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Relations for several subfamilies of Rabotnov

function-based planar harmonic mappings

Sahsene Altinkaya

Abstract. This research focuses on the theory of harmonic univalent functions, a significan-
t branch of complex analysis. The primary objective of this paper is to introduce a novel
convolution operator incorporating the Rabotnov function and to utilize it to investigate the
relationships between various subfamilies of harmonic functions defined in the open unit disk.
The Rabotnov fractional exponential function, which serves as a generalization of the Mittag-
Leffler function, is a crucial tool in mathematical modeling for material sciences, particularly
in viscoelasticity. By applying a specific normalization to the Rabotnov function to obtain
Rk s(z), we define a new linear operator F' that acts on the analytic and co-analytic parts of
harmonic mappings. The study establishes precise conditions under which the operator F' maps
functions from the classes of harmonic starlike functions S,*{’O and harmonic convex functions
K?, into the general class W (Y, a, ®). These findings are derived through rigorous coefficient
inequality analysis and the application of fundamental lemmas regarding harmonic mappings.
Furthermore, the paper provides several illuminating corollaries and illustrative examples to

demonstrate the geometric implications of the results.

81 Introduction

Harmonic univalent functions, a prominent class in complex analysis, have been extensive-
ly researched due to their applications in conformal mappings and geometric function theory.
These functions represent a crucial subject in mathematical analysis as they expand the stan-
dard theory of univalent functions by combining both analytic and co-analytic components. In
1984, Clunie and Sheil-Small [5] introduced these functions in their modern form. Furthermore,
the significance of these functions is underscored by their utility in engineering sciences and fluid
dynamics, where conformal mappings are essential [7].

Coefficient bounds and growth estimates for certain subclasses of harmonic mappings are
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among the earliest results in this field. This line of research was expanded by Sheil-Small [27],
who provided a systematic study of these functions, particularly the sense-preserving ones.
A deeper understanding of the distortion and covering theorems for such functions was later

achieved through the work of Hengartner and Schober [15].

A crucial development in the field was the introduction of various subclasses of harmonic
univalent functions, such as the harmonic starlike and convex mappings. Silverman [28] explored
the specific conditions under which harmonic functions exhibit geometric properties analogous
to their analytic counterparts. More recently, Dziok [8] and Jahangiri et al. [17] investigated the
impact of subordination and differential operators in characterizing the structural attributes of
these functions. A wide range of recent studies, including those by [3], [4], [9], [18], [24], and [34],
provide comprehensive research and foundational insights into harmonic function theory. These
collective advances indicate that the study of harmonic univalent functions remains a dynamic

and evolving area with significant mathematical and practical implications.

Assume that A represents the family of functions u(z) = z + Z;iz ajz7, which are analytic
in the open unit disk D = {z € C: |z| < 1} and satisfy the normalization conditions u(0) = 0
and «/(0) = 1. A function u € A is said to be univalent in D, if it is one-to-one, meaning the
same value is not taken twice. In a domain D C C, a function f(z) = p(2) + in(z) that is
twice continuously differentiable and satisfies Af(z) = 4f.z(2) = 0 in D is a complex-valued

harmonic function. When D is simply connected, the canonical representation of f is

f(z) =u(z) +v(2),
where v and v are termed the analytic and co-analytic parts of f, respectively. f is known to

be locally univalent in D iff the Jacobian
Jp(2) =/ (2)* = [v'(2)* # 0,
and f is sense-preserving if J;(z) > 0 in D [19]. Consider H as the family of complex-valued

harmonic functions f with

and

f=(0) = 1.

Here, the power series representations of u and v are
o0 o0
u(z)zz—!—Zajzj, v(z)szjzj, z €D.
Jj=2 Jj=1
Thus,
) oo
f(z):z-l—Zajzj—i-ijzj, z € D. (1)
j=2 j=1

Define Sy as the family of all harmonic functions in H that are univalent and sense-preserving

on D. A related subclass, represented by SY,, is defined as follows:

Sy ={f=u+v€ Sy :v(0)=b; =0}.
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These families are first studied in [5]. We also refer to the families S;’O and K79, which indicate
the subfamilies of SY, of harmonic starlike and convex functions in D, respectively [1], [2],
and [16].

Moving forward, for a function v given by the Taylor series v(z) = 2 + byz? + -+ = 2z +
Z;iz bjz7, the convolution u * v is expressed by (u ) (2) = 2z + Zjoiz ajbjzd.

