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A Cauchy integral formula and the related properties for
inframonogenic functions valued in the Clifford

algebra depending on parameters

DU Xiao-jing!? LIANG Xiao-tong? XIE Yong-hong!*

Abstract. Firstly, we obtain a Cauchy integral formula for inframonogenic functions which are
solutions to the sandwich equation D fD = 0 in the framework of parameter-depending Clifford-
type algebras. Secondly, the properities relating to Cauchy integral operators are discussed.

Finally, the decompositions of the inframonogenic function are given.

81 Introduction

Clifford algebra [1] was established in the 19th century by Clifford. In 1982, Brackx et
al. [2] generalized some results of the complex analysis to Clifford analysis. In 2008, Clifford
algebra depending on parameters and their applications to partial differential equations were
introduced by Tutschke and Vanegas [3]. In 2013, Balderrama et al. [4] derived some integral
representation for meta-monogenic functions in Clifford algebras depending on parameters. In
2015, Ariza et al. [5] gave fundamental solutions to second order elliptic operators in Clifford-
type algebras. In 2017, Garcia et al. [6] studied a Cauchy integral formula for inframonogenic
functions in Clifford analysis. In 2018, Garcfa et al. [7] studied inframonogenic functions and
their applications in 3-dimensional elasticity theory, Yang et al. [8] gave the Cauchy integral
formula for k-monogenic functions with a-weight. In 2020, Garcia et al. [9] discussed the de-
composition of inframonogenic functions with applications in elasticity theory, Blaya et al. [10]
proved the Cauchy integral formula for infrapolymonogenic functions. In 2021, Dinh et al. [11]
gave the structure of inframonogenic functions, Cuong et al. [12] gave some new results for func-

tion theory in hypercomplex analysis with parameters. In 2022, Santiesteban et al. [13] proved
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the integral representation formulae for (¢, )-inframonogenic functions in Clifford analysis. In
2023, Dinh [14] gave new proofs of the integral representation formulae for («, 3)-monogenic
functions and isotonic functions and proved the series representation of polynomial Dirac equa-
tions, and Alvarez et al. [15] derived the reduced-quaternion inframonogenic functions in the
ball.

In this paper we derive a Cauchy integral formula for inframonogenic functions in the
framework of parameter-depending Clifford-type algebras. Secondly, the properties relating
to Cauchy integral operators are discussed. Finally, the decompositions of the inframonogenic

function are given.

82 Preliminaries

See reference [4], and let A, (2, j,7;;) be a real linear, associative and non-commutative
algebra which is called a Clifford algebra depending on parameters, whose basis is e 4, where
A ={hy,...,h.} € PN,1 < hy < --- < h, < n, N stands for the set {1,...,n} and PN
denotes the family of all order-preserving subsets of N. We denote ey by eg and e4 by ep,...n,
for A= {hy,--- ,h,} € PN, where the basis satisfies

{ 622:7041', 1=1,...,n, (1)
eiej Feje; =2y, 1<i#j<n
It is obvious that A,(2,1,0) = A,, where A, is the classical Clifford algebra.

The involution is defined by & = —e;, ¢ = 1,...,n. If ea = en,...n,, = €ny - €n,, We
define 1 = e, ---ep, = (—1)"ep, ---ep,. For any X\ = > Agea € A,(2,5,7;), we define
A =>"Aaea. !

InAthis paper, let 2 be a bounded domain in R™ with sufficiently smooth boundary 9. The
function f : Q — A, (2, oj,7;;) is denoted by f(x) = > fa(z)ea, where f4 € R. A function f
is continuous in 2 means that each component of f isAcontinuous in Q.

Let C™(Q An(2,5,75)) = {F1f = @ = An(2,05070), () = X fal@)ea, fala) is r-time
continuously differentiable in Q, r € N*, N* is the set of positive in?egers}.

