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Approximation properties by

Bézier-Baskakov-Schurer-Szász operators

based on Gould-Hopper polynomials

Naim L. Braha1 Shagufta Rahman2 Mohammad Mursaleen3,4,5,6,∗

Abstract. In this study, we introduce a Gould-Hopper polynomial based Bézier variation of the

Baskakov-Schurer-Szàsz operators. First, we examine the uniform convergence and error bound

using the Ditzian-Totik modulus of smoothness. Next, we obtain the quantitative Voronovskaya

and Grüss-Voronovskaya type theorems. Furthermore, we investigate the rate of convergence

by using weighted modulus of continuity and for a class of Lipschitz function.

§1 Introduction

The approximation theory, which began and gained popularity in the 19th century, is one of

the important research areas of mathematical analysis that has been researched by numerous

mathematicians all over the world from that century to the present. The basic goal of approx-

imation theory is to represent any function with the aid of simpler functions. The Weierstrass

approximation theorem [4] is the foundation of approximation theory, and it has been proven

by several mathematicians. Bernstein proved this remarkable result in 1912 by utilising a poly-

nomial sequence and applying ideas and concepts from probability theory [19]. Due to the

simple structure and many useful approximation properties of the Bernstein operator, discov-

ery of their various generalizations and modifications in different ways have been an intensive

research area. Schurer [1] generalized the Bernstein operators in the following form

Lm,p(f ;x) =

m+p∑
j=0

(
m+ p

j

)
xj(1− x)m+p−j f

(
j

m

)
.

Szász [18] extended the Bernstein operators from finite interval to infinite interval and defined

the operators as follows:

Sm(f ;x) = e−mx
∞∑
j=0

(mx)j

j!
f

(
j

m

)
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for x ∈ [0,∞). Baskakov [22] defined the following sequence of linear operators:

Lm(f ;x) =
1

(1 + x)m

∞∑
j=0

(
m+ j − 1

j

)
xj

(1 + x)j
f

(
j

m

)
for m ∈ N and x ∈ [0,∞), N being the set of positive integers.

In 2012, Varma et al. presented a connection between positive linear operators and orthog-

onal polynomials. They developed Szász operators for Brenke polynomials and showed that

these polynomials include Gould-Hopper polynomials in [21]. Later on, many modifications of

Szász operator were discovered by utilising various orthogonal polynomials(see [2,3,12,20]).

A generating function of the Gould-Hopper polynomials is given by

eht
d+1

ext =
∞∑
k=0

gd+1
k (x, h)

tk

k!
, (1)

where

gd+1
k (x, h) =

[ k
d+1 ]∑
s=0

k!

s!(k − (d+ 1)s)!
hsxk−(d+1)s, (2)

h ≥ 0 and [·] denotes the integer part.

The main objective of this article is to study the rate of convergence by using Ditzian-Totik

modulus of smoothness, weighted modulus of continuity and for class of Lipschitz function.

Furthermore, Voronovskaya, Grüss-Voronovskaya type theorems and difference between the

operator and their derivative by modulus of continuity is also established.

§2 Construction of operators

In paper [23], authors have defined the following form of the Baskakov-Scurer-Szász operators

Ln,p(f ;x) = (n+ p)

∞∑
k=0

bkn,p(x)

∫ ∞

0

f(t)skn,p(t)dt, (3)

where bkn,p(x) =
(
n+p+k−1

k

)
xk

(1+x)n+p+k , s
k
n,p(t) = e−(n+p)t ((n+p)t)k

k! and studied the approxima-

tion properties.

It is widely known that Bèzier curves are mathematically defined curves that are subsequent-

ly utilised in curve fitting, image processing and computer-aided geometric design (CAGD). The

various Bèzier variant of the operators is a key topic in approximation theory. The Bézier varia-

tion of several operators has been established by many researchers, see for instant[5,6,15,25-28].

For n ∈ N, θ ≥ 1 and all real-valued continuous and bounded functions f , we define the

Bézier variant of Baskakov-Schurer-Szàsz operators based on Gould-Hopper polynomials as

follows:

Ld,θ
n,h,p(f ;x) = (n+ p− 1)

∞∑
k=0

Sk,d,θ
n,h,p(x)

∫ ∞

0

bkn,p(t)f(t)dt, (4)

where

Sk,d,θ
n,h,p(x) = [Rk,d

n,h,p(x)]
θ − [Rk+1,d

n,h,p (x)]θ,

Rk,d
n,h,p(x) =

∞∑
j=k

Kj,d
n,h,p(x),
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Kk,d
n,h,p(x) = e−(n+p)x−h g

d+1
k ((n+ p)x, h)

k!
.

Rk,d
n,h,p(x) satisfies the following properties:

(1) Rk,d
n,h,p(x)−Rk+1,d

n,h,p (x) = Kk,d
n,h,p(x),

(2) R0,d
n,h,p(x) > R1,d

n,h,p(x) > · · · > Rn,d
n,h,p(x) > · · · , x ∈ [0,∞).

