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Optimality analysis for nonsmooth vector equilibrium

problems with constraints via generalized subdifferentials

Tran Van Sul* Dinh Dieu Hang?

Abstract. This paper is devoted to the study of KKT-type optimality via the generalized sub-
differentials of a nonsmooth vector equilibrium problem with set, inequality and equality con-
straints (CVEP, for brevity) and its applications. First, we provide the notion of the generalized
subdifferentials associated to the contingent epiderivatives (also called the Aubin-Frankowska’s
generalized subdifferentials) and the Clarke’s generalized subgradients. Additionally, we provide
some regularity conditions (RC1) and (RC3-s) for any index s € I = {1,...,p}. Some KKT-type
necessary optimality conditions for the efficient solution types of problem CVEP under some
suitable regularity conditions are derived. Besides, some strong KKT-type necessary optimality
conditions become sufficient optimality conditions under some suitable assumptions on the pseu-
doconvexity, quasiconvexity and quasilinearly of objective and constraint functions. Finally, an
application of such result to the vector optimization problem with constraints (CVOP) and the
vector variational inequality problem with constraints (CVVI) is presented. Some illustrative

examples are also provided for our findings.

81 Introduction

In the last several decades, primal and dual optimality conditions for the efficient solu-
tion types of nonsmooth vector equilibrium problems have been paid much attention from
researchers due to a wide range of applications in different areas of engineering and economic-
s; see ([3,4,7,8,9,15,16,19,21,29,34,35,42,44,49] and the references therein). There are a lot
of literature dealing with weak/strict efficiency conditions in nonsmooth vector equilibrium
problems using the tool of convex analysis, variational analysis and nonsmooth analysis; see
([5,12,13,14,15,16,17,18,22,23,24,25,26,30,31,33,36,37,38,39,40,41,43,45,46,47,48,50,51,52] and the
references therein). As we all know, the concept of generalized gradient for locally Lipschitz
functions and constraint qualifications for programs with Lipschitz conditions has been an im-
portant subject of study, e.g., in Clarke [6], Constantin [10], Jiménez and Novo [12,13], Jourani
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[15,16], Nobakhtian [21] and Luu [30,31,32]. However, the Clarke subdifferential only was ap-
plied for locally Lipschitz programs. In many nonsmooth vector optimization problems, the
data under consideration is only stable at the optimal point, but not locally Lipschitz around
that solution, and the well-known results in multiobjective program cannot be employed (see
Theorem 4.3 [13], for instance). Within this context, the notion of the generalized subdiffer-
entials associated to the contingent epiderivatives was introduced by Aubin and Frankowska
[2] (known as the Aubin-Frankowska’s generalized subdifferentials) which allows establishing
necessary conditions of Kuhn-Tucker type in scalar programs. On KKT-type necessary op-
timality conditions, these subdifferentials are finer than the Clarke subdifferentials, even the
Clarke subdifferentials are of less restrictive application than the Aubin-Frankowska’s gener-
alized subdifferentials. They only coincide in the case of locally Lipschitz convex functions.
Also, in most of research papers for multiobjective programs, primal and dual necessary as
well as sufficient optimality conditions via the generalized subdifferentials for efficiency are not
considered. Therefore, it is important for establishing strong Karush-Kuhn-Tucker-type nec-
essary/and sufficient optimality conditions via these associate subdifferentials for the efficient
solution types of nonsmooth vector equilibrium problem with set, inequality and equality con-
straints involving stable functions and its special problems. This is a motivation for our present
work in the literature.

The notion of contingent epiderivatives has a rich mathematical structure, which plays a
crucial role in variational analysis, convex analysis and nonlinear analysis. Moreover, such
concept has been used for providing primal and dual optimality conditions for weak efficiency
in nonsmooth vector equilibrium problems. It is also an extension of directional derivatives
in the single-valued convex sense, which was first introduced by Aubin-Frankowska [1,2], used
after by other researchers such as Jahn-Rauh [11], Jiménez-Novo [12,13], Jiménez et al. [14],
Luc [27], Rodriguez-Marin-Sama [36,37], Su [38,39,40] in deriving primal and Fritz John/and
Kuhn-Tucker dual efficiency conditions in any nonsmooth optimization problem. For example,
in vector optimization, Jahn-Rauh [11] provided some unified sufficient and necessary condi-
tions in terms of contingent epiderivatives; Jiménez et al. [14] established primal necessary and
sufficient conditions for strict minimizers in terms of contingent epiderivatives with stable/and
steady functions. More recently, Su [38] obtained Fritz John/and Kuhn-Tucker dual necessary
and sufficient optimality conditions for weak efficiency by combining contingent epiderivatives
and contingent derivatives with stable functions; Su [39] gave Fritz John/and Kuhn-Tucker
dual optimality conditions for the weakly efficient solution of nonsmooth vector equilibrium
problems with generalized convex data in terms of contingent epiderivatives. However, the
Aubin-Frankowska’s generalized subdifferentials involving stable functions are not used in de-
riving optimality conditions for nonsmooth constrained vector equilibrium problems with stable
conditions.

Motivated and inspired by the results due to [2,14,36,37,38,39], our paper will continue
to study and develop some KKT-type necessary/and sufficient optimality conditions in terms
of the Aubin-Frankowska’s generalized subdifferentials for the efficient solution types to such
problems. The content of this paper is organized as follows. After some preliminaries, Section
3 presents KKT-type necessary optimality conditions for the efficient solution types of nons-
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mooth vector equilibrium problem with set, inequality and equality constraints (CVEP) via
the Aubin-Frankowska’s generalized subdifferentials with stable, steady and Hadamard differ-
entiable functions. Section 4 is devoted to investigating KKT-type sufficient optimality for this
kind of problem (CVEP) under suitable assumptions on the pseudoconvexity, quasiconvexity
and quasilinearly of objective and constraint functions. Section 5, an application of these results
for the vector optimization problem (CVOP) and the vector variational inequality problem with
common constraints (CVVI) is presented.

82 Preliminaries

Throughout this paper, we use the standard notation of variational analysis and convex
analysis, e.g., in Aubin-Frankowska [2] and Rockafellar [35]. One writes R” (n € N) standing
for a finite real Euclide space and its topological dual, whose norm is expressed as || - ||, denote
by § # C C R"™ instead of a nonempty subset of R™. By 0 one denotes the origin of any
space R™, and (-, -) the inner product in any space R™. The nonnegative (resp., nonpositive)
orthant cone of R" is denoted by R (resp. R™), where R” := —R’} and R}, := intR"}
(the interior of the orthant cone R’ ). For r > 0, we use B(T,r) to denote the open ball of
radius r and centered at T, and £, — 07 to denote the sequence of positive real numbers
(tn)n>1 with the limit 0. For each A C R™, let us denote, as usual, its closure, interior, relative
interior and cone hull by clA, intA, riA and coneA, respectively, and by A, := A — z for all
x € R™. Denote by |A| the cardinality of A, i.e., the number of elements of A, and by AT
and A* the positive polar cone and the strictly positive polar cone of A, respectively, where
At ={¢€eR"|((,a) >0, Vaec A} and A* = {¢ e R"| (£,a) >0, Va e A\ {0}}. Let two
vectors & = (z1,...,2,) and y = (y1,...,ys) in R™, we use the following notations

xSy, if g <y, Vi,

<y, if <y, and z#y,

=y, if x; =vy;, Vi,

<y, if z; <y;, Vi
Let a mapping f : R” — R*® and Z,v € R™. We recall that the graph, the hypograph and the
epigraph of f are defined respectively by graphf := {(sr:,y) € R" x Ré|ly = f(x)}, hypf =
{(z,y) e R" x R¥|y € f(z) — R} and epif := {(z,y) € R" x R*|y € f(z) + R5 }.

Definition 1 ([12]) Let T € clM with M be subset of R™.
(i) The contingent cone to the set M at the point T is defined by
T(M,7) = {v e R"| 3, — 0", v, — vsuch that T +t,v, € M, ¥n € N}.
(ii) The cone of attainable directions to the set M at the point T is defined by
A(M,7) = {v € R"|Vt, — 0", Jv, — vsuch that T + t,v, € M, ¥n € N}.

(iii) The normal cone to the set M at the point T is defined by
N(M,7) = {€ € R | (£,0) <0 (Yo € T(M, 7))},
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Observe that N(M,z) = [-T(M,7)]* and A(M,T) C T(M,T). If M is convex, then
A(M,z) =T(M,T) = clcone(M — ).
According to Aubin and Frankowska [2], the contingent derivative of f at T in the direction v,
which is denoted as 0f(Z)v, defined by
w € Of (T)v < (v, w) € T(graphf, (T, f(T))).