For f € CY(Q, A, (2,a;,7i;)), we introduce Dirac operators as follows:
—~ of —~ of = ~_0f = of
Df=N el 0= Dr=YamL =% La.
f ;ekaxk,f Zj ot DI=) Tigo ] kz:: e
It is easy to be proved that

n
Dﬁ = Z alaf -2 Z %j(f?iaj.
i=1 1<i<j<n
We consider the corresponding quadratic form
n
Dad-2 Y
i=1 1<i<j<n
which has the coefficient matrix



316 Appl. Math. J. Chinese Univ. Vol. 41, No. 2

aq —712 0 —Vin

—712 Q2 o T 2n

B = (2)
—Yin —V2n Qp,

Let
o - aq —712 —713
1 —Y12
By =a1,By = yBs=| —m2 a2 —7v23 |, ,Bn=08.
—712 Q2

—713 —723 Q3
According to the Sylvesters criterion (see [17] and [18]), the quadratic form of DD is positively
definite if and only if
det(B;) >0,j=1,2,...,n. (3)
In this case DD is an elliptic operator, and DD is denoted by ﬁn
In this paper, the condition (3) is satisfied. Then the matrix B in (2) has the inverse A

given in the following form

a1 Q12 - Glp
G21 G2 - G2p
A= , (4)
an1  Qp2 - Gnn
where a;; = aj;.
For two points = (z1,...,2,) and & = (&1,...,&,) in R™, we define a non-Euclidean
distance p by
n
p* = p?(x,€) = Z aij(z; — &) (x5 — &) (5)
ij=1

The usual Euclidean distance is denoted by r := |z —&| for x # £. We can write z — & = ra* for
some z* € R™ with |z*| = 1. Note that the infimum of the non-Euclidean distance between x*
and (0,0, ...,0) over all z* with |2*| = 1 is positive, and there exists a positive constant ¢y > 0
such that p?(z*,0) > ¢. From this we conclude p? > cor?. If z # &, we let

~ 1 |Inp, n=2,
K(@,§= —¢ -1 1 (6)
Wn g 23
where p is the distance given by (5) and w;, is the surface measure of the unit sphere.
For z,£ € Q, x # &, we have
_ - e 11 n -

Q=1
where
H(z,€) = Y @Gaij(z; — &) (8)
i=1

Lemma 2.1. [3] The function E(z,§) satisfies E(z,£{)D = DE(z,§) = 0.
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Definition 2.2. 3] If f € C*(Q, A, (2,a;,7:;)) satisfies Df(xz) = 0(f(x)D = 0) in £, we say
that f is a left (right) monogenic function in .
Definition 2.3. If f € C?(Q, A, (2, oj,7i5)) satisfies D(f(z)D) = (Df(z))D = 0 in €2, we say
that f is an inframonogenic function in €.

Similar to the proof in the reference [16], we have the following proposition.
Proposition 2.4. If f, g € C*(Q, A, (2, a;,7i5)), then

D(7(@)gta)) = (DF)gte) + Y esf() 22,

(@)D =3 D gaye, 4 1) (9001 D).
i=1 ¢

n
Let do = Z N;e;du, where dp is the measure element of 0€2, and the outer unit normal at

i=1
x€9Nis N(z) = (N(x1),...,N(z,)).
Lemma 2.5. [3] If f, g € C* (Q,.An(Q,aj,’yij)) ﬂC(ﬁ, An(2,aj,’yij)), then

| t@dosgte) = [ [(#@)D)ata) + f(a)(Dg(e)) .

Lemma 2.6. [3] (Cauchy-Pompeiu integral formula ) If f € C* (2, A, (2, oj,7:;)) N C (2,
An(2, 0, ’yij)), then for any interior point £ € €2, we have

where c(oj,7vi;) = — / do,E(z,§) is a Clifford number, and it does not depend on ¢,
lo—¢|=¢

Chof(€) / f(@)do, E(z,€), T3f(E) = — / (@), €)de

By the reference [3] or similar to the reference [3], we have the following three corollaries.
Corollary 2.7. (Cauchy integral formula) If f € C(Q, A,(2,05,7;)) N C (2 An(2, aj,7i5))
is a right monogenic function in (2, then for any interior point £ € ), we have

f(&)eclaj, i) = Coa f(£)-
Corollary 2.8. (Cauchy-Pompeiu integral formula) If f € C! (Q, An(2, aj,'yij)) N C(ﬁ,
A (2, aj,'yij)), then for any interior point £ € €2, we have

cr(ay, i) F(§) = Cha f(x) + Ta[DF(€)],

where ¢ (o, vij) = — / E(z,&)doy is a Clifford number, and it does not depend on ¢,
lo—¢|=e
Coaf (@) = | Blo.0)dn.f@). Taf(©) == [ P61