In case θ = 1, operator (4) reduces to operator

Ld
n,h,p(f ;x) = (n+ p− 1)

∞∑
k=0

Kk,d
n,h,p(x)

∫ ∞

0

bkn,p(t)f(t)dt. (5)

In the sequel we will find moments and central moments of the operators (4)

Lemma 2.1. For ei(t) = ti, i ∈ {0, 1, 2, 3, 4}, then

(1) Ld
n,h,p(e0;x) = 1,

(2) Ld
n,h,p(e1;x) =

(n+p)x+h(d+1)+1
n+p−2 ,

(3) Ld
n,h,p(e2;x) =

1
(n+p−2)(n+p−3)

(
(n+ p)2x2 +(n+ p)x{2h(d+1)+ 4}+ h(h+1)(d+1)2 +

3h(d+ 1) + 2

)
,

(4) Ld
n,h,p(e3;x) = 1

(n+p−2)(n+p−3)(n+p−4)

(
(n + p)3x3 + 3(n + p)2x2{h(d + 1) + 3} + 3(n +

p)x{h(h+1)(d+1)2+5h(d+1)+6}+h(d+1)3(h2+3h+1)+6h(h+1)(d+1)2+11h(d+1)+6

)
,

(5) Ld
n,h,p(e4;x) =

1
(n+p−2)(n+p−3)(n+p−4)(n+p−5)

(
(n+ p)4x4 + 2(n+ p)3x3{2h(d+ 1) + 8}+

(n+p)2x2{6h2(d+1)2+6h(d+1)(d+3)+30h(d+1)+72}+(n+p)x{6h2(d+1)2(2d+3)+

2h(d+1)(2d2+7d+7)+4h3(d+1)3+30h2(d+1)2+30h(d+1)(d+2)+70h(d+1)+46}+

h(d+1)4(h3+6h2+7h+1)+10h(d+1)3(h2+3h+1)+35h(h+1)(d+1)2+50h(d+1)+24

)
.

Proof. Using the generating functions (1) and properties of Beta function, we get above results.

Lemma 2.2. Central moments for the operator Ld
n,h,p are

(1) Ld
n,h,p((t− x);x) = 2x+h(d+1)+1

(n+p−2) ,

(2) Ld
n,h,p((t− x)2;x) = 1

(n+p−2)(n+p−3)

(
x2(n+ p+6)+ 2x{(n+ p) + 3h(d+1)+ 3}+ h(h+

1)(d+ 1)2 + 3h(d+ 1) + 2

)
,
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(3) Ld
n,h,p((t− x)4;x) = 1

(n+p−2)(n+p−3)(n+p−4)(n+p−5)

(
x4{−97(n+ p)2 +86(n+ p)− 120}+

x3{12(n+p)2+(n+p)(52h(d+1)+292)+240(h(d+1)+1)}+x2{12(n+p)2+(n+p)(6h(h+

1)(d+1)2+138h(d+1)+252)+120(h(h+1)(d+1)2+3h(d+1)+2)}+x{(n+p)(4h3(d+1)3+

12h2(d+1)2(d+2)+2h(d+1)(2d2+10d+38)−99)+110(h(h+1)(d+1)2)+11h(d+1)+6}+

h(d+1)4(h3+6h2+7h+1)+10h(d+1)3(h2+3h+1)+35h(h+1)(d+1)2+50h(d+1)+24

)
.

Proof. From the linearity of Ld
n,h,p operators and using Lemma 2.1, one can find the result.

Lemma 2.3. For ei(t) = ti, i ∈ {0, 1, 2, 3, 4}, we have

(1) Ld,θ
n,h,p(e0;x) = 1,

(2) Ld,θ
n,h,p(e1;x) ≤ θ (n+p)x+h(d+1)+1

n+p−2 ,

(3) Ld,θ
n,h,p(e2;x) ≤

θ
(n+p−2)(n+p−3)

(
(n+ p)2x2 +(n+ p)x{2h(d+1)+ 4}+ h(h+1)(d+1)2 +

3h(d+ 1) + 2

)
,

(4) Ld,θ
n,h,p(e3;x) ≤ θ

(n+p−2)(n+p−3)(n+p−4)

(
(n + p)3x3 + 3(n + p)2x2{h(d + 1) + 3} + 3(n +

p)x{h(h+1)(d+1)2+5h(d+1)+6}+h(d+1)3(h2+3h+1)+6h(h+1)(d+1)2+11h(d+1)+6

)
,

(5) Ld,θ
n,h,p(e4;x) ≤

θ
(n+p−2)(n+p−3)(n+p−4)(n+p−5)

(
(n+ p)4x4 + 2(n+ p)3x3{2h(d+ 1) + 8}+

(n+p)2x2{6h2(d+1)2+6h(d+1)(d+3)+30h(d+1)+72}+(n+p)x{6h2(d+1)2(2d+3)+

2h(d+1)(2d2+7d+7)+4h3(d+1)3+30h2(d+1)2+30h(d+1)(d+2)+70h(d+1)+46}+

h(d+1)4(h3+6h2+7h+1)+10h(d+1)3(h2+3h+1)+35h(h+1)(d+1)2+50h(d+1)+24

)
.