We will now refer to the families Gy (Y, o, D), Ny (v, P) established by Porwal et al. [22].
For0<T<1,0<?<l,anda€eR

i 2f'(z i
§R<(1+e )(1—T)fz(+)Tf(z)_e )>¢>, (2)

where 2’ = & (z = re'?), and f'(z) = & f(re?), 0 <r < 1, 0 < 6 < 27. The inequality (2) can
be written as

2(w(@) ~ ()
1-T)2+7 [u(z) + @]

R (1+e) >®, zeD. (3)

Example 1. For T =0, we obtain G# (0, a, @) = Ny (a, D), meeting the analytical requirement
/
R ((1 + 6“)@ - ei"‘> > .
z

Example 2 (See [25]). For T = 1, we have Gy (1,a,P) = Ry (e, D), meeting the analytical

requirement

R ((1 + ei”)zﬁg) - em) > .

On the other hand, let
(] GT’H(T, a, @) = GH(T, «, @) NTy,
. NTq.[(O[7 (p) = NH(CY, @) N Ty,
o RTy(a,P) = Ry, D) N Ty,
where T% is the subfamily of H including harmonic functions of the kind
F2)=2= lajlz + ) |b[#.
Jj=2 Jj=1
Next, we shall utilize some lemmas to demonstrate our theorems.

Lemma 3 (See [22]). f =u+ 0 belongs to Gy (Y, a, ) if and only if
= 2j —T(1+9) 225 +T(1+ )
;2 - Iaf”; -0

where a1 =1 and 0 < @ < 1.

[bj] <1,

Lemma 4 (See [7]). If f =u+v € KY, with by =0, then

Jj+1 j—1 .
ol < il g2
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Lemma 5 (See [7]). If f =u+0 € S;;° with by = 0, then

2/ +1DG+1) b, < 2/ -1DG =1
6 6

laj| < j>2.

)

We also remember some remarks.

Remark 6 (See [22]). f € WTy (Y, a,®) iff

< 2 o
2 —-T(1+9)
1—-9
j>1

hil< —— —
1651 < 2]+ T(1+ @)’

Remark 7. Assume 0 < & <1 and o € R. Then, the function f € NTy(a,P) if and only if

the following criteria are satisfied

1-9 1-@
|aj|§Tj and lbj‘STj’ Jj=2.

Remark 8 (See [25]). Let 0 <P <1 and o € R. Then f € RTy(c, D) if and only if

1-9 1-
|aj|§2_7 and
j—

bl< ——2 >0
1- & bl 5 qve I3

§2 Preliminary results

The Mittag-Lefller function, denoted as Fi(z), is a widely used special function in fractional
calculus, defined as Ex (z) = ZJ 0 W, (K,z € C, R(K) > 0) [20]. This function is further

generalized to include two parameters given by [33]
E K K .
K6 (2 ZFK]%) (K.f,z € C, R(K) > 0,R%(8) > 0)

Here, T" represents the Gamma function. It has since been generalized in various ways over
time [6], [10], [14], and [29].

Rabotnov, a prominent researcher in solid mechanics, introduced a remarkable function
applied in viscoelasticity [26], contributing significantly to the mathematical modeling of elastic
and plastic behavior of materials. This function, now widely recognized as the Rabotnov

fractional exponential function (or simply the Rabotnov function), is expressed by

R K J(1+K) K Q).

This series converges for all values of z. Notably, when K = 0, the Rabotnov function reduces to
the standard exponential function exp(f8z). Moreover, the Rabotnov function can be expressed
as a specific case of the Mittag-Leffler function, a cornerstone in fractional calculus, through
the relation

Ricp(2) = 28 Bryi s x (B2FF).

The Rabotnov function R g(z) clearly does not belong to the class A. Consequently, it
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makes sense to take into account the subsequent normalization [10]

1 1 ~BTIT(1+K)
Ri g(z) = 2#F (1 + K)Rkg, (z1+K):z+ — . 4
Utilizing the concept of convolution, the family of analytic functions is expressed as
I+ K -
R=A*Ryp=< RF:RF(2) = (f *Rxp) ( —Z—I—ZB 1+; ) a;?, f €A

While formula (4) is valid for complex-valued K, 8, and z € (C, in this paper, we focus exclusively
on the case where K > 0,8 > 0, and z € D.

Theorem 9. (See [10]) Let K > 0 and § > 0. If K > 48 — 1, then the normalized Rabotnov
function Rk g(2) is starlike in D.
Example 10. Let K =0 and 8 = 1/4. Next, let us consider the function
filz) = zei*, zeD.
The figure below illustrates the image of D under fi(z).
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Figure 1. The transformation of D under f(z).