It is evident that Of(T)v is a closed set and the set-valued map v — Jf(T)v is positively
homogeneous. The contingent epiderivative of f at T in the direction v, which is denoted as
Dy f(T)v, defined by

w € Dy f(T)v + R <= (v,w) € T(epif, (7, f(T))).
Also, the contingent hypoderivative of f at Z in the direction v, which is denoted as D* f(Z)wv,
defined by

w € DYf(T)v — Ri <= (v,w) € T'(hypf, (7, f(T))).
It is not difficult to verify that for each v € R™, if there exists D4 f(T)v, then, one can achieve
the results that Dy f(Z)v € 8f(Z)v and df (T)v C D+ f(T)v + RS It follows from D f(T)v =
—D¢(—f)(T)v that DV f(Z)v € 8f(T)v and Of (T)v C DY f(T)v — RS. When s = 1, by [2] we
have

Dy f(@)w = inf{w|w € A(f +Ry)@, f(@)(0)} = limint LT =J@

b
t—0t, w—v t

D! ()0 = supfulw € (f ~ B)(E f@)0)} = lmsup LTI =IO,

t—=0t, w—v t

Definition 2 ([12]) The Hadamard derivative of f : R” — R at T € R™ in the direction v € R”
is given by

o . f(@+tu) — f(T)
df (@ = (t,u)l—l>%+,v) t '

The mapping f is said to be Hadamard differentiable at T in the direction v iff, df (T)v exists,
and f is said to be Hadamard differentiable at T iff, df(T)v exists for every v € R™. If f is
Fréchet differentiable at Z, its Fréchet derivative at Z is denoted by V f(Z).

Definition 3 ([12,20,34]) Let f : R™ — R and Z,v € R™. Then

(i) f is said to be stable (or calm) at T iff, there exist a neighborhood U of T and a stable
constant L > 0 such that || f(z) — f(@)|| < L)z —Z|| Yz eU.

(ii) f is said to be steady at T in the direction v, abbreviated f is steady at (Z,v), iff
i f(@+tu) — f(T+ tv)

(t,u)—(0F,v) t
It is said that f is steady at T iff, f is steady at T in all the directions v € R™.

=0.

It is evident that f is steady at (Z,0) <= f is stable at Z. Especially, if f is stable at T,
then D4 f(Z)0 = 0. We remark that the above notions are different and moreover the class of
steady functions is wider than the class of Hadamard differentiable functions.

Given a vector function g : R” — R?. We define a mapping (f,g) : R” — R® x R? by
(f,9)(x) = (f(z),g(x)) for every x € R™, and then, a norm in R*TY is taken as ||(z,y)| =
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|lz||+ly|| for all (z,y) € R¥*9. According to Proposition 3.3 (i& ii) in [12], (f, g) is stable (resp.
steady) at T <= f and g are stable (resp. steady) at that point.

We recall the following definitions, which play a crucial role for our next study.
Definition 4 ([2]) Let an extended-real-valued function f defined on R™ and let Z,v € R"™.
Suppose that f is stable at Z. Then

(i) The generalized subdifferential of f at T in the case of Aubin and Frankowska [2] is
00f(@) = {p €R" Vv ER", (p,v) < Drf(@)(v) }.

For each p € 9y f(T) is called the subgradient and the generalized subdifferential associ-
ating to the contingent epiderivative is called the Aubin-Frankowska’s generalized
subdifferential.

(ii) If, in addition, f is Lipschitz around a point T € X, then the generalized subgradient of
f at T in the case of Clarke [6] (or the Clarke’s generalized subgradient) is

dcf(@) = {p e R" |Yv e R", (b.v) < C1f (@) },

where t
C1 f(@)(v) := limsup fla+tv) — f(:v)
t—=0t, z—>7T t
Naturally, we have the following inclusion

O f(T) C O f (). (1)

In the case f is convex, it follows from the well-known result in Ref. [2] that the contingent
epiderivative and the Clarke’s directional derivative coincide and are equal to
f(@+tu) — f(f))
. .
Therefore, the subdifferential of f at T in the sense of convex analysis

Ocof(T) = 0o f(T) = Oc f(T). (2)

Let us consider the vector bifunction F' : R” x R™ — RP such that F(z,z) = 0 for every
x € R™, and consider the constraint mappings g : R™ — R™ and h : R® — R". Then, it can be

D+ f(T)(v) := liminf (t1r>1fJ

U—v

written as F' = (F1,...,Fp), 9 = (91,...,9m) and h = (h1,..., h;), where F; is an extended-
real-valued bifunction defined on R"™ x R™ for every i € I := {1,...,p}, gj, hi are extended-
real-valued functions defined on R™ for all j € J := {1,...,m} and k € R := {1,...,7}.
Let us call J(Z) := {j € J|g;(T) = 0} (the set of active constraints). Set H := h~1(0) =
{z € R"|h(z) = 0} and K(H) := {z € R"| (VA(Z), ) = 0}. For each T € R", one writes
Fz : R™ — R? in which Fz(x) = F(Z, ) for any € R™. Then, one can reach that for all i € I,
F,z = Fi(7, .) and furthermore F; z(Z) = 0. For shortly, taking Fz(K) := J{Fz(x) |z € K}
and Mp := [[;e; D+Fiz(T)(C = 7) X [Lje sz P19 (@)(C = 7).
In the present paper, we shall be concerned with the following constrained vector equilibrium
problem (in short, (CVEP)): finding T € K such that
Fy(z) ¢ —intRY. V2 € K, (3)
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where K := {z € C|g(z) £ 0, h(z) = 0} denotes the feasible set of problem (CVEP). A
vector T solves (3) is said to be a weakly efficient solution for the problem (CVEP). If there
exists a neighborhood U of Z such that (3) holds for all + € K N U, we say that T is a local
weakly efficient solution for the problem (CVEP). A vector T € K is a local weakly efficient
solution for the problem (CVEP) iff there exists a real number § > 0 such that there is no
xg € K N B(T;§) with Fz(xzg) < 0. We recall (see [27]) that a cone @ has a convex base B iff,
0 ¢ clQ and Q = cone(B). Especially, if a cone @ has a convex base B, then Q% # (). Let B is
a bounded closed convex base of @ :=R" , we set

Q%(B) :={£€Q"|3t>0 such that (£,b) >t (Vbe B)}.
We always have

Q" (B) = intR, =R%_.

Additionally, 0 ¢ cl B. By invoking the standard separation theorem of two disjoint convex sets
{0} and ¢l B in Rockafellar [35] yields the existence of & € RP \ {0} such that

r:inf{<§,b) be B} > (£,0) = 0.
We define an open absolutely convex neighborhood of the origin in R? by

Vi = {y e R"|[(&.9)] < 5 }.

where the notion Vg will be used throughout this article. According to Luc [27], for any convex
neighborhood U of the origin in R? such that U C Vg, the cone hull cone(U + B) is pointed
and convex satisfying R”, \ {0} C int cone(U + B).

Definition 5 ([17,18,26]) The vector T € K is said to be

(i) a globally efficient solution of problem (CVEP) iff there exists a pointed and convex cone
H C RP with RE \ {0} C int H such that Fz(K) N (—H \ {0}) = 0.

(ii) a Henig efficient solution of problem (CVEP) iff there exists some absolutely convex
neighborhood U of zero with U C Vg such that cone Fz(K) N (—int cone(U + B)) = 0.

(iii) a superefficient solution of problem (CVEP) iff for each neighborhood V' of zero in RP,
there exists some neighborhood U of the origin such that cone Fx(K)N (U —RY) C V.

In previous Definitions, replacing K by K N B(%,¢) for some § > 0, we obtain the notations
of local globally efficient, local Henig efficient and local superefficient solutions for problem
(CVEP), respectively. Finally, we recall some definitions on pseudoconvexity, quasiconvexity
and quasilinearly, which the reader can be found in Refs. [2,19].
Definition 6 ([2]) An extended-real-valued function f defined on R™ is called pseudoconvex at
T if its epigraph is pseudoconvex at (T, f(T)), i.e., iff: for every z € R™,
Dif(@)(z —7) < f(z) — f(@).

Definition 7 ([19]) An extended-real-valued function f defined on a convex subset C' is said
to be quasiconvex at T € C with respect to C' iff: for each x € C,|

f(@) < f(@) = Vi €]0,1], f(te+(1-1)T) < f(Z).
It is said that f is quasiconvex on C iff) it is quasiconvex at each T € C. It is said that f is
quasilinear at T € C' with respect to C' iff, £ f are quasiconvex at T with respect to C.
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Finally, we make an assumption which is needful to treat KKT-type necessary optimality
conditions for weak efficiency to such a problem.

