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A novel similarity measure between classical

propositions and its applications

YU Peng

Abstract. The main purpose of this paper is to establish a kind of quantitative model by means
of the cosine similarity degree for distinguishing the reliability of different propositional formulas
in classical logic system L. Firstly, we define the concept of cosine similarity degree between two
formulas using a propositional vector, which can be used to measure the consistency of finite
theories. Then we investigate the basic properties of cosine similarity degree and prove the set
of all cosine similarity degrees is dense in the interval [0,1]. Finally, we propose the concept of

cosine truth degree of a formula for evaluating the reliability of different formulas.

81 Introduction

In propositional logic system L, given that two propositional formulas p — p and —(p — p),
then the former is always a correct proposition, while the later is always a false proposition.
But as for the atomic propositional formula p, it can’t be said that it is correct or false, because
it is half correct and half false, which naturally raises the question of whether a propositional
formula is reliable. Obviously, propositional formula p — p is reliable, whereas propositional
formula —(p — p) is unreliable, with the reliability degree of propositional formula p reaching
%, because only half of it is correct.

In fact, as early as 1952, Roser and Turquette have proposed the question of how to distin-
guish the reliability of a propositional formula in the literature [1]. Subsequently, Pavelka came
up with the truth value assignment method in his series of papers On fuzzy logic: I, II, TIT12.
This method is a good response to the extent to which a formula is true. At the same time,
Hailperin and Nilsson respectively introduced the idea of probability into two-valued logic to
reflect the truth degree of formulas, thus forming the theory of probability logic B~

In recent years, Wang proposed a new quantitative method to describe the reliability of
propositional formulas in his series of articles®~'1. Specifically speaking, he introduced the
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concept of truth degree of a propositional formula using the weighted average of the assign-
ment of a propositional formula, and realized the reliability description of the propositional

formula, which led to a series of grade reasoning research!*2—16]

, such as quantitative models
in rough logic'”~19 quantitative models in multi-valued model logic[?%! and probabilistically
quantitative models in multi-valued logic and fuzzy logicl2'=24. In literature [25,26], the au-
thor pointed out that the distance between propositional formulas in the quantitative logic was
essentially the standard hamming distance between the formula fuzzy sets (which were induced
by the propositional formula itself), and that the truth degree of a propositional formula A was
essentially the distance between propositional formula A and tautology T

At the same time, the cosine similarity degree between vectors is a common method of
implementing text recognition by computers. In this paper, we will first introduce the concept
of description vector of a propositional formula. Then by calculating the cosine similarity
between vectors, we will bring up a new method to describe the reliability of the propositional
formula, which is called the cosine truth degree. Last, as a specific application of the cosine
truth degree, we will adopt a method of characterizing the compatibility of finite proposition
sets, and make a new attempt to study the structure of the propositional set.

82 Cosine similarity degree between two formulas

Generally speaking, there are two kinds of main approaches in the study of propositional
logic. One is the syntax method, and the other is the semantic method. The so-called syntax
method means the formal deduction from set A of axioms (sometimes from an additional set
T' of assumptions) using the rules of inference. In the meantime, the semantic method of
a propositional logic system provides an alternative approach to evaluating the soundness of
formulas by means of valuation domain I and the concept of valuation.

In this paper we only consider the semantic method of classical propositional logic system L.
In system L, its valuation domain I = {0, 1}, the operations on I are defined as -0 = 1,1 =
0,2 -y =0if and only if z =1 and y = 0, and F'(S) denotes the set of all formulas.

Definition 2.1 (i) A homomorphism v : F(S) — I of type (=, —) from F(S) into I,
ie., v(—A) = w(A),v(A = B) = v(A) — v(B), is called a valuation of F'(S). The set of all
valuations of F'(S) will be denoted by €;

(ii) A formula A € F(S) is called a tautology if v(A) = 1 for every valuation v € Q. A is
called a contradiction if v(A) = 0 for every valuation v € §;

(i) A, B € F(S), if v(A) = v(B) for every valuation v € 2, and then A and B are considered
logically equivalent.

