ≥ 0, ∀v ∈ Cx, (27)

µ
(s)
j gj(x) = 0, ∀ j ∈ J, (28)

in which λ(s) :=
(
λ
(s)
1 , . . . , λ

(s)
p

)
, µ(s) :=

(
µ
(s)
1 , . . . , µ

(s)
m

)
and η(s) :=

(
η
(s)
1 , . . . , η

(s)
r

)
. By making

use of the preceding achieved results, let us may pick λi =
∑p

s=1 λ
(s)
i > 0 (∀ i ∈ I), µj =
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∑p
s=1 µ

(s)
j ≥ 0 (∀ j ∈ J(x)) and ηk =

∑p
s=1 η

(s)
k ∈ R (∀ k ∈ R) and then take s = 1, 2, . . . , p

in (27)-(28) and adding up both sides of the obtained inclusions, it follows that there exist

(λ, µ, η) ∈ Rp
++ × Rm

+ × Rr such that conditions (5) and (16) are valid. Then, in a similar way

to the proof of Theorem 1 once more, we have the desired conclusion.

(ii) & (iii): Repeating the proof of case (i), we also arrive at the desired conclusion.

Theorem 5 (Strong KKT-type necessary optimality for the rest solutions) Assume that all the

hypotheses of Assumption 1 are fulfilled, C is convex and the regularity condition of the (RC1)

type at x holds. Suppose also that the convex set B is a closed and bounded base of Rp
+ and

x ∈ K is a local Henig efficient (resp. globally efficient, superefficient) solution for the problem

(CVEP). Then, we have the following conclusions

(i) There exists λ ∈ Q∆(B) (resp. [Rp
+]

♯
, intRp

+), µ ∈ Rm
+ and η ∈ Rr satisfying

µjgj(x) = 0 ∀ j ∈ J, (29)

0 ∈
p∑

i=1

λi∂0Fi,x(x) +
m∑
j=1

µj∂0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x). (30)

(ii) If Fx, g are Lipschitz around x, then there exists λ ∈ Q∆(B) (resp. [Rp
+]

♯
, intRp

+),

µ ∈ Rm
+ and η ∈ Rr satisfying (29) and

0 ∈
p∑

i=1

λi∂CFi,x(x) +

m∑
j=1

µj∂Cgj(x) +

r∑
k=1

ηk∇hk(x) +N(C, x). (31)

(iii) If Fx, g are convex on C, then there exists λ ∈ Q∆(B) (resp. [Rp
+]

♯
, intRp

+), µ ∈ Rm
+

and η ∈ Rr satisfying (29) and

0 ∈
p∑

i=1

λi∂C0Fi,x(x) +
m∑
j=1

µj∂C0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x). (32)

Proof. We note that if (30) holds, then it guarantees that (31) and (32) hold under suitable

assumptions. Let us now assume that x be a local Henig efficient solution of problem (CVEP).

Then there exist some absolutely open convex neighborhood U of the origin with U ⊂ VB and

a real number δ > 0 such that

cone
(
Fx(K ∩B(x, δ))

)
∩
(
− int cone (U +B)

)
= ∅,

which is equivalent to

Fx(K ∩B(x, δ)) ∩
(
− int cone (U +B)

)
= ∅.

We confirm that int cone(U +B) + cone (U +B) = int cone(U +B), and further,

Rp
+ \ {0} ⊂ int cone(U +B).

Arguing similarly as for proving Theorem 1 with applying the cone hull cone(U + B) instead

of the nonnegative orthant cone Rp
+, there exist λ ∈ Rp

+ \ {0}, µ ∈ Rm
+ and η ∈ Rr satisfying

(29) and (30). It follows from the reached result in Ref. [26] that λ ∈ Q∆(B).

Next, we assume that x ∈ K is a local globally efficient solution of problem (CVEP). Then
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there exist a pointed convex cone H ⊂ Rp and a real number δ > 0 such that

Fx(K ∩B(x, δ)) ∩ (−H \ {0}) = ∅,
which ensures that Fx(K ∩B(x, δ)) ∩ (−intH) = ∅, where

Rp
+ \ {0} ⊂ intH, (33)

Analogously to the proof of Theorem 1 with applying a cone H stands for a cone Rp
+, one can

find a triple (λ, µ, η) ∈ Rp ×Rm ×Rr with λ ∈ H+ \ {0} and µ ∈ Rm
+ satisfying the conditions

(29) and (30). It must be proven that λ ∈ [Rp
+]

♯
, i.e., for every x ∈ Rp

+ \ {0}, it implies that

⟨λ, x⟩ > 0. Under (33) and λ ̸= 0, an obviousness.