Proof. Let us start from

Ld,θ
n,h,p(e0;x) = (n+ p− 1)

∞∑
k=0

Sk,d,θ
n,h,p(x)

∫ ∞

0

bkn,p(t)dt

=
∞∑
k=0

Sk,d,θ
n,h,p(x)

=
∞∑
k=0

{
(Rk,d

n,h,p(x))
θ − (Rk,d

n,h,p(x))
θ

}

=

( ∞∑
j=0

Kj,d
n,h,p(x)

)θ

= 1.

Since

Ld,θ
n,h,p(f ;x) = (n+ p− 1)

∞∑
k=0

Sk,d,θ
n,h,p(x)

∫ ∞

0

bkn,p(t)f(t)dt,
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using the inequality |aβ − bβ | ≤ β|a− b| with 0 ≤ a, b ≤ 1, β ≥ 1 and property (1) of Rk,d
n,h,p(x),

we have

Ld,θ
n,h,p(f ;x) ≤ θ

{
(n+ p− 1)

∞∑
k=0

Kk,d
n,h,p(x)

∫ ∞

0

bkn,p(t)f(t)dt

}
≤ θLd

n,h,p(f ;x).

Lemma 2.4. Let Ld,θ
n,h,p be the operator defined by 4, then

(1) Ld,θ
n,h,p((t− x);x) ≤ θ 2x+h(d+1)+1

(n+p−2) ,

(2) Ld,θ
n,h,p((t− x)2;x) ≤ θ

(n+p−2)(n+p−3)

(
x2(n+ p+6)+ 2x{(n+ p) + 3h(d+1)+ 3}+ h(h+

1)(d+ 1)2 + 3h(d+ 1) + 2

)
,

(3) Ld,θ
n,h,p((t− x)4;x) ≤ θ

(n+p−2)(n+p−3)(n+p−4)(n+p−5)

(
x4{−97(n+ p)2 +86(n+ p)− 120}+

x3{12(n+p)2+(n+p)(52h(d+1)+292)+240(h(d+1)+1)}+x2{12(n+p)2+(n+p)(6h(h+

1)(d+1)2+138h(d+1)+252)+120(h(h+1)(d+1)2+3h(d+1)+2)}+x{(n+p)(4h3(d+1)3+

12h2(d+1)2(d+2)+2h(d+1)(2d2+10d+38)−99)+110(h(h+1)(d+1)2)+11h(d+1)+6}+

h(d+1)4(h3+6h2+7h+1)+10h(d+1)3(h2+3h+1)+35h(h+1)(d+1)2+50h(d+1)+24

)
.

Proof. Using Lemma 2.3, the proof is established.

Let us denote by CB [0,∞) the space of all bounded continuous functions in [0,∞) with

norm ||f || = supx∈[0,∞) |f(x)|.

Proposition 2.1. Let f ∈ CB(0,∞), then ||Ld,θ
n,h,p(f)|| ≤ ||f ||.

Proof. From definition of the operators (4) and Lemma 2.3 we get∣∣∣Ld,θ
n,h,p(f ;x)

∣∣∣
=

∣∣∣∣∣(n+ p− 1)
∞∑
k=0

Sk,d,θ
n,h,p(x)

∫ ∞

0

bkn,p(t)f(t)dt

∣∣∣∣∣
≤||f || ·

∣∣∣∣∣(n+ p− 1)
∞∑
k=0

Sk,d,θ
n,h,p(x)

∫ ∞

0

bkn,p(t)dt

∣∣∣∣∣ ≤ ||f ||
∣∣∣Ld,θ

n,h,p(1;x)
∣∣∣ = ||f ||.

Lemma 2.5. For fixed p, we have

(1) limn→∞(n+ p)Ld,θ
n,h,p((t− x);x) ≤ θ(2x+ h(d+ 1) + 1),

(2) limn→∞(n+ p)Ld,θ
n,h,p((t− x)2;x) ≤ θ · (x2 + 2x),

(3) limn→∞(n+ p)2Ld,θ
n,h,p((t− x)4;x) ≤ θ(−97x4 + 12x3 + 12x2).
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Proof. Proof follows immediately from Lemma 2.4.

