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New multisoliton wave solutions in elastic inhomogeneous
fractional-order Murnaghan’s rod model with stability

analysis

Ananya Tripathy! Subhadarshan Sahoo?*

Abstract. In this paper, the new solitary wave solutions of the fractional doubly dispersive
equation (FDDE) are investigated. These solutions are used in demonstrating wave transmis-
sion in elastic inhomogeneous Murnaghan’s rod. A very effective method, known as the unified
method, is used here to obtain these solutions. In different conditions, the obtained solutions
exhibit different pulse patterns including bright, periodic, combined bright-dark, two-soliton in-
teraction, three-soliton interaction, five-soliton interaction, w-shaped, m-shaped, and u-shaped
solutions. These physical characteristics are thoroughly investigated by the graphical represen-
tation under different values of the parameters which shows the reliability and productivity of
the proposed method. In addition, linear stability analysis is applied to analyse the stability
of the considered model. The novel aspect of this study is that the investigated model has
never been studied by using the proposed method, and the resulting solutions have never been

accomplished previously.

81 Introduction

Nonlinear phenomena are extremely important in explaining the behaviour of physical prop-
erties in real-world applications. To gain a better understanding of its application aspects,
partial differential equations (PDEs) are used to model the problems [13]. Fractional partial
differential equations (FPDEs) cover the modeling of nonlinear phenomena in fractional order
means and the behaviour of the model at each point along with non-local properties [24], which
has recently gained popularity among academics [18]. Emerging interest in it draws the atten-
tion of academics to investigate its behaviour and significance in various fields of science, as well

as its applications. The behaviour of nonlinear phenomena can be predicted and many other
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valuable details can be discovered by determining its exact analytical solutions. It can be ben-
eficial in various areas including long surface gravity waves [23], birefringent nano-fibers [26],
mass-spring-damping systems [24], crystal lattice theory [33], quasi-monochromatic medium
[14], elastic circular rod [11], solid physics [12] and many others. Among the various mathemat-
ical models [8, 9, 10, 15, 32], the doubly dispersive equation (DDE) [17] is a crucial model which
explains the pulse proliferation in Murnaghan’s rod. The fractional doubly dispersive model

for wave transmission in a nonlinear elastic inhomogeneous Murnaghan’s rod [17] is stated as
F 1

D2V — D2y — %0 o (0B D2W? £ 008 DEEW — boorg DIW) | =0, "
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where W = W(x,t) is a function of x (spatial variable) and t (temporal variable). Here,

b = N < 1 and [y = —= are combinations of the constant scale factors. ¢y is the small
parameter. The parameters Sy and 6y are used for the representation of nonlinearity and
F
density terms respectively. v is the poisson coefficient and jp = ———.
2 (]. —+ I/())

As the considered model is a relatively new area of study, there is a growing interest in
analysing its functionality. Till now, very little research has been done on eq.(1), which means
it still needs much more exploration. Cattani et al. [3] studied the integer-order form of eq.(1) by
applying the extended sinh-Gordon equation expansion method and the modified exp(—(())-
expansion function method and found various topological and non-topological solutions. The
blow-up solutions and global existence of the DDE have been done by Erbay et al. [5]. Dusunceli
et al. [4] used the improved Bernoulli sub-equation function method to get the singular soliton
solutions of the integer-order DDE. Silambarasan et al. [27] applied the F-expansion method to
the DDE and obtained non-topological elliptic function solutions. The sine-Gordon expansion
method is used by Yel [31] to achieve other varieties of solitary wave solutions.

Recently, Rani et al. [17] examined eq.(1) by utilizing the improved generalized Riccati
equation method and yielded a variety of solitary wave solutions. It is clear from the preceding
literature that only one study [17] has been conducted on the FDDE, which serves as a moti-
vation to investigate its physical significance in a fractional sense. The novelty of this study
is the resulting solutions that are of various types and completely new, which also shows the
robustness of the method.

