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A Cauchy integral formula and the related properties for

inframonogenic functions valued in the Clifford

algebra depending on parameters

DU Xiao-jing1,2 LIANG Xiao-tong1 XIE Yong-hong1,∗

Abstract. Firstly, we obtain a Cauchy integral formula for inframonogenic functions which are

solutions to the sandwich equation DfD = 0 in the framework of parameter-depending Clifford-

type algebras. Secondly, the properities relating to Cauchy integral operators are discussed.

Finally, the decompositions of the inframonogenic function are given.

§1 Introduction

Clifford algebra [1] was established in the 19th century by Clifford. In 1982, Brackx et

al. [2] generalized some results of the complex analysis to Clifford analysis. In 2008, Clifford

algebra depending on parameters and their applications to partial differential equations were

introduced by Tutschke and Vanegas [3]. In 2013, Balderrama et al. [4] derived some integral

representation for meta-monogenic functions in Clifford algebras depending on parameters. In

2015, Ariza et al. [5] gave fundamental solutions to second order elliptic operators in Clifford-

type algebras. In 2017, Garćıa et al. [6] studied a Cauchy integral formula for inframonogenic

functions in Clifford analysis. In 2018, Garćıa et al. [7] studied inframonogenic functions and

their applications in 3-dimensional elasticity theory, Yang et al. [8] gave the Cauchy integral

formula for k-monogenic functions with α-weight. In 2020, Garćıa et al. [9] discussed the de-

composition of inframonogenic functions with applications in elasticity theory, Blaya et al. [10]

proved the Cauchy integral formula for infrapolymonogenic functions. In 2021, Dinh et al. [11]

gave the structure of inframonogenic functions, Cuong et al. [12] gave some new results for func-

tion theory in hypercomplex analysis with parameters. In 2022, Santiesteban et al. [13] proved
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the integral representation formulae for (φ,ψ)-inframonogenic functions in Clifford analysis. In

2023, Dinh [14] gave new proofs of the integral representation formulae for (α, β)-monogenic

functions and isotonic functions and proved the series representation of polynomial Dirac equa-

tions, and Álvarez et al. [15] derived the reduced-quaternion inframonogenic functions in the

ball.

In this paper we derive a Cauchy integral formula for inframonogenic functions in the

framework of parameter-depending Clifford-type algebras. Secondly, the properties relating

to Cauchy integral operators are discussed. Finally, the decompositions of the inframonogenic

function are given.

§2 Preliminaries

See reference [4], and let An(2, αj , γij) be a real linear, associative and non-commutative

algebra which is called a Clifford algebra depending on parameters, whose basis is eA, where

A = {h1, . . . , hr} ∈ PN, 1 ≤ h1 < · · · < hr ≤ n, N stands for the set {1, . . . , n} and PN

denotes the family of all order-preserving subsets of N . We denote e∅ by e0 and eA by eh1···hr

for A = {h1, · · · , hr} ∈ PN , where the basis satisfies{
e2i = −αi, i = 1, . . . , n,

eiej + ejei = 2γij , 1 ≤ i ̸= j ≤ n.
(1)

It is obvious that An(2, 1, 0) = An, where An is the classical Clifford algebra.

The involution is defined by ei = −ei, i = 1, . . . , n. If eA = eh1···hr = eh1 · · · ehr , we

define eA = ehr · · · eh1 = (−1)rehr · · · eh1 . For any λ =
∑
A

λAeA ∈ An(2, αj , γij), we define

λ =
∑
A

λAeA.

In this paper, let Ω be a bounded domain in Rn with sufficiently smooth boundary ∂Ω. The

function f : Ω → An(2, αj , γij) is denoted by f(x) =
∑
A

fA(x)eA, where fA ∈ R. A function f

is continuous in Ω means that each component of f is continuous in Ω.

Let Cr(Ω,An(2, αj , γij)) = {f |f : Ω → An(2, αj , γij), f(x) =
∑
A

fA(x)eA, fA(x) is r-time

continuously differentiable in Ω, r ∈ N∗, N∗ is the set of positive integers}.
For f ∈ C1(Ω,An(2, αj , γij)), we introduce Dirac operators as follows:

Df =
n∑

k=1

ek
∂f

∂xk
, fD =

n∑
k=1

∂f

∂xk
ek, Df =

n∑
k=1

ek
∂f

∂xk
, fD =

n∑
k=1

∂f

∂xk
ek.

