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Well-posedness and exponential stability of a dynamic
frictionless contact problem with normal

compliance and infinite memory

Imane Ouakil® Benyattou Benabderrahmane®* Yamna Boukhatem?

Abstract. A model for dynamic frictionless contact between a viscoelastic body and foundation
is considered. The viscoelastic constitutive law is assumed to be nonlinear and the contact is
modelled with the normal compliance condition. We obtain the well-posedness using nonlinear
semigroup theory arguments. Moreover, the exponential stability result of the solution is shown

by using the energy method to produce a suitable Lyapunov function.

81 Introduction

Dynamic contact problems involving deformable bodies can be frequently found in a variety
of industries and everyday life such as contact between wheels and ground in a vehicle dynam-
ics, spheres falling into a funnel, clockworks, etc. Considerable progress has been made with
modelling, mathematical analysis and numerical simulations of this kind of problems. We refer
the reader to the extensive bibliography on the subject in [15,16,22,28, 30].

Different contact conditions have been considered to model contact problems, such as the
normal compliance condition. The term normal compliance was first used in [18,19]. In [18]
Klarbing et al. proved the existence of a weak solution of frictional contact with normal com-
pliance. This condition was first introduced in [23] by Martins and Oden in dynamic problems.
It describes a deformable foundation. Moreover, it assigns a reactive normal pressure. The
latter depends on the interpenetration of the asperities on the body surface and those on the
foundation.

Signorini contact condition is an idealization of normal compliance. It is employed often in

mathematical publications and engineering literature, see, e.g, [13,21].
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Contact problems with normal compliance condition have received increased attention in
the literature. We refer the reader to [17] for the existence of a solution for a static contact
problem with limited interpenetration with an obstacle. Contact condition is given by normal
compliance. In [26], Sofonea and Patrulescu showed the weak solvability of a quasistatic contact
problem without friction. The contact is modelled with a non-standard condition where normal
compliance is involved. The results obtained in [6] deal with the existence and uniqueness of a
weak solution of a dynamic viscoelastic problem with normal compliance and damage. In [7],
Chau et al. studied a class of dynamical problem where the contact condition is modelled by
normal compliance with friction, damage and heat exchange. They established an existence
and uniqueness result by using classical results on evolution variational inequalities combined
with fixed-point methods and monotone operators. The method of using evolution equations
arguments, monotonicity and fixed point theorem is also considered in [14] in the study of
dynamic contact problem. The bