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A novel similarity measure between classical

propositions and its applications

YU Peng

Abstract. The main purpose of this paper is to establish a kind of quantitative model by means

of the cosine similarity degree for distinguishing the reliability of different propositional formulas

in classical logic system L. Firstly, we define the concept of cosine similarity degree between two

formulas using a propositional vector, which can be used to measure the consistency of finite

theories. Then we investigate the basic properties of cosine similarity degree and prove the set

of all cosine similarity degrees is dense in the interval [0,1]. Finally, we propose the concept of

cosine truth degree of a formula for evaluating the reliability of different formulas.

§1 Introduction

In propositional logic system L, given that two propositional formulas p → p and ¬(p → p),

then the former is always a correct proposition, while the later is always a false proposition.

But as for the atomic propositional formula p, it can’t be said that it is correct or false, because

it is half correct and half false, which naturally raises the question of whether a propositional

formula is reliable. Obviously, propositional formula p → p is reliable, whereas propositional

formula ¬(p → p) is unreliable, with the reliability degree of propositional formula p reaching
1
2 , because only half of it is correct.

In fact, as early as 1952, Roser and Turquette have proposed the question of how to distin-

guish the reliability of a propositional formula in the literature [1]. Subsequently, Pavelka came

up with the truth value assignment method in his series of papers On fuzzy logic: I, II, III[2].

This method is a good response to the extent to which a formula is true. At the same time,

Hailperin and Nilsson respectively introduced the idea of probability into two-valued logic to

reflect the truth degree of formulas, thus forming the theory of probability logic [3−7].

In recent years, Wang proposed a new quantitative method to describe the reliability of

propositional formulas in his series of articles[8−11]. Specifically speaking, he introduced the
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concept of truth degree of a propositional formula using the weighted average of the assign-

ment of a propositional formula, and realized the reliability description of the propositional

formula, which led to a series of grade reasoning research[12−16], such as quantitative models

in rough logic[17−19], quantitative models in multi-valued model logic[20] and probabilistically

quantitative models in multi-valued logic and fuzzy logic[21−24]. In literature [25,26], the au-

thor pointed out that the distance between propositional formulas in the quantitative logic was

essentially the standard hamming distance between the formula fuzzy sets (which were induced

by the propositional formula itself), and that the truth degree of a propositional formula A was

essentially the distance between propositional formula A and tautology T .

At the same time, the cosine similarity degree between vectors is a common method of

implementing text recognition by computers. In this paper, we will first introduce the concept

of description vector of a propositional formula. Then by calculating the cosine similarity

between vectors, we will bring up a new method to describe the reliability of the propositional

formula, which is called the cosine truth degree. Last, as a specific application of the cosine

truth degree, we will adopt a method of characterizing the compatibility of finite proposition

sets, and make a new attempt to study the structure of the propositional set.

§2 Cosine similarity degree between two formulas

Generally speaking, there are two kinds of main approaches in the study of propositional

logic. One is the syntax method, and the other is the semantic method. The so-called syntax

method means the formal deduction from set A of axioms (sometimes from an additional set

Γ of assumptions) using the rules of inference. In the meantime, the semantic method of

a propositional logic system provides an alternative approach to evaluating the soundness of

formulas by means of valuation domain I and the concept of valuation.

In this paper we only consider the semantic method of classical propositional logic system L.

In system L, its valuation domain I = {0, 1}, the operations on I are defined as ¬0 = 1,¬1 =

0, x → y = 0 if and only if x = 1 and y = 0, and F (S) denotes the set of all formulas.

Definition 2.1 (i) A homomorphism v : F (S) → I of type (¬,→) from F (S) into I,

i.e., v(¬A) = ¬v(A), v(A → B) = v(A) → v(B), is called a valuation of F (S). The set of all

valuations of F (S) will be denoted by Ω;

(ii) A formula A ∈ F (S) is called a tautology if v(A) = 1 for every valuation v ∈ Ω. A is

called a contradiction if v(A) = 0 for every valuation v ∈ Ω;

(iii) A,B ∈ F (S), if v(A) = v(B) for every valuation v ∈ Ω, and then A and B are considered

logically equivalent.

Assume that A = A(p1, p2, · · ·, pn) is a formula generated by propositional variables p1, p2, · ·
·, pn through connectives ¬ and →. Substitute xi for pi in A and keep the logical connectives

in A unchanged but explain them as the corresponding operators defined on I. Then we attain

a function Ā : {0, 1}n → {0, 1} and call Ā(x1, · · · , xn) the truth valued function of A. It is well

known that in classical logic system L, Ā(x1, · · · , xn) is a Boolean function.
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Proposition 2.1[8] Any n-ary Boolean function can be derived from a well-formed for-

mula (n ∈ N).