Finally, we consider x is a local superefficient solution of problem (CVEP). Since Rp
+ has

a bounded closed base B, taking into account Gong’s result [17,18], it follows that Q∆(B) =

intRp
+. Besides, x is a local superefficient solution of problem (CVEP) if and only if x is a local

Henig efficient solution of that problem, and the claim follows.

Adapting the obtained result in Theorem 5, the following statement of corollaries is inspired

by Corollary 1 and Corollary 2, respectively.

Corollary 3 Assume that C = Rn, B is a bounded and closed convex base of Rp
+ and all the

hypotheses of Theorem 5 are satisfied in which the regularity condition of the (RC2) type is

replaced by the linear independence of the system {∇h1(x), . . . ,∇hr(x)}. Suppose also that

x ∈ K is a local Henig efficient (resp. globally efficient, superefficient) solution for the problem

(CVEP). We have the following assertions.

(i) There exist λ ∈ Q∆(B) (resp. [Rp
+]

♯
, intRp

+), µ ∈ Rm
+ and η ∈ Rr such that the condi-

tions (29) and (30) are fulfilled.

(ii) If Fx, g are Lipschitz around x, then there exist λ ∈ Q∆(B) (resp. [Rp
+]

♯
, intRp

+),

µ ∈ Rm
+ and η ∈ Rr such that the conditions (29) and (31) are valid.

(iii) If Fx, g are convex on C, then there exist λ ∈ Q∆(B) (resp. [Rp
+]

♯
, intRp

+), µ ∈ Rm
+ and

η ∈ Rr such that the conditions (29) and (32) are satisfied.

Proof. In a same way to the proof of Corollary 1 with applying the known result of Theorem 5

stands for Theorem 1, we arrive at the desired conclusion.

Corollary 4 Suppose that all the hypotheses of Assumption 1 are fulfilled, C is a convex set,

B is a bounded and closed convex base of Rp
+ and the regularity condition of the (RC1) type

holds. Suppose also that x ∈ K is a local Henig efficient (resp. globally efficient, superefficient)

solution for the problem (CVEP). We have the following assertions.

(i) There exist λ ∈ Q∆(B) (resp. [Rp
+]

♯
, intRp

+), µ ∈ Rm
+ such that the conditions (5) and

(21) are fulfilled.

(ii) If Fx, g are Lipschitz around x, then there exist λ ∈ Q∆(B) (resp. [Rp
+]

♯
, intRp

+),

µ ∈ Rm
+ such that the conditions (5) and (22) are valid.

(iii) If Fx, g are convex on C, then there exist λ ∈ Q∆(B) (resp. [Rp
+]

♯
, intRp

+), µ ∈ Rm
+ such

that the conditions (5) and (23) are satisfied.
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Proof. It is straightforward from Theorem 5, and the claim follows.

Remark 3 We observe that the previous obtained results are still true for the case of the weakly

efficient, Henig efficient, globally efficient and superefficient solutions of problem (CVEP) (see

Remark 2 for instance). Many authors have established weak/strong KKT-type necessary con-

ditions for locally Lipschitz vector optimization problems without equality constraints, e.g., in

[13,15,31,32]. In such papers, the extended-real-valued functions fi, i = 1, 2, . . . , p are locally

Lipschitz while these function in our paper (say Fi,x, i = 1, 2, . . . , p) may not be locally Lips-

chitz, so their results are different from our results in this section. Furthermore, our results are

more general than those available recently.

§4 KKT-type sufficient optimality conditions for efficiency

In this section, we goal to provide Karush-Kuhn-Tucker type sufficient optimality condi-

tions for the weakly efficient solution types of problem (CVEP) in terms of the generalized

subdifferentials with stable functions at the point under consideration.

Theorem 6 (KKT-type sufficient optimality) Given a feasible solution x and assumming, in

addition, that C is convex, the scalar functions Fi,x (i ∈ I) and gj (j ∈ J(x)) are stable at x,

and the mapping h is Fréchet differentiable at x. Suppose also that

(i) There exist λ ∈ Rp
+ \ {0}, µ ∈ R|J(x)|

+ and η ∈ Rr such that

0 ∈
p∑

i=1

λi∂0Fi,x(x) +
∑

j∈J(x)

µj∂0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x); (34)

(ii) The scalar functions Fi,x (i ∈ I) and gj (j ∈ J(x)) are pseudoconvex at x;

(iii) The scalar functions ±hk (k ∈ R) are quasiconvex at x with respect to C.

Then, x is a weakly efficient solution of problem (CVEP).

Proof. Assume that all the assumptions of Theorem 6 are fulfilled. It follows from (34) that

there exist ξi ∈ ∂0Fi,x(x), i = 1, 2, . . . , p and ζj ∈ ∂0gj(x), j ∈ J(x) such that
p∑

i=1

λiξi +
∑

j∈J(x)

µjζj +

r∑
k=1

ηk∇hk(x) ∈ −N(C, x) = [T (C, x)]+.