The Korovkin type theorem instead of Weierstrass theorem gives very concrete result in

which we can prove where on polynomial can be approximated by function or not. This is

achieved by proving approximation of the given function by test functions. This problem was

treated by many authors in many papers (see for example [7-11,13,14]). In what follows we will

prove Korovkin type theorem for operators given by relation (4).

Theorem 2.6. For any f ∈ CB[0,∞), we have

lim
n+p→∞

||Ld,θ
n,h,pf − f || = 0,

uniformly in every compact subset [a, b] of [0,∞).

Proof. From basic Korovkin theorem, it is enough to prove that

lim
n+p→∞

||Ld,θ
n,h,pf − f || = 0,

for f(t) = ti with i ∈ {0, 1, 2}. Using into consideration Lemma 2.3, we obtain

lim
n+p→∞

||Ld,θ
n,h,pej − ej || = 0,

for j = 0, 1, 2, which completes the proof.

§3 Some direct results

Let ξ(y) =
√
y(1 + y) and r ∈ C[0, 1]. For 0 ≤ τ ≤ 1, define

ωξτ (r, y) = sup
0≤v≤y

sup
y± vξτ (y)

2 ∈[0,1]

∣∣∣∣r(y + vξτ (y)

2

)
− r

(
y − vξτ (y)

2

)∣∣∣∣ (6)

and the K-functional (see [17])

Kξτ (r, j) = inf
i∈Wτ

{
||r − i||+ j||ξτ i

′
||
}
,

where

Wτ =
{
i : i ∈ ACloc; ||ξτ i

′
|| < ∞

}
.

Theorem 3.1. Let r ∈ CB [0,∞). Then

|Ld,θ
n,h,p(r; y)− r(y)| ≤ C3ωξτ

(
r,

ξ1−γτ (y)

n+ p− 2

)
,

where C3 is a positive constant and γ, τ ∈ (0, 1).

Proof. From Proposition 2.1, we have

|Ld,θ
n,h,p(r; y)− r(y)| ≤ |Ld,θ

n,h,p(r − g; y)|+ ∥r(y)− g(y)∥+ |Ld,θ
n,h,p(g; y)− g(y)|

≤ 2||r − g||+ |Ld,θ
n,h,p(g; y)− g(y)|.

For i ∈ Wτ and using Hölder inequality, we obtain∣∣∣∣∫ t

y

i
′
(v)dv

∣∣∣∣ ≤ 2τC(y(y + 1))−γτ |t− y| · ||ξτ i
′
||.

From last relation, Proposition 2.1 and Lemma 2.2, we have

|Ld,θ
n,h,p(r; y)− r(y)| ≤ (1 + θ)||r − g||+ |Ld,θ

n,h,p(g; y)− g(y)|

≤ (1 + θ)||r − g||+ 2τC(y(y + 1))−γτ ||ξτ i
′
|| · Ld,θ

n,h,p(|t− y|; y). (7)
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Applying Cauchy-Schwartz inequality and Lemma 2.4, it follows

Ld,θ
n,h,p(|t− y|; y) ≤

√
Ld,θ
n,h,p(1; y) ·

√
Ld,θ
n,h,p(|t− y|2; y)

≤
(

θ

(n+ p− 2)(n+ p− 3)

(
y2(n+ p+ 6) + 2y{(n+ p) + 3h(d+ 1) + 3}

+ h(h+ 1)(d+ 1)2 + 3h(d+ 1) + 2

)) 1
2

.

From last relation it yields

Ld,θ
n,h,p(|t− y|; y) ≤

(
θ

(n+ p− 2)(n+ p− 3)

(
y2(n+ p+ 6) + 2y{(n+ p) + 3h(d+ 1) + 3}

+ h(h+ 1)(d+ 1)2 + 3h(d+ 1) + 2

)) 1
2

≤
(

θ

(n+ p− 2)(n+ p− 3)

(
2y2(n+ p+ 6) + 2y{(n+ p) + 3h(d+ 1) + 3}

+ 2y{h(h+ 1)(d+ 1)2 + 3h(d+ 1) + 2}
)) 1

2

,

and for n+ p large we get

Ld,θ
n,h,p(|t− y|; y) ≤ 2C1θ

(y + y2)

n+ p− 2
,

for some C1 > 0.

Then

|Ld,θ
n,h,p(r; y)− r(y)| ≤ 2||r − g||+ 2τC(y(y + 1))−γτ ||ξτ i

′
|| · Ld,θ

n,h,p(|t− y|; y)

≤ 2||r − g||+ 2τC(y(y + 1))−γτ ||ξτ i
′
|| ·
∣∣∣∣2C1θ

(y + y2)

n+ p− 2

∣∣∣∣
≤ 2||r − g||+ C2

(y(y + 1))1−γτ

n+ p− 2
||ξτ i

′
||.

For every i ∈ Wτ , it follows

|Ld,θ
n,h,p(r; y)− r(y)| ≤ C3Kξτ

(
r,

ξ1−γτ (y)

n+ p− 2

)
.