Assume that Sm = {p1, p2, · · · , pm} is a finite atomic propositional set. F (Sm) represents

the formulas generated by Sm, while Ωm represents the set of all valuations of F (Sm). Let

vi = v(pi)(i = 1, 2, · · ·,m), and then we obtain a vector ṽ = (v1, · · ·, vm) in Im. Conversely, for

every ṽ = (v1, ···, vm) ∈ Im, there exists only one v ∈ Ωm, such that v(pi) = vi. Hence there is a

one-to-one mapping between v and ṽ, and Ωm can be expressed as Ωm = {x1, ···, x2m}(xi ∈ Im).

Furthermore, let A ∈ F (Sm), xi ∈ Ωm, so we acquire a vector (x1(A), x2(A), · · ·, x2m(A)).

We call vector (x1(A), x2(A), · · ·, x2m(A)) as the description vector of formula A, denoted by xA

with xi as the valuation vector of A. For example, taking S2 = {p, q}, in this case, the valuation

vectors of p ∨ q are (0, 0), (0, 1), (1, 0),(1, 1), and the description vector xp∨q is (0, 1, 1, 1).

Proposition 2.2 Supposing that α is a 2n-dimensional 0-1 vector, then α is a description

vector of a certain formula.

Proposition 2.3 The logically equivalent formulas in F (S) have the same description

vector.

Definition 2.2 Letting A(p1, · · ·, pn), B(p1, · · ·, pn) ∈ F (S)− {0̄}, define
ξCos(A,B) =

xA · xB

||xA|| · ||xB||
,

where xA · xB denotes the vector inner-product between xA and xB , ||xA|| is the norm of

xA. Then ξCos(A,B) is called the cosine propositional similarity degree between propositional

formulas A and B, and is referred to as the cosine similarity degree.

Remark 2.1 (i) In the above definition, if formulas A and B are either a contradiction

or a non-tautological satisfiable formula, then the cosine similarity degree between A and B

is defined as ξCos(A,B) = ξCos(¬A,¬B). If formulas A and B are either a contradiction or a

tautology, then the cosine similarity degree between A and B is defined as ξCos(A,B) = 0.

(ii) The reason why ξCos(A,B) is called as the cosine similarity degree is that ξCos(A,B) is

essentially the cosine of the angle between vectors described by formulas A and B. Using the

cosine of the angle between vectors to represent the similarity between vectors is a common

method of defining similarity. Introducing it into the study of mathematical logic to reflect

the differences between different formulas undoubtedly injects new vitality into the study of

quantitative logic. Therefore, this is research of great significance.

(iii) The definition of the cosine similarity degree ξCos(A,B) between formulas A and B

is different from that of the similarity degree in Ref.[8]. In Ref.[8], the similarity degree is

the number of truth-assignments satisfying v(A) = v(B), divided by 2n. In comparison, the

cosine similarity degree between formulas A and B in this paper is just the number of truth-

assignments satisfying A∧B, divided by the product of the square roots of the truth-assignments

satisfying A and B respectively.

(iv) The cosine similarity defined in this paper originates from the structure of the two

formulas themselves, rather than the specific meaning represented by them. Therefore, the

similarity between the formulas defined in this paper differs from the Non-metric Propositional

Similarity proposed in Ref. [27], which focuses on a notion of similarity among propositions
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based on similarity neither of linguistic expression nor of subject matter but of truth-conditions,

avoiding any metric assumptions.

Example 2.1 (i) Calculate the cosine similarity degree between formulas p and q;

(ii) Calculate the cosine similarity degree between formulas p ∨ q ∨ r and (p ∨ ¬q) ∧ r.

Solution (i) To compute the cosine similarity degree between p and q, the formulas p and

q must be converted into logically equivalent formulas. Since p ≈ p∧ (q ∨¬q), q ≈ q ∧ (p∨¬p),
then ξCos(p, q) = ξCos(p ∧ (q ∨ ¬q), q ∧ (p ∨ ¬p)) = 1

2 .

(ii) The valuation vectors of formulas p∨ q∨ r and (p∨¬q)∧ r are (0, 0, 0), (0, 0, 1), (0, 1, 0),

(0, 1, 1),(1, 0, 0), (1, 0, 1), (1, 1, 0), and (1, 1, 1), and its corresponding description vectors are

(0, 1, 1, 1, 1, 1, 1, 1), and (0, 1, 0, 0, 0, 1, 0, 1). Hence, ξCos(p ∨ q ∨ r, (p ∨ ¬q) ∧ r) = 3√
21
.

As below, |A−1(1)| and |A−1(0)| represent the number of components 1 and 0 in the de-

scription vector xA, respectively.

Proposition 2.4 Suppose that A,B,C ∈ F (S), and then

(i) 0 ≤ ξCos(A,B) ≤ 1;

(ii)ξCos(A,B) = ξCos(B,A);

(iii)ξCos(A,B) = 1 if and only if A ≈ B;

(iv)If A ≈ ¬B, then ξCos(A,B) = 0, but not vice versa;

(v)If A → B and B → C are tautologies, then ξCos(A,C) ≤ min{ξCos(A,B), ξCos(B,C)};
(vi)If A → C and B → C are tautologies, then ξCos(A ∧ B,C) ≤ min{ξCos(A, A ∧ B),

ξCos(A,C), ξCos(B,A ∧B), ξCos(B,C)}.
Proof (i)(ii) It immediately follows from Definition 2.4.