It is easy to be proved that

DD =

n∑
i=1

αi∂
2
i − 2

∑
1≤i<j≤n

γij∂i∂j .

We consider the corresponding quadratic form
n∑

i=1

αiλ
2
i − 2

∑
1≤i<j≤n

γijλiλj ,

which has the coefficient matrix
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B =


α1 −γ12 · · · −γ1n

−γ12 α2 · · · −γ2n

· · · · · ·
. . . · · ·

−γ1n −γ2n · · · αn

 . (2)

Let

B1 = α1, B2 =

(
α1 −γ12

−γ12 α2

)
, B3 =

 α1 −γ12 −γ13
−γ12 α2 −γ23
−γ13 −γ23 α3

 , · · · , Bn = B.

According to the Sylvesters criterion (see [17] and [18]), the quadratic form of DD is positively

definite if and only if

det(Bj) > 0, j = 1, 2, . . . , n. (3)

In this case DD is an elliptic operator, and DD is denoted by ∆̃n.

In this paper, the condition (3) is satisfied. Then the matrix B in (2) has the inverse A

given in the following form

A =


a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · ·
. . . · · ·

an1 an2 · · · ann

 , (4)

where aij = aji.

For two points x = (x1, . . . , xn) and ξ = (ξ1, . . . , ξn) in Rn, we define a non-Euclidean

distance ρ by

ρ2 := ρ2(x, ξ) =
n∑

i,j=1

aij(xi − ξi)(xj − ξj). (5)

The usual Euclidean distance is denoted by r := |x− ξ| for x ̸= ξ. We can write x− ξ = rx∗ for

some x∗ ∈ Rn with |x∗| = 1. Note that the infimum of the non-Euclidean distance between x∗

and (0, 0, . . . , 0) over all x∗ with |x∗| = 1 is positive, and there exists a positive constant c0 > 0

such that ρ2(x∗, 0) ≥ c0. From this we conclude ρ2 ≥ c0r
2. If x ̸= ξ, we let

K̃(x, ξ) =
1

ωn

ln ρ, n = 2,
−1

n− 2

1

ρn−2
, n ≥ 3,

(6)

where ρ is the distance given by (5) and ωn is the surface measure of the unit sphere.

For x, ξ ∈ Ω, x ̸= ξ, we have

E(x, ξ) = K̃(x, ξ)D = DK̃(x, ξ) =
1

ωn

1

ρn

n∑
i,j=1

eiaij(xj − ξj) =
1

ωn

H(x, ξ)

ρn
, (7)

where

H(x, ξ) =
n∑

i,j=1

eiaij(xj − ξj). (8)

Lemma 2.1. [3] The function E(x, ξ) satisfies E(x, ξ)D = DE(x, ξ) = 0.
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Definition 2.2. [3] If f ∈ C1(Ω,An(2, αj , γij)) satisfies Df(x) = 0 (f(x)D = 0) in Ω, we say

that f is a left (right) monogenic function in Ω.

Definition 2.3. If f ∈ C2(Ω,An(2, αj , γij)) satisfies D
(
f(x)D

)
=
(
Df(x)

)
D = 0 in Ω, we say

that f is an inframonogenic function in Ω.

Similar to the proof in the reference [16], we have the following proposition.

Proposition 2.4. If f, g ∈ C1(Ω,An(2, αj , γij)), then

D
(
f(x)g(x)

)
=
(
Df(x)

)
g(x) +

n∑
i=1

eif(x)
∂g(x)

∂xi
,

(
f(x)g(x)

)
D =

n∑
i=1

∂f(x)

∂xi
g(x)ei + f(x)

(
g(x)D

)
.

Let dσ =
n∑

i=1

Nieidµ, where dµ is the measure element of ∂Ω, and the outer unit normal at

x ∈ ∂Ω is N(x) = (N(x1), . . . , N(xn)).

Lemma 2.5. [3] If f, g ∈ C1
(
Ω,An(2, αj , γij)

)∩
C
(
Ω,An(2, αj , γij)

)
, then∫

∂Ω

f(x)dσxg(x) =

∫
Ω

[(
f(x)D

)
g(x) + f(x)

(
Dg(x)

)]
dx.