Assumption 1 Let a feasible solution . For all i € I and j € J(T), the real-valued functions
F;z and g; are steady at = and at least one of the functions I and g is Hadamard differentiable
at T; for all j € J\ J(T), the real-valued function g; is continuous at Z; the mapping h is Fréchet
differentiable at Z and continuous on a neighborhood of Z; the regularity condition (RC2) holds,
where

0€ ) WwVhi(T) + N(C,T) =7 =0. (RC2)
keT
Under this assumption, it can be seen that

K(H)Nri(C —7) £ 0.

83 KKT-type necessary optimality conditions for efficiency

In this section, we establish KKT-type necessary optimality conditions in terms of the
generalized subdifferentials with steady functions for the local efficient solutions of problem
(CVEP). To begin with, we provide some the following regularity conditions.

Definition 8 Let 7 € K and an index s € I. It is said that

(i) the regularity condition of the (RC1) type holds (at ) iff:
{v €R™ : Dyg;(T)v < 0(V5 € J(@)), (Vhi(T,v)) = 0(Vk € R)} NC=#0. (RCY)

(ii) the regularity condition of the (RC3-s) type at T is fulfilled iff: there exists a direction
vy € C — T such that
D+F; z(T)vg <0, Viel\{s},
D1g;(T)vo <0, Vje J(@), (RC3-5)
(Vhi(T),v0) =0, Yk € R.

Next, we state the extension of classical Ljusternik theorem, which can be found in Ref. [13].
Proposition 1 Let T € C N H. Suppose that

(i) C is a convex set;

(ii) h is continuous in a neighborhood of Z and Fréchet differentiable at T;

(iii) the regularity condition of the (RC2) type is valid. Then
AHNC,7) =T(HNC,7) = K(H)NT(C,T) = cl|K(H) N cone(C — f)} .

Theorem 1 ( Weak KK T-type necessary optimality) Assume that all the hypotheses of Assump-
tion 1 are fulfilled and C' is convex. Suppose also that T € K is a local weakly efficient solution
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for the problem (CVEP) and the regularity condition of the (RC1) type at T is fulfilled. Then,
there exist (A, 1) € (RY.\ {0}) x R7" and n € R" such that

p m r
0e Z )\iﬁoFi@(f) + Z ﬂjaOgj (f) + Z TIthk(f) + N(C, f)’ (4)
i—1 j=1 k=1
1ig; () =0, Vje.J (5)

Proof. By reasons of similarity, we prove only for the hypotheses that g is Hadamard differential
at T. For this hypotheses, it should be pointed out that if T € K is a local weakly efficient
solution of problem (CVEP), then the following system is impossible

DyF;z(T)v <0, Viel, (6)
Dyg;()v <0, Vje J(@), (7)
(Vhi(Z),v) =0, Vk € R, (8)
ve(C—T. (9)

Arguing by contradiction, assume that the system from (6) to (9) has at least a solution vy € R™.
Since the set C' is convex, it results in C — T C T(C,Z), which combined with (9) guarantees
that vg € T(C, 7). It follows from the previous equalities (8) that v € K(H), or equivalently,
vo € K(H)NT(C,7). Under the regularity condition of the (RC2) type, which together with
Proposition 1, it holds that

vo € T(CNH,z)=A(CNH,T). (10)
By invoking the concept of contingent epiderivative, for any ¢ € I, the contingent epiderivative

D+F; z(ZT)vy can be described as a limit of differential quotients (see [2,36,37], for instance),
which means that

Fiz(@+tu) — F;z(T
DiFia(@uo = lmint @ T = Fia(@)
’ t—0t, u—wvg t

Therefore, for every i € I, there exist sequences ¢, — 0% and v/, — vg such that
lim Fiz(@ +tovy,) — Fiz(T)

n——+oo tn
Together (11) with the steadiness of F; z at T, we obtain that
lim Fiz(T +tyv))) — F; z(T)

n—-+oo tn

holds for any sequence v)! converges to vg. For the preceding real numbers sequence (t,,)n>1, as
vg € A(C N H,T) (see (10)), thus, there exists a sequence v, — v such that

= DTFi,E(j)'UO <0. (11)

= DTFi,E(E)'UO (12)

T+tpoo, € HNC, Vn>1. (13)
From (12) and the fact D4+ F; 5(Z)vo < 0, it follows that there exists N7 > 0 such that
Fiz(@+tyv,) — Fiz(T) <0, Yn> Ny, Viel. (14)

In other words, since g; is Hadamard differentiable at T for all j € J(Z), similarly to the
preceding argument, it holds that

Dtg;(T)vo ;= liminf 9@+t = 9;@) _ dg;(T)vo, Vje J(@).
t—0+, u—vg t
Therefore for each j € J(Z), it ensures that

Dig; (@ = lim  SLE L tntn) = 9;(@)

n——+oo tn

<0,
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which allows us to conclude that there exists a natural number Ny > Ny such that
9;(T +tyv,) <0, ¥Yn> Ny, Vje J(T).
Taking into account the continuity of g; (j € J\ J(Z)), there exists a natural number N3 > Ny
such that for every n > N3, one can achieve the strict inequality that
9;(T+tyv,) <0, Vje J\J(@).

Consequently,

g9;(T+t,v,) <0, Vn >Nz, Vjed (15)
Combining (13)-(15) yields that T + t,v, € K for all n > N3. This is a contradiction with
inequality (14), means that Z is not a local weakly efficient solution for the problem (CVEP).
So, the system from (6) to (9) has no solution in R™. In view of the known result in Rockafellar
[35], which can be used since K (H) Nri(C —T) # 0, one finds (\, 1/, n) € R? x RIV@I x R”
with (A, u') # (0,0) such that (A, u’) > 0 and moreover,

P
ZAiDTFi,a: Yo+ Z M]DTg] v—i—an (Vh(Z),v) >0, Yoe(C —17.
i JjEJI(T) k=1

Under the regularity condition of the (RC1) type, A # 0. Indeed, if it was not so, then A = 0
and so i’ # 0. Take 0 € K(H) such that © € Cz and D1g;(Z)0 <0 Vj € J(T). If some p; > 0,
then we have that Y7, 1 D1g;(Z)0 + 31y m (Vhe(F),0) < 0, and this is a contradiction.
We set 1 = (p;);es, where
oy it g e J(@),
= { 0, otherwise.
Evidently, (A, ) > 0 with A # 0 and n € R" satisfying (5) and the following inequality

P
> NDiFi5(@ U+ZMDT% U+an (Vhi(T),0) >0 Vv € Cs. (16)
: =1 k=1

Thus, 0 € Cz is a minimum on the convex set Cz of the convex function

P
:Z)‘lDTFlz ’U+Z,[L]DTg] ’U+Z’flk th( ) >
i=1 j=1 k=1
Consequently,

0 € dcop(0) + N(C, T)

—ZAaCODTqu +ZujacoDng<> +ank (T) + N (C,),

i=1 j=1 k=1
which is equivalent to the relation (4), as it was shown. O

Remark 11t is worth mentioning that if f : R™ — R is stable at T, then 0 f(Z)0 = 0. Thus the
associate subdifferential to the contingent epiderivative of f at T is given by

aOf(E) = aCoDTf(f)()(O)v
and it is contained, by (6.7) in Ref. [2], in the Clarke subdifferential ¢ f(T).

Theorem 2 (Weak KKT-type necessary optimality) Under all the hypotheses of Theorem 1,
we have the following statements:

(i) If Fz, g are Lipschitz around T, then there exist (A, u) € (Rf \ {0}) x R} and n € R”
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such that
p m T
0> NOcFiz®) + Y 1;0cg;@) + Y mVhi(T) + N(C,T), (17)
i=1 j=1 k=1
139 (@) =0, VjeJ; (18)
(ii) If Fz, g are convex on C, then there exist (A, ) € (R%.\ {0}) x R7" and n € R” such that
P m r
06> Ny Fiz(@) + Y 1i0c,9;F) + Y mVhi(T) + N(C,7), (19)
i=1 j=1 k=1
1j9;(T) =0, VjeJ (20)

Proof. (i) Using the Lipschitzness of Ff, ¢ around 7, which ensures the Lipschitzness of F; z,
g;j (1 € I, j € J) around Z. This along with the inclusion (1) and Theorem 1 guarantees that
there exist (X, u) € (RE \ {0}) x R} and n € R” such that (17) and (18) are fulfilled.