(iii) On the one hand, ifA ≈ B, then xA = xB. We have xA∧B = xA = xB, and ξCos(A,B) =
|(A∧B)−1(1)|√

|A−1(1)|
√

|B−1(1)|
= |A−1(1)|√

|A−1(1)|
√

|A−1(1)|
= 1.

On the other hand, suppose that ξCos(A,B) = 1, but A ≈ B does not holds. Then at

least one of |(A ∧ B)−1(1)| < |A−1(1)| and |(A ∧ B)−1(1)| < |B−1(1)| holds. Without loss of

generality, let |(A∧B)−1(1)| < |A−1(1)|, and then (|(A∧B)−1(1)|)2 < |A−1(1)|· |B−1(1)|. We

obtain ξCos(A,B) < 1, contradiction!

(iv)If A ≈ ¬B, then xA = x¬B . In this case, A and B have the opposite description vectors,

that is, the component with value 1 of vector xA is 0 relative to vector xB , so ξCos(A,B) =

xA · xB = 0, and the opposite direction does not holds. Taking q and p ∧ ¬q for example,

although ξCos(q, p ∧ ¬q) = 0, but they are not logically equivalent.

(v)Since A → B and B → C are tautologies, we have A ∧ C ≈ A,|A−1(1)| ≤ |B−1(1)| and
|B−1(1)| ≤ |C−1(1)|.

ξCos(A,C) = ξCos(A,B),

Or, ξCos(A,C) ≤
√

|B−1(1)|
|C−1(1)| = ξCos(B, C).

(vi)Since A∧B → A and A → C are tautologies, we have ξCos(A∧B,C) ≤ min{ξCos(A,A∧
B), ξCos(A,C)}. Similarly, ξCos(A∧B,C) ≤ min{ξCos(B,A∧B), ξCos(B,C)}. Hence we have

ξCos(A ∧B,C) ≤ min{ξCos(A,A ∧B), ξCos(A,C), ξCos(B,A ∧B), ξCos(B,C)}. �
Remark 2.2 Judging from Proposition 2.4, there is a significant difference in the similarity

degree between the cosine similarity degree defined in this paper and the similarity degree
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based on formula truth in quantitative logic. In quantitative logic A ≈ ¬B if and only if

ξCos(A,B) = 0. However, the above conclusion is no longer valid in this paper. In addition,

neither is ξCos(A,B) + ξCos(B,C) ≤ 1 + ξCos(A,B) in quantitative logic valid in this paper.

For example, taking the formulas A = p,B = p ∨ q and C = q, then ξCos(A,B) =
2√
6
,

ξCos(B,C) =
2√
6
, ξCos(A,C) =

1

2
, ξCos(A,B) + ξCos(B,C) =

4√
6

≥ 1 + ξCos(A,C) =
3

2
,

making the above inequality invalid. As a result, the distance of the formula set cannot be

constructed by means of 1− ξCos(A,B).

Theorem 2.1 The set Θ = {ξCos(A,B)|A,B ∈ F (S)} is dense in interval [0,1].

Proof It is only necessary to prove that for any l√
k
√
t
(l ≤ min{k, t}, k, t ≤ 2n, n = 1, 2, · · · ),

l√
k
√
t
∈ Θ holds.

Suppose that A and B are formulas containing n atomic formulas.

When n = 1, l√
k
√
t
has the following values 0, 1√

1
√
1
, 1√

2
√
1
, 1√

1
√
2
, and 2√

2
√
2
. Since

ξCos(A,B) = ξCos(B,A), hence 1√
2
√
1
and 1√

1
√
2
will be treated equally. We construct for-

mulas p∧¬p, p and p∨¬p, then ξCos(p∧¬p, p) = 0, ξCos(p, p) = 1, ξCos(p, p∨¬p) = 1√
1
√
2
, and

ξCos(p ∨ ¬p, p ∨ ¬p) = 2√
2
√
2
. We have 0, 1√

1
√
1
, 1√

2
√
1
, 2√

2
√
2
∈ Θ.

Assuming that n = m, then for any l√
k
√
t
, l√

k
√
t
∈ Θ, i.e., for each l√

k
√
t
, there exist formulas

A,B ∈ F (S), such that ξCos(A,B) = l√
k
√
t
.

When n = m+ 1, we select the 2m+1-dimensional vectors

xA = (1, 1, · · · , 1︸ ︷︷ ︸
k

, 0, · · · , 0)

and

xB = (0, · · · , 0︸ ︷︷ ︸
k−l

, 1, 1, · · · , 1︸ ︷︷ ︸
t

, 0, · · · , 0).

It is apparent to see that xA ∧ xB = (0, · · · , 0︸ ︷︷ ︸
k−l

, 1, 1, · · · , 1︸ ︷︷ ︸
l

, 0, · · · , 0). If we view xA, xB and

xA ∧xB as the description vectors of formulas A,B and A∧B, respectively, then ξCos(A,B) =
|(A∧B)−1(1)|√

|A−1(1)|
√

|B−1(1)|
= l√

k
√
t
.