Lemma 2.6. [3] (Cauchy-Pompeiu integral formula ) If f ∈ C1
(
Ω,An(2, αj , γij)

)∩
C
(
Ω,

An(2, αj , γij)
)
, then for any interior point ξ ∈ Ω, we have

f(ξ)c(αj , γij) = Cr
∂Ωf(ξ) + T r

Ω

[
f(ξ)D

]
,

where c(αj , γij) = −
∫

|x−ξ|=ε

dσxE(x, ξ) is a Clifford number, and it does not depend on ε,

Cr
∂Ωf(ξ) =

∫
∂Ω

f(x)dσxE(x, ξ), T r
Ωf(ξ) = −

∫
Ω

f(x)E(x, ξ)dx.

By the reference [3] or similar to the reference [3], we have the following three corollaries.

Corollary 2.7. (Cauchy integral formula) If f ∈ C1
(
Ω,An(2, αj , γij)

)∩
C
(
Ω,An(2, αj , γij)

)
is a right monogenic function in Ω, then for any interior point ξ ∈ Ω, we have

f(ξ)c(αj , γij) = Cr
∂Ωf(ξ).

Corollary 2.8. (Cauchy-Pompeiu integral formula) If f ∈ C1
(
Ω,An(2, αj , γij)

)∩
C
(
Ω,

An(2, αj , γij)
)
, then for any interior point ξ ∈ Ω, we have

c1(αj , γij)f(ξ) = Cl
∂Ωf(x) + T l

Ω

[
Df(ξ)

]
,

where c1(αj , γij) = −
∫

|x−ξ|=ε

E(x, ξ)dσx is a Clifford number, and it does not depend on ε,

Cl
∂Ωf(ξ) =

∫
∂Ω

E(x, ξ)dσxf(x), T l
Ωf(ξ) = −

∫
Ω

E(x, ξ)f(x)dx.

Corollary 2.9. (Cauchy integral formula) If f ∈ C1
(
Ω,An(2, αj , γij)

)∩
C
(
Ω,An(2, αj , γij)

)
is a left monogenic function in Ω, then for any interior point ξ ∈ Ω, we have

c1(αj , γij)f(ξ) = Cl
∂Ωf(ξ).

Remark 2.10. By Remark 2.6 in reference [4], we know that c(αj , γij) is a Clifford number,



318 Appl. Math. J. Chinese Univ. Vol. 41, No. 2

which has a single inverse element determined by the corresponding algebra. And c1(αj , γij) is

similar.

§3 Main results

Proposition 3.1. Let H(x) =

n∑
i,j=1

eiaijxj , then the following formulae hold.

(i) H(x)ek = −ekH(x) + 2Ik(x), where Ik(x) is a real number, k = 1, 2, · · · , n.

(ii)
n∑

k=1

xk

n∑
j=1

ajkej = −H(x).

(iii)

D

[(
f(x)D

)( n∑
j,k=1

ajkxkej
)]

=
[
D(f(x)D)

][ n∑
j,k=1

ajkxkej

]
+

n∑
m=1

em
[
f(x)D

][ n∑
j=1

ajmej

]
.

Proof.

(i) As ekek + ekek = 2αk ∈ R and eiek + ekei = −2γki = −2γik ∈ R,

H(x)ek + ekH(x)

=
[ n∑
i,j=1

eiaijxj

]
ek + ek

[ n∑
i,j=1

eiaijxj

]
=

n∑
i,j=1

aijxj(eiek + ekei)

=

n∑
j=1

akjxj(ekek + ekek) +

n∑
i,j=1,i ̸=k

aijxj(eiek + ekei)

=2
n∑

j=1

akjxjαk − 2
n∑

i,j=1,i ̸=k

aijxjγki = 2
( n∑

j=1

akjαk −
n∑

i,j=1,i̸=k

aijγki

)
xj .

As

AB =



a11 a12 · · · a1k · · · a1n

a21 a22 · · · a2k · · · a2n
...

...
. . .

...
. . .

...

ak1 ak2 · · · akk · · · akn
...

...
. . .

...
. . .

...

an1 an2 · · · ank · · · ann





α1 −γ12 · · · −γ1k · · · −γ1n
−γ12 α2 · · · −γ2k · · · −γ2n
...

...
. . .

...
. . .

...

−γ1k −γ2k · · · αk · · · −γkn
...

...
. . .

...
. . .

...

−γ1n −γ2n · · · −γkn · · · αn



=



a11α1 −
n∑

j=2

a1jγ1j · · · a1kαk −
n∑

j=1,j ̸=k

a1jγkj · · · a1nαn −
n∑

j=1,j ̸=n

a1jγnj

...
...