Thus, the rest of the proof follows immediately from Theorem 2.1 in [24].

Remark 3.2. In case where τ = 0, we obtain error estimation in terms of the modulus of

continuity as follows:

|Ld,θ
n,h,p(r; y)− r(y)| ≤ C3ω

(
r,

ξ(y)

n+ p− 2

)
.

§4 Voronovskaya type theorem

One of the problem in approximation theory is approximation of the function with certain

type of polynomials with their derivatives. This results is known as Voronovskaya type theorem.

Such theorems have been extensively studied in the literature in last decades (see [29-33]). In

what follows we will give it for polynomials operators defined by (4).



306 Appl. Math. J. Chinese Univ. Vol. 41, No. 2

Theorem 4.1. For g ∈ CB [0,∞) and fixed p, relation[
g′(v)(2v + h(d+ 1) + 1) +

g′′(v)

2
(v2 + 2v)

]
≤ lim

(n+p)→∞
(n+ p)

[
Ld,θ
n,h,p

(
g, v
)
− g(v)

]
≤ θ

[
g′(v)(2v + h(d+ 1) + 1) +

g′′(v)

2
(v2 + 2v)

]
,

holds true for every v ∈ [0,M ], where M is a finite number.

Proof. By Taylor’s theorem, for any g ∈ CB [0,∞) we have

g(v) = g(u) + (v − u)g′(u) +
1

2
(v − u)2g′′(u) + (v − u)2ϕg(v),

where

ϕg(v) =


g(v)− g(u)− (v − u)g′(u)− 1

2 (v − u)2g′′(u)

(v − u)2
, (v ̸= u),

0, (v = u),

ϕg(·) ∈ CB [0,∞) and ϕg(y) → 0 as y → u. Then it follows

(n+ p)
[
Ld,θ
n,h,p

(
g; v
)
− g(v)

]
=g′(u)(n+ p)Ld,θ

n,h,p

(
(v − u); v

)
+

g′′(u)

2
(n+ p)Ld,θ

n,h,p

(
(v − u)2; v

)
+ (n+ p)Ld,θ

n,h,p

(
(v − u)2ϕg(v); v

)
.

Then

lim
(n+p)→∞

(n+ p)
[
Ld,θ
n,h,p

(
g, v
)
− g(v)

]
≤ lim

(n+p)→∞
θg′(u)(n+ p)

(
2v + h(d+ 1) + 1

(n+ p− 2)

)
+ lim

(n+p)→∞
θ
g′′(u)

2
· n+ p

(n+ p− 2)(n+ p− 3)

(
v2(n+ p+ 6) + 2v{(n+ p)

+ 3h(d+ 1) + 3}+ h(h+ 1)(d+ 1)2 + 3h(d+ 1) + 2

)
+ lim

(n+p)→∞
(n+ p)Ld,θ

n,h,p

(
(v − u)2ϕg(v), v

)
.

Applying Cauchy-Schwarz inequality in the following relation

(n+ p)Ld,θ
n,h,p

(
(v − u)2ϕg(v); v

)
≤
{
(n+ p)2Ld,θ

n,h,p

(
(v − u)4; v

)} 1
2
{
Ld,θ
n,h,p

(
ϕ2
g(v); v

)} 1
2 .

By Theorem 2.6 and Lemma 2.5, it yields{
Ld,θ
n,h,p

(
ϕ2
g(v); v

)} 1
2 → 0

as (n+ p) → ∞. Then, by using the last relations and Lemma 2.5 it follows[
g′(v)(2v + h(d+ 1) + 1) +

g′′(v)

2
(v2 + 2v)

]
≤ lim

(n+p)→∞
(n+ p)

[
Ld,θ
n,h,p

(
g, v
)
− g(v)

]
≤θ

[
g′(v)(2v + h(d+ 1) + 1) +

g′′(v)

2
(v2 + 2v)

]
.

The Grüss-Voronovskaya type theorem (see [16]) gives behavior of the product of two func-

tions with their derivatives and we prove it for the operators (4).
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Theorem 4.2. Let g′, g′′, k′, k′′ ∈ CB [0,∞) and p be a fixed value. Then

(2v + h(d+ 1) + 1)g′(v)k′(v)

≤ lim
n+p→∞

(n+ p)
∣∣∣Ld,θ

n,h,p(gk; v)− Ld,θ
n,h,p(g, v)L

d,θ
n,h,p(k; v)

∣∣∣
≤θ(2v + h(d+ 1) + 1)g′(v)k′(v),

for each v ∈ [0,M ], for finite M .