(ii) Analogously to the proof of case (i), by applying the equality (2) guarantees that there
exist (A, p) € (RE\ {0}) x R}* and € R" such that (19) and (20) are satisfied too, which
completes the proof. O

The following results can be viewed as a directly consequence from Theorems 1 and 2.

Corollary 1 Suppose that C = R”, under the hypotheses of Theorem 1 in which the reg-
ularity condition of the (RC2) type is replaced by the linear independence of the system
{Vhi1(Z),Vha(T),...,Vh,.(T)}. Suppose also that T € K is a local weakly efficient solution
for the problem (CVEP). We have the following statements:

(i) There exist (X, p,n) € RE x RT x R™ with (A, n) # (0,0) satisfying (4)-(5);

(ii) If Fy, g are Lipschitz around 7, then there exist (X, u, 1) € RY xR} xR” with (X, n) # (0,0)
satisfying (17)-(18);

(iii) If Fz, g are convex on C, then there exist (A, p,n) € R x R x R™ with (A, ) # (0,0)
satisfying (19)-(20).

Additionally, A # 0 under the regularity condition of the (RC1) type.

Proof. First, we need to prove that the regularity condition of the (RC2) type at T is valid.
Indeed, if 0 € Y, _, mxVhi(T) + N(C,T), then one can achieve from the initial hypotheses
C = R" the right equality T(C,Z) = clcone(C — Z) = clcone(C — ) = C, which leads to
N(C,z) = {0}. Consequently, >, _, 7xVhy(Z) = 0. Second, from the linear independence of
the system {Vhi(Z),...,Vh.(Z)}, it yields that my = ... = 5, = 0, which means that the
regularity condition (RC2) at T is satisfied. Finally, by taking into account Theorem 1 and
Theorem 2, we get the desired conclusion. O

Corollary 2 Assume that all the hypotheses of Assumption 1 are fulfilled and the set C is
convex. Suppose also that T € K is a local weakly efficient solution of problem (CVEP). Then,
we have the following assertions:
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(1) There exist (A, ) € RY x R, not all zero, satisfying (5) and

p m
0€> NOoFiz(E) + Y 1;009;(F) + N(C N H,T); (21)
i=1 j=1
(ii) If Fz, g are Lipschitz around T, then there exist (A, u) € RE x R, not all zero, satisfying
(5) and
P m
0> NOcF (@) + 3 1000;(x) + N(C 1 H,3); (22)
i=1 j=1

(iii) If F%, g are convex on C, then there exist (A, 1) € RY x R, not all zero, satisfying (5)
and

p m
06> Nde,Fiz(@) + > pijde,g;(®) + N(CNH 7). (23)
i=1 j=1

Moreover, A # 0 under the regularity condition of the (RC1) type.

Proof. Arguing similarity as for proving Theorem 1, we assert that there would exists a pair
(A, ) € RE x R, not all zero, satisfying (5) and the following inequality

b m
> NDyFiz(@)v+ Y piDigi(E)v >0 Vo € K(H) N Cs.
i=1 j=1
Since the single-valued mapping L : R™ = R given by
v DyF; 5(Z)v

is positively homogeneous (i € I), which guarantees that

p m
> ANDyFiz(@)v+ Y piDig;(T)v >0 Yo € K(H)NT(C, 7). (24)
i=1 j=1
Thanks to Proposition 1, it follows from (24) that
p m
> ANDyFiz(@)v+ Y p;iDigi(E)v >0 Yo € T(C N H,T). (25)
i=1 j=1

By hypotheses, the cone T'(C'N H,T) is convex, then, in a similar idea to the proof of Theorem
1, one can achieve from the inequality (25) the result (21). We observe that A # 0 is due to the
regularity condition of the (RC1) type at T is satisfied. For the remain cases, by directly applying
the results obtained in Theorem 2, which combined with the previous similar arguments, we
get the desired conclusion. O

Remark 2 Evidently, if T € K is a weakly efficient solution of (CVEP), then it is also a local
weakly efficient solution of that problem. Thus all the preceding obtained results are still
true in the sense of a local weakly efficient solution is replaced by a weakly efficient solution.
Ezample 1 Let us consider the problem (CVEP) in which n = 3, p =3, m = 2, r = 2,
C =1[0,4]x[0,3]x[~1,1] and T = (0,0,0). For the illustration, for every = = (1,22, z3) € R?,
let us may take the mapping Fz(.) := (F1.z(.), Foz(.), F3z(.)) : R?* — R3, be given by

Fy z(z) = dist(x1, A) + dist(x2, B) + 3,

Foz(z) =a1 + :c% + x%, Fs5(z) = a:f 4+ 29 — x%,
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120 ams 16738 32716
ping g := (g1, 92) : R?* — R? is given for all z = (21,72, 73) € R? by

where A := {0 LY TR ...}andB:: {O}U[l 5} {,l i}U....Considerthemap—

gi(z) =23 + 23+ 23 — 135 go(x) =21 + 29 + 23 — 0.5,

and the mapping h := (h1, he) : R® — R? given for all x = (x1, 79, 73) € R? by
hi(z) = @1 — 229 — 3, ho(x) = 221 — 4oy + 3.

It can be easily seen that Fj z, Foz and F3z are steady at T, ¢g; is Hadamard differentiable
at T, go is continuous at T, hi, ho are Fréchet differentiable at Z with Vhy(Z) = (1,-2,-1)
and Vhe(Z) = (1,—4,1), and further the set Mp is convex. By directly calculating, one can
achieve the result that I = {1,2,3}, J = {1,2}, R = {1,2}, J(7) = {1}, J\ J(z) = {2},
K(H) = {(u1,u2,u3) € R®|uy = 3uz, ug =uz} and T(C,T) = Ry x R, x R which guarantees
that N(C,Z) = R_ x R_ x {0}. Thus, the regularity condition (RC2) is valid and the set C'is
convex, which proves all the hypotheses of Assumption 1. We easy to verify that the feasible set
of (CVEP) is of the form K = {& = (21,22, 73) € C|2i+23+2% < x5, z1+22+23 < 3}. Thus,
T = (0,0,0) is a local weakly efficient solution of problem (CVEP). Furthermore, for all u =
(u1,u2,u3) € Cx it results D+ F1 z(T)u = uz, D+ Foz(T)u = u1, D1F35(T)u = uz, Dyg1(T)u
—ug, Dyg2(T)u = u1 + uz + ug. Therefore, Oy F1z(T) = {(0,0,1)}, OFaz(T) = {(1,0,0)},
OoF3z(T) = {(0,1,0)}, 9og1(Z) = {(0,0,—1)} and moreover Jpg2(Z) = {(1,1,1)}. We verify
that the regularity condition of the (RC1) type at T holds. Then a weak KKT-type necessary
optimality condition is described by (4)-(5) holds with Ay =1, Ao =1, A3 =7, 3 =1, pe =0,
m = 1 and 7o = 1. In fact, in this setting, one can reach that (A, u) > 0, A # 0, u191(T) = 0,
t292(T) = 0 and moreover

3
0 NdoF;z(T) + Z 11009 (T)v + Z neVhi(T) + N(C,T) = (3,1,0) + R% x {0}.
i= j=1 k=1
It should be to mention that dist(x, M) := infyec s ||z — y||, which proves that Fy z(x) > x5 for

all x = (x1,22,23) € C, which terminates the check.

Theorem 3 (KK T-type necessary optimality) Assume that all the hypotheses of Assumption 1
are fulfilled, C is convex and the regularity condition of the (RC3-s) type at T holds (for some
s € I). Suppose also that T is a local weakly efficient solution for the problem (CVEP). Then

1- Illele eXiS' )\,/L c Rp X Rm V\/i‘}l >\S > 0 aIld 77 S RT Suc. 19, ( € CO (1. .()IIS 4 - 5
are \/alid;

(ii) If F&, g are Lipschitz around 7, then there exist (A, u) € RY xR} with Ay > 0 and n € R”
such that the conditions (17)-(18) are satisfied;

(iii) If Ff, g are convex on the convex set C, then there exist (A, n) € RE x R with Ay > 0
and n € R" such that the conditions (19)-(20) are fulfilled.