It follows the convexity of the set C that C − x ⊂ T (C, x). Thus, for any x ∈ K, one gets

x− x ∈ T (C, x),

which guarantees that the following inequality is true⟨
p∑

i=1

λiξi +
∑

j∈J(x)

µjζj +

r∑
k=1

ηk∇hk(x), x− x

⟩
≥ 0. (35)

From the stability at x of Fi,x (i ∈ I) and gj (j ∈ J(x)), it follows that the contingent epi-

derivative of such functions at x in the direction x − x (∀x ∈ K) always exists. Under the

hypotheses (ii), they are pseudoconvex at x. Thus, one can obtain for all x ∈ K that

Fi,x(x)− Fi,x(x) ≥ D↑Fi,x(x)(x− x) ≥ ⟨ξi, x− x⟩ ∀ i ∈ I,

gj(x)− gj(x) ≥ D↑gj(x)(x)(x− x) ≥ ⟨ζj , x− x⟩ ∀ j ∈ J(x).
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Under the hypotheses (iii), for any k ∈ R, it follows from the quasiconvexity of ±hk at x with

respect to C that hk is quasilinear at x with respect to C. So, for every x ∈ K, it results that

⟨∇hk(x), x− x⟩ = 0.

Since λ ∈ Rp
+ \ {0}, µ ∈ R|J(x)|

+ and η ∈ Rr, one can achieve for every x ∈ K that
p∑

i=1

λiFi,x(x) ≥
p∑

i=1

λi

(
Fi,x(x)− Fi,x(x)

)
+

∑
j∈J(x)

µj

(
gj(x)− gj(x)

)
+

r∑
k=1

ηk

(
hk(x)− hk(x)

)

≥
p∑

i=1

λiD↑Fi,x(x)(x− x) +
∑

j∈J(x)

µjD↑gj(x)(x− x) +

r∑
k=1

ηk ⟨∇hk(x), x− x⟩

≥

⟨
p∑

i=1

λiξi +
∑

j∈J(x)

µjζj +

r∑
k=1

ηk∇hk(x), x− x

⟩
,

which combined with (35) yields that
p∑

i=1

λiFi,x(x) ≥ 0.

Since λ ̸= 0, there exists î ∈ I such that Fî,x(x) ≥ 0, and so, x is a weakly efficient solution of

(CVEP), which completes the proof.

Corollary 5 Given a feasible solution x ∈ K and assumming, in addition, that the set C is con-

vex, the scalar functions Fi,x (i ∈ I) and gj (j ∈ J(x)) are steady (or Hadamard differentiable)

at x, and the mapping h is Fréchet differentiable at x. Suppose also that

(i) There exist λ ∈ Rp
+ \ {0}, µ ∈ R|J(x)|

+ and η ∈ Rr such that

0 ∈
p∑

i=1

λi∂0Fi,x(x) +
∑

j∈J(x)

µj∂0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x);

(ii) The scalar functions Fi,x (i ∈ I) and gj (j ∈ J(x)) are pseudoconvex at x;

(iii) The scalar functions ±hk (k ∈ R) are quasiconvex at x with respect to C.

Then, x is a weakly efficient solution of problem (CVEP).

Proof. Since the class of stable functions is wider than the class of steady/or Hadamard differ-

entiable functions, in view of Theorem 6, we get the desired conclusion.

Example 2 Let n = 1, p = 2, m = 1, r = 2, C = [ 12 ,
3
2 ] and x = 1

2 . Define the mapping

Fx :=
(
F1,x, F2,x

)
: R → R2 by F1,x(x) = −|x| + x2 + x

2 and F2,x(x) = 2(x − |x|) for all

x ∈ R. For the illustration let us consider g = g1 : R → R be defined by g1(x) = − 3
4x +

x2 + x3, ∀x ∈ R, and consider h := (h1, h2) : R → R2 be defined by h1(x) = 1
2 − x and

h2(x) = −1+2x for all x ∈ R. It is evident that the scalar functions F1,x, F2,x and g1 are stable

even steady and Hadamard differentiable at x, the scalar functions h1, h2 are quasilinear at

x with respect to a convex set C, and moreover, these functions are Fréchet differentiable at

x with its derivatives ∇h1(x) = −1 and ∇h2(x) = 2. Observe that Fx(x) = (0, 0), g(x) = 0,

I = {1, 2}, J = J(x) = {1} and R = {1, 2}. Let v ∈ R be arbitrary, which proves that the
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relationship in (34) holds with λ1 = 1, λ2 = 2, µ = 3, η1 = 3 and η2 = 1. In fact, by directly

calculating, one can obtain the results as T (C, x) = R+, N(C, x) = R−, D↑F1,x(x)v = 0,