Corollary 2.9. (Cauchy integral formula) If f € C*(Q, A, (2, a5,7i5)) N C (R, An(2, o), 7ij))
is a left monogenic function in €2, then for any interior point ¢ € ), we have

c1(ay, i) f(§) = CéQf(f)-
Remark 2.10. By Remark 2.6 in reference [4], we know that c(c;,i;) is a Clifford number,
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which has a single inverse element determined by the corresponding algebra. And ¢ (o, ;5) is

similar.

83 Main results

n

Proposition 3.1. Let H(z) = Z €;a;;x, then the following formulae hold.
ij=1
(i) H(z)ex, = —erH () + 21 (x), where I (x) is a real number, k =1,2,---  n.

(i) Zxk Zajkej = —H(z).

k=1 j=1
(iii)

D[(f(:c)D)( > ajkxke»] — DU@D)][ Y ananes] + Y enlf@)D] [éajmej]-

Jik=1 jk=1 m=1
Proof.
(i) As eger + exer = 2ax € R and gex + exe; = —2yk = —27i € R,
H(x)ex, + exH(x)

n n n
:{ E aaijxj}ek+ek{ E aaijwj} = E aijzj(€er + ere;)

i,j=1 i,j=1 i,j=1
n n
= E ar;xj(exer + exer) + E a;jz;(€er + exe;)
j=1 i,j=1,i#k
n n n n
=2 E Ak T — 2 E Qi T5Vki = 2( E A0 — E aijvki)xj.
j=1 i,j=1,i#k j=1 i,j=1,i%k
As
a1 Q2 - Qi Qlp aq Y12 0 TNk 0 TTin
a1 Q22 -+ A2k (2p —712 (e5] T2k T on
AB =
ak1 Qg2 -+ Qkgk  ct Qkn —Yik T2k Qg 0 T Vkn
an1 an2 e Ank e Anpn —Yin —V2n e —Ykn e Qnp
n n n
a11001 — Z ai15%15 - AQ1kQE — Z a15%5 0 G1pQn — Z QA15Vnj
Jj=2 Jj=1,j#k Jj=1j#n
n n n
=| armion— > arjyi; 0 GRRQE — DL GkjVkj  ccc QknOn — DL GkjYnj
Jj=2 Jj=1,j#k Jj=1,j#n
n n n
an10pn — QnjY15 - AnkQE — Z AnjiVkj = OGppOn — Z AnjYnj
Jj=2 j=1,#k j=1,j#n
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n

H(z)er +epH(x) = Q(Zakjak - Z az‘ﬂki)&”j

i,j=1,i7k

n
=2 (amak - Z ail'}/ki)$1 ot Q(Gkkak - Z a'ik'Yki>37k

i=1,i#k i=1,i#k

n
+ ~-+2(aknak— > amm>xn=2xk-
i=1,i#k

(#i) After direct calculation, we have
n n

Zxk(ZaJkej) = Z €Ty = — Z e ajpzy = —H(z).

k=1 k=1 k=1
(7i7) By Lemma 2.4, we have

n
D{(f(x)D)( Z ajka:kej)]
k=1
8( > ajkxkej)
k=1

D)][ 2": (1jk$k€j:| + z": 6m(f(:1:)D) .

k=1 m=1
D)][ Zn: ajk»’ckej} + Zn: em (f(z)D) [Zn:ajmej].
k=1 m=1 =

Corollary 3.2. If x # £, then the following formulae hold.
(1) E(z,8)er = —epE(x,£) + 2Jx (2, €), where Ji(z,€) is a real number.
- n n n 1 T —
() D ) Sy = > S 3 aes = ~E(w.6)
k=1 j=1 =1