The robustness and stability of soliton solutions are crucial in the investigation of nonlinear
phenomena in various physical models. These can be attained by locating the exact analytical
solutions by various effective techniques such as the extended (G’ /G)-expansion [25], the sigmoid
function method [28], the direct integral method [30], the new sub-equation method [29], the
modified homotopy analysis method [19], and the unified method [21, 22, 16, 1].

The main motivation of this work is to analyse the behaviour of the pulse propagation in
the nonlinear fractional inhomogeneous doubly dispersive model by the unified method [16, 21]
and to scrutinize the FDDE’s stability by linear stability analysis [7, 6, 2]. Here, the motivation
behind considering the Caputo fractional derivative form of the DDE is that it accounts for the
memory effect as well as the non-local properties that characterize the model’s behaviour at
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each point of time.

The following is the paper’s outline. The Caputo fractional derivative is defined in Section 2.
Section 3 discusses the mathematical analysis of the FDDE, while Section 4 covers the procedure
and execution of the proposed method. Section 5 includes a graphical representation of the
attained solutions including their dynamics by using two-dimensional (2D), three-dimensional
(3D), and contour graphics. Section 6 contains an analysis of the stability of eq.(1), and the

paper concludes with the conclusion addressed in Section 7.

82 Caputo fractional derivative

In this section, we have written the definition of the fractional derivative in the Caputo
sense [20, 18].
Assume that g is the lowest integer considerably larger than «. Then the Caputo fractional

derivative of order « is stated as

1 t ey dY
>/O<t<>9 P h)ds, g—1<a<ggenN,

Dy (hit) = Ll o .o
d—ggh(t), a=g,9 €N.

83 Mathematical analysis of FDDE

Assume that the fractional transformation necessary to analyze wave propagation in the
given model is of the type

W(z,t) =n(§), where &= o

x“ ™

(1+a) _’\Or(1+a)'

Putting eq.(3) into eq.(1), we get

A\20y — F € €
200 ) — 2068 () — oo —
9 9, 9

which, after two times integration with respect to &, yields

2 ()\(2)90 - F) n— €0l050772 — Eol/g ()\(2)90 — b(S()) 77// =0. (5)

84 Proposed method

In this part, we have addressed the unified method’s [21, 22, 16, 1] approach and implemen-

tation in order to achieve novel exact analytical solutions.

4.1 The procedure of the proposed method

Here, we have recalled the procedure of the proposed method.
Step-1:
Suppose the solutions of eq.(5) can be expressed in two forms, polynomial function and rational

function solutions.
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(a) Polynomial function solution

Let, eq.(5) has solutions in the form of polynomial function as
n
n(€) =Y g (€), (6)
i=0
where ¢(£) holds

ok
(O =D did'(€), o=1,2 (7)
1=0

Here, ¢; and d; are unknown constants to be determined later. By applying the homogeneous
balancing principle, a relation between n and k£ can be achieved in addition to the consistency
condition.

(b) Rational function solution

Let, eq.(5) has solutions in the form of rational function as

Lizo8'(€)

where ¢(€) holds
ok
@) =D fi'(€), o=1,2. 9)
i=0

Here, ¢;,d;, and f; are unknown parametgrs to be found later. The connection between n,r
and k with the consistency condition can be found with the help of the balancing principle.
Step-2:

Applying eq.(6) with eq.(7) and eq.(8) with eq.(9) into eq.(5) results in an algebraic set of equa-
tions. An overdetermined set of equations can be created by equating the gathered coefficients
of ¢(&) to zero.

Step-3:

The respective forms of the solutions of the given model can be reached by solving the equations

found in the previous step and implementing the values of the constants.

4.2 Application of the proposed method

Here, we have applied the suggested method as discussed in the previous section to achieve
new waveform solutions for the FDDE. The obtained solutions are categorized into two sections,

polynomial and rational function solutions.

4.2.1 Polynomial function solutions

Proceeding with the steps of the considered method mentioned in subsec.4.1, we get, deg. [nﬂ
=deg.[f' = n=2(k—-1),Vk > 2.