Assume that A = A(p1,p2, -+, pn) is a formula generated by propositional variables py, pa, - -
-, pr, through connectives = and —. Substitute x; for p; in A and keep the logical connectives
in A unchanged but explain them as the corresponding operators defined on I. Then we attain
a function A : {0,1}" — {0,1} and call A(zy,--- ,x,) the truth valued function of A. Tt is well
known that in classical logic system L, A(xy,--- ,x,) is a Boolean function.
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Proposition 2.1[8] Any n-ary Boolean function can be derived from a well-formed for-
mula (n € N).

Assume that Sy, = {p1,p2, -+ ,Pm} Is a finite atomic propositional set. F(S,,) represents
the formulas generated by S,,, while €, represents the set of all valuations of F(S,,). Let
v =v(p;)(i =1,2,---,m), and then we obtain a vector o = (vy,- -+, vy,) in I"™. Conversely, for
every U = (v1,+, V) € I"™, there exists only one v € Q,,, such that v(p;) = v;. Hence there is a
one-to-one mapping between v and 9, and Q,, can be expressed as Q,,, = {x1, -+, xom }(z; € I™).

Furthermore, let A € F(S,,),z; € O, so we acquire a vector (x1(A), z2(A),- - -, xam (A)).
We call vector (z1(A),z2(A), -, x2m (A)) as the description vector of formula A, denoted by x 4
with z; as the valuation vector of A. For example, taking Sa = {p, ¢}, in this case, the valuation
vectors of pV ¢ are (0,0), (0,1), (1,0),(1,1), and the description vector z,v4 is (0,1,1,1).

Proposition 2.2 Supposing that « is a 2"-dimensional 0-1 vector, then « is a description
vector of a certain formula.

Proposition 2.3 The logically equivalent formulas in F'(S) have the same description

vector.
Definition 2.2 Letting A(p1,- -, pn), B(p1,- - -, pn) € F(S) — {0}, define
TA TR
§cos(A, B) = t————+
llzall - [lz5]

where x4 - zp denotes the vector inner-product between x4 and xpg, ||zl is the norm of
4. Then £cos(A, B) is called the cosine propositional similarity degree between propositional
formulas A and B, and is referred to as the cosine similarity degree.

Remark 2.1 (i) In the above definition, if formulas A and B are either a contradiction
or a non-tautological satisfiable formula, then the cosine similarity degree between A and B
is defined as £cos(A, B) = £cos(—A, —B). If formulas A and B are either a contradiction or a
tautology, then the cosine similarity degree between A and B is defined as {cos(A4, B) = 0.

(i) The reason why £cos(A, B) is called as the cosine similarity degree is that {cos(A, B) is
essentially the cosine of the angle between vectors described by formulas A and B. Using the
cosine of the angle between vectors to represent the similarity between vectors is a common
method of defining similarity. Introducing it into the study of mathematical logic to reflect
the differences between different formulas undoubtedly injects new vitality into the study of
quantitative logic. Therefore, this is research of great significance.

(iii) The definition of the cosine similarity degree £cos(A, B) between formulas A and B
is different from that of the similarity degree in Ref.[8]. In Ref.[8], the similarity degree is
the number of truth-assignments satisfying v(A) = v(B), divided by 2". In comparison, the
cosine similarity degree between formulas A and B in this paper is just the number of truth-
assignments satisfying AA B, divided by the product of the square roots of the truth-assignments
satisfying A and B respectively.

(iv) The cosine similarity defined in this paper originates from the structure of the two
formulas themselves, rather than the specific meaning represented by them. Therefore, the
similarity between the formulas defined in this paper differs from the Non-metric Propositional

Similarity proposed in Ref. [27], which focuses on a notion of similarity among propositions
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based on similarity neither of linguistic expression nor of subject matter but of truth-conditions,
avoiding any metric assumptions.

Example 2.1 (i) Calculate the cosine similarity degree between formulas p and g;

(ii) Calculate the cosine similarity degree between formulas pV ¢V r and (pV —gq) A .

Solution (i) To compute the cosine similarity degree between p and ¢, the formulas p and
g must be converted into logically equivalent formulas. Since p~ pA(qV —¢q),q =~ qA (pV —p),
then £cos(p,¢) = Ecos(P A (qV —q), g A (pV —p)) = 3.