...
...

ak1α1 −
n∑

j=2

akjγ1j · · · akkαk −
n∑

j=1,j ̸=k

akjγkj · · · aknαn −
n∑

j=1,j ̸=n

akjγnj

...
...

...
...

an1αn −
n∑

j=2

anjγ1j · · · ankαk −
n∑

j=1,j ̸=k

anjγkj · · · annαn −
n∑

j=1,j ̸=n

anjγnj


=E,
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H(x)ek + ekH(x) = 2
( n∑

j=1

akjαk −
n∑

i,j=1,i ̸=k

aijγki

)
xj

=2
(
ak1αk −

n∑
i=1,i ̸=k

ai1γki

)
x1 + · · ·+ 2

(
akkαk −

n∑
i=1,i̸=k

aikγki

)
xk

+ · · ·+ 2
(
aknαk −

n∑
i=1,i ̸=k

ainγki

)
xn = 2xk.

(ii) After direct calculation, we have
n∑

k=1

xk

( n∑
j=1

ajkej

)
=

n∑
j,k=1

ejajkxk = −
n∑

j,k=1

ejajkxk = −H(x).

(iii) By Lemma 2.4, we have

D
[(
f(x)D

)( n∑
j,k=1

ajkxkej

)]

=[D(f(x)D)]
[ n∑
j,k=1

ajkxkej

]
+

n∑
m=1

em
(
f(x)D

)∂( n∑
j,k=1

ajkxkej

)
∂xm

=[D(f(x)D)]
[ n∑
j,k=1

ajkxkej

]
+

n∑
m=1

em
(
f(x)D

)[ n∑
j=1

ajmej

]
.

Corollary 3.2. If x ̸= ξ, then the following formulae hold.

(i) E(x, ξ)ek = −ekE(x, ξ) + 2Jk(x, ξ), where Jk(x, ξ) is a real number.

(ii)

n∑
k=1

Jk(x, ξ)

n∑
j=1

ajkej =

n∑
k=1

1

ωn

xk − ξk
ρn

n∑
j=1

ajkej = −E(x, ξ).

Proof. (i) By Proposition 3.1, we have

E(x, ξ)ek + ekE(x, ξ) =
1

ωn

H(x, ξ)ek + ekH(x, ξ)

ρn
=

1

ωn

xk − ξk
ρn

= 2Jk(x, ξ).

(ii) By Proposition 3.1, we obtain
n∑

k=1

Jk(x, ξ)
n∑

j=1

ajkej =
1

ωn

1

ρn

n∑
k=1

n∑
j=1

ejajk
(
xk − ξk

)
=

1

ωn

−H(x, ξ)

ρn
= −E(x, ξ).

In this paper, we let

C0
∂Ωf(ξ) =

∫
∂Ω

E(x, ξ)dσxf(x)
[ n∑
j,k=1

ajk(xk − ξk)ej

]
,

C1
∂Ωf(ξ) = −

n∑
m=1

em

∫
∂Ω

K̃(x, ξ)dσxf(x)
[ n∑
j=1

ajmej

]
,

T 0
Ωf(ξ) = −

∫
Ω

E(x, ξ)f(x)
[ n∑
j,k=1

ajk(xk − ξk)ej

]
dx,
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T 1
Ωf(ξ) =

n∑
m=1

em

∫
Ω

K̃(x, ξ)f(x)dx
[ n∑
j=1

ajmej

]
,

Cinfra
∂Ω f(ξ) =

1

2

[
C0
∂Ωf(ξ) + C1

∂Ωf(ξ)
]
, T infra

Ω f(ξ) =
1

2

[
T 0
Ωf(ξ) + T 1

Ωf(ξ)
]
.

Theorem 3.3. (Cauchy-Pompeiu integral formula) If f ∈ C2
(
Ω,An(2, αj , γij)

)
, then for any

ξ ∈ Ω, we have

f(ξ)c(αj , γij) =Cr
∂Ωf(ξ) + Cinfra

∂Ω

[
Df(ξ)

]
+ T infra

Ω

[
D
(
f(ξ)D

)]
=
1

2

∫
∂Ω

E(x, ξ)dσx
[
f(x)D

][ n∑
j,k=1

ajk(xk − ξk)ej

]
− 1

2

n∑
m=1

em

∫
∂Ω

K̃(x, ξ)dσx
[
f(x)D

][ n∑
j=1

ajmej

]
+

∫
∂Ω

f(x)dσxE(x, ξ) +
1

2

n∑
m=1

em

∫
Ω

K̃(x, ξ)
[
D
(
f(x)D

)]
dx
[ n∑
j=1

ajmej

]
− 1

2

∫
Ω

E(x, ξ)
[
D
(
f(x)D

)][ n∑
j,k=1

ajk(xk − ξk)ej

]
dx.