Also, the consistency condition is k — 3 < 2 for k = 2,3,4,5, which means eq.(5) passes the
Painlevé test [1].

(I) For k=2 and o0 = 1:
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Here, n = 2(k — 1) = 2(2 — 1) = 2. So, eq.(6) becomes
1(€) = co + c1(€) + c20°(€), (10)

and eq.(7) becomes

¢'(§) = do + di1p(§) + da¢*(§). (11)
Now, substituting eq.(10) and eq.(11) into eq.(5) and equalizing the coefficients of ¢(&) to zero,
we have a set of algebraic equations which upon solving results in

Set-1:
o = 121/8 (—F + bdy + loﬁoeoco) dqdo o — 121/3 (—F + bdg + loﬁoGoCo) d%
v loﬁo (2 + 3601/361%) 2T loﬂo (2 + 3601/8(1%) ’
d 2 (F — béo) Ugd% + loﬁoCo (2 + GOng%) A \/—QF + 210506060 - 3b5060V§d%
0= — y N0 — )

4Vg (F — b60 — loﬂoeoC(ﬁ d2
and the corresponding solution for the negative value of \g is

V=00 (2 + 3e012d3)

(&) = co+3L[d1 + R1] — 6d1 L, (12)
where
2¢olofo + 3d2 (F — bdyp) 1/0
G= (F — b3 — colofoco) 12 , d? — 4dady > 0, Q* — P? > 0,
I = (—F + bdg + Coloﬁoﬁo) VO [dl + Rl] and Ry — P cosh fG G —+/P?2+ QQG
loBo (2 + 3d3eod) Q + Psinh(¢G)

Set-2:

o — 12 (3F — 3b8o + loBoeoco) d1dz e — 418 (3F — 3bSo + loBoeoco) d3

lofBo (—2 + EOng%) ’ lofBo (—2 + Eovgd%) ’
do _ loﬁoCo (—2 + 601/(%6@) )\0 _ \/—GF - 2l0ﬁ06000 + 3b50€01/§d%
4vg (3F — 3bdy + loBoeoco) do’ V/—600 + 3eofor2d? ’

According to the method, eq.(11) has 27 different forms of solutions, as mentioned in [17].
So, we are skipping over that section. If we disregard the negative powers of ¢(&) in [17], the
solutions written in case-3 and case-4 in [17] will correspond to our two solution sets. So,
keeping in mind that, for the ease of the manuscript, only a few of the solutions that differ from

[17] have been written down and presented here.
(IT) For k=2 and 0 = 2:
Here, n =2(k — 1) = 2(2 — 1) = 2. So, eq.(6) becomes
() = co + c10(€) + c20%(6), (13)

and eq.(7) becomes

¢'(&) = (&) V/do + dr(€) + d2¢?(€). (14)
Now, substituting eq.(13) and eq.(14) into eq.(5) and equalizing the coefficients of ¢(&) to zero
we have a set of algebraic equations which upon solving results in
Set-1:
12i (F — bdo) v3v/dor/dz o = 12 (F — bdo) vids
VR 2y W2 )

co=0,c1 =
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o 2ilofovo (~2+ eovido) Vb . V—2F + bdoeorddo
1= Ao =
VB8R (<2 + edy)? Vo (21 cajdy)

Set-2:
- 120 (F — b0) viVAy | 12(F = bdo) vy
V-8 2+ o) P (2 F wdd)
iy — _Qiloﬁo\/% (=2 + eoriddo) \/E’ Y V—2F + 650601/ng7
V1362 (—2 + eoido)? Voo (=2 + eodo)
and the corresponding solution for the positive value of \g is
o 48icEVTdE /g (F — boo) 3\ —1362 (=2 + docor2)?
(42’65\/%\/%\/(721050 (=2 + doeord) + \/—l%ﬁg (—2+ doéol/g)2> i (19)

6010761:

Set-3:
c 2 (F — b(SO) ngo C 123 (F — b50) I/g\/ do\/ d2 c 12 (F — b(S()) V02d2
0= — B) ,C1 = — , €2 = — 5 )
loBo (2 + eor§do) \/_Z%Bg 2+ €0V§d0)2 loBo (2 + eorido)

dl _ 2il0ﬂ0\/% (2 + 601/8d0) \/(Tg, /\0 - = \/ 2F + b(s()Gngdo

\/_1358 (2+ 601/3do)2 0o (2 + eorvido)
Set-4:
. 2 (F — bdo) v3dy 12i (F — bdo) v2/dov/da . 12 (F — béo) 124
0 — — , .

loBo (2 + eovgdo) ! \/4358 2+ €0V§d0)2 ? 1oBo (2 + eovgdo)

g — 2iloBovdo (2 + eovgdo) Vd2 JURY 2F + bdoeoridy
1= - )

= Ft—FF
\/71853 2+ Gngdo)2 O (2+ eoz/gdo)

and the respective solutions for the negative value of \g are

m(€) = Ry [(1 + 16e25¢%d0d2) loBo (2 + doeord) + 16iesY% \/dy+/ds \/—zgﬂg (2 + doeor2)? |,

(16)
where
2d0 (F - b60) l/g

Ry = 5 -

[41‘65‘/%\/%@5050 (2 + doeory) + \/—lSﬂS 2+ d060V§)2]

4 4
m(§) = —Rs |24 {sech (f\é%)} + 192 {csch (5\/(70> }2 {sinh <£\i%)} ]
17)
2do (F = bdo) v o (A Vo

_ fo (2 +d060yg) + R3 |12 {bech < 5 >} {3 + 2 tanh < 1 )} ,
and )
R3 _ 2d0 (F — béo) 16

loBo (2 + do€ovsy) [—3 + tanh (g\z/l%ﬂ i [1 + tanh <§\i%)] 2
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4.2.2 Rational function solutions

Proceeding with the steps of the considered method mentioned in subsec.4.1, we get, deg. [rﬂ
=deg.[n] = n—r=2(k-1),Vk > 1.
Also, the consistency condition is r + (k — 1)2 — k — 2 < 2 for r > 0 which means eq.(5) passes
the Painlevé test [1].

(I) For k = 1 (which means n =) and o = 2:
Let n = 1. So, eq.(8) becomes

ot cp§)
”e) = s, (13)
and eq.(9) becomes
¢'(€) = Vo + F10(6) + f262(€). (19)

Now, substituting eq.(18) and eq.(19) into eq.(5) and equalizing the coefficients of ¢(§) to zero
we have a set of algebraic equations.
Set-1:
2(F — bdo) vg (4d3 fo — 4dody f1 + d3 fa (2 + €0 f2))  cody
loBodo (—4+ 33 f3) T
VA (F —b6o) eov2dy (dof1 — di fo) + d& (2 + eov2 f2) (—2F + bdoeor f2)
VB (T AT |

Co — —

Ao =F

Set-2:

3(F —bdo) v (—do (f2 —4fof2) + f1L1)
2l0Bofo (=2 + €ovg f2)

B \/—2F + bdoeo Vg fo

7>‘0 =+ .
V0o (—2 + €013 f2)

_2(F—b50)ugdof2 o (F —bdo) 13 fo (—dof1 + L1)
loBo (2+ €02 f2) ! loBofo (2+ e f2) ’

di — dof1 — L1 A — \2F + bdoGngfg
' 2fp 7 B0 2+ co1g J2)

co=— ,e1 =0,

_dofr = In

d
' 2fo

Set-3:

Co =

Set-4:
o — (F —bdo) v (3f1L1 + do (—3f% +8fof2))
2loBo fo (2 + €ovj f2) 7
(F = bdo) v5 f2 (—do f1 + L1) _ dofi — Ly PV 2F + booeol/g fo
loBofo (2 + g f2)

adl

& = ) :F 9
! 2f0 0 \/00 (2+60V§f2)

and the respective solution for the negative value of \q is
n(€) =Ry [6f1L1 + do (=67 + 16f0f2)]