(ii) The valuation vectors of formulas pV ¢V r and (pV —¢g) Ar are (0,0,0), (0,0,1),(0,1,0),
(0,1,1),(1,0,0), (1,0,1),(1,1,0), and (1,1,1), and its corresponding description vectors are
(0,1,1,1,1,1,1,1), and (0,1,0,0,0,1,0,1). Hence, £cos(pV gV, (pV —q) AT) = \/%

As below, |[A71(1)| and |A71(0)| represent the number of components 1 and 0 in the de-
scription vector x4, respectively.

Proposition 2.4  Suppose that A, B,C € F(S), and then

(1) 0 < €0os(4, B) < 1;

(i)§cos (A, B) = {cos(B, A);

(iii)€cos(A, B) = 1 if and only if A = B;

(iv)If A~ —B, then £c0s(A, B) = 0, but not vice versa;

(v)If A— B and B — C are tautologies, then £cos(A, C) < min{€cos(4, B), cos(B,C)};

(vi)If A — C and B — C are tautologies, then £cos(A A B,C) < min{€cos(4, A A B),
Eos(A, C),Ecos(B, AN B), £cos(B, C)}.

Proof (i)(ii) It immediately follows from Definition 2.4.

(iii) On the one hand, if A &~ B, then x4 = x5. Wehave zanp = x4 = g, and {cos(A, B) =
[(AnB)~'(1)] _ |A_t(D)]

VIATTORWIBT)] VAT (YA T(1)] -
On the other hand, suppose that £c,s(A, B) = 1, but A = B does not holds. Then at

least one of |[(AA B)~1(1)] < |JA~}(1)| and |[(A A B)~(1)| < |B~1(1)] holds. Without loss of
generality, let [(AA B)~1(1)| < |A=1(1)|, and then (|[(AA B)~1(1)])? < |A=Y(1)|- [B~1(1)]. We
obtain £ces(A, B) < 1, contradiction!

(iv)If A ~ B, then 4 = x_ 5. In this case, A and B have the opposite description vectors,

that is, the component with value 1 of vector x4 is 0 relative to vector zp, so £cos(4, B) =
x4 -xp = 0, and the opposite direction does not holds. Taking ¢ and p A —¢ for example,
although £cos(q, p A —q) = 0, but they are not logically equivalent.

(v)Since A — B and B — C' are tautologies, we have A A C ~ A,|A~1(1)| < |B~Y(1)| and
|B=H1)| < [CH ).

§cos(A,C) = &cos(4, B),

O, €cos(A, C) <\ 1E=E! = Ecos(B, O).

(vi)Since AAB — A and A — C are tautologies, we have £cos(AAB, C) < min{€cos(A4, AN
B),&c0s(A, C)}. Similarly, £cos(AN B, C) < min{écos(B, AN B),€cos(B,C)}. Hence we have
§cos(AN B, C) <min{lcos(A, AN B), §cos(A, C), §cos(B, AN B),&cos(B,C)}. O

Remark 2.2 Judging from Proposition 2.4, there is a significant difference in the similarity

degree between the cosine similarity degree defined in this paper and the similarity degree
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based on formula truth in quantitative logic. In quantitative logic A ~ =B if and only if
¢cos(A, B) = 0. However, the above conclusion is no longer valid in this paper. In addition,
neither is £oos(A, B) 4 £cos(B,C) < 1+ £cos(A, B) in quantitative logic valid in this paper.

2

For example, taking the formulas A = p,B = pV q and C = ¢, then £c,s(A,B) = 7
4 3
0s B;C = = 0s A;C = 5 0s AvB + 0s BaC =—=2>1+ 0s AaC =35
Ecos( )\/éfc( )250( ) + &cos( )\/6 €cos(4,C) = 3
making the above inequality invalid. As a result, the distance of the formula set cannot b

constructed by means of 1 — ¢, (A, B).
Theorem 2.1 The set © = {{cos(A4, B)|A, B € F(S)} is dense in interval [0,1].
Proof It is only necessary to prove that for any ﬁﬁ(l <min{k,t},k,t <2 n=1,2---),

!
VEVit
Suppose that A and B are formulas containing n atomic formulas.

When n = 1, fk#\/i has the following values 0, \/Tl\/T’ \/§1ﬁ’ \ﬁlﬁ, and ﬁ Since

Ecos(A, B) = £cos(B, A), hence ﬁ and ﬁ will be treated equally. We construct for-
mulas p A —p,p and p Vv RS then §cos(p A —p,p) = 0 Ecos(D:p) = 1, €cos(p, PV —p) = 75, and
Ecos(DV —p,pV —p) = f\f WehaveO,ﬁﬁ, ﬁﬁ’ ﬁﬂe@.