Proof. The following relation

(n+ p)
(
Ld,θ
n,h,p(gk; v)− Ld,θ

n,h,p(g; v)L
d,θ
n,h,p(k; v)

)
=

[
(n+ p)

(
Ld,θ
n,h,p(gk; v)− gk

)
− θ(2v + h(d+ 1) + 1)(gk)′(v)− θ(2v + v2)

(gk)′′(v)

2

]
− k(v)

[
(n+ p)

(
Ld,θ
n,h,p(g; v)− g(v)

)
− θ(2v + h(d+ 1) + 1)g′(v)− θ(2v + v2)

g′′(v)

2

]
− Ld,θ

n,h,p(g; v)

[
(n+ p)

(
Ld,θ
n,h,p(k; v)− k(v)

)
− θ(2v + h(d+ 1) + 1)k′(v)− θ(2v + v2)

k′′(v)

2

]

+ θ(2v + h(d+ 1) + 1)g′(v)k′(v) + θ(2v + v2)
k′′(v)

2
[g(v)− Ld,θ

n,h,p(g; v)]

+ θ(2v + h(d+ 1) + 1)k′(v)[g(v)− Ld,θ
n,h,p(g; v)],

is true.

Now our result follows from Theorems 2.6 and 4.1.

The difference between the operators defined by (4) and their derivatives, measured by

modulus of continuity are given by the following result.

Theorem 4.3. Let t, t′, t′′ ∈ CB[0,∞) and p fixed value. Then∣∣∣∣∣(n+ p)Ld,θ
n,h,p(t; y)− t(y)]− t′(y)Ld,θ

n,h,p(v − y; y)− t′′(y)

2
Ld,θ
n,h,p((v − y)2; y)

∣∣∣∣∣
≤O(1)ωξτ

(
t′′;

1√
n+ p

)
, (n+ p → ∞)

∀y ∈ [0,M ], where M is finite value.

Proof. From the Taylor’s formula

t(v) = t(y) + t′(y)(v − y) +
t′′(y)

2
(v − y)2 +R(v, y),

where R(v, y) = t′′(τ)−t′′(y)
2 (v − y)2, for τ ∈ (v, y), Thus∣∣∣∣Ld,θ

n,h,p(t; y)− t(y)− t′(y)Ld,θ
n,h,p(v − y; y)− t′′(y)

2
Ld,θ
n,h,p

(
(v − y)2; y

)∣∣∣∣
≤Ld,θ

n,h,p(|R(v, y)|; y),
from which it follows that∣∣∣∣∣(n+ p)

[
Ld,θ
n,h,p(t; z)− t(y)

]
− t′(y)Ld,θ

n,h,p(v − y; y)− r′′(z)

2
Ld,θ
n,h,p

(
(v − y)2; y

)∣∣∣∣∣
≤(n+ p)[Ld,θ

n,h,p

(
|R(v, y)|; y

)
.
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Based on properties of the modulus of continuity, we have∣∣∣∣ t′′(v)− t′′(y)

2!

∣∣∣∣ ≤ 1

2!

(
1 +

|v − y|
σ

)
ωξτ (t

′′;σ),

and ∣∣∣∣ t′′(v)− t′′(y)

2!

∣∣∣∣ ≤


ωξτ (t
′′;σ), (|v − y| ≤ σ),

(v−y)2

σ2 ωξτ (t
′′;σ), (|v − y| ≥ σ).

For 0 < σ < 1, it follows ∣∣∣∣ t′′(v)− t′′(y)

2!

∣∣∣∣ ≤ ωξτ (t
′′;σ)

(
1 +

(v − y)2

σ2

)
,

which yields

|R(v, y)| ≤ ωξτ (t
′′;σ)

(
1 +

(v − y)2

σ2

)
(v − y)2 = ωξτ (t

′′;σ)

(
(v − y)2 +

(v − y)4

σ2

)
.

By the linearity of Ld,θ
n,h,p, we obtain

Ld,θ
n,h,p(|R(v, y)|; y) ≤ ωξτ (t

′′;σ)

(
Ld,θ
n,h,p

(
(v − y)2; y

)
+

1

σ2
Ld,θ
n,h,p

(
(v − y)4; y

))
.

Now, using into consideration Lemma 2.5, z ∈ [0,M ], we have

Ld,θ
n,h,p(|R(v, y)|; y) ≤ ωξτ (t

′′;σ)

(
O

(
1

n+ p

)
+

1

σ2
O

(
1

(n+ p)2

))

= O

(
1

n+ p

)
ωξτ (t

′′;σ).

For σ = 1√
n+p

, we obtain our result.

In what follows we will deal with the following modulus of continuity and smoothness (see

[24])

ωη(r;β) = sup
0<|k|5β

sup
y,y+kη(y)∈[0,∞)

{∣∣r(y + kη(y)
)
− r(y)

∣∣},
and

ωη
2 (r;β) = sup

0<|k|5β

sup
y,y±kη(y)∈[0,∞)

{∣∣r(y + kη(y)
)
− 2r(y) + r

(
y − kη(y)

)∣∣},
respectively, where η(y) =

√
y(1 + y) is weight function.