20
+ Ry [e—ix/ﬁ <62§\/f72 _ 2€£¢f?f1 + f12 — 4f0f2) {—d0f1 + Ll}} , (20)

where
(F — béo) 2f21/g

lofBo (2 + facov)
[8dofofa+ {etVT2 —2f1 + e~V (f2 — Afofo)} {dof1 — L1}]

Ry =
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Set-5:
o — 3(F —bdo) vg (do (fF —4fof2) + f1L1) o =0
0 2000 fo (=2 + €0v3 fo) e
di — dofi1 + Ly N — V/—2F + bdoeo2 fo
1= ———,A = .
2f0 90 (—2 + EQngQ)
Set-6:
o= 2 (F = bdo) v3do f2 o= (F — o) 2 f2 (dof1 + Ly)
loBo (2+ €012 f2) loBofo(2+ e f2)
L 2F + bo, 2
d1:d0f1+ 1’)\0::,:\/ + 06012/0f2.
2fo 0o (2 + eovg f2)
Set-T7:
o (F —bdo) v3 (3f1L1 + do (3f2 — 8fof2))
0 2lpBofo (2 + €02 f2) ’
- (F — bdyp) I/ng (dofr + L1) dofr+ L1 W 2F + b5oeougf2
C1 — 3 dl )\0 =F .
loBofo (2 + eovi fa) 2fo 0o (2 + €03 f2)

In the above solution sets, Ly = /d2 (fZ — 4fo f2).
(IT) For k = 1 (which means n =) and o = 2:
Let n = 1. So, eq.(8) becomes

n() = m, (21)
and eq.(9) becomes
¢'(§) =/ f& — [3¢*(&)- (22)

Now, substituting eq.(21) and eq.(22) into eq.(5) and equalizing the coefficients of ¢(&) to zero,
we have a set of algebraic equations.

Set-1:
2B (AR B (24 ) oy
0 loBodo (—4 + €315 f3) . do ’
\ \/ 4(F — bdo) equad3 & + d2 (=2 + o2 f3) (2F + bdoeor2 f3)
0= )
VOod (4 + g1 f3)
Set-2:
. 2(F— b(so) ngofé2 . cofo do fao \/ 2F+b(5o€01/gf2
Co = — 22701__7(11 _7)\0
lofo (=2 + eov5 f3) fo Jo \/00 (=2 +e012f2)
Set-3:
¢ — 4(F —bdo) v3dof3 o — 2¢o f2 i = _dofs Ny — \/ 2F + béoeol2 f3
loBo (=2 + eor§ f3)’ fo’ fo \/00 (=2 + 12 f2)
Set-4:

6 (F — bdo) vydo f5
loBo (2 + €03 f3)

dofg /\ \/2F+b($0€01/§f22
—Fr 70

F ,
fo 0o (2 + €02 f3)

,C1 :O,dlz—

Co = —
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and the solution for the negative value of Ay becomes

n(€) = 6y/sec(€f2)* f3 (F — bdo) v

- ' (23)
1080 (2 + f3eov}) [v/sec(€f2)” + tam(¢fa)|
Set-5:
o= — 2 (F — b(so) I/gdof% ¢ = Cof2 dl _ d0f2 )\0 _ :F\/_2F + b(S()GQngQQ
loBo (=2 + eovg f3)’ fo’ fo’ Vo (=2 + €2 f2)’
and the corresponding solution for the negative value of \g is
213 (F — bdo) v§
= — . 24
Set-6:
¢ — 4 (F — bdo) v3do f3 o — 2c0fs i = dofo N =T V/—2F + bdoeor2 3
loBo (=2 + eovg f3)’ fo’ fo’ Vo (—2+ e f3)
Set-7:
F —bdo) v2do f2 d 2F + bd, 212
co = 6 ( 0) V5 0f2,01:0,d1: ofz,)\():; + bdgeorg f3

oBo (2 + €03 f3) fo Vo 2+ 3 f3)

Remark: Only a few of the solutions are listed here for ease of the paper.