Assuming that n = m, then for any W f%ﬂ € 0, i.e., for each #ﬁ’ there exist formulas
A, B € F(S), such that {cos(A, B) =

f\f
When n = m + 1, we select the 2t !-dimensional vectors
TA = (1a15 a1a07"' ’0)
—_———
k
and
zg=(0,---,0,1,1,---,1,0,---,0).
—_—— ———
k-l t
It is apparent to see that x4 Axg = (0,---,0,1,1,--- ,1,0,---,0). If we view 4,25 and
—_—— ———
k—1 l
xa Axp as the description vectors of formulas A, B and A A B, respectively, then c,s(A4, B) =
[(AAB)~'(1)] _ 1

VIATIYBTE @ VEVE
In a word, © = {{cos(A, B)|A, B € F(S)} is dense in [0, 1]. O

Theorem 2.2 Supposing that © = {£{c0s(A, B)|A, B € F(S)}, then

0= {\/El\/f” < min{k,t}, k,t <2" n=12,---}.

Proof A consequence of Theorem 2.1. (I

Theorem 2.3 Supposing that A, B € F(S5),{cos(A, B) = a, then there is a formula
sequence {A;}, such that cos(A;, B) = a;, where a; satisfies a > a3 > as > -+ > a, = 0.
Furthermore, A; — A;_1 is a tautology.

Proof Firstly, we prove that for any non-negative integers a, b, and ¢, if 1 < a < min{b, c},
then )

a—1 a—?2 a—1 (0<i<a).

e Vet e 1 Ve S
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In fact, when ¢ > a > 1,
a*(c—1)—(a—1)%c
—a® +2ac—c¢

> —a®+a’+ac—c
= (a—1)c
> 0.
We have % > % Furthermore, #ﬁ > \/5\/;61_71. Hence, the above inequality sequence
holds.
Now, we prove Theorem 2.3. Assume that
TA = (07 707171a"' 71a0a"' 70)7
k—1
IB = (1’1’--. ’1’0,... ’O)
—_———
k
Then £cos(A, B) = a = \/El\/{ We select 2"-dimensional vectors ¢; = (¢1,-++ ,con)(i =1,---,1)
as follows
(=4 & I=be kol kol L2
Ci = . .
J 1, Gemh—ltitl, - ktt—L
Then the veetor ¢; satisfies ||c;|| =t —1, and ¢;-xp = [ —i. In this case, each component ¢;(j) of
¢; satisfies ¢;(7) < ¢;—1(j). If ¢; is the description vector of A;, then {cos(As, B) = Wﬁ’;ﬂ =
\/El&z? and A; — A;_1 is a tautology. Let JEZ\;ZTZ =a;, and then a > a; > ay > --- > a, =
On=1).0

Theorem 2.4 Supposing that A, B € F(S5),&cos(A4,B) = a, then there is a formulas
sequence {A;} such that {cos(Ai, B) = a;, where a; satisfies the conditions a > a1 > ay > -+ >
an, and Eoos(A1,T) = Ecos(A2, T) = -+ = £cos(An, T).

Proof The proof is similar to Theorem 2.3. [

Theorem 2.4 shows that for a finite formula set A, we can use the cosine similarity degree to
give a division of A from tautology to contradiction, thus naturally forming a kind of division
of the formula set A.

83 Application of cosine similarity degree in describing the
consistency of finite theories

In this section, we will use the cosine similarity degree to measure the consistency of finite
theories.

Definition 3.1 Suppose that I" is a theory of F(S). If contradiction is a conclusion of T',
we call I' as an inconsistent theory otherwise I' is a consistent theory.

Definition 3.2  Supposing that ' is a theory of F(S), and D(T') denotes the set of all

conclusions of T', then

dim(I') = 1 —inf{§cos(A, B)|A, B € D(I')},
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is called the divergence degree of ', and T' is said to be fully divergent if dim(T") = 1.
Remark 3.1 (i) In above definition, since the tautology T belongs to each D(T'), we have

the cosine similarity degree between tautology and contradiction is 0. Therefore, if contradiction
is the conclusion of D(T"), then dim(I") = 1.