D↑F2,x(x)v = 0, D↑g1(x)u = v, ⟨∇h1(x), v⟩ = −v and ⟨∇h1(x), v⟩ = 2v, which ensures that

the generalized subdifferentials ∂0F1,x(x) = ∂0F1,x(x) = {0} and ∂0g1(x) = {1}. Therefore,
0 ∈

∑2
i=1 λi∂0Fi,x(x) +

∑
j∈J(x) µj∂0gj(x) +

∑r
k=1 ηk∇hk(x) + N(C, x) =] − ∞, 2]. With the

help of Theorem 6 (or even Corollary 5), we conclude that x is a weakly efficient solution for

the problem (CVEP), as it was checked.

Theorem 7 (KKT-type sufficient optimality for the rest solutions) Given a feasible solution

x ∈ K, B a convex base of Q and assumming, in addition, that the set C is convex, the

scalar functions Fi,x (i ∈ I) and gj (j ∈ J(x)) are stable at x, and the mapping h is Fréchet

differentiable at x. Suppose also that

(i) There exist λ ∈ Q∆(B)
(
resp. [Rp

+]
♯
, intRp

+ if, in addition, B is closed and bounded
)
,

µ ∈ Rm
+ and η ∈ Rr such that

0 ∈
p∑

i=1

λi∂0Fi,x(x) +
∑

j∈J(x)

µj∂0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x); (36)

(ii) The scalar functions Fi,x (i ∈ I) and gj (j ∈ J(x)) are pseudoconvex at x;

(iii) The scalar functions ±hk (k ∈ R) are quasiconvex at x with respect to C.

Then, x is a Henig efficient (resp. globally efficient, superefficient) solution of problem (CVEP).

Proof. By an argument analogous to that used for the proof of Theorem 6 with observing that

λ ∈ Q∆(B) ⊂ Rp
+ \ {0}, µ ∈ R|J(x)|

+ and η ∈ Rr, one can reach the following inequality

⟨λ, Fx(x)⟩ :=
p∑

i=1

λiFi,x(x) ≥ 0, ∀x ∈ K. (37)

Combining Gong’s result [17] with λ ∈ Q∆(B) yields there exists some open absolutely convex

neighborhood U of zero in Rp with U ⊂ VB such that λ ∈ [cone (U +B)]+ \ {0}. Thus, in view

of the inequality (37) it guarantees that Fx(K)∩
(
− int cone(U +B)

)
= ∅, which is equivalent

to coneFx(K)∩
(
− int cone(U+B)

)
= ∅. So, x is a Henig efficient solution of problem (CVEP).

For the case λ ∈ Q♯, µ ∈ R|J(x)|
+ and η ∈ Rr satisfying (37). Taking a convex pointed cone

H ⊂ Rp with H := {y ∈ Rp : ⟨λ, y⟩ > 0} ∪ {0} such that Rp
+ \ {0} ⊂ intH holds true. Under

inequality (37), one has Fx(K) ∩
(
−H \ {0}

)
= ∅, which means that x is a globally efficient

solution for the problem (CVEP).

Finally, let us assume that λ ∈ intRp
+, µ ∈ R|J(x)|

+ and η ∈ Rr satisfying (37). Because B is a

bounded closed convex base of Q, taking into acount the result of Gong [18], int (Rp
+) = Q∆(B),

and moreover, x is a superefficient solution of problem (CVEP) if and only if x is also a Henig

efficient solution of that problem, which completes the proof.

A direct consequence of Theorem 7, its easy proof can be omitted.

Corollary 6 Given a feasible solution x ∈ K, B is a convex base of Q and assumming, in

addition, that the set C is convex, the scalar functions Fi,x (i ∈ I) and gj (j ∈ J(x)) are steady
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(or Hadamard differentiable) at x, the mapping h is Fréchet differentiable at x. Suppose also

that

(i) There exist λ ∈ Q∆(B)
(
resp. [Rp

+]
♯
, intRp

+ if, in addition, B is closed and bounded
)
,

µ ∈ Rm
+ and η ∈ Rr such that

0 ∈
p∑

i=1

λi∂0Fi,x(x) +
∑

j∈J(x)

µj∂0gj(x) +

r∑
k=1

ηk∇hk(x) +N(C, x); (38)

(ii) The scalar functions Fi,x (i ∈ I) and gj (j ∈ J(x)) are pseudoconvex at x;

(iii) The scalar functions ±hk (k ∈ R) are quasiconvex at x with respect to C.

Then, x is a Henig efficient (resp. globally efficient, superefficient) solution of problem (CVEP).

We close this section by making some comparisons between the results obtained in the paper

and the existing one in the literature.