Proof. (i) By invoking the proof of Theorem 1, there would exist (X, ) € R xR\ {(0,0)} and
n € R” such that conditions (5) and (16) are satisfied. Under the regularity condition (RC3-s),
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where the index s € I, one can find the direction vy € C' — T such that
DTFZ' E(E)UO <0, Vie I\ {S},
Digs(@)o <0, Vj € J(@),
(Vhi(T),v0) =0, Yk € R.
Let us see that A; > 0. In fact, if it was not so, then A; = 0. It is evident that
Z )\iDTFi,z Uo + Z ,ujDTgJ ’U() + Z??k th( ) 0> < 0. (26)
i€I\{s} jeJ () kER
Using the inequality (16) for the case v = vy € C — 7, it yields
Z AiD1Fiz(T)vo + Z 11 D+g;(T)vo + Z Mk (Vhie(T), vo) 2 0,
iel JjEJ(T) kER
or equivalently,
D ADF@vo+ Y pDigi(@vo + Yk (VAk(), vo) > 0,
iel\{s} j€J (@) keR
which conflicts with inequality (26). Hence, As > 0, and then, by directly applying the achieved
result in Theorem 1, it proves the conclusion of case (i).

(ii) & (iil): Analogously to the proof of case (i) with observing Theorem 2, we also get the
desired conclusion. O

In order to derive the strong KKT-type necessary optimality conditions for weak efficiency of
problem (CVEP) in which Lagrange multipliers are positive with respect to all the components
of the objective, observe that RY | := {(A1,..., ;) € RP|\; >0, Vi e I}

Theorem 4 (Strong KKT-type necessary optimality) Assume that all the hypotheses of As-
sumption 1 are fulfilled, C' is convex and the regularity condition of the (RC3-s) type at T holds
for all s € I. Suppose also that T is a local weakly efficient solution for the problem (CVEP).
Then

i) There exist (A, u,n) € RL _ x R™ x R” such that the conditions (4)-(5) are valid.
++ +

(ii) If Fz, g are Lipschitz around Z, then there exist (A, u,7) € RE | x R x R” such that the
conditions (17)-(18) are satisfied.

(iii) If F&, g are convex on the convex set C, then there exist (A, u,n) € RE | x R x R” such
that the conditions (19)-(20) are fulfilled.

Proof. (i) By an argument analogous to that used for the proof of Theorem 3, we deduce that
for each s € I, there exist a triple (A(), u(®) n(s)) € RE x RT x R" with )\gs) > 0 such that
conditions (27)-(28) hold, where

/4
S ADFs(@ v—i—ZN( 'Dyg;(® U+Zm§)th( Jv >0, Vv e C, (27)
i=1 j=1 k=1

g (@ =0, Vje, (28)

in which A\(®) := ()\gs), ce /\és))7 pl®) = (,ugs), e ,,u(s)) and n(®) := (7758), ce 777(08)). By making
use of the preceding achieved results, let us may pick \; = > .7_, )\ES) >0 Viel),u =



Tran Van Su, Dinh Dieu Hang. Optimality analysis for nonsmooth vector equilibrium... 353

’S’:lugs) >0 (Vje J@) and g = >.F_, n,(cs) € R (Vk € R) and then take s = 1,2,...,p
in (27)-(28) and adding up both sides of the obtained inclusions, it follows that there exist
(A, p,m) € RE . x R x R” such that conditions (5) and (16) are valid. Then, in a similar way
to the proof of Theorem 1 once more, we have the desired conclusion.

(ii) & (iii): Repeating the proof of case (i), we also arrive at the desired conclusion. O

Theorem 5 (Strong KK T-type necessary optimality for the rest solutions) Assume that all the
hypotheses of Assumption 1 are fulfilled, C' is convex and the regularity condition of the (RC1)
type at T holds. Suppose also that the convex set B is a closed and bounded base of Rﬁ and
T € K is a local Henig efficient (resp. globally efficient, superefficient) solution for the problem
(CVEP). Then, we have the following conclusions

(i) There exists A € Q*(B) (resp. [Rﬂ’_]ﬁ, int RY ), p € R and n € R satisfying

,ujgj(f) =0 V] € J, (29)
p m r
0> NdoFiz(@) + Y 1;009;(@) + > _ meVhi(z) + N(C, 7). (30)
i=1 j=1 k=1

(ii) If Fg, g are Lipschitz around Z, then there exists A € Q~(B) (resp. [Rﬁ_]ﬁ, int RY ),
p € R and n € R satisfying (29) and

p m T
0> NocFiz@) + > 1i0cg;(®) + Y mVhi(T) + N(C, 7). (31)
i=1 j=1 k=1
(iii) If Fx, g are convex on C, then there exists A\ € Q*(B) (resp. [R’j_]ﬁ, intRY), p € R
and n € R" satisfying (29) and

P m r
0€e Z NiOc, Fi z(T) + Z 1;0c,95(T) + Z e Vhi(T) + N(C,T). (32)
i=1 =1 k=1

Proof. We note that if (30) holds, then it guarantees that (31) and (32) hold under suitable
assumptions. Let us now assume that T be a local Henig efficient solution of problem (CVEP).
Then there exist some absolutely open convex neighborhood U of the origin with U C Vg and
a real number 6 > 0 such that
cone(Fg(K N B(z, 5))) N ( — int cone (U + B)) =0,
which is equivalent to
Fo(K N B(F,5)) N ( — int cone (U + B)) = 0.
We confirm that int cone(U + B) + cone (U + B) = int cone(U + B), and further,
R\ {0} C int cone(U + B).
Arguing similarly as for proving Theorem 1 with applying the cone hull cone(U + B) instead

of the nonnegative orthant cone RY, there exist A € RY \ {0}, u € R} and n € R” satisfying
(29) and (30). It follows from the reached result in Ref. [26] that A € Q*(B).

Next, we assume that T € K is a local globally efficient solution of problem (CVEP). Then
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there exist a pointed convex cone H C RP and a real number § > 0 such that
Fs(K N B(z,6)) N (-H\{0}) =0,

which ensures that Fz(K N B(T,d)) N (—int H) = @, where

R% \ {0} C int H, (33)
Analogously to the proof of Theorem 1 with applying a cone H stands for a cone R’ , one can
find a triple (A, 1,n) € R? x R™ x R" with A € HT \ {0} and p € R’} satisfying the conditions
(29) and (30). It must be proven that A € [Rﬁ]ﬁ, ie., for every z € RE \ {0}, it implies that
(A, z) > 0. Under (33) and A # 0, an obviousness.

Finally, we consider T is a local superefficient solution of problem (CVEP). Since R has
a bounded closed base B, taking into account Gong’s result [17,18], it follows that Q*(B) =
int RE . Besides, T is a local superefficient solution of problem (CVEP) if and only if Z is a local
Henig efficient solution of that problem, and the claim follows. O

Adapting the obtained result in Theorem 5, the following statement of corollaries is inspired
by Corollary 1 and Corollary 2, respectively.

Corollary 3 Assume that C = R", B is a bounded and closed convex base of Rf. and all the
hypotheses of Theorem 5 are satisfied in which the regularity condition of the (RC2) type is
replaced by the linear independence of the system {Vhi(Z),...,Vh,.(T)}. Suppose also that
T € K is a local Henig efficient (resp. globally efficient, superefficient) solution for the problem
(CVEP). We have the following assertions.

(i) There exist A € Q*(B) (resp. [Ri]u, intRY ), p € R and n € R” such that the condi-
tions (29) and (30) are fulfilled.

(ii) If Fy, g are Lipschitz around Z, then there exist A € Q®(B) (resp. [Rﬁ_]ﬁ, int RY ),
p € RT and 1 € R” such that the conditions (29) and (31) are valid.

(iii) If F, g are convex on C, then there exist A € Q*(B) (resp. [Ri]ﬁ, int R% ), p € R} and
1 € R” such that the conditions (29) and (32) are satisfied.

Proof. In a same way to the proof of Corollary 1 with applying the known result of Theorem 5
stands for Theorem 1, we arrive at the desired conclusion. O

Corollary 4 Suppose that all the hypotheses of Assumption 1 are fulfilled, C' is a convex set,
B is a bounded and closed convex base of RY. and the regularity condition of the (RC1) type
holds. Suppose also that Z € K is a local Henig efficient (resp. globally efficient, superefficient)
solution for the problem (CVEP). We have the following assertions.

(i) There exist A € Q2(B) (resp. [Rﬁ]u, int R ), € R such that the conditions (5) and
(21) are fulfilled.

(i) If Fy, g are Lipschitz around Z, then there exist A € Q*(B) (resp. [Rﬁ_]ﬁ, int R%),
i € R such that the conditions (5) and (22) are valid.