In a word, Θ = {ξCos(A,B)|A,B ∈ F (S)} is dense in [0, 1]. �
Theorem 2.2 Supposing that Θ = {ξCos(A,B)|A,B ∈ F (S)}, then

Θ = { l√
k
√
t
|l ≤ min{k, t}, k, t ≤ 2n, n = 1, 2, · · · }.

Proof A consequence of Theorem 2.1. �
Theorem 2.3 Supposing that A,B ∈ F (S), ξCos(A,B) = a, then there is a formula

sequence {Ai}, such that ξCos(Ai, B) = ai, where ai satisfies a ≥ a1 ≥ a2 ≥ · · · ≥ an = 0.

Furthermore, Ai → Ai−1 is a tautology.

Proof Firstly, we prove that for any non-negative integers a, b, and c, if 1 ≤ a ≤ min{b, c},
then

a√
b
√
c
≥ a− 1√

b
√
c− 1

≥ a− 2√
b
√
c− 2

≥ · · · ≥ a− i√
b
√
c− i

(0 ≤ i ≤ a).
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In fact, when c ≥ a ≥ 1,

a2(c− 1)− (a− 1)2c

= −a2 + 2ac− c

≥ −a2 + a2 + ac− c

= (a− 1)c

≥ 0.

We have a√
c
≥ a−1√

c−1
. Furthermore, a√

b
√
c
≥ a−1√

b
√
c−1

. Hence, the above inequality sequence

holds.

Now, we prove Theorem 2.3. Assume that

xA = (0, · · · , 0︸ ︷︷ ︸
k−l

, 1, 1, · · · , 1︸ ︷︷ ︸
t

, 0, · · · , 0),

xB = (1, 1, · · · , 1︸ ︷︷ ︸
k

, 0, · · · , 0).

Then ξCos(A,B) = a = l√
k
√
t
. We select 2n-dimensional vectors ci = (c1, · · · , c2n)(i = 1, · · · , l)

as follows

ci(j) =

{
0, j = 1, · · · , k − l + i, k + t− l + 1, · · · , 2n,
1, j = k − l + i+ 1, · · · , k + t− l.

Then the vcetor ci satisfies ||ci|| = t− i, and ci ·xB = l− i. In this case, each component ci(j) of

ci satisfies ci(j) ≤ ci−1(j). If ci is the description vector of Ai, then ξCos(Ai, B) = ci·xB

||ci||·||xB || =
l−i√
k
√
t−i

and Ai → Ai−1 is a tautology. Let l−i√
k
√
t−i

= ai, and then a ≥ a1 ≥ a2 ≥ · · · ≥ an =

0(n = l). �
Theorem 2.4 Supposing that A,B ∈ F (S), ξCos(A,B) = a, then there is a formulas

sequence {Ai} such that ξCos(Ai, B) = ai, where ai satisfies the conditions a ≥ a1 ≥ a2 ≥ · · · ≥
an, and ξCos(A1, T ) = ξCos(A2, T ) = · · · = ξCos(An, T ).

Proof The proof is similar to Theorem 2.3. �
Theorem 2.4 shows that for a finite formula set Λ, we can use the cosine similarity degree to

give a division of Λ from tautology to contradiction, thus naturally forming a kind of division

of the formula set Λ.

§3 Application of cosine similarity degree in describing the

consistency of finite theories

In this section, we will use the cosine similarity degree to measure the consistency of finite

theories.

Definition 3.1 Suppose that Γ is a theory of F (S). If contradiction is a conclusion of Γ,

we call Γ as an inconsistent theory otherwise Γ is a consistent theory.

Definition 3.2 Supposing that Γ is a theory of F (S), and D(Γ) denotes the set of all

conclusions of Γ, then

dim(Γ) = 1− inf{ξCos(A,B)|A,B ∈ D(Γ)},
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is called the divergence degree of Γ, and Γ is said to be fully divergent if dim(Γ) = 1.

Remark 3.1 (i) In above definition, since the tautology T belongs to each D(Γ), we have

the cosine similarity degree between tautology and contradiction is 0. Therefore, if contradiction

is the conclusion of D(Γ), then dim(Γ) = 1.

(ii) When Γ contains only one formula A, D(Γ) is abbreviated as D(A).

Theorem 3.1 Supposing that Γ = {A1, · · · , An}, and A1, · · · , An contains n different

atomic formulas, then

dim(Γ) = 1− 2|(A1 ∧ · · · ∧An)
−1(1)|

2n + |(A1 ∧ · · · ∧An)−1(1)|
.

In order to prove this theorem, we need to prove Lemma 3.1 and Lemma 3.2 separately.

Lemma 3.1 Suppose that Γ = {A1, · · · , An} ⊆ F (S). D(Γ)|p1,··· ,pn denotes the lim-

it of D(Γ) on atomic formulas set {p1, · · · , pn}. Taking A from D(Γ)|p1,··· ,pn , then ∀B ∈
D(Γ)|p1,··· ,pn , ξCos(¬A ∨ (A1 ∧ · · · ∧An), A) ≤ ξCos(A,B).