(ii) When T' contains only one formula A, D(I") is abbreviated as D(A).

Theorem 3.1  Supposing that T' = {4y, -, 4,}, and A4;,---, A, contains n different
atomic formulas, then

2[(AL A== AN AT
2+ |[(Ay A AN AT

In order to prove this theorem, we need to prove Lemma 3.1 and Lemma 3.2 separately.

dim(T) =1

Lemma 3.1 Suppose that I' = {A;,---,A,} C F(S). DT)|p,, p, denotes the lim-
it of D(I') on atomic formulas set {p1,---,pn}. Taking A from D(T')|p,.... p,, then VB €
D(T)|py,ee spn» ECos(FAV (AL A=+ A Ay), A) < €cos(A, B).

Proof Suppose that |(41 A---AA,)" (1) =a, A,B € DD)|p, ... p,. We have

(Ar A A A TH D] < A W] (A A A A (D) < B,
Furthermore, let |[A~1(1)|=a+2(1 <2 <2" —a), |[B7'(1)|=a+y(1 <y <2" —a).
In this case,

- o [(AA(mAV(ALA-AAL)) (D)) - a
Scos(CAV (AL A A An), A) = VIATTVI(CAV(ALA-AAL)) (1) Vatay2r—z’

£cos(A, B) = #\;@(O < z <min{z,y}), where z represents the number of |(AA B)™!|
minus the number of [(A; A---AA,) 7Y, ie, 2= [(AANB)7 Y — |[(AL A--- A ALY

We need to consider the following two cases:

(i) 2 = 0. In this case, there must be y < 2" — @ — z, otherwise z > 1.
ECOS(A7 B)

a

Vatzvaty

Vatazat? —a—z

Vatzv2r—z

= Loos(FAV (AL A ANAL)A).

(ii)z > 1. If B — A is a tautology, then z =y, (AA B) ™! = a + 2, £cos(A, B) = %
Since 2" — z > a, we have (a + 2)V2" —x —ay/a + z > 0.

%

Furthermore,

5005(147 B) - gCos(_‘A \ (Al ANREEA An)aA)
— a+z a
— Vatzvatz Jatzv2r—=w
(a+2)V2"—z—av/a+z
VatzatzV/20—x
> 0.

We have fC’os(ﬁA N (Al ARERIA An)vA) < gCos(Aa B)

If A — B is a tautology, then z < y, £0os(4,B) = #j@ = Ziz In this case,
2" —x=a+h,sowehave h+2=2" —a >y, {cos(TAV (A1 AN~ NA,), A) = m'
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In addition,

( a+a:)2 _ ( a )2
a+y Va+zva+h

(a+z)*(a+h)—a®(aty)
(a+z)(a+y)(ath)

a? (h+2z—y)+x(2ah+az+zh)

(a+z)(aty)(a+h)

> 0.

We obtain the inequality
£COS(A7 B) 2 5005(_“’4 \ (Al JARERIVAN An)»A)

When A — B and B — A are not tautologies, {cos(A4, B) = #jm(z <min{z,y}). In
this case, 2" —xz = a + h.
Moreover, h+x =2" —a,h+ z > v,

(e 2 = (——
va+zya+y va+zxva+h
we get Eoos(A, B) > Ecos(TAV (AL A - AN Ay), A).

In summary, for any A,B € D(D)|p,... p,, we have Ecos(mAV (A1 A -+ AN Ay),A) <
gCos(AaB)~ t

Lemma 3.2 Suppose that A = A(py,ps,- -+, pn) is a formula containing n atomic formulas
m

P1,D2, " yPn; "Zi =AN (/\l(pﬁ-‘r? %pﬂ-i-l))(m > TL),

(i) If |[A~1(1)] is an even number, then in f{€cos(B, C)|B,C € D(A)|p, ... p.} = inf{cos(B,
O)B,C € D(A)|py . poy }(m 2 1),

(ii) If [A=1(1)] is an odd number, then inf{&cos(B,C)|B,C € D(A)|p, ... p.} > inf{cos(B,
T C)|B,C € D(A)|p, - pi }(m 2 1).