(iii) If Fy, g are convex on C, then there exist A € Q*(B) (resp. [Rﬁ]ﬁ, int RY ), 1 € R such
that the conditions (5) and (23) are satisfied.
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Proof. 1t is straightforward from Theorem 5, and the claim follows. O

Remark 3 We observe that the previous obtained results are still true for the case of the weakly
efficient, Henig efficient, globally efficient and superefficient solutions of problem (CVEP) (see
Remark 2 for instance). Many authors have established weak/strong KKT-type necessary con-
ditions for locally Lipschitz vector optimization problems without equality constraints, e.g., in
[13,15,31,32]. In such papers, the extended-real-valued functions f;,i = 1,2,...,p are locally
Lipschitz while these function in our paper (say F;z, ¢ = 1,2,...,p) may not be locally Lips-
chitz, so their results are different from our results in this section. Furthermore, our results are
more general than those available recently.

84 KKT-type sufficient optimality conditions for efficiency

In this section, we goal to provide Karush-Kuhn-Tucker type sufficient optimality condi-
tions for the weakly efficient solution types of problem (CVEP) in terms of the generalized
subdifferentials with stable functions at the point under consideration.

Theorem 6 (KKT-type sufficient optimality) Given a feasible solution T and assumming, in
addition, that C' is convex, the scalar functions F;z (i € I) and g; (j € J(T)) are stable at T,
and the mapping h is Fréchet differentiable at T. Suppose also that

(i) There exist A € RE \ {0}, p e RLFJ(E” and n € R" such that
p T
0€) NdoFiz(@) + D 009;(T) + Y meVhi(T) + N(C,7); (34)
i=1 JEJ(T) k=1
(ii) The scalar functions F; z (i € I) and g; (j € J(T)) are pseudoconvex at T;
(iii) The scalar functions £hy, (k € R) are quasiconvex at T with respect to C.

Then, T is a weakly efficient solution of problem (CVEP).

Proof. Assume that all the assumptions of Theorem 6 are fulfilled. It follows from (34) that
there exist & € 0o F; z(T), i =1,2,...,p and ¢; € dog;(T), j € J(T) such that

Z)\i§i+ Y wiG+ Yy mVhi(z) € —=N(C,7) = [T(C,2)]".

JjEJ (@) k=1
It follows the convexity of the set C' that C' —z C T'(C,T). Thus, for any « € K, one gets
x—7TeT(C,7T),

which guarantees that the following inequality is true

<Z &+ D G+ Y mVhi(T), ©— 33> > 0. (35)
i=1

jed (@) k=1
From the stability at T of F;z (i € I) and g; (j € J(T)), it follows that the contingent epi-
derivative of such functions at T in the direction z — T (Vz € K) always exists. Under the
hypotheses (ii), they are pseudoconvex at T. Thus, one can obtain for all € K that
Fiz(z) = F;5(Z) > D4Fi z(Z)(x — T) > (&, —T) Viel,

9i(x) = 9;(T) = D1g;(T)(@)(z = T) = (G, 2z =) Vje J(T)
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Under the hypotheses (iii), for any k& € R, it follows from the quasiconvexity of +h;, at T with
respect to C' that hy is quasilinear at T with respect to C. So, for every = € K, it results that

(Vhi(ZT),z — %) = 0.
Since A € RE \ {0}, pu € R‘J(T)l and n € R”, one can achieve for every x € K that

iAiFm >ZA( - m(f))+ > ug(gg( )—i—an(hk ())

jel(@)

>Z)\ D+F; (Z)(z — ) Z w;Dyg; (Z x—f)—i—an (Vhi(T),x — T)

j€J(T) k=1
> <Z Aiki + Z 1565 + Zﬂthk(f), z $> ;
i=1 ) k=1

which combined with (35) yields that

p
Z Nz (x) >
i=1

Since X # 0, there exists ¢ € I such that F; -(z) > 0, and so, 7 is a weakly efficient solution of
(CVEP), which completes the proof. O

Corollary 5 Given a feasible solution T € K and assumming, in addition, that the set C' is con-
vex, the scalar functions F; z (i € I) and g¢; (j € J(T)) are steady (or Hadamard differentiable)
at T, and the mapping h is Fréchet differentiable at T. Suppose also that

i) There exist A € RY \ {0}, p € R7®! and n € R" such that
+

0e Z)\ QFz@) + Y 100g; (@) + > meVhi(T) + N(C,T);
jeJ(Z) k=1

(ii) The scalar functions F; z (i € I) and g; (j € J(T)) are pseudoconvex at T;
(iii) The scalar functions £hy, (k € R) are quasiconvex at T with respect to C.

Then, T is a weakly efficient solution of problem (CVEP).

Proof. Since the class of stable functions is wider than the class of steady/or Hadamard differ-
entiable functions, in view of Theorem 6, we get the desired conclusion. O

Example 2let n =1, p=2, m=1,r =2, C = [%,%] and T = % Define the mapping
Fr = (Fiz, Foz) : R = R? by Fiz(z) = —|z| + 2% + £ and Foz(x) = 2(z — |z|) for all
x € R. For the illustration let us consider ¢ = g; : R — R be defined by g;(x) = —%x +
2% + 23, Vo € R, and consider h := (h1,ho) : R — R? be defined by hi(z) = 1 — 2 and
ho(x) = —1+ 2z for all z € R. It is evident that the scalar functions F} z, F» 7 and ¢ are stable
even steady and Hadamard differentiable at T, the scalar functions hy, ho are quasilinear at
T with respect to a convex set C, and moreover, these functions are Fréchet differentiable at
T with its derivatives Vhi(Z) = —1 and Vha(Z) = 2. Observe that Fx(Z) = (0,0), g(z) = 0,
I ={1,2}, J=J(@) = {1} and R = {1,2}. Let v € R be arbitrary, which proves that the
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relationship in (34) holds with A\; = 1, s =2, p = 3, 5y = 3 and 72 = 1. In fact, by directly
calculating, one can obtain the results as T(C,Z) = Ry, N(C,Z) = R_, D+Fy z(T)v = 0,
DyFyz(T)v = 0, D3g1(T)u = v, (Vh1(T),v) = —v and (Vh1(T),v) = 2v, which ensures that
the generalized subdifferentials 9y F1 z(T) = 9o F1z(Z) = {0} and dog1(ZF) = {1}. Therefore,
0e 2 NdoFiz(T) + e M09 (T) + 204y mVhi(T) + N(C,T) =] — 00,2]. With the
help of Theorem 6 (or even Corollary 5), we conclude that T is a weakly efficient solution for
the problem (CVEP), as it was checked.

Theorem 7 (KKT-type sufficient optimality for the rest solutions) Given a feasible solution
T € K, B a convex base of @ and assumming, in addition, that the set C is convex, the
scalar functions F;z (¢ € I) and g; (j € J(T)) are stable at Z, and the mapping h is Fréchet
differentiable at Z. Suppose also that
(i) There exist A € Q*(B) (resp. [Rﬂﬂ int RY if, in addition, B is closed and bounded),
p € R and n € R” such that
p T
0€e Z NiOoF; z(T) + Z 1;909;(T) + Z neVhi(T) + N(C,T); (36)
i=1 JEJ(T) k=1
(ii) The scalar functions F;z (i € I) and g; (j € J(T)) are pseudoconvex at T;
(iii) The scalar functions +hy, (k € R) are quasiconvex at T with respect to C.

Then, 7 is a Henig efficient (resp. globally efficient, superefficient) solution of problem (CVEP).

Proof. By an argument analog0u§ to that used for the proof of Theorem 6 with observing that
ANEQAB) CREN\{0}, pne RL‘](I)' and 1 € R, one can reach the following inequality

(A, Fg(x)) == i ANiFiz(x) >0, Vz € K. (37)

Combining Gong’s result [17] with A € Q*(B) yields there exists some open absolutely convex
neighborhood U of zero in R? with U C Vg such that A € [cone (U + B)]* \ {0}. Thus, in view

of the inequality (37) it guarantees that Fz(K)N ( — int cone(U + B)) = (), which is equivalent
to coneFx(K)N (—int cone(U+B)> = (. So, T is a Henig efficient solution of problem (CVEP).
For the case A € Q¥, u € RLJ@‘ and n € R" satisfying (37). Taking a convex pointed cone
H C R? with H := {y € R : (\,y) > 0} U {0} such that RY \ {0} C int H holds true. Under
inequality (37), one has Fz(K) N ( —H\ {O}) = (), which means that T is a globally efficient
solution for the problem (CVEP).

Finally, let us assume that A € intR% , p € ]RL_J(I)‘ and n € R" satisfying (37). Because B is a
bounded closed convex base of @, taking into acount the result of Gong [18], int (Rf ) = Q2 (B),

and moreover, T is a superefficient solution of problem (CVEP) if and only if T is also a Henig
efficient solution of that problem, which completes the proof. O

A direct consequence of Theorem 7, its easy proof can be omitted.