(9)

Proof. For any ξ ∈ Ω, we denote B(ξ, ε) := {x ∈ Rn : |x− ξ| < ε}, Ωε = Ω\B(ξ, ε). Suppose

Iε =

∫
Ωε

E(x, ξ)

{
D
[(
f(x)D

)( n∑
j,k=1

ajk(xk − ξk)ej

)]}
dx,

and

Jε =

∫
Ωε

n∑
m=1

E(x, ξ)em
[
f(x)D

]( n∑
j=1

ajmej

)
dx.

By Propsition 3.1, we have

Iε − Jε =

∫
Ωε

E(x, ξ)
[
D
(
f(x)D

)][ n∑
j,k=1

ajk(xk − ξk)ej

]
dx. (10)

By Lemma 2.5, as E(x, ξ) satisfies E(x, ξ)D = 0, we have

Iε =

∫
Ωε

E(x, ξ)

{
D

[(
f(x)D

)( n∑
j,k=1

ajk(xk − ξk)ej

)]}
dx

=

∫
∂Ωε

E(x, ξ)dσx

[(
f(x)D

)( n∑
j,k=1

ajk(xk − ξk)ej

)]
−
∫
Ωε

(
E(x, ξ)D

)[(
f(x)D

)( n∑
j,k=1

ajk(xk − ξk)ej

)]
dx

=

∫
∂Ωε

E(x, ξ)dσx

[(
f(x)D

)( n∑
j,k=1

ajk(xk − ξk)ej

)]
.

(11)
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By Corollary 3.2, we obtain

Jε =

∫
Ωε

n∑
m=1

E(x, ξ)em
[
f(x)D

]( n∑
j=1

ajmej

)
dx

=

∫
Ωε

n∑
m=1

(
− emE(x, ξ) + 2Jm(x, ξ)

)[
f(x)D

]( n∑
j=1

ajmej

)
dx

=
n∑

m=1

−em
∫
Ωε

E(x, ξ)
[
f(x)D

]
dx
( n∑

j=1

ajmej

)
+

∫
Ωε

[
f(x)D

][ n∑
m=1

2Jm(x, ξ)
n∑

j=1

ajmej

]
dx

=
n∑

m=1

−em
∫
Ωε

E(x, ξ)
[
f(x)D

]
dx
( n∑

j=1

ajmej

)
− 2

∫
Ωε

[
f(x)D

]
E(x, ξ)dx.

By Lemma 2.5, we get∫
Ωε

E(x, ξ)
[
f(x)D

]
dx =

∫
Ωε

[
K̃(x, ξ)D

][
f(x)D

]
dx = −

∫
Ωε

[
K̃(x, ξ)D

][
f(x)D

]
dx

= −
(∫

∂Ωε

K̃(x, ξ)dσx
[
f(x)D

]
−
∫
Ωε

K̃(x, ξ)
[
D
(
f(x)D

)]
dx

)
.

Then

Jε =
n∑

m=1

em

∫
∂Ωε

K̃(x, ξ)dσx
[
f(x)D

]( n∑
j=1

ajmej

)
−

n∑
m=1

em

∫
Ωε

K̃(x, ξ)
[
D
(
f(x)D

)]
dx
( n∑

j=1

ajmej

)
− 2

∫
Ωε

[
f(x)D

]
E(x, ξ)dx.

(12)

By Equalities (10), (11) and (12), we have

Iε − Jε =

∫
Ωε

E(x, ξ)[D(f(x)D)]
[ n∑
j,k=1

ajk(xk − ξk)ej

]
dx

=

∫
∂Ωε

E(x, ξ)dσx

[(
f(x)D

)( n∑
j,k=1

ajk(xk − ξk)ej

)]
−

n∑
m=1

em

∫
∂Ωε

K̃(x, ξ)dσx
[
f(x)D

]( n∑
j=1

ajmej

)
+

n∑
m=1

em

∫
Ωε

K̃(x, ξ)
[
D
(
f(x)D

)]
dx
( n∑

j=1

ajmej

)
+ 2

∫
Ωε

[
f(x)D

]
E(x, ξ)dx.