Proof. (i) By Proposition 3.1, we have

E(z,&)ey +epE(x,§) = 5 Iz o

(#i) By Proposition 3.1, we obtain
n n
—H(z,§) _
pr

ZJk(xag)Zajkej = ZZGJCL]k xk—gk)
k=1 j=1

k=1j=1

In this paper, we let
n

ot © = | Bl doaf@)] Y apnto -],

k=1

em /{-m (z,8)do, f(x [Za]mej}
[ Zn: a;r(zr — &k e]}dx

7,k=1

Coaf() = -

)=->
m=1
wﬂoz—A
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L H@ QeptepH(@ ) Lo —& oy o

—E(z,¢).
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7E)f Zem/K:U§ da? Zajme]]

CRl™ £(6) = 5[C8f(€) + Cha ()], T (€)= S [TRF(O) + T F(€)].

DN | =

Theorem 3.3. (Cauchy-Pompeiu integral formula) If f € C? (ﬁ, An(2, ozj,'yij)), then for any
& € Q, we have

F(&)e(a,vig) =Chaf(€) + Chi ™ [DF(E)] + T3 ™ [D(£(§)D)]

n

:% E(xz,§)do, | f(x)D] [ Z aji(x, — fk)ej}

a0 i

1
+ f( YdoyE(x, &) + §m:1 em/QK(x §)[D dx[Zajme]}
—3 QE T f [J;l a;r(Tr — &k) e]}dx

Proof. For any ¢ € Q, we denote B(&,¢) :={z e R": |z —¢| < e}, Q. = Q\B(&,¢). Suppose

/ B@¢) { )( Z ajk(k _fk)ej)}}dx,

-1
and

= [ 3 B gen ] (3 ame )i
L= m=1 j=1
By Propsition 3.1, we have

JE — J¢ = /Q E(Qj7£) [D(f(x)D)] { Z ajk(l'k — §k)€]}dl‘. (10)

jk=1

By Lemma 2.5, as E(x, &) satisfies E(x,£)D = 0, we have
/ E(z,¢) { [ )( Z aji(xg —fk)ej)} }dm

_ E(z,€)doy, [(f(x)D)( | a;r (T — §k)ej>}

k

1

<
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By Corollary 3.2, we obtain

/ Z E(z,8)en | f(x)D] (iajmej)dx

( — enB(2,€) + 2J(x, 5)) [/ (z)D] (Z ajmej)dx

i em/ E(x <Zajme]) / {ZZJ foa]meJ}

m=1 m=1

i— / D]d:c(jzlajmej) — 2/95 [f(x)D]E(:c,ﬁ)d:c

By Lemma 2.5, we get

| B@oli@Dlds = [ [R@.D)[f@)Dlds = [ [R(z.9)D] [f(a)D]ds
Q. Qe Qe
:_< K(z,&)do,[f(z)D] —/ f?(m)[p(f(x)[))]dx).
o0, Q.

I
g\;
M: j

3
Il

o

Then

Z em/ K (,8) dax (Zajmej)

(12)
_ Z 6m/ I?(as,{) [D(f(a:)D)}dz(Zajmej> —Q/Q [f(x)D]E(z,f)da:
By Equahtles 10) (11) and (12), we have "
I / E(z,¢)[D L;l a;r (T —§k)ej}dx
:/QQ E(x,ﬁ)dax[ (j;l a;r(ze — &k) (3])}
(13)

/ (z,8) dar (Zajme]>

dx(Zajme]) +2/ [f(z)D]E(z, §)dx.

M: HM:

m=1 LE
As [z — €A<Mf|—€mﬂp2%w7ﬂ,
1 |H(x,& c |lx—¢& g 1
Wn, P Wn, 3 Wnp €
~ -1 1 c
Rag - — L <@

(n— 2wy, p—2 = en—2’
where ¢y and ¢y are positive constants.