Proof Suppose that |(A1 ∧ · · · ∧An)
−1(1)| = a, A,B ∈ D(Γ)|p1,··· ,pn . We have

|(A1 ∧ · · · ∧An)
−1(1)| ≤ |A−1(1)|, |(A1 ∧ · · · ∧An)

−1(1)| ≤ |B−1(1)|.
Furthermore, let |A−1(1)| = a+ x(1 ≤ x ≤ 2n − a), |B−1(1)| = a+ y(1 ≤ y ≤ 2n − a).

In this case,

ξCos(¬A ∨ (A1 ∧ · · · ∧An), A) =
|(A∧(¬A∨(A1∧···∧An))

−1(1)|√
|A−1(1)|

√
|(¬A∨(A1∧···∧An))−1(1)|

= a√
a+x

√
2n−x

.

ξCos(A,B) = a+z√
a+x

√
a+y

(0 ≤ z ≤ min{x, y}), where z represents the number of |(A∧B)−1|
minus the number of |(A1 ∧ · · · ∧An)

−1|, i.e, z = |(A ∧B)−1| − |(A1 ∧ · · · ∧An)
−1|.

We need to consider the following two cases:

(i) z = 0. In this case, there must be y ≤ 2n − a− x, otherwise z > 1.

ξCos(A,B)

= a√
a+x

√
a+y

≥ a√
a+x

√
a+2n−a−x

= a√
a+x

√
2n−x

= ξCos(¬A ∨ (A1 ∧ · · · ∧An), A).

(ii)z ≥ 1. If B → A is a tautology, then z = y, (A∧B)−1 = a+ z, ξCos(A,B) = a+z√
a+x

√
a+z

.

Since 2n − x ≥ a, we have (a+ z)
√
2n − x− a

√
a+ z ≥ 0.

Furthermore,

ξCos(A,B)− ξCos(¬A ∨ (A1 ∧ · · · ∧An), A)

= a+z√
a+x

√
a+z

− a√
a+x

√
2n−x

= (a+z)
√
2n−x−a

√
a+z√

a+x
√
a+z

√
2n−x

≥ 0.

We have ξCos(¬A ∨ (A1 ∧ · · · ∧An), A) ≤ ξCos(A,B).

If A → B is a tautology, then x ≤ y, ξCos(A,B) = a+x√
a+x

√
a+y

=
√

a+x
a+y . In this case,

2n − x = a+ h, so we have h+ x = 2n − a ≥ y, ξCos(¬A ∨ (A1 ∧ · · · ∧An), A) = a√
a+x

√
a+h

.
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In addition,

(
√

a+x
a+y )

2 − ( a√
a+x

√
a+h

)2

= (a+x)2(a+h)−a2(a+y)
(a+x)(a+y)(a+h)

= a2(h+2x−y)+x(2ah+ax+xh)
(a+x)(a+y)(a+h)

≥ 0.
We obtain the inequality

ξCos(A,B) ≥ ξCos(¬A ∨ (A1 ∧ · · · ∧An), A).

When A → B and B → A are not tautologies, ξCos(A,B) = a+z√
a+x

√
a+y

(z < min{x, y}). In
this case, 2n − x = a+ h.

Moreover, h+ x = 2n − a, h+ z ≥ y,

(
a+ z√

a+ x
√
a+ y

)2 − (
a

√
a+ x

√
a+ h

)2 =
a2(h+ 2z − y) + 2azh+ (a+ h)z2

(a+ x)(a+ y)(a+ h)
≥ 0,

we get ξCos(A,B) ≥ ξCos(¬A ∨ (A1 ∧ · · · ∧An), A).

In summary, for any A,B ∈ D(Γ)|p1,··· ,pn , we have ξCos(¬A ∨ (A1 ∧ · · · ∧ An), A) ≤
ξCos(A,B). �

Lemma 3.2 Suppose that A = A(p1, p2, · · · , pn) is a formula containing n atomic formulas

p1, p2, · · · , pn, Ã = A ∧ (
m∧
i=1

(pn+i → pn+i))(m > n),

(i) If |A−1(1)| is an even number, then inf{ξCos(B,C)|B,C ∈ D(A)|p1,··· ,pn} = inf{ξCos(B,

C)|B,C ∈ D(Ã)|p1,··· ,pn+m}(m ≥ 1),

(ii) If |A−1(1)| is an odd number, then inf{ξCos(B,C)|B,C ∈ D(A)|p1,··· ,pn} > inf{ξCos(B,

T C)|B,C ∈ D(Ã)|p1,··· ,pn+m}(m ≥ 1).

Proof (i) By Lemma 3.1, we have

inf{ξCos(B,C)|B,C ∈ D(A)|p1,··· ,pn
} = inf{ξCos(B,¬B ∨A)|B ∈ D(A)|p1,··· ,pn

}.