(13)

As |xi − ξi| ≤ |x− ξ| = ε and ρ ≥ c0|x− ξ|,

|E(x, ξ)| = 1

ωn

|H(x, ξ)|
ρn

≤ c1
ωn

|x− ξ|
εn

=
c1
ωn

1

εn−1
,

|K̃(x, ξ)| = | − 1|
(n− 2)ωn

1

ρn−2
≤ c2
εn−2

,

where c1 and c2 are positive constants.

As f ∈ C2
(
Ω,An(2, αj , γij)

)
,∣∣∣∣ ∫

∂B(ξ,ε)

E(x, ξ)dσx
[
f(x)D

][ n∑
j,k=1

ajk(xk − ξk)ej

]∣∣∣∣
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≤
∫
∂B(ξ,ε)

∣∣∣∣ c1ωn

1

εn−1

∣∣∣∣∣∣c3εn−1dµ1

∣∣∣∣c4∣∣∣∣c5ε∣∣ ≤ c6ε,

where cj are positive constants, j = 3, 4, 5, 6, so

lim
ε→0

∫
∂B(ξ,ε)

E(x, ξ)dσx
[
f(x)D

][ n∑
j,k=1

ajk(xk − ξk)ej

]
= 0.

Hence

lim
ε→0

∫
∂Ωε

E(x, ξ)dσx
[
f(x)D

][ n∑
j,k=1

ajk(xk − ξk)ej

]
=

∫
∂Ω

E(x, ξ)dσx
[
f(x)D

][ n∑
j,k=1

ajk(xk − ξk)ej

]
.

Similarily, we have

lim
ε→0

∫
∂B(ξ,ε)

K̃(x, ξ)dσx
[
f(x)D

]
= 0.

Hence

lim
ε→0

∫
∂Ωε

K̃(x, ξ)dσx
[
f(x)D

]
=

∫
∂Ω

K̃(x, ξ)dσx
[
f(x)D

]
.

Let ε→ 0 in Equality (13), and by Lemma 2.6, we draw the conclusion.

Corollary 3.4. (Cauchy integral formula) If f ∈ C2
(
Ω,An(2, αj , γij)

)
is an inframonogenic

function in Ω, then for any ξ ∈ Ω, we have

f(ξ)c(αj , γij) =Cr
∂Ωf(ξ) + Cinfra

∂Ω

[
Df(ξ)

]
=
1

2

∫
∂Ω

E(x, ξ)dσx
[
f(ξ)D

][ n∑
j,k=1

ajk(xk − ξk)ej

]
− 1

2

n∑
m=1

em

∫
∂Ω

K̃(x, ξ)dσx
[
f(x)D

]( n∑
j=1

ajmej

)
+

∫
∂Ω

f(x)dσxE(x, ξ).

Remark 3.5. If we take αj = 1 and γij = 0 for i ̸= j = 1, 2, . . . , n in An(2, αj , γij), we get the

Clifford algebra An. In this case B = A = E, where aij = δij , c(1, 0) = 1, Equalities (5) and

(6) become

K̃(x, ξ) =
1

ωn

−1

n− 2

1

|x− ξ|n−2
, E(x, ξ) =

1

ωn

x− ξ

|x− ξ|n
, (14)

where E(x, ξ) is a fundamental solution to the classical operator D in An. And Corollary 3.4

is reduced to the following lemma.

Lemma 3.6. [6] (Cauchy integral formula) If f ∈ C2
(
Ω,An(2, αj , γij)

)
is an inframonogenic

function in Ω, then for any ξ ∈ Ω, we have

f(ξ) =

[
1

2

∫
∂Ω

1

ωn

x− ξ

|x− ξ|n
dσx

[
f(ξ)D

]
(x− ξ)

]
+

[
1

2

n∑
m=1

em

∫
∂Ω

1

ωn

1

n− 2

1

|x− ξ|n−2
dσx

[
f(x)D

]
em

]
+

[ ∫
∂Ω

f(x)dσx
1

ωn

x− ξ

|x− ξ|n

]
.
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Proposition 3.7. For x ̸= ξ, the following formulae hold.

(i)

Dξ

[
E(x, ξ)M

( n∑
j,k=1

ajk(xk − ξk)ej

)]
=−

n∑
m=1

emE(x, ξ)M
n∑

j=1

ajmej .

(ii)

Dξ

[ n∑
m=1

emK̃(x, ξ)M
( n∑

j=1

ajmej

)]
=

n∑
m=1

emE(x, ξ)M
( n∑

j=1

ajmej

)
+ 2ME(x, ξ),

where M is any Clifford number.