85 Numerical simulation

In this section, the physical meaning of the derived solutions is examined by assigning
numerical values to the unknown parameters. It has also been displayed in 2D, 3D, and contour

graphics.

5.1 Graphical representation of the solutions

Here, we have graphically displayed the solutions of eq.(12), eq.(15), eq.(16), eq.(17) and
eq.(20) for different fractional and other parametric values.
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Figure 1. (a) 3D graphics, (b) contour graphics, and (c) 2D graphics of eq.(12) when a = 0.3.
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Figure 3. (a) 3D graphics, (b) contour graphics, and (c) 2D graphics of eq.(12) when a = 0.7.
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Figure 4. (a) 3D graphics, (b) contour graphics, and (c) 2D graphics of eq.(12) when o = 0.65.
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Figure 5. (a) 3D graphics, (b) contour graphics, and (c) 2D graphics of eq.(15) when « = 0.7.
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Figure 6. (a) 3D graphics, (b) contour graphics, and (c) 2D graphics of eq.(15) when a = 0.6.
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Figure 7. (a) 3D graphics, (b) contour graphics, and (c) 2D graphics of eq.(16) when a = 0.7.
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Figure 8. (a) 3D graphics, (b) contour graphics, and (c¢) 2D graphics of eq.(16) when « = 0.9.
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Figure 9. (a) 3D graphics, (b) contour graphics, and (c) 2D graphics of eq.(17) when a = 0.4.
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Figure 11. (a) 3D graphics, (b) contour graphics, and (c¢) 2D graphics of eq.(17) when oo = 0.95.
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Figure 12. (a) 3D graphics, (b) contour graphics, and (c¢) 2D graphics of eq.(20) when o = 0.45.
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Figure 13. (a) 3D graphics, (b) contour graphics, and (¢) 2D graphics of eq.(20) when o = 0.75.
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5.2 Dynamics of the optical solutions

Here, we have examined and explained the physical properties of the newly achieved analyt-
ical solutions using 2D, 3D, and contour graphs. It can be observed that the contour graphics

are the 3D graphics on 2D surfaces.

The graphical representation of different forms of eq.(12) under different parametric values
is illustrated in Figs.1-4. In Fig.1, it shows the bright solution for the fractional-order a = 0.3
within the range —38.5 < x < 15.8 and 7 < t < 7.12 while Fig.2 shows the periodic wave
solution for the fractional-order o = 0.5 in the range —88.5 < x < —8 and 1 <t < 8.12.

By decreasing some of the parametric values and increasing the fractional value to 0.7, the
w-shaped solution is obtained in the interval —6.3 < x < 7.7 and 2.5 < t < 4.8 which is shown in
Fig.3. The w-shaped solutions are another variety of dark solutions maintaining their stability
during transmission over long distances. Fig.4 depicts the m-shaped solution for the fractional-
order a = 0.65 within the range —5.8 < z < 6.2 and 2 < t < 2.1. The m-shaped solutions
are another variety of bright-shaped solutions with an increase in their wave amplitude and
zero-intensity background. Comparing these four wave patterns with those obtained in [17], it

can be observed that, our solutions are different and new.

The graphical illustration of different wave patterns of eq.(15) is presented in Fig.5 and Fig.6.
Fig.5 delineates the bright solution for the fractional-order a = 0.7 in the range —15.9 < x < 0.7
and —4 < t < —2.9 while decreasing the fractional value to 0.6, it shows the two-soliton
interaction solution in the interval —120.9 < x < 25.7 and —14 < ¢ < —8 which is displayed in
Fig.6.