Let |A−1(1)| = a be an even number. Judging from B ∈ D(Γ)p1,··· ,pn , we acquire

|B−1(1)| = a+ x(1 ≤ x ≤ 2n − a), ξCos(B,¬B ∨A) =
a√

a+ x
√
2n − x

.

In order to make ξCos(B,¬B ∨A) reach the minimum value, (a+x)(2n−x) is required to take

the maximum value. According to the properties of the quadratic function of one variable, if

x = 2n−a
2 , then function a√

a+x
√
2n−x

takes the maximum value. But x is an integer, so when
2n−a

2 is an integer, formula B satisfies |B−1(1)| = a + x = 2n+a
2n , and ξCos(B,¬B ∨ A) take

minimum value. If 2n−a
2 is not an integer, the formula B either satisfies |B−1(1)| = a+ x+ 1

2 ,

or the formula B satisfies |B−1(1)| = a+ x− 1
2 . Since a is an even number, we have x = 2n−a

2

as an integer, and 2n − x = 2n−1 + a
2 . Furthermore,

ξCos(B,¬B ∨A) =
a√

2n−1 + a
2

√
2n−1 + a

2

=
2a

2n + a
,

inf{ξCos(B,C)|B,C ∈ D(A)|p1,··· ,pn} =
2a

2n + a
.

Let Ã ≈ A and |(Ã)−1(1)| = 2ma. By B ∈ D(Γ)p1,··· ,pn+m , we have

|B−1(1)| = 2ma+ x(1 ≤ x ≤ 2n+m − 2ma).
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Based on the above facts, we can see that if x = 2n+m−2ma
2 , ξCos(B,¬B∨A) takes the minimum

value. Therefore,

inf{ξCos(B,C)|B,C ∈ D(Ã)|p1,··· ,pn+m

= 2ma√
2ma+ 2n+m−2ma

2

√
2n+m−( 2n+m−2ma

2 )

= 2a
2n+a .

When m ≥ 1, we have

inf{ξCos(B,C)|B,C ∈ D(A)|p1,··· ,pn} = inf{ξCos(B,C)|B,C ∈ D(Ã)|p1,··· ,pn+m}.

(ii) By the proof of previous point (i), if |A−1(1)| = a is odd, and B ∈ D(A)|p1,··· ,pn , then

|B−1(1)| = a+ x(1 ≤ x ≤ 2n − a).

When x = 2n−a
2 − 1

2 , ξCos(B,¬B ∨ A) takes the minimum value. In this case, a + x =

2n−1 + a
2 − 1

2 , 2
n − x = 2n−1 + a

2 + 1
2 ,

inf{ξCos(B,C)|B,C ∈ D(A)|p1,··· ,pn} =
a√

2n−1 + a
2 − 1

2

√
2n−1 + a

2 + 1
2

.

Let Ã ≈ A and |(Ã)−1(1)| = 2ma. In this case, |B−1(1)| = 2ma+ x(1 ≤ x ≤ 2n+m − 2ma)

for every B ∈ D(Γ)p1,··· ,pn+m . By the proof of previous point (i), it can be seen tha when

x = 2n+m−2ma
2 , ξIP (B,¬B ∨A) takes the minimum value. Therefore,

inf{ξCos(B,C)|B,C ∈ D(Ã)|p1,··· ,pn+m}

=
2ma√

2ma+ 2n+m−2ma
2

√
2n+m − ( 2

n+m−2ma
2 )

.

Moreover, we have inf{ξCos(B,C)|B,C ∈ D(Ã)|p1,··· ,pn+m} = 2a
2n+a .

In addition,
a√

2n−1+ a
2−

1
2

√
2n−1+ a

2+
1
2

= a√
(2n−1+ a

2 )
2− 1

4

> a√
(2n−1+ a

2 )
2

= 2a
2n+a .

We have

inf{ξCos(B,C)|B,C ∈ D(A)|p1,··· ,pn} > inf{ξCos(B,C)|B,C ∈ D(Ã)|p1,··· ,pn+m}. �
Proof of Theorem 3.1 Since D(Γ) is the set of all conclusions of Γ, we have

D(Γ) = D(Γ)|p1,··· ,pn ∪D(Γ)|p1,··· ,pn+1 ∪D(Γ)|p1,··· ,pn+2 ∪ · · · ,
where p1, · · · , pn are different atomic formulas appearing in Γ, from Lemma 3.1 and Lemma

3.2, when |(A1 ∧ · · · ∧An)
−1(1)| = a is an even number,

inf{ξCos(A,B)|A,B ∈ D(Γ)} =
2a

2n + a
=

2|(A1 ∧ · · · ∧An)
−1(1)|

2n + |(A1 ∧ · · · ∧An)−1(1)|
.

When |(A1 ∧ · · · ∧An)
−1(1)| = a is odd, we have

inf{ξCos(A,B)|A,B ∈ D(Γ)|p1,··· ,pn+1}

= inf{ξCos(A,B)|A,B ∈ D(Γ)|p1,··· ,pn+2} = · · · = 2a

2n + a
.