Theorem 11. (See [10]) Let K > 0 and § > 0. If HLK < 0.199496, then the normalized

Rabotnov function Ry g(z) is conver in D.
Example 12. Let K =1 and 8 = 1/4. Neat, let us consider the function

fa(z —2\/Zsmh£, z € D.
The figure below illustrates the image of D under fg( ).
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Figure 2. The transformation of D under fs(z).

Convolution serves as the foundation for a novel linear operator that is defined as
F(z) = F(f)(2) = u(2) * Ri p(2) + v(2) * Rar,(2)

BITIT(1 + K) S-IT(1+ M), .
_Z+Z (1+K)j a]zJ—|—z—|—Z (1+ M) >bzﬂ. (5)

Regarding the harmonic function families, including different linear and nonlinear operators,
a number of authors have recently investigated mapping properties and inclusion results [11],
[12], [13], [21], [23], [30], [31], [32], [35], and [36]. Inspired by the previously published works,
we present a new convolution operator F' associated with the Rabotnov function in our present

paper to determine some relations between the families S;;’O, K%, and Wy (7, «, D).

The following notations

SPNEES L e 0
) i-1P(1+ K

Rl p(1) ~ 1= g 1o s ™
" _ - J(J_ 1)5jilr(1+K)

ko= 2 SR aamn )
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and

/// J ]_1 ]_2)/6)] 1F(1+K)
Z I'((1+ K)j)

will be used in the proofs of theoremb for simplicity’s sake.

83 Main results

Theorem 13. Assume 0 < @ < 1. If
MR 5(1) + (4 =T (1 + )Rk 5(1) — T(1+ P)Rk (1)
+ 2Ry 5(1) + T(1 4+ @)RYyy 5(1) — T(1 4 @)Rys,s(1)
<2M1-MA+9D)+2(1—9)

is true, then we have the inclusion F(KY,)) C Wy (T, a, D).

Proof. Assuming by = 0, consider f = u+7v € KY,. As stated in (5), where by = 0, our goal is
to demonstrate that F(z) = F(f) belongs to Wy (7, o, #). Therefore, Lemma 3 is sufficient to
illustrate the inequality

oo

Z T(1+ )]

: T+ M),
+§2[2;+T(1+¢)] A+ Y

Using Lemma 4, we now establish the relationship between harmonic convex functions and
WH(TvOﬁ@)

/7T (1 +K)a_
L((1+K)j)

<1-9.

BI7IT(1 + K)

L) o j
h<g Z(zg—T(H@))(JH)W

Jj=2

+D Q2+ T+ D) (- 1)

§1T(1 + M)
L((1+M)j) [

h=3li-50+o)] 6+ 0

+Z[j+§(1+4'>)] (j—l)(m.

2=(G—-1)(j—-2)+3(G(—-1)+1and j = (j— 1)+ 1, we arrive
f1=2[<j—1><j—2>+(4_f<1+@> -] S )

= 2 I'(1+ K)j)
kad Y1+ @)\ T+ K)
32 (1-H ) T
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+Z;pj_nu_a)+<2+T0;4%)U_1ﬂﬁ;&ﬁu%%)

Now, using (6), (7) and (8), we have
1 SR (1) — 2R (1) + 2RacoD) + (4= 514 ) ) [RocD) ~ Recp(1)

#2 (1= F0+8) RicaD) — 1+ Riys(1) = (1) + Rurs(1)

+ (24 30+ 8)) [RaraD) - Rars(1)].

An easy computation shows that

Fr =R p(1) + (2 1+ 8)) Rigs(1) = 50+ D))

PR (1) + T (4 BBy (1) — 3 (14 DR ()
<1-7)1+2)+2(1—-9).
The final expression does not exceed 1 — @ when the stated condition holds. O
Following the analytical framework of Theorem 13, we establish the characterizing conditions

that govern the relationship between the class of harmonic starlike functions S;k_io and the family
Wy (T, a, ).
Theorem 14. Assume 0 < @ < 1. If

ARY 5(1) +2[9 = T (1 + P)|R% 5(1) + [12 = 5T (1 + D)|R 5(1) — T(1 + P)Rg,5(1)

+4”’(H4B+Tﬂ+@]MAU—T0+¢>MAD+T0+¢RMAD

<34 -1+7)1+9)]
is fulfilled, then F(S3°) € Wy (Y, , ®).
Proof. Assume f =u+7v € S;_[’ with by = 0. We aim to prove that F(z) = F(f) € Wx (T, «, D).