As f e C?(Q, An(2,05,7i5)),

/<93(§ 9 (JS 5 dO’x [ zn: ajk Tp _fk e]]

7,k=1
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<),
OB(&,¢)

where c; are positive constants, j = 3,4,5,6, so

C1 1

. en—1 |C35n71d,u1||04||05€| < cg¢,
n

n

lim E(z,&)do, [f(x)D] { Z aji(xy — gk)ej:| =0.

e—0 6B(€,E) k=1

Hence

lim E(z,&)do, [f( )D] [ Z aji(xg —fk)ej}

e—0 80,

= E(x,8)do, | f(x)D] [ Z aji(xy — f;@)ej}.

oQ jk=1
Similarily, we have
lim K(z,&)do, [f(x)D] = 0.
e—0 63(5,6)
Hence
lim K(z,&)do,[f(x)D] = | K(z,&)do,[f(x)D].
€ 09, oQ

Let ¢ — 0 in Equality (13), and by Lemma 2.6, we draw the conclusion.

Corollary 3.4. (Cauchy integral formula) If f € C?(Q, A,(2,;,7i;)) is an inframonogenic
function in €2, then for any £ € ), we have

F(©)elaz,vij) =Cho f(€) + Coed " [Df(€)]
:% E(z,&)do, [ f(£)D] [ > ajn(zr - 51@)%}

- = Z em K (z,€) daz Zajmej / f(x)do, Bz, £).

Remark 3.5. If we take a; =1 and v,; =0fori# j=1,2,...,n in A,(2, a;,7i;), we get the
Clifford algebra A,. In this case B = A = E, where a;; = 0;;, ¢(1,0) = 1, Equalities (5) and
(6) become

_ 1 -1 1 1 T-¢
where E(z,§) is a fundamental solution to the classical operator D in A,,. And Corollary 3.4

is reduced to the following lemma.
Lemma 3.6. [6] (Cauchy integral formula) If f € C?(, A, (2, a;,7:;)) is an inframonogenic

function in €2, then for any £ € ), we have

o3 [ EIEanlronle-o|

an |x7§|n

[ Z o /Q Wn 1 — Zmd% [f(z)D] em}
+[ [ f@yda - 7-¢ }

Wn, |x7£|n
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Proposition 3.7. For z # £, the following formulae hold.

(i)
D¢ {E(m,f)M( Z ajr(zr — &k q)] Z emE(x, & MZaJmej
k=1
(i)
D, [ Z emIN{(x,f)M(Zajmej)] Z emE(x, )M (Za]mej) +2ME(x,¢§),
m=1 j=1 1
where M is any Clifford nurjnber. "
Proof. (i) By Lemma 2.4, we have
De [E(:c,f)M( 3 il —gk)ej)}
jk=1
n n a( ‘kﬁ;lajk(zk_gk)ej)
{ (E(x £) )} { Z ajr (T —fk)eg} + em [ E(x,§) M| — ¢
g.k=1 m=1 m
:—Z E(x, f)MZamej
m=1 j=1

(it) By Corollary 3.2, we have

| Z_ emf?u,f)M(gjlajmej)]
[Dngg][Ze] (iajmej)]
P93 emM(iajmej)]
—= 3 B e (Zame})
5 [enBl.) - 2Jm(x,£>}M(iajmej)

m

|
]
N

mE(x, & )M (Z%m%) +2ME(x,§).

Jj=1

Il
—

It f € C2(3Q, An(2, a5, 7ij)), we define F(€) = Chef ™ f(€), where € € R™\9.
Theorem 3.8. If f € C? (8Q,An(2,a]—,%j)), then
DF(E)] =~ | do.f(a)B(w.¢), (15)
o0

and F is an inframonogenic function in R™\0€ .
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Proof. By Proposition 3.7, we obtain

De[Coaf(6)]
_Dg[/ E(z,&)do, f(x ( Z ajkmkej { E(z,&)do, f(x )( i ajkfkej)}
k=1 2L =1
= /8  [DeE(@.§)]do: f( [jkzl asnre;| /6 D [E x,&)do, f(x )(j; ajkgkej)}
=—/6Q De [E(x,ﬁ)daxf(x)(jg_:lajkfkej)} = AgziemE z,&)do, f(x (Za]mej)_

By Proposition 3.7, we obtain

Dg[cégf :—DE[/ Zem (z,8)do, f(z )(iajmej)}

j=1

:_/GQDg[Zem (,€)do f(x )(iaﬂ'meﬂ')}

j=1

- /BQ;emE(wé)dawf(m)(;ajmej) - /8Q 2do, f(x)E(z, €).
Hence
De(F(€)) = De [Cf™ £(9)] = — /d do f@)E(.6).

so F' is an inframonogenic function in R™\99.