Proof. (i) By Lemma 2.4, we have

Dξ

[
E(x, ξ)M

( n∑
j,k=1

ajk(xk − ξk)ej

)]

=

[
Dξ

(
E(x, ξ)M

)][ n∑
j,k=1

ajk(xk − ξk)ej

]
+

n∑
m=1

em
[
E(x, ξ)M

]∂( n∑
j,k=1

ajk(xk − ξk)ej

)
∂ξm

=−
n∑

m=1

emE(x, ξ)M
n∑

j=1

ajmej .

(ii) By Corollary 3.2, we have

Dξ

[ n∑
m=1

emK̃(x, ξ)M
( n∑

j=1

ajmej

)]

=
[
DξK̃(x, ξ)

][ n∑
m=1

ejM
( n∑

j=1

ajmej

)]

=− E(x, ξ)

[ n∑
m=1

emM
( n∑

j=1

ajmej

)]

=−
n∑

m=1

E(x, ξ)emM
( n∑

j=1

ajmej

)
=

n∑
m=1

[
emE(x, ξ)− 2Jm(x, ξ)

]
M
( n∑

j=1

ajmej

)
=

n∑
m=1

emE(x, ξ)M
( n∑

j=1

ajmej

)
+ 2ME(x, ξ).

If f ∈ C2
(
∂Ω,An(2, αj , γij)

)
, we define F (ξ) = Cinfra

∂Ω f(ξ), where ξ ∈ Rn\∂Ω.

Theorem 3.8. If f ∈ C2
(
∂Ω,An(2, αj , γij)

)
, then

Dξ

[
F (ξ)

]
= −

∫
∂Ω

dσxf(x)E(x, ξ), (15)

and F is an inframonogenic function in Rn\∂Ω .
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Proof. By Proposition 3.7, we obtain

Dξ

[
C0
∂Ωf(ξ)

]
=Dξ

[ ∫
∂Ω

E(x, ξ)dσxf(x)
( n∑

j,k=1

ajkxkej

)
−
∫
∂Ω

E(x, ξ)dσxf(x)
( n∑

j,k=1

ajkξkej

)]

=

∫
∂Ω

[
DξE(x, ξ)

]
dσxf(x)

[ n∑
j,k=1

ajkxkej

]
−
∫
∂Ω

Dξ

[
E(x, ξ)dσxf(x)

( n∑
j,k=1

ajkξkej

)]

=−
∫
∂Ω

Dξ

[
E(x, ξ)dσxf(x)

( n∑
j,k=1

ajkξkej

)]
=

∫
∂Ω

n∑
m=1

emE(x, ξ)dσxf(x)
( n∑

j=1

ajmej

)
.

By Proposition 3.7, we obtain

Dξ

[
C1
∂Ωf(ξ)

]
=−Dξ

[ ∫
∂Ω

n∑
m=1

emK̃(x, ξ)dσxf(x)
( n∑

j=1

ajmej

)]

=−
∫
∂Ω

Dξ

[ n∑
m=1

emK̃(x, ξ)dσxf(x)
( n∑

j=1

ajmej

)]

=−
∫
∂Ω

n∑
m=1

emE(x, ξ)dσxf(x)
( n∑

j=1

ajmej

)
−
∫
∂Ω

2dσxf(x)E(x, ξ).

Hence

Dξ

(
F (ξ)

)
= Dξ

[
Cinfra
∂Ω f(ξ)

]
= −

∫
∂Ω

dσxf(x)E(x, ξ),

so F is an inframonogenic function in Rn\∂Ω.

Definition 3.9. [11] If for any x ∈ Ω1 and any t ∈ [0, 1], we have tx ∈ Ω1, then we said that

the domain Ω1 ⊆ Rn is a star-like domain with centre 0.

From now on, we always suppose that Ω1 ⊆ Rn is a star-like domain with centre 0.

Theorem 3.10. If f ∈ C2(Ω1,An(2, αj , γij)) is an inframonogenic function in Ω1, then there

exist a unique left monogenic function g and a unique right monogenic function h in Ω1, such

that

f(x) = h(x)− 2g(x)H(x) + |x|2A
(
g(x)D

)
, ∀x ∈ Ω1, (16)

where |x|2A = ρ2(x, 0) =
n∑

i,j=1

aijxixj , H(x) =
n∑

i,j=1

eiaijxj . Conversely, if g and h are left

and right monogenic functions in Ω1, respectively, then the function f in Equality (16) is an

inframonogenic function in Ω1.