K-functional is defined as

K2,η(y)(r, β) = inf
h∈W 2(η)

{
∥r − h∥CB [0,∞) + β∥η2r′′∥CB [0,∞)

}
,

where β > 0 and

W 2(η) = {h ∈ CB [0,∞) : h′ ∈ ACB [0,∞), η2h′′ ∈ CB [0,∞)} and h′ ∈ ACB[0,∞)

means that h′ is absolutely continuous on [0,∞).

Theorem 4.4. Let r ∈ CB [0,∞) and y ∈ (0,∞), then

∣∣Ld,θ
n,h,p(r; y)− r(y)

∣∣ ≤ K2,η(y)

r,
MB,α,β

s+p,θ

(
(v − y)2; y

)
+
(

y
n+p−2

)2
4ρ2(y)

+ ωη

(
r;

y
n+p−2

ρ(y)

)
. (8)
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Proof. We denote by Ld,θ,∗
n,h,p(r, y) = Ld,θ

n,h,p(r; y) + r(y)− r
(
y + δ(n, p, θ, y)

)
, where

δ(n, p, θ, y) = θ
2y + h(d+ 1) + 1

n+ p− 2
.

Then it follows that

Ld,θ,∗
n,h,p(1; y) = 1

and

Ld,θ,∗
n,h,p

(
(v − y); y

)
≤ θ

2y + h(d+ 1) + 1

n+ p− 2
− δ(n, p, θ, y) = 0.

From linearity and positivity of the operators (4) and above relation we get

Ld,θ,∗
n,h,p

(
(v − y); y

)
= 0.

For k ∈ W 2(η) and Taylor’s formula, we have

k(v) = k(y) + k′(y)(v − y) +

∫ v

y

(v − w)k′′(w) dw,
(
v ∈ [0,∞)

)
,

which implies

Ld,θ,∗
n,h,p(k; y)− k(y) =Ld,θ

n,h,p

(∫ v

y

(v − w)k′′(w) dw; y

)
−
∫ y+δ(n,p,θ,y)

y

[y + δ(n, p, θ, y)− w]k′′(w) dw.

Therefore, we have ∣∣Ld,θ,∗
n,h,p(k; y)− k(y)

∣∣
≤Ld,θ

n,h,p

(∣∣∣∣∫ v

y

(v − w)k′′(w) dw

∣∣∣∣ ; y)
+

∫ y+δ(n,p,θ,y)

y

|y + δ(n, p, θ, y)− w| · |k′′(w)| dw

≤
∥∥η2k′′∥∥ Ld,θ

n,h,p

(∣∣∣∣∫ v

y

|v − w|
η2(w)

dw

∣∣∣∣ ; y)
+
∥∥η2k′′∥∥ · ∣∣∣∣∣

∫ y+δ(n,p,θ,y)

y

|y + δ(n, p, θ, y)− w|
η2(w)

dw

∣∣∣∣∣ .
In [0,∞) function η2 is increasing and from 0 < y < w < v, we have |v−w|

η2(w) ≤ |y−v|
η2(y) and∥∥Ld,θ,∗

n,h,pk − k
∥∥ ≤

∥∥η2k′′∥∥
η2(y)

Ld,θ
n,h,p

(∣∣∣∣∫ v

y

|y − v| dw
∣∣∣∣ ; y)

+

∥∥η2k′′∥∥
η2(y)

·

∣∣∣∣∣
∫ y+δ(n,p,θ,y)

y

|y + δ(n, p, θ, y)− w| dw

∣∣∣∣∣
≤
∥∥η2k′′∥∥
η2(y)

(
Ld,θ
n,h,p((v − y)2; y) + δ2(n, p, θ, y)

)
.

Then

|Ld,θ,∗
n,h,p(r; y)− r(y)|

≤
∥∥Ld,θ,∗

n,h,p(r − k)
∥∥+ ∥∥Ld,θ,∗

n,h,p(k)− k
∥∥+ ∥r − k∥+

∣∣r(y + δ(n, p, θ, y)
)
− r(y)

∣∣
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≤4∥r − k∥+
∥∥η2k′′∥∥
η2(y)

[
Ld,θ
n,h,p

(
(v − y)2; y

)
+ δ2(n, p, θ, y)

]
+
∣∣r(y + δ(n, p, θ, y))− r(y)

∣∣.
From relation

|r(y + δ(n, p, θ, y))− r(y)| ≤ |r

(
y + ρ(y)

Ld,θ
n,h,p

(
(v − y); y

)
ρ(y)

)
− r(y)|

≤ ωη

(
r;

δ(n, p, θ, y)

ρ(y)

)
,

we obtain ∣∣Ld,θ
n,h,p(r, y)− r(y)

∣∣ ≤4K2,η(y)