Remark 4 As far as we know, there have not been results on KKT-type necessary/sufficient

optimality conditions via the Aubin-Frankowska’s generalized subdifferentials for the efficient

solution types of a nonsmooth vector equilibrium problem with set, equality and inequality con-

straints (CVEP). In fact, in our paper, some weak/strong KKT-type necessary/and sufficient

optimality conditions for these solutions to such problem in terms of the Aubin-Frankowska’s

generalized subdifferentials with the class of stable even steady and Hadamard differentiable

functions are established in finite real spaces, while Rodŕıguez-Maŕın and Sama [36,37] stud-

ied the results on existence, uniqueness and some basic characterizations for the contingent

epiderivatives with stable functions. The authors [36,37] obtained some applications of the

results for mth-order local strict minimizers in general vector optimization problems; Jiménez-

Novo-Sama [14] derived dual and primal necessary and sufficient optimality conditions for the

local strict minimizers of vector optimization problem with set constraint using the different

notions of graphical/ or epigraphical derivatives; Jiménez - Novo [13] gave KKT- type neces-

sary optimality conditions for weak efficiency in nonsmooth vector optimization problem with

constraints in terms of the Clarke subdifferentials with locally Lipschitz functions in finite real

spaces; Constantin [10] presented first-order necessary conditions for local efficiency in terms

of Clarke subdifferetials for multiobjective optimization problems with inequality, equality and

an arbitrary set constraint; Luu [30-32] established KKT-type necessary conditions for vector

equilibrium problems in terms of convexificators and Michel-Penot’s subdifferentials; Jourani

[15,16] provided Kuhn-Tucker-type optimality conditions for non-differentiable programming

problems through the Lagrange multipliers.

§5 Applications to vector variational inequality and vector

optimization problem with constraints

In this section, we derive some weak/strong KKT-type necessary optimality conditions and

weak/strong KKT-type sufficient optimality conditions for efficiency of problems (CVOP) and

(CVVI) via the generalized subdifferentials with stable functions. We always assume that B is

a bounded closed convex base of Q := Rp
+.
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Consider the vector-valued mapping T : Rn → L(Rn,Rp), is defined by

Tx = ((Tx)1, . . . , (Tx)p) ∀x ∈ Rn,

where (Tx)1, . . . , (Tx)p are real-valued bounded linear mappings defined on Rn, and L(Rn,Rp)

is the space of all bounded linear mappings from Rn into Rp.

A special case for the problem (CVEP) is called the constrained vector variational inequality

problem (in short, (CVVI)) concerning

Fi,x(y) = ⟨(Tx)i, y − x⟩ ∀x, y ∈ Rn, ∀ i ∈ I.

For this sense, if x ∈ K is a (local) weakly (resp., Henig efficient, globally efficient, superefficient)

solution of problem (CVEP) then x ∈ K is said to be a (local) weakly (resp., Henig efficient,

globally efficient, superefficient) solution of problem (CVVI).

In a similar way, for f = (f1, . . . , fp) : Rn → Rp is a vector-valued mapping in which the

scalar functions f1, . . . , fp : Rn → R and f(x) =
(
f1(x), . . . , fp(x)

)
for all x ∈ Rn.

An other special case for the problem (CVEP) is called the constrained vector optimization

problem (in short, (CVOP)) that involving

Fi,x(y) = fi(y)− fi(x), ∀x, y ∈ Rn, ∀ i ∈ I.

For this sense, if x ∈ K is a (local) weakly (resp., Henig efficient, globally efficient, superefficient)

solution of problem (CVEP) then x ∈ K is called a (local) weakly (resp., Henig efficient, globally

efficient, superefficient) solution of problem (CVOP).

Theorem 8 (KKT-type necessary optimality) Assume that all the hypotheses of Assumption

1 are fulfilled and the set C is convex in which the functions Fi,x (∀ i ∈ I) and Fx are replaced

by fi (i ∈ I) and f, respectively. Suppose also that the vector x is a local weakly (resp. Henig,

globally and super-) efficient solution for the problem (CVOP) with Fx(x) = f(x)−f(x) (∀x ∈
Rn) and the regularity condition of the (RC1) type at x holds. Then

(i) There exist λ = (λi)i∈I ∈ Rp
+ \ {0}

(
resp. Q∆(B), [Rp

+]
♯
, intRp

+

)
, µ = (µj)j∈J ∈ Rm

+

and η = (ηk)k∈R ∈ Rr satisfying

0 ∈
p∑

i=1

λi∂0fi(x) +
∑

j∈J(x)

µj∂0gj(x) +

r∑
k=1

ηk∇hk(x) +N(C, x), (39)

µjgj(x) = 0, ∀ j ∈ J. (40)

(ii) If f and g are Lipschitz around x, then there exist λ = (λi)i∈I ∈ Rp
+ \ {0}

(
resp.