Proof (i) By Lemma 3.1, we have

inf{écos(B,0)|B,C € D(A)|;D1,-~- ,pn} = inf{8cos(B,~BV A)|B € D(A)|;D1w- ,Pn,}~

o @*(h+2z—y)+2azh+ (a+ h)z?
)= (a+z)(a+y)(a+h) 20,

Let |[A7!(1)| = a be an even number. Judging from B € D(I'),, ... ,., we acquire

B~(1)| = 1< <2"—a),E00s(B,~BVA) = —— 2
| ()' a—i—x( ST > a)ﬁC( ) \/m\/m

In order to make £cos(B, 7BV A) reach the minimum value, (a + x)(2" — z) is required to take

the maximum value. According to the properties of the quadratic function of one variable, if
T = 2n2_ ¢ then function m takes the maximum value. But x is an integer, so when

Qn;“ is an integer, formula B satisfies |[B~1(1)] = a + 2 = 2?;“7 and £oos(B, 7BV A) take

2°=4 ig not an integer, the formula B either satisfies |[B~!(1)| = a+z + 1,

2"—a
2

minimum value. If
or the formula B satisfies |[B~!(1)| = a4 2 — 1. Since a is an even number, we have z =

as an integer, and 2" —x = 2" 4 5. Furthermore,

a 2a
os(B,m"BV A) = = ,
§cos( ) \/anl ¥ %\/anl +2 2n 4 a

) 2a
inf{écos(B,C)|B,C € D(A)|p,, p.} = ra
Let A~ A and |(A)~'(1)| = 2™a. By B € D(I), ... p...., we have

|IB~H1)| =2ma +x(1 <2z < 2"T™ - 2™q).
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Based on the above facts, we can see that if x = Wf_zm“, €oos(B, 7BV A) takes the minimum

value. Therefore,
Z-nf{gCos (Ba C)|B> Ce D(A)lpl,"' Prgm

— 2™Ma
\/Qm'a+2"+m+2ma \/Qner,(W%zma)

— 2a

- 2"4a’

When m > 1, we have
inf{€cos(B, C)|B,C € D(A)lp, ... p,} = inf{€cos(B,C)|B,C € D(A)|p, . py1 10 }-
(ii) By the proof of previous point (i), if |[A7!(1)| = a is odd, and B € D(A)|,,,... p., then
IB7'()|=a+z(1 <z <2" —a).

When =z = Qﬂ;“ - %, €cos(B,—B V A) takes the minimum value. In this case, a + 2 =

-1 1 _ —1 1
e N AR E LA RE s

inf{€cos(B,C)|B,C € D(A)|py... pu} = ¢

Vg

Let A~ A and |(A)~1(1)| = 2™a. In this case, |[B~1(1)] = 2™a + z(1 < z < 2"F™ — 2™q)
for every B € D(T'),

on+m _om,
2

L pnem- By the proof of previous point (i), it can be seen tha when

T = , &1p(B, BV A) takes the minimum value. Therefore,

inf{gCos (B7 C)le Ce D(A)lpl,“' ,Pn+m}

_ 2Ma
\/2”@ + W%\/Qn—i-m _ (2"“"#)
Moreover, we have inf{cos(B,C)|B,C € D(A)|p, .. ppim} = gfia-
In addition,

a

V2T -3/ g4
a

/(271—1_;'_%)2_%
> ____a
/(2n—1+%)2
2a
2% +a”

We have
inf{£Cos(Bv C)|Ba C € D(A)|P17 ,Pn} > inf{é'Cos(Bv C)‘Ba Ce D(A)‘;m ,Pn+m}' 0
Proof of Theorem 3.1 Since D(T') is the set of all conclusions of T', we have
D) = D(F)|p1,~~ on Y D(F)‘mw U D(F)|p1,~' Ptz U
where p1,- - ,p, are different atomic formulas appearing in T', from Lemma 3.1 and Lemma
3.2, when |[(A; A--- A A,)71(1)] = a is an even number,

“sPn+41

2 21( A An -101
infi€cos(4, B)I4, B € D)} = Q”j—a ~ on J|r( I(lAAl/\-~A-/\2 )‘(12|1)|'

When [(A; A -+ A A,) (1) = a is odd, we have
inf{fCos(Aa B)|Aa B e D(F)|p17“' ,Pn+1}