Hence, inf{ξCos(A,B)|A,B ∈ D(Γ)} = 2a
2n+a .
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In summary, dim(Γ) = 1− 2|(A1∧···∧An)
−1(1)|

2n+|(A1∧···∧An)−1(1)| . �
Example 3.1 (i) Letting Γ = {p}, then |p−1(1)| = 1. By Theorem 3.1, dim(Γ) =

1− 2|p−1(1)|
2+|p−1(1)| =

1
3 .

(ii) Let Γ = {p, q}, then |(p ∧ q)−1(1)| = 1. By Theorem 3.1,

dim(Γ) = 1− 2|(p ∧ q)−1(1)|
22 + |(p ∧ q)−1(1)|

=
3

5
.

In this example, ξCos(p ∧ q, T ) = 1
2 is not the minimum value of {ξCos(A,B)|A,B ∈ D(Γ)}.

(iii) Let Γ = {p1, · · · , pn}, then |(p1 ∧ p2 ∧ · · · ∧ pn)
−1(1)| = 1. By Theorem 3.1, dim(Γ) =

1− 2
2n+1 .

Remark 3.2 From Example 3.1 (iii) and Definition 3.2, it can be inferred if Γ = S, then

dim(S) = lim
n→∞

(1 − 2

2n + 1
) = 1. Although the divergence degree of atomic formula set S is

equal to 1, but S is a consistent theory. Therefore, we can not get the conclusion that Γ is an

inconsistent theory from the fact that Γ is a full divergence.

Theorem 3.2 Supposing that A ∈ F (S), ∆ = {B|ξCos(A,B) = α, a < 1, B ∈ F (S)},
then the formula set ∆ is an inconsistent formula set.

Proof Without loss of generality, it is assumed a = l√
k
√
t
(l ≤ k, t ≤ 2n), xA = (a1, a2, · · · ,

a2n) is the description vector of A, and

ai =

{
1, i = 1, · · · , k,
0, i = k + 1, · · · , 2n.

On the one hand, we select the vector sequence xBi = (bi1, b
i
2, · · · , bi2n)(i = 1, · · · , l) as

follows:

xBi(j) = bij =


1, j = 1, · · · , i− 1, i+ 1, · · · l + 1,

0, j = i,

1, j = k + 1, · · · , k + t− l,

0, otherwise.

Then, every vector xBi satisfies ||xBi || = t, and xA · xBi = 1. Hence, the formula Bi obtained

by vector xBi satisfies ξCos(A,Bi) = α.

On the other hand, we select the vector sequence xCi = (ci1, c
i
2, · · · , ci2n)(i = 1, · · · , t− l) as

follows:

cij =


1, j = 1, · · · , l,
0, j = k + i,

1, j = k + 1, · · · , j = k + i− 1, k + i+ 1, · · · , k + t− l + 1,

0, otherwise.

Clearly, the vector xCi(i = 1, · · · , t− l) satisfies ||xCi || = t, ξIP (A,Ci) = α, and

xB1 ∧ · · · ∧ xBl
∧ xC1 ∧ · · · ∧ xCt−l

= (0, · · · , 0).
Therefore, the formula B1 ∧B2 ∧ · · · ∧Bn derived from xB1 ∧ · · · ∧ xBl

∧ xC1 ∧ · · · ∧ xCt−l

is a contradiction, and formula set ∆ is an inconsistent formula set. �
Theorem 3.3 Let Λ = {A|τCos(A) = α,A ∈ F (S)}, then Λ is an inconsistent theory.

Proof A consequence of Theorem 3.2. �



YU Peng. A novel similarity measure between classical propositions and its applications 265

Definition 3.3 Let Γ be a theory of F (S), and define

consit(Γ) = 1− dim(Γ),

then consit(Γ) is called the consistent degree of theory Γ.

Theorem 3.4 Let Γ = {A1, · · · , An}, then

consit(Γ) =
2|(A1 ∧ · · · ∧An)

−1(1)|
2n + |(A1 ∧ · · · ∧An)−1(1)|

.

Proof It follows from Theorem 3.1 and Definition 3.3. �
Theorem 3.5 Let Γ = {A1, · · · , An},Σ = {B1, · · · , Bm}, and D(Γ) = D(Σ) then

consit(Γ) = consit(Σ).

Proof Because D(Γ) = D(Σ), we have ∧Γ ≈ ∧Σ, |(∧Γ)−1(1)| = |(∧Σ)−1(1)|. By Theorem

3.4, consit(Γ) = consit(Σ). �
In fact, Theorem 3.5 shows that two equivalent but distinct finite theories have the same

consistency.

§4 Application of cosine similarity degree in describing the

reliability of the propositional formulas

In this section, we will introduce the concept of cosine truth degree of a propositional

formula via the cosine similarity degree, which can be used to distinguish the reliability of

different propositional formulas.

Definition 4.1 Suppose that A ∈ F (S) and T is a tautology, define

τCos(A) = ξCos(A, T ),

and then τCos(A) is called the cosine truth degree of propositional formula A.