Q∆(B), [Rp
+]

♯
, intRp

+

)
, µ = (µj)j∈J ∈ Rm

+ and η = (ηk)k∈R ∈ Rr satisfying (40) and

0 ∈
p∑

i=1

λi∂Cfi(x) +
∑

j∈J(x)

µj∂Cgj(x) +

r∑
k=1

ηk∇hk(x) +N(C, x). (41)

(iii) If f and g are convex on C, then there exist λ = (λi)i∈I ∈ Rp
+ \ {0}

(
resp. Q∆(B), [Rp

+]
♯
,

intRp
+

)
, µ = (µj)j∈J ∈ Rm

+ and η = (ηk)k∈R ∈ Rr satisfying (40) and

0 ∈
p∑

i=1

λi∂C0fi(x) +
∑

j∈J(x)

µj∂C0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x). (42)
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Proof. Let us consider F : Rn×Rn → Rp be defined by F (x, y) = f(y)− f(x) for all x, y ∈ Rn.

It is evident that F (x, x) = 0. For any i ∈ I, v ∈ Cx := C−x, one gets D↑Fi,x(x)v = D↑fi(x)v.

Consequently, ∂0Fi,x(x) = ∂0fi(x) for every i ∈ I. Notice that the stability of fi (∀ i ∈ I)

at x yields the stability of Fi,x (∀ i ∈ I) at x, and moreover, the steadiness and Hadamard

differentiability of f at x entails the steadiness and Hadamard differentiability of Fx at x,

respectively. Therefore, all the hypotheses of Theorem 1 and Theorem 5 are fulfilled to the

problem (CVOP) with F (x, y) = f(y)− f(x). By directly applying both these theorems to the

problem (CVOP), we get the desired conclusion.

Example 3 Let us consider the problem (CVOP) in which n = 3, p = 3, m = 2, r = 2,

C = [0, 1
2 ] × [0, 1

2 ] × [−1, 1] and x = (0, 0, 0). For the illustration let us may take A,B, g, h

being given as in Example 1 and the mapping f := (f1, f2, f3) : R3 → R3 be defined for all

x = (x1, x2, x3) ∈ R3 by

f1(x) = x3 + dist(x2, B) + dist(x1, A),

f2(x) = x1, f3(x) = x2.

Then f1, f2 and f3 are steady at x, g1 is Hadamard differentiable at x, g2 is continuous at

x, h1, h2 are Fréchet differentiable at x with ∇h1(x) = (1,−2,−1) and ∇h2(x) = (1,−4, 1),

MF and C are convex, I = {1, 2, 3}, J = {1, 2}, R = {1, 2}, J(x) = {1}, J \ J(x) = {2},
K(H) = {(u1, u2, u3) ∈ R3 |u1 = 3u2, u2 = u3}, T (C, x) = R2

+ × R and N(C, x) = R2
− × {0},

which guarantees that the regularity condition (RC2) is fulfilled. Hence, all the hypotheses

of Assumption 1 are satisfied. It is known from Example 1 that the feasible set of problem

(CVOP) is of the form K =
{
x := (x1, x2, x3) ∈ C |x2

1 + x2
2 + x2

3 ≤ x3, x1 + x2 + x3 ≤ 1
2

}
.

We observe that the closed pointed convex cone Q := R3
+ has the bounded closed convex base

B = {(b1, b2, b3) ∈ R3
+|b1 + b2 + b3 = 1}. Take U = {(u1, u2, u3) ∈ R3|u2

1 + u2
2 + u2

3 < 1
16}. Then

U is an absolutely convex neighborhood of the origin in R3 satisfying

conef(K) ∩ (U −B) = ∅.
According to Ref. [18], x = (0, 0, 0) is a locally Henig efficient solution of problem (CVOP). Ad-

ditionally, for every u = (u1, u2, u3) ∈ Cx it results D↑f1(x)u = u3, D↑f2(x)u = u1, D↑f3(x)u =

u2, D↑g1(x)u = −u3, D↑g2(x)u = u1+u2+u3. Thus, ∂0f1(x) = {(0, 0, 1)}, ∂0f2(x) = {(1, 0, 0)},
∂0f3(x) = {(0, 1, 0)}, ∂0g1(x) = {(0, 0,−1)} and further ∂0g2(x) = {(1, 1, 1)}. We verify that

the regularity condition of the (RC1) type at x holds. Then a weak KKT-type necessary op-

timality condition described by (39)-(40) holds with λ1 = 1, λ2 = 1, λ3 = 7, µ1 = 1, µ2 = 0,

η1 = 1 and η2 = 1. In fact, in this setting, one can achieve that

Q∆(B) = [R3
+]

♯ = intR3
+ = {(λ1, λ2, λ3) ∈ R3|λ1 > 0, λ2 > 0, λ3 > 0}

and thus λ ∈ Q∆(B), µ ∈ R2
+, µ1g1(x) = 0, µ2g2(x) = 0 satisfy

0 ∈
3∑

i=1

λi∂0fi(x) +
2∑

j=1

µj∂0gj(x)v +
2∑

k=1

ηk∇hk(x) +N(C, x) = (3, 1, 0) + R2
− × {0},

which terminates the check.