Fig.7 and Fig.8 explain the different pulse patterns of eq.(16). Fig.7 depicts the combined
bright-dark solution for the fractional-order « = 0.7 in the range —15.9 < z < 14.7 and
—4 <t < —2.9 while increasing the fractional value to 0.9, the five-soliton interaction solution
within the limit —10.9 < z < 7.7 and —8 <t < 6.9 is achieved which is shown in fig.8. Here,
the five-soliton interaction solution shows the combined properties of dark and bright solutions

which can be observed from the corresponding contour plot.

Figs.9-11 show the various pulse patterns of eq.(17). Fig.9 shows the slight bending pattern
of bright solution during propagation for the fractional-order o« = 0.4 in the range —10.3 <z <
2.7and —4 <t < 1. By increasing some of the parametric values and the fractional value to 0.73,
it shows the m-shaped solution within the interval —12.9 < x < 10.7 and —3 <t < —2.8 which
is displayed in Fig.10. Fig.11 depicts the three-soliton interaction solution for the fractional-
order a = 0.95 in the range —10.9 < z < 10.7 and —8 < t < 6.9. Here, it demonstrates the

properties of the dark solutions.

The graphical representation of different pulse shapes of eq.(20) is displayed in Fig.12 and
Fig.13. Fig.12 delineates the properties of bright solution for the fractional-order v = 0.45 in
the range —35.3 <z < —8.7 and 3 <t < 3.9 while Fig.13 delineates the u-shaped solution for
the fractional-order o = 0.75 in the interval —32.3 <z < 10.7 and 3.6 <t < 3.9.
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86 Stability analysis

In this section, we have investigated the stability analysis [7,6,2] of eq.(1) for « = 1. And

to accomplish so, we have used the perturbed solution as
W(z,t) = Py + TA(x,t), (25)
where P is any steady-state solution of eq.(1). Now, by putting eq.(25) into eq.(1), we have

Ay LA, - %0 U {1080 (272 A2 + 27 Py Ay + 272 AA,,) }}
0

0
Do (26)
- 6*0 e (901/37—Azztt - b(SOV(Q)TA:L’zzz) = 07
2 16
which upon linearization in 7 gives,
F 1
TAtt — ?TA:vw — %) |:9 {QTZOBOPOA;MU + GOVgTAzxtt — béoUgTwaIw}] =0. (27)
0 0
Suppose the solution of eq.(27) is in the form,
Az, t) = glhwtwt) (28)

where ki is the normalized wave number and w = w(k;) is the dispersion relation. Putting
eq.(28) into eq.(27) and solving for w, we get
k1+/2F 2lp P, bk25gu2
w:w(kl):— 1\/ +€O( 0 060+ 1 OVO). (29)
0o (2 + kieord)
It is clear from eq.(29) that the real component is negative for all values of k;. Thus, the

v(k1)

dispersion maintains its stability. Now, to obtain the phase velocity T we suppose the
1

solution is in the form,
Az, t) = ezt (30)
Substituting eq.(30) into eq.(27) and solving for y(k1), we get
 k1V/2F + €0 (2o PofBo + bkidord)

=~(k) = . 31
v = (k1) 9 (21 Keor?) (31)

Thus, the phase velocity is

N _ ’y(k?1> _ \/QF + €9 (2[0P0ﬁ0 + bk‘%(SQl/g) (32)
k1 k1 0o (2 + kieord) 7

and the phase velocity multiplied by two yields the group velocity.

87 Conclusion

The successful implementation of the unified method to acquire new solitary wave solutions
of the FDDE is described in this paper. The wave propagates in a variety of patterns depend-
ing on the parametric value including bright, periodic, combined bright-dark, two-soliton in-
teraction, three-soliton interaction, five-soliton interaction, w-shaped, m-shaped, and u-shaped
solutions. These properties are examined by using 2D, 3D, and contour graphics, which demon-
strate the efficiency of the proposed method. Furthermore, the FDDE’s stability is scrutinized
by using linear stability analysis. The main originality of this work is that the considered model
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has never been studied using the proposed method, and the resulting solutions have never been

obtained previously.
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