Remark 4.1 (i) In fact τCos(A) is obtained by comparing the propositional formula A

with the tautology T . The tautology is a well-known propositional formula in all propositional

formulas. A propositional formula naturally can be expressed with its reliability degree.

(ii)Since the description vector of tautology T is (1, · · · , 1), we have xA · xT = |A−1(1)|,
thereby τCos(A) = ξCos(A, T ) = |A−1(1)|√

|A−1(1)|
√
2n

=
√

|A−1(1)|
2n .

It is clear that τCos(p → p) = 1, τCos(¬(p → p)) = 0, τCos(p ∨ q) =
√
3
2 , τCos(p → q) =

√
3
2 ,

and τCos(¬(p → (q → (r ∨ s)))) = 1
4 . The cosine truth degree τCos can be distinguish the

reliability of different formulas.

For the cosine similarity degree and cosine truth degree, the following conclusion holds.

Proposition 4.1 Suppose that A,B ∈ F (S), then ξCos(A,B) =
τ2
Cos(A∧B)

τCos(A)τCos(B) .

Proof It immediately from Definition 2.4. �
In Ref.[10], Wang introduced the concept of truth degree of a propositional formula by virtue

of uniform probability on F (S) in classical two-valued logic system. From Remark 4.1(ii), we

can see that τCos(A) = τCos(A)
2, with τCos(A) defined as τCos(A) = |A−1(1)|

2n in quantitative

logic[10]. Hence the following facts are true.
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Proposition 4.2 Suppose that A,B,C ∈ F (S), then

τ2Cos((A → B) ∧ (B → A)) + τ2Cos((B → C) ∧ (C → B)) ≤ 1 + τ2Cos((A → C) ∧ (C → A)).

Proof By Definition 4.1 τ2Cos((A → B) ∧ (B → A)) = |(A∧B)−1(1)|+|(A∨B)−1(0)|
2n .

And

(τ2Cos((A → B) ∧ (B → A)) + τ2Cos((B → C) ∧ (C → B))− τ2Cos((A → C) ∧ (C → A)))2n

= 2n + 2(|B−1(1)| − |(A ∨B)−1(1)| − |(B ∨ C)−1(1)|+ (A ∨ C)−1(1)|).
In order to prove the inequality in Proposition 4.3, we need to prove

|B−1(1)| − |(A ∨B)−1(1)| − |(B ∨ C)−1(1)|+ |(A ∨ C)−1(1)| ≤ 0. (∗)
That is, to prove

|B−1(1)|+ |(A ∨ C)−1(1)| ≤ |(A ∨B)−1(1)|+ |(B ∨ C)−1(1)|.
Since |((A ∨B) ∧ (B ∨ C))−1(1)| ≥ |B−1(1)|, we have

|(A ∨B)−1(1)|+ |(B ∨ C)−1(1)− (A ∨B ∨ C)−1| ≥ |B−1(1)|.
Furthermore, we have

|(A ∨B)−1(1)|+ |(B ∨ C)−1(1)| ≥ |B−1(1)|+ |(A ∨B ∨ C)−1| ≥ |B−1(1)| +|(A ∨ C)−1|.
Therefore, inequality (*) holds and inequality

(τ2Cos((A → B) ∧ (B → A)) + τ2Cos((B → C) ∧ (C → B))− τ2Cos((A → C) ∧ (C → A)))2n ≤ 2n

also holds. This completes the verification of Proposition 4.3. �
The significance of Proposition 4.2 is that we can induce a logical metric space by defining

pseudo-distance ρ(A,B) = 1− τ2Cos((A → B) ∧ (B → A)) on F (S).

Theorem 4.1 The set of cosine truth degree of all formulas of F (S)

H̄ = {
√

k

2n
|k = 0, · · · , 2n;n = 1, 2, · · · }.

proof By Theorem 2.2 and Definition 4.1, H̄ = {ξCos(A, T )|A ∈ F (S)} = { k√
k
√
2n

|k =

0, · · · , 2n;n = 1, 2, · · · } = {
√

k
2n |k = 0, · · · , 2n;n = 1, 2, · · · }. �

In fact, Theorem 4.1 is the corollary of Theorem 2.2, and H̄ is the true subset of Θ, i.e.,

H̄ ⊂ Θ holds.

Theorem 4.2 The set {τCos(A)|A ∈ F (S)} is dense in interval [0,1].

Proof It follows from Theorem 2.1, Definition 4.1 and Theorem 4.1. �

§5 Concluding remarks

In this paper, we propose the concept of cosine similarity degree in classical two-valued logic

system, and present some basic properties of it. It is shown by these properties that for a finite

formula set Λ, we can use the cosine similarity degree to give a division of Λ from tautology

to contradiction. As for the application of cosine similarity degree, we introduce the concept

of cosine truth degree of a formula, and study the consistency issue of finite theories. The

results obtained in this paper provide a possible way to further study the properties of logic

systems. With the progress in research, there emerge increasing issues for further exploration.
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For illustration, such questions as how to expand the approximate reasoning on F (S) under the

framework of this paper and how to carry on the corresponding discussion in a multi-valued

logic system are the key to future research.
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