Corollary 7 Assume that C = Rn, all the hypotheses of Theorem 8 are fulfilled without (RC2).

Suppose also that the linear independence of the system {∇h1(x), . . . ,∇hr(x)} is fulfilled and

x ∈ K is a local weakly (resp. Henig, globally and super-) efficient solution for the problem
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(CVOP) with Fx(x) = f(x)− f(x) (∀x ∈ Rn). Then

(i) There exist λ = (λi)i∈I ∈ Rp
+ \ {0}

(
resp. Q∆(B), [Rp

+]
♯
, intRp

+

)
, µ = (µj)j∈J ∈ Rm

+

and η = (ηk)k∈R ∈ Rr such that (39), (40) are satisfied.

(ii) If f and g are Lipschitz around x, then there exist λ = (λi)i∈I ∈ Rp
+ \{0}

(
resp. Q∆(B),

[Rp
+]

♯
, intRp

+

)
, µ = (µj)j∈J ∈ Rm

+ and η = (ηk)k∈R ∈ Rr satisfying (39), (41).

(iii) If f and g are convex on C, then there exist λ = (λi)i∈I ∈ Rp
+ \ {0}

(
resp. Q∆(B), [Rp

+]
♯
,

intRp
+

)
, µ = (µj)j∈J ∈ Rm

+ and η = (ηk)k∈R ∈ Rr satisfying (39), (42).

Proof. By the initial hypotheses, C = Rn, which together with the linear independence of

the system {∇h1(x), . . . ,∇hr(x)}, we confirm that the regularity condition of the (RC2) type

holds true too. Also, all the hypotheses of Theorem 8 are valid to the problem (CVOP) with

F (x, y) = f(y)− f(x). By directly applying this theorem to the problem (CVOP), we arrive at

the desired conclusion.

Theorem 9 (KKT-type sufficient optimality) Given a feasible solution x ∈ K with Fx(x) =

f(x) − f(x) (∀x ∈ Rn), and assumming, in addition, that C is convex, the scalar functions

fi i ∈ I) and gj (j ∈ J) are stable (or steady, Hadamard differentiable) at x, the mapping h is

Fréchet differentiable at x. Suppose also that

(i) There exist λ ∈ Rp
+ \ {0}

(
resp. Q∆(B), [Rp

+]
♯
, intRp

+

)
, µ ∈ Rm

+ , η ∈ Rr satisfying

0 ∈
p∑

i=1

λi∂0fi(x) +
∑

j∈J(x)

µj∂0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x).

(ii) The scalar functions fi (i ∈ I) and gj (j ∈ J) are pseudoconvex at x.

(iii) The scalar functions ±hk (k ∈ R) are quasiconvex at x with respect to C.

Then, x is a weakly efficient (resp.Henig efficient, globally efficient, superefficient) solution of

problem (CVOP).

Proof. Arguing similarly as for proving Theorem 8 with observing Theorems 6 &7 and Corollary

6 in Section 4, we arrive at the desired conclusion.

Theorem 10 (KKT-type necessary optimality) Let x ∈ K be a local weakly efficient (re-

sp. Henig efficient, globally efficient and superefficient) solution for the problem (CVVI) with

Fx(x) = ⟨Tx, x− x⟩ (∀x ∈ Rn). Suppose that gj (∀ j ∈ J(x)) are steady at x, gj (∀ j ̸∈ J(x))

are continuous at x, h is Fréchet differentiable at x and continuous on a neighborhood of that

point and the regularity conditions (RC1) and (RC2) at x hold. Then

(i) There exist λ = (λi)i∈I ∈ Rp
+ \ {0}

(
resp. Q∆(B), [Rp

+]
♯
, intRp

+

)
, µ = (µj)j∈J ∈ Rm

+

and η = (ηk)k∈R ∈ Rr satisfying (40) and

0 ∈
p∑

i=1

λi∂0(Tx)i(· − x)(x) +
∑

j∈J(x)

µj∂0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x). (43)



362 Appl. Math. J. Chinese Univ. Vol. 41, No. 2

(ii) If g is Lipschitz around x, then there exist λ = (λi)i∈I ∈ Rp
+ \ {0}

(
resp. Q∆(B), [Rp

+]
♯
,

intRp
+

)
, µ = (µj)j∈J ∈ Rm

+ and η = (ηk)k∈R ∈ Rr satisfying (40) and

0 ∈
p∑

i=1

λi∂C(Tx)i(· − x)(x) +
∑

j∈J(x)