= Z."flf{gCos(Aa B)lAv B e D(F)|P17"' 7Pn+2} =

Hence, inf{€cos(A, B)|A, B € D(I')} = 524

- 2a
S om4qg”
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In summary, dim(T') = 1 — 231“?34/1&1/_\_?22:)1_(11()1‘)'. O
Example 3.1 (i) Letting I' = {p}, then |[p~1(1)] = 1. By Theorem 3.1, dim(T) =
L 2 _ 1

Tz T3
(ii) Let ' = {p,q}, then |(p A q)~*(1)| = 1. By Theorem 3.1,

 2prg i) _3
2+|prg~t@) 5
In this example, £cos(p A q,T) = 3 is not the minimum value of {£c0s(4, B)|A, B € D(I')}.
(iii) Let T' = {p1, - ,pn}, then |(pr Ap2 A--- Ap,)~1(1)| = 1. By Theorem 3.1, dim(T") =
2
1 - m.
Remark 3.2  From Example 3.1 (iii) and Definition 3.2, it can be inferred if I = S, then
dim(S) = lim (1 —
im(3) = lim (1 - 2=
equal to 1, but S is a consistent theory. Therefore, we can not get the conclusion that I' is an

dim(T) =1

) = 1. Although the divergence degree of atomic formula set S is

inconsistent theory from the fact that I' is a full divergence.
Theorem 3.2 Supposing that A € F(S), A = {Blécos(A,B) = a,a < 1,B € F(9)},
then the formula set A is an inconsistent formula set.

Proof Without loss of generality, it is assumed a = \/El\/g (I<k,t<2"),24=(a1,a2, -,

agn) is the description vector of A, and

17 i:17"'>ka
a; =
0, i=Fk+1,---,2"

On the one hand, we select the vector sequence xp, = (b%,bb, -+ ,bs,)(i = 1,---,1) as
follows:
1, j=1,---,i—1,24+1,---1+1,
. i 0, j=1i,
D=0 = o kil
0, otherwise.
Then, every vector zp, satisfies ||zp,|| =t, and x4 - ©p, = 1. Hence, the formula B; obtained
by vector x g, satisfies £cos(A4, B;) = .
On the other hand, we select the vector sequence ¢, = (ci,ch, - ,cha)(i=1,--- ,t—1) as
follows:
1, j=1,---,1,
i )0, j=k+i,
DTN =kl =k L kit ke t—l41,
0, otherwise.
Clearly, the vector z¢, (i = 1,--- ,t — 1) satisfies ||z¢,|| = ¢, &1p(A,C;) = «, and

xp, N+ ANxpg, ANxe, A ANzxe,_, = (0,---,0).
Therefore, the formula By A By A - - - A By, derived from zp, A--- Az, Axc, N--- Nxe,_,
is a contradiction, and formula set A is an inconsistent formula set. [J
Theorem 3.3 Let A = {A|7cos(A) = o, A € F(S)}, then A is an inconsistent theory.

Proof A consequence of Theorem 3.2. [J
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Definition 3.3 Let I" be a theory of F(S), and define
consit(I') = 1 — dim(T"),

then consit(T") is called the consistent degree of theory T'.

Theorem 3.4 Let ' ={A;,---,A,}, then

, 21(A1 A AN AR)THD)
consit(T') = I (AL A A A1)

Proof It follows from Theorem 3.1 and Definition 3.3. O

Theorem 3.5 Let I' = {A;,---,4,},X = {B1,---,Bn}, and D(I') = D(X) then
consit(l) = consit(X).

Proof Because D(I') = D(X), we have AI' &~ AX, [(AT')~1(1)| = [(AX)71(1)]. By Theorem
3.4, consit(I") = consit(X). O

In fact, Theorem 3.5 shows that two equivalent but distinct finite theories have the same

consistency.

84  Application of cosine similarity degree in describing the

reliability of the propositional formulas

In this section, we will introduce the concept of cosine truth degree of a propositional
formula via the cosine similarity degree, which can be used to distinguish the reliability of
different propositional formulas.

Definition 4.1 Suppose that A € F(S) and T is a tautology, define

TCos(A) = §cos(A,T),
and then 7¢,5(A) is called the cosine truth degree of propositional formula A.