Proof. If f ∈ C2(Ω1,An(2, αj , γij)) is an inframonogenic function in Ω1, let

g(x) =
−1

4

∫ 1

0

(
f(tx)D

)
t
n−2
2 dt,

we have

Dg(x) =
−1

4

∫ 1

0

D
[
f(tx)D

]
t
n−2
2 dt =

−1

4

∫ 1

0

[
D(fD)

]
(tx)t

n
2 dt = 0.
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By Lemma 2.4 and the proof of Proposition 3.1, we have[
− 2g(x)H(x) + |x|2A

(
g(x)D

)]
D

=− 2g(x)
[
H(x)D

]
− 2

n∑
k=1

∂g(x)

∂xk
H(x)ek +

(
g(x)D

)[
|x|2AD

]
− |x|2A

[
△̃ng(x)

]
=− 2ng(x)− 2

n∑
k=1

∂g(x)

∂xk

[
− ekH(x) + 2xk

]
+ 2
(
g(x)D

)[ n∑
j,k=1

akjxkej

]
=− 2ng(x)− 4

n∑
k=1

∂g(x)

∂xk
xk

=− 2ng(x) +
n∑

k=1

∂

∫ 1

0

(
f(tx)D

)
t
n−2
2 dt

∂xk
xk

=− 2ng(x) +

∫ 1

0

n∑
k=1

xk
∂
(
fD
)

∂xk
(tx)t

n
2 dt

=− 2ng(x) +

∫ 1

0

d
[(
f(tx)D

)]
dt

t
n
2 dt

=− 2ng(x) +
[
t
n
2

(
f(tx)D

)]∣∣∣∣1
0

− n

2

∫ 1

0

(
f(tx)D

)
t
n−2
2 dt = f(x)D.

Let h(x) = f(x) −
[
− 2g(x)H(x) + |x|2A

(
g(x)D

)]
, that is, f(x) = h(x) − 2g(x)H(x) +

|x|2A
(
g(x)D

)
, then h(x)D = 0.

Next, we will prove the uniqueness.

Suppose that Dg(x) = 0 and h(x)D = 0 in Ω1 and h(x)− 2g(x)H(x) + |x|2A
(
2g(x)D

)
= 0,

we only need to prove that g(x) = 0 and h(x) = 0.

h(x)− 2g(x)H(x) + |x|2A
(
2g(x)D

)
= 0 ⇒

[
h(x)− 2g(x)H(x) + |x|2A

(
2g(x)D

)]
D = 0

⇒ ng(x) + 2
n∑

k=1

xk
∂g(x)

∂xk
= 0.

For a fixed element x ∈ Ω1, let u(t) = g(tx), t ∈ [0, 1]. Then u(t) satisfies

2t
du(t)

dt
+ nu(t) = 0.

The unique solution to this equation is u(t) = 0. So g(x) = 0, then h(x) = 0.

Conversely, if g is a left monogenic function and h is a right monogenic function in Ω1, let

f(x) = h(x)− 2g(x)H(x) + |x|2A
(
g(x)D

)
, we have

f(x)D =
[
h(x)− 2g(x)H(x) + |x|2A

(
g(x)D

)]
D

=
[
− 2g(x)H(x) + |x|2A

(
g(x)D

)]
D = −2ng(x)− 4

n∑
k=1

xk
∂g(x)

∂xk
,
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so

D
[
f(x)D

]
= D

[
− 2ng(x)− 4

n∑
k=1

xk
∂g(x)

∂xk

]
= −2nDg(x)− 4Dg(x)− 4

n∑
k=1

xk
∂
(
Dg(x)

)
∂xk

= 0.

Similarly, we can obtain the following theorem.

Theorem 3.11. If f ∈ C2(Ω1,An(2, αj , γij)) is an inframonogenic function in Ω1, then there

exist a unique left monogenic function g1 and a unique right monogenic function h1 in Ω1, such

that

f(x) = g1(x)− 2H(x)h1(x) + |x|2A
(
Dh1(x)

)
, ∀x ∈ Ω1, (17)

where |x|2A = ρ2(x, 0) =
n∑

i,j=1

aijxixj , H(x) =
n∑

i,j=1

eiaijxj . Conversely, if g1 and h1 are left

and right monogenic functions in Ω1, respectively, then the function f in Equality (17) is an

inframonogenic function in Ω1.
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