µj∂Cgj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x). (44)

(iii) If g is convex on C, then there exist λ = (λi)i∈I ∈ Rp
+ \{0}

(
resp. Q∆(B), [Rp

+]
♯
, intRp

+

)
,

µ = (µj)j∈J ∈ Rm
+ and η = (ηk)k∈R ∈ Rr satisfying (40) and

0 ∈
p∑

i=1

λi∂C0(Tx)i(· − x)(x) +
∑

j∈J(x)

µj∂C0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x). (45)

Proof. Consider F : Rn × Rn → Rp is formulated by F (x, y) = ⟨Tx, y − x⟩ for all x, y ∈ Rn.

It is easy to verify that F (x, x) = 0, D↑Fi,x(x)v = (T (x))iv for all i ∈ I and v ∈ Cx. In

consequence, ∂0Fi,x(x) = ∂0(Tx)i(· − x)(x) for all i ∈ I. Evidently, the stability (or steadiness,

Hadamard differentiability) of (T (x))i(·−x) (∀ i ∈ I) at x is satisfied automatically, which yields

that the stability (or steadiness, Hadamard differentiability) of Fi,x (∀ i ∈ I) at x is satisfied

too. Also, all the assumptions of Theorems 1 and 5 are fulfilled to the problem (CVVI) with

F (x, y) = ⟨Tx, y − x⟩. Directly applying such theorems to the problem (CVVI) again proves

the claim.

Corollary 8 Assume that C = Rn, all the hypotheses of Theorem 10 are fulfilled without (RC2).

Suppose also that the linear independence of the system {∇h1(x), . . . ,∇hr(x)} is fulfilled and

x ∈ K is a local weakly efficient (resp. Henig efficient, globally efficient and superefficient)

solution for the problem (CVVI) with Fx(x) = ⟨Tx, x− x⟩ (∀x ∈ Rn). Then

(i) There exist λ = (λi)i∈I ∈ Rp
+ \ {0}

(
resp. Q∆(B), [Rp

+]
♯
, intRp

+

)
, µ = (µj)j∈J ∈ Rm

+

and η = (ηk)k∈R ∈ Rr satisfying (40) & (43).

(ii) If g is Lipschitz around x, then there exist λ = (λi)i∈I ∈ Rp
+ \ {0}

(
resp. Q∆(B), [Rp

+]
♯
,

intRp
+

)
, µ = (µj)j∈J ∈ Rm

+ and η = (ηk)k∈R ∈ Rr satisfying (40) & (44).

(iii) If g is convex on C, then there exist λ = (λi)i∈I ∈ Rp
+ \{0}

(
resp. Q∆(B), [Rp

+]
♯
, intRp

+

)
,

µ = (µj)j∈J ∈ Rm
+ and η = (ηk)k∈R ∈ Rr satisfying (40) & (45).

Proof. By an argument analogous to that used for the proof of Corollary 7 with noting that

Q∆(B) = intRp
+ = intRp

++,

the claim follows.

Theorem 11 (KKT-type sufficient optimality) Given a feasible solution x ∈ K with Fx(x) =

⟨Tx, x− x⟩ (∀x ∈ Rn), and assumming, in addition, that C is convex, gj (j ∈ J(x)) are stable

(or steady, Hadamard differentiable) at x and h is Fréchet differentiable at x. Suppose also that
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(i) There exist λ ∈ Rp
+ \ {0}

(
resp. Q∆(B), [Rp

+]
♯
, intRp

+

)
, µ ∈ Rm

+ , η ∈ Rr satisfying

0 ∈
p∑

i=1

λi∂0(Tx)i(· − x)(x) +
∑

j∈J(x)

µj∂0gj(x) +
r∑

k=1

ηk∇hk(x) +N(C, x);

(ii) The scalar function gj (j ∈ J(x)) is pseudoconvex at x;

(iii) The scalar functions ±hk (k ∈ R) are quasiconvex at x with respect to C;

Then x is a weakly efficient (resp.Henig efficient, globally efficient, superefficient) solution of

problem (CVVI).

Proof. Consider the bifunction F : Rn × Rn → Rp given by F (x, y) = ⟨Tx, y − x⟩ for every

x, y ∈ Rn. Obviously, Fi,x (i ∈ I) is stable even steady and Hadamard differentiable at x and

such scalar function is pseudoconvex at x, too. Arguing similarly as for proving Theorem 10

with applying Theorems 6 and 7 instead of Theorems 1 and 5, respectively, we get the desired

conclusion.
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