Using Lemma 3, it is sufficient to show that

=3 pi-rasey| S TR,
+Z[2j+r(1+q&)] ‘m i
<1-¢

Using Lemma 5, we have

BI7IT(1 + K)
I'((1+ K)j)

w\r—\

Z =5 1+@)> 27+ +1)
j=2

5101+ M)

+3 (14304 0) @i- 06 - p )

=2

u



294 Appl. Math. J. Chinese Univ. Vol. 41, No. 2

Next, expressing j° = (j —1)(j =2)(j =3)+6(i - 1)(j -2 +7(G - D+ L 7> =(G-D(-2)+
3—1)+1land j=(j—1)+1, we arrive

I BT (1+ K)
3{ 2,0 =00 =20 -3 )
= BJ*IF(HK)
+[15 - T(1 + )] ;]—1 W

[241+¢]Z BJ 11“1+K)

T((1+K)j)
6{1 1+¢}Zﬁj 1F1+K)

. w
+2J§::2(y DG =2)G-3) I'((1+ M)j)
TP+ (- m

Jj=2

Jj=2

3r = . M1+ M
+[6+2(1+¢)} Z(j_l)l“((lﬁr]\;)j))}'

Using (6), (7), (8) and (9), we find
o2 52 R0 ~ 3R (1) + 6Bl (1) — 6B
+[15 = T(1 + 2)] [Ri (1) — 2R} 5(1) + 2Rk, 5(1)]

+ {24 - %(1 + @)} Rk 5(1) —Rg 5(1)] +6 [1 - g(l + gb)} Rp (1) —1]

+ 2[R 5(1) = 3R 5(1) 4 6R 5(1) — 6Rar5(1)]
+[9+ 71+ ®)] [Riyys5(1) — 2Ry 5(1)(1) + 2Raz6(1)]

+ {6 + %(1 + 95)] [Riyrs(1) — Razs(1)] }>

or, equivalently

o= {QR;I;B() [9— T(1+ &) R, 4(1 +[6—1+¢)}R/KB(1)

r
—5(1+¢)RK,5( )+ [—-64+3r(1+

)]
" " T / T

#RRY (1) + (34 T+ D RY, (1) = (14 D)Rops(1) + 5 (14 B)Rurs(1)

<1-9.

This completes the proof. O
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Theorem 15. Assume 0 < @ < 1. If
RKﬁ(l) + RM75(1) <2
is true, then F(WTy (T, o, ®)) C Wy (T, o, D).

Proof. Consider f =u+0 € WTy(Y, a,®). Utilizing Lemma 3, it is sufficient to establish that

N BITIT(1 + K) <N §I71T(1 + M)
fs = ; 2 — (1 + ®)] Tason Y|t 2, [2j + 7 (1 + ®)] S CESTIED
By Remark 8, we have

bl <1-o.

S BT+ K) =61+ M)
f3<(1-9) ;WJFZW

By using equation (6), finally we get
fs < (1=2)[Rip(1) =1+ Rars(1)],

which satisfies the given condition. O

j=1

Setting 7 = 0 in Theorems 13 and 14 yields

Corollary 16. Assume 0 < ® < 1. If
wp(1) + 2R 5(1) + Ry 5(1) <3 -
is true, then we have the inclusion F(K3,) C Ny (T, o, D).

Corollary 17. Assume 0 < & < 1. If
AR 5(1) 4+ 18R 5(1) + 12RY (1) + 4R} 5(1) + 6Ry 5(1)
<3(3-9)

is true, then F(S;_L’O) C Ny (o, D).

84 Conclusion

In this research, we have successfully established rigorous inclusion relations between the
harmonic function families Wy (Y, a, @) and the subfamilies S;:O and K%. By introducing the
Rabotnov-based convolution operator F', we have bridged the gap between special functions
used in fractional calculus and geometric function theory.

The development of this operator framework allows for the systematic study of harmonic
mappings by leveraging the properties of the normalized Rabotnov function. Specifically, The-
orems 13, 14, and 15 provide the exact mathematical thresholds required for various harmonic
subclasses to satisfy the inclusion criteria of the Wy family.

Our geometric insights confirm that the choice of parameters K and § in the Rabotnov
function directly influences the starlikeness and convexity of the resulting harmonic transfor-
mations. These results offer a foundation for researchers to explore new relations for other

harmonic families using different distribution series or derivative operators.
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Research on the integration of the Rabotnov function into harmonic univalent function

theory remains an active area with strong mathematical and practical implications. This is

particularly relevant in engineering sciences and fluid dynamics, where conformal mappings are

essential for modeling physical behaviors.
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