(
r,
Ld,θ
n,h,p

(
(v − y)2; y

)
+ δ2(n, p, θ, y)

4η2(y)

)

+ ωη

(
r;

δ(n, p, θ, y)

ρ(y)

)
. (9)

For n, p > 1, we have

δ(n, p, θ, y) = θ
2y + h(d+ 1) + 1

n+ p− 2
≤ C2

y

n+ p− 2
,

for some constant C2. From properties of the K-functional, it yields

(1)

K2,η(y)

(
r,
Ld,θ
n,h,p

(
(v − y)2; y

)
+ δ2(n, p, θ, y)

4η2(y)

)

≤K2,η(y)

r,
Ld,θ
n,h,p

(
(v − y)2; y

)
+
(

y
n+p−2

)2
4η2(y)

 ,

(2)

ωη

(
r;

δ(n, p, θ, y)

ρ(y)

)
≤ ωη

(
r;

y
n+p−2

ρ(y)

)
for every y ∈ [0,∞).

Hence∣∣Ld,θ
n,h,p(r, y)− r(y)

∣∣ ≤ K2,η(y)

r,
MB,α,β

s+p,θ

(
(v − y)2; y

)
+
(

y
n+p−2

)2
4ρ2(y)

+ ωη

(
r;

y
n+p−2

ρ(y)

)
,

(10)

as required.

Behavior of the operators (4) in the Lipschitz-type space is given as follows. Let

LipA(β) :=

{
r ∈ CB [0,∞) : |r(v)− r(y)| 5 B |v − y|β

(v + y)
β
2

, y ∈ (0,∞) and v ∈ (0,∞)

}
,

for positive B, and β ∈ (0, 1].

Theorem 4.5. Let r ∈ LipB(β). Then, for all v, y ∈ (0,∞) and β ∈ (0, 1],∣∣Ld,θ
n,h,p

(
r(v); y

)
− r(y)

∣∣ ≤ B
(v + y)

β
2

(
C1θ(y + y2)

) β
2 ,
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for positive constant C1 and big enough n+ p.

Proof. Let r ∈ LipB(β) and β ∈ (0, 1].

I. For β = 1, we have∣∣Ld,θ
n,h,p

(
r(v); y

)
− r(y)

∣∣ ≤ Ld,θ
n,h,p

(
|r(v)− r(y)|; y

)
≤B · Ld,θ

n,h,p

(
|v − y|
(v + y)

1
2

; y

)
≤ B

(v + y)
1
2

Ld,θ
n,h,p (|v − y|; y) .

From Cauchy-Schwarz inequality, we have∣∣Ld,θ
n,h,p

(
r(v); y

)
− r(y)

∣∣ ≤ B
(v + y)

1
2

Ld,θ
n,h,p (|v − y|; y) ≤ B

(v + y)
1
2

√
Ld,θ
n,h,p

(
(v − y)2; y

)
≤ B

(v + y)
1
2

(
θ

(n+ p− 2)(n+ p− 3)

(
y2(n+ p+ 6) + 2y{(n+ p) + 3h(d+ 1) + 3}

+ h(h+ 1)(d+ 1)2 + 3h(d+ 1) + 2

)) 1
2

≤ B
(v + y)

1
2

(
C1θ(y + y2)

) 1
2 ,

for big enough n+ p and positive constant C1.

II. For β ∈ (0, 1), we have∣∣Ld,θ
n,h,p

(
r(v); y

)
− r(y)

∣∣ ≤ Ld,θ
n,h,p

(
|r(v)− r(y)|; y

)
≤ B · Ld,θ

n,h,p

(
|v − y|β

(v + y)
β
2

; y

)
≤ B

(v + y)
β
2

Ld,θ
n,h,p

(
|v − y|β ; y

)
.

Applying Hölder inequality for p = 1
β , q = 1

1−β ,∣∣Ld,θ
n,h,p

(
r(v); y

)
− r(y)

∣∣ 5 B
(v + y)

β
2

[
Ld,θ
n,h,p (|v − y|; y)

]β
, and by Cauchy-Schwarz inequality, we find

∣∣Ld,θ
n,h,p

(
r(v); y

)
− r(y)

∣∣ ≤ B
(v + y)

β
2

[√
Ld,θ

n,h,p

(
(v − y)2; y

)]β

=
B

(v + y)
β
2

{
C1θ

(
y + y2)} β

2

,

which completes the proof.
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[21] S Varma, S Sucu, G Içöz. Generalization of Szàsz operators involving Brenke type polynomials,

Comput Math Appl, 2012, 64(2): 121-127.

[22] V A Baskakov. An instance of a sequence of linear positive operators in the space of continuous

functions, Dokl Akad Nauk SSSR, 1957, 113: 249-251.

[23] V N Mishra, P Sharma. Approximation by Szàsz-Mirakyan-Baskakov-Stancu operators, Afr
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