Corollary 6 Given a feasible solution T € K, B is a convex base of ) and assumming, in
addition, that the set C' is convex, the scalar functions F; z (i € I) and g; (j € J(T)) are steady
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(or Hadamard differentiable) at Z, the mapping h is Fréchet differentiable at Z. Suppose also
that

(i) There exist A € Q*(B) (resp. [Rﬁ_]ﬁ, int R if, in addition, B is closed and bounded)7
€ R and n € R” such that

p r
06D NOFiz@ + Y. 1oog; (@) + > mVhi(E) + N(C,T); (38)
i=1 jeJ(T) k=1

(ii) The scalar functions F; z (i € I) and g; (j € J(T)) are pseudoconvex at T;
(iii) The scalar functions +hy, (k € R) are quasiconvex at T with respect to C.

Then, T is a Henig efficient (resp. globally efficient, superefficient) solution of problem (CVEP).

We close this section by making some comparisons between the results obtained in the paper
and the existing one in the literature.

Remark 4 As far as we know, there have not been results on KKT-type necessary/sufficient
optimality conditions via the Aubin-Frankowska’s generalized subdifferentials for the efficient
solution types of a nonsmooth vector equilibrium problem with set, equality and inequality con-
straints (CVEP). In fact, in our paper, some weak/strong KKT-type necessary/and sufficient
optimality conditions for these solutions to such problem in terms of the Aubin-Frankowska’s
generalized subdifferentials with the class of stable even steady and Hadamard differentiable
functions are established in finite real spaces, while Rodriguez-Marin and Sama [36,37] stud-
ied the results on existence, uniqueness and some basic characterizations for the contingent
epiderivatives with stable functions. The authors [36,37] obtained some applications of the
results for mth-order local strict minimizers in general vector optimization problems; Jiménez-
Novo-Sama [14] derived dual and primal necessary and sufficient optimality conditions for the
local strict minimizers of vector optimization problem with set constraint using the different
notions of graphical/ or epigraphical derivatives; Jiménez - Novo [13] gave KKT- type neces-
sary optimality conditions for weak efficiency in nonsmooth vector optimization problem with
constraints in terms of the Clarke subdifferentials with locally Lipschitz functions in finite real
spaces; Constantin [10] presented first-order necessary conditions for local efficiency in terms
of Clarke subdifferetials for multiobjective optimization problems with inequality, equality and
an arbitrary set constraint; Luu [30-32] established KKT-type necessary conditions for vector
equilibrium problems in terms of convexificators and Michel-Penot’s subdifferentials; Jourani
[15,16] provided Kuhn-Tucker-type optimality conditions for non-differentiable programming
problems through the Lagrange multipliers.

85 Applications to vector variational inequality and vector
optimization problem with constraints

In this section, we derive some weak/strong KKT-type necessary optimality conditions and
weak /strong KKT-type sufficient optimality conditions for efficiency of problems (CVOP) and
(CVVI) via the generalized subdifferentials with stable functions. We always assume that B is
a bounded closed convex base of @ := R .
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Consider the vector-valued mapping T : R™ — L(R™ RP?), is defined by
Tz=(Tx),,...,(Tz),) YzeR",
where (T'z),, ..., (T'z), are real-valued bounded linear mappings defined on R", and L(R",RP)
is the space of all bounded linear mappings from R"” into RP.

A special case for the problem (CVEP) is called the constrained vector variational inequality

problem (in short, (CVVI)) concerning
Fio(y) =(Tz),,y—x) Va,ycR", Viel.

For this sense, if 7 € K is a (local) weakly (resp., Henig efficient, globally efficient, superefficient)
solution of problem (CVEP) then T € K is said to be a (local) weakly (resp., Henig efficient,
globally efficient, superefficient) solution of problem (CVVI).

In a similar way, for f = (fi,..., fp) : R® — R? is a vector-valued mapping in which the
scalar functions fi,..., f, : R" = R and f(z) = (f1(2),..., fp(z)) for all z € R™.

An other special case for the problem (CVEP) is called the constrained vector optimization

problem (in short, (CVOP)) that involving
Fio(y) = fily) — fi(x), Yo,y eR", Viel

For this sense, if T € K is a (local) weakly (resp., Henig efficient, globally efficient, superefficient)
solution of problem (CVEP) then T € K is called a (local) weakly (resp., Henig efficient, globally
efficient, superefficient) solution of problem (CVOP).
Theorem 8 (KKT-type necessary optimality) Assume that all the hypotheses of Assumption
1 are fulfilled and the set C' is convex in which the functions F; z (Vi € I) and Fy are replaced
by fi (i € I) and f, respectively. Suppose also that the vector T is a local weakly (resp. Henig,
globally and super-) efficient solution for the problem (CVOP) with Fg(z) = f(z)— f(Z) (Vx €
R™) and the regularity condition of the (RC1) type at T holds. Then

(i) There exist A = (A\;)ier € RE \ {0} <resp. Q”(B), [Rﬁ]ﬁ, intRﬁ_), pw= (pj)jes € R
and n = (i )rer € R” satisfying

p r
0€> Nofi(®) + > p00g; (@) + Y neVhi(T) + N(C,7), (39)
i=1 J€J(T) k=1
1i9;(x) =0, VjeJ (40)

(ii) If f and g are Lipschitz around T, then there exist A = (\;)ie;r € RE \ {0} (resp.
QA(B), [R%JF, int Rﬁ} p=(pj)jes € RT and n = (nx)rer € R” satisfying (40) and
p T
0> Ndcfi(@ + Y 10cg; (@) + > meVhi(T) + N(C, ). (41)
i=1 jEI(T) k=1

(iii) If f and g are convex on C, then there exist A = (\;)icr € R, \ {0} (resp. Q*(B), [Rﬁ]n,

int Rﬂ’_), p=(pj)jes € RT and n = (mk)rer € R” satisfying (40) and

0> XNl fi(@ + Y 100,9;(F) + Y mVhi(T) + N(C,T). (42)

i=1 jeJ(T) k=1
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Proof. Let us consider F' : R” x R™ — RP? be defined by F(z,y) = f(y) — f(z) for all z,y € R™.
It is evident that F(Z,Z) = 0. For any i € I, v € Cz := C — T, one gets D1+ F; z(Z)v = D4 fi(T)v.

Consequently, 0oF; z(T) = 0o fi(Z) for every i € I. Notice that the stability of f; (Vi € I)
at T yields the stability of F;z (Vi € I) at 7, and moreover, the steadiness and Hadamard
differentiability of f at T entails the steadiness and Hadamard differentiability of F3 at =,
respectively. Therefore, all the hypotheses of Theorem 1 and Theorem 5 are fulfilled to the
problem (CVOP) with F(x,y) = f(y) — f(x). By directly applying both these theorems to the
problem (CVOP), we get the desired conclusion. O

Ezample 3 Let us consider the problem (CVOP) in which n = 3, p =3, m = 2, r = 2,
C =1[0,4] x [0,4] x [-1,1] and T = (0,0,0). For the illustration let us may take A, B, g,h
being given as in Example 1 and the mapping f = (f1, f2, f3) : R®> — R? be defined for all
x = (r1,22,73) € R® by

fi(x) = x5 + dist(ze, B) + dist(x1, A),

fo(z) =21, f3(z) = 2.
Then fi, fo and f3 are steady at T, g; is Hadamard differentiable at T, g, is continuous at
T, hi, ho are Fréchet differentiable at T with Vhy(Z) = (1,-2,—1) and Vhae(Z) = (1,—4,1),
Mp and C are convex, I = {1,2,3}, J = {1,2}, R = {1,2}, J(z) = {1}, J\ J(T) = {2},
K(H) = {(u1,u2,u3) € R¥|uy = 3us, us = uz}, T(C,7) = R2 x R and N(C,7) = R x {0},
which guarantees that the regularity condition (RC2) is fulfilled. Hence, all the hypotheses
of Assumption 1 are satisfied. It is known from Example 1 that the feasible set of problem
(CVOP) is of the form K = {z := (21,22,23) € C|a? + 23+ 23 < 23, 31 + 22 + 23 < 3}
We observe that the closed pointed convex cone @ := Rﬁ_ has the bounded closed convex base
B = {(by,b2,b3) € R|by + by + by = 1}. Take U = {(u1,uz,u3) € R3|uf + uj +u} < -}. Then
U is an absolutely convex neighborhood of the origin in R3 satisfying

conef(K)N(U — B) =0.
According to Ref. [18], T = (0,0, 0) is a locally Henig efficient solution of problem (CVOP). Ad-
ditionally, for every u = (uy, uz,us) € Cz it results Dy f1(Z)u = ug, Dy fo(T)u = w1, Dy f3(T)u
u2, Drg1(T)u = —ug, Dyg2(T)u = ug+us~+us. Thus, 9 f1(%) = {(0,0,1)}, do f2(ZT) = {(1,0 0)}
Ao f3(@) = {(0,1,0)}, dog1(z) = {(0,0,—1)} and further dpg2(Z) = {(1,1,1)}. We verify that
the regularity condition of the (RC1) type at T holds. Then a weak KKT-type necessary op-
timality condition described by (39)-(40) holds with Ay =1, Ao =1, A3 =7, u3 =1, pe =0,
m = 1 and 7, = 1. In fact, in this setting, one can achieve that

Q2(B) = R} = int R = {(A1, A2, A3) € R*|A; > 0, A2 > 0,3 > 0}

and thus )\ €QA(B), ne Ri, 1191(Z) = 0, pago(T) = 0 satisty

Oez/\ oo fi(T +Zujaogj U+anth (Z) + N(C,Z) = (3,1,0) + R x {0},
i=1 Jj=1 k=1
which terminates the check.