Definition 3.9. [11] If for any « € ©; and any ¢ € [0,1], we have tx € 5, then we said that

the domain ©; C R"™ is a star-like domain with centre 0.
From now on, we always suppose that ; C R” is a star-like domain with centre 0.

Theorem 3.10. If f € C?(21, A,,(2, v, 7)) is an inframonogenic function in 2, then there
exist a unique left monogenic function g and a unique right monogenic function A in 21, such
that

f(@) = h(z) = 29(x)H (z) + |24 (9(2) D), Vo € O, (16)
where [z]3 = p*(z,0) Z a;jrixy, H(x) = > €aixj. Conversely, if g and h are left
ij=1 b=t

and right monogenic functions in 2, respectively, then the function f in Equality (16) is an

inframonogenic function in ;.

Proof. If f € C?(21, An(2,,7i;)) is an inframonogenic function in €y, let

g(@) = _T/o (f(t2)D)t"T dt,

we have

-1 i [ (fD)](tz)t®dt = 0.
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By Lemma 2.4 and the proof of Proposition 3.1, we have
[ = 29(@)H(2) + |#F3 (9(2)D)] D

— — 2(x)[H(@)D] —22%@Hmek+(g<mw> [213D] ~ [of2 [Bng(a)]

— onga) -2 En: 88950 [ H(z) + ka] 2(g(z)D) [ E": aijkej]

Jk=1

=—2ng(x 42 3xk

Lol (f(tz)D)t"=" dt

[ 2ng + Z 0 D Th

= — 2ng(x +/ Zxka txtzdt
0 k=1
2ng(x) /1d[(f(tx)D)]t"dt
= — 2naqglx + P —— )
g ) dt
! n

=~ 2ng(a) + [12 _ 5/0 (f(t2)D)t"T*dt = f(2)D.

W
—~
~
=
N

S
~—

Let h(x) = f(z) - [ = 20(@)H () + [of3 (s(@)D) |, that is, f(@) = h(a) — 29() H(z) +
|24 (g(x)D), then h(z)D = 0.

Next, we will prove the uniqueness.

Suppose that Dg(z) = 0 and h(z)D = 0 in € and h(z) — 2g(z)H(z) + |z|% (29(z)D) = 0,
we only need to prove that g(z) = 0 and h(z) =

h(x) - 29(2)H(x) + |x|i<2g<x>D) = 0= [h(z) — 29(2)H(2) + |2l (29(x)D) | D = 0

= ng(x +22 axk

For a fixed element x € O, let u(t) = g(tx), t € [0,1]. Then u(t) satisfies

du(t) B
7 + nu(t) = 0.

The unique solution to this equation is u(t) = 0. So g(x) = 0, then h(z) =

2t

Conversely, if g is a left monogenic function and h is a right monogenic function in 1, let
f(z) = h(z) — 2g(x)H(z) + |z|% (g(x)D), we have
J(@)D =[(@) = 29(@)H(x) + |13 (9(x)D) | D

=| —29(@)H(x) +|af? (9(2)D) | D = ~2ng(a Z

k=



326 Appl. Math. J. Chinese Univ. Vol. 41, No. 2

SO

D[f(x)D] =D [ —2ng(x) — 4sz({9897(x;c)} = —2nDg(z) — 4Dg(z) — 4Zxk8(giix)) =0.
k=1 k=1

Similarly, we can obtain the following theorem.
Theorem 3.11. If f € C?(, 4,(2, aj,7;)) is an inframonogenic function in Qy, then there
exist a unique left monogenic function g; and a unique right monogenic function h in €21, such
that

f(@) = g1(2) = 2H (2)ha(2) + |24 (Dha(2)), Vo € Qi (17)

n n
where |z|4 = p?(z,0) = Z ajjrizy, H(x) = > €asjz;. Conversely, if g1 and hy are left

ij=1 i,j=1

and right monogenic functions in Q;, respectively, then the function f in Equality (17) is an

inframonogenic function in ;.
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