Remark 4.1 (i) In fact 7¢0s(A) is obtained by comparing the propositional formula A
with the tautology T'. The tautology is a well-known propositional formula in all propositional
formulas. A propositional formula naturally can be expressed with its reliability degree.

(ii)Since the description vector of tautology T is (1,---,1), we have x4 - xr = |[A71(1)],

—1 —
thereby 7cos(4) = £cos(4,T) 7\/\,‘::1(&)\‘/% - = Qn(l)‘.
_ V3

It is clear that Toes(p = p) = 1, Tcos(—(p = p)) = 0,7cos(p V q) = @,TCOS(p —q) =%,
and Tcos(~(p — (¢ = (rV s)))) = i. The cosine truth degree 7c,s can be distinguish the

reliability of different formulas.

For the cosine similarity degree and cosine truth degree, the following conclusion holds.

Proposition 4.1 Suppose that A, B € F(5), then £c,s(A, B) = %.

Proof It immediately from Definition 2.4. (I

In Ref.[10], Wang introduced the concept of truth degree of a propositional formula by virtue
of uniform probability on F'(S) in classical two-valued logic system. From Remark 4.1(ii), we
can see that Toos(A) = Toes(A)?, with 7o,s(A) defined as 7¢os(A) = 1Al quantitative

271,
logic[10]. Hence the following facts are true.
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Proposition 4.2 Suppose that A, B,C € F(S), then

Teos((A— B)YA (B = A)) +72,,(B— C)A(C = B)) <14+ 72,,((A—= C)A(C — A)).
Proof By Definition 4.1 72, ,((A — B) A (B — A)) = KAAB)_l(l)l;‘(AVB)_l(O)l.
And

(7805 (A = B) AN (B — A)) + 7¢,,(B = C) A (C = B)) = 7¢,,((A = C) A (C — A)))2"
= 2" +2(IB7' (D)= [(AvB)"' (1) - [(BVO)" 1)+ (Av ) (D))).
In order to prove the inequality in Proposition 4.3, we need to prove
[BTHD) = [(AvB)H Q) - [(BVO) T D)+ [(AvO)TH D) < 0. (%)
That is, to prove
BT+ [(AvO)THQ) < [(AVB) Q)+ BV O)TH )L
Since |((AV B) A (BV C))~1(1)] > |B~1(1)|, we have
[(AvB) T W) +[(BVC)H1) = (AvBVC)TH > BT
Furthermore, we have
[(AVB)"H DI+ (BVC) Q) = BTN D)+ [(AVB V)~ > [BTH1)] +[(Av ).
Therefore, inequality (*) holds and inequality
(7805 (A= BYA (B = A)) + 705 (B = C) A (C = B)) = 1805 ((A = C) A (C — A)))2" < 27
also holds. This completes the verification of Proposition 4.3. [
The significance of Proposition 4.2 is that we can induce a logical metric space by defining
pseudo-distance p(A, B) =1 —713,,((A — B) A (B — A)) on F(S).
Theorem 4.1 The set of cosine truth degree of all formulas of F(.5)
H={ £|k:0,--- 2"Mn=1,2,---}.
proof By Theorem 2.2 and Definition 4.1, H = {£c,s(A,T)|A € F(S)
0,---,2%n=1,2-}={/4[k=0,---,2%n=1,2,---}. O
In fact, Theorem 4.1 is the corollary of Theorem 2.2, and H is the true subset of O, i.e.,
H C © holds.

Theorem 4.2 The set {7¢os(A)|A € F(S)} is dense in interval [0,1].
Proof It follows from Theorem 2.1, Definition 4.1 and Theorem 4.1. [

_ k —
b= A7k =

§5 Concluding remarks

In this paper, we propose the concept of cosine similarity degree in classical two-valued logic
system, and present some basic properties of it. It is shown by these properties that for a finite
formula set A, we can use the cosine similarity degree to give a division of A from tautology
to contradiction. As for the application of cosine similarity degree, we introduce the concept
of cosine truth degree of a formula, and study the consistency issue of finite theories. The
results obtained in this paper provide a possible way to further study the properties of logic
systems. With the progress in research, there emerge increasing issues for further exploration.
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For illustration, such questions as how to expand the approximate reasoning on F(S) under the

framework of this paper and how to carry on the corresponding discussion in a multi-valued

logic system are the key to future research.
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