Corollary 7 Assume that C' = R", all the hypotheses of Theorem 8 are fulfilled without (RC2).
Suppose also that the linear independence of the system {Vhq (%), ..., Vh,.(Z)} is fulfilled and
T € K is a local weakly (resp. Henig, globally and super-) efficient solution for the problem
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(CVOP) with Fz(z) = f(z) — f(Z) (Vx € R™). Then
(i) There exist A = (X\;)ier € RE \ {0} <resp. Q*(B), [Rﬁ]ﬁ, int]Rﬁ_), pw = (1)jes € R
and n = (k)ker € R" such that (39), (40) are satisfied.
(ii) If f and g are Lipschitz around Z, then there exist A = (X;);e; € RE \ {0} (resp. Q*(B),
[R%)F, int Rﬁ), 1= (pj)jes € RY and n = (ny)rer € R” satisfying (39), (41).

(iii) If f and g are convex on C, then there exist A = (\;);er € R \ {0} (resp. Q2(B), [Rﬁ_]ﬁ,
int Rﬂ’_), = (pj)jes € RT and n = (m)rer € R” satisfying (39), (42).

Proof. By the initial hypotheses, C = R”, which together with the linear independence of
the system {Vhi(Z),..., Vh,(Z)}, we confirm that the regularity condition of the (RC2) type
holds true too. Also, all the hypotheses of Theorem 8 are valid to the problem (CVOP) with
F(z,y) = f(y) — f(x). By directly applying this theorem to the problem (CVOP), we arrive at
the desired conclusion. O

Theorem 9 (KKT-type sufficient optimality) Given a feasible solution T € K with Fg(z) =
flz) — f() (Vo € R™), and assumming, in addition, that C is convex, the scalar functions
fiielI)and g; (j € J) are stable (or steady, Hadamard differentiable) at Z, the mapping h is
Fréchet differentiable at Z. Suppose also that

(i) There exist A € R, \ {0} (resp. Q*(B), [Ri]ﬁ, int Rﬂ), p e RT, neR" satisfying

p T
0> XNdofi® + > 1i00g; (@) + Y mVhi(T) + N(C, 7).
i=1 jeI(@) k=1

(i) The scalar functions f; (i € I) and g; (j € J) are pseudoconvex at Z.
(iii) The scalar functions +hy (k € R) are quasiconvex at T with respect to C.
Then, T is a weakly efficient (resp. Henig efficient, globally efficient, superefficient) solution of

problem (CVOP).

Proof. Arguing similarly as for proving Theorem 8 with observing Theorems 6 &7 and Corollary
6 in Section 4, we arrive at the desired conclusion. O

Theorem 10 (KKT-type necessary optimality) Let T € K be a local weakly efficient (re-
sp. Henig efficient, globally efficient and superefficient) solution for the problem (CVVI) with
Fi(z) = (I%, 2 — %) (Yo € R™). Suppose that g; (Vj € J(T)) are steady at T, g; (Vj & J(T))
are continuous at T, h is Fréchet differentiable at T and continuous on a neighborhood of that
point and the regularity conditions (RC1) and (RC2) at T hold. Then

() There exist A = (A)ier € B, \ {0} (resp. Q4(B), [REF, int %), 1o = (1s)ses € RY
and 1 = (k) )ker € R” satisfying (40) and

OeZAiao(Tf)i(~—f)(f)+ > wi0og;(@) + Y mkVhi(T) + N(C, 7). (43)

jeJ (@) k=1
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(ii) If g is Lipschitz around 7, then there exist A = (\;);er € RE \ {0} (resp. Q*(B), [Rﬁ]n,
int Rﬂ), = (1j)jes € RY and n = (ni)rer € R” satisfying (40) and

Oezx\iac(Tf)i(- + ) ooy (@ )—i—inthk(E)—i—N(C,f). (44)

JE€J(T) k=1

(iii) If g is convex on C, then there exist A = (\;);er € R\ {0} (resp. Q2 (B), [R’j_]ﬂ, int Rf_),
= (,U/j)JGJ € R and n = (n)rer € R” satisfying (40) and

0e Z)\ 9o, (TT + ) 1i00,9;() + vam T)+ N(C,Z).  (45)

JEJ(T) k=1

Proof. Consider F : R™ x R™ — RP is formulated by F(z,y) = (Tz,y — «) for all 2,y € R™.
It is easy to verify that F(Z,Z) = 0, D+F; z(T)v = (T(Z));v for all ¢ € I and v € Cz. In
consequence, O F; z(T) = 0o(T7);(- — 7)(T) for all i € I. Evidently, the stability (or steadiness,
Hadamard differentiability) of (T'(Z));(-—7) (Vi € I) at T is satisfied automatically, which yields
that the stability (or steadiness, Hadamard differentiability) of F; z (Vi € I) at T is satisfied
too. Also, all the assumptions of Theorems 1 and 5 are fulfilled to the problem (CVVI) with
F(z,y) = (Tx,y — x). Directly applying such theorems to the problem (CVVI) again proves
the claim. O

Corollary 8 Assume that C' = R™, all the hypotheses of Theorem 10 are fulfilled without (RC2).
Suppose also that the linear independence of the system {Vh;(Z),..., Vh.(Z)} is fulfilled and
T € K is a local weakly efficient (resp. Henig efficient, globally efficient and superefficient)
solution for the problem (CVVI) with Fz(z) = (TZ,z — %) (Vo € R™). Then

(i) There exist A = (\;)ic; € R \ {0} (resp. QA(B), [R2, intRi), p= (11)jes € R™
and n = (nk)ker € R” satisfying (40) & (43).

(ii) If g is Lipschitz around 7, then there exist A = (\;);er € RE \ {0} (resp. Q*(B), [R’_’._]ﬁ,
int Rﬂ), = (p5)jes € RT and n = (M )rer € R” satisfying (40) & (44).

(iii) If g is convex on C, then there exist A = (\;);er € RY \ {0} (resp Q*(B), [R ]u, int Rﬁ),
= (j)jes € RT and n = (ni)rer € R” satisfying (40) & (45).

Proof. By an argument analogous to that used for the proof of Corollary 7 with noting that
Q"(B) =intR, =intRY

the claim follows. O

Theorem 11 (KKT-type sufficient optimality) Given a feasible solution T € K with Fz(z) =

(Tz,x —T) (Vx € R"), and assumming, in addition, that C is convex, g; (j € J(T)) are stable
(or steady, Hadamard differentiable) at T and h is Fréchet differentiable at Z. Suppose also that
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(i) There exist A € R\ {0} (resp. Q*(B), [Rﬂ]ﬁ, int Rﬁ), € RY, n € R" satisfying

0> Noo(TZ)i(- —Z)(@) + Y 1;00g; (@) + > mVhi(T) + N(C,Z);
i=1 jeJ (@) k=1

(ii) The scalar function g; (j € J(Z)) is pseudoconvex at T;
(iii) The scalar functions +hy (k € R) are quasiconvex at T with respect to C;

Then T is a weakly efficient (resp. Henig efficient, globally efficient, superefficient) solution of
problem (CVVI).

Proof. Consider the bifunction F' : R™ x R® — RP given by F(z,y) = (Tx,y — x) for every
x,y € R". Obviously, F; z (i € I) is stable even steady and Hadamard differentiable at T and
such scalar function is pseudoconvex at T, too. Arguing similarly as for proving Theorem 10
with applying Theorems 6 and 7 instead of Theorems 1 and 5, respectively, we get the desired
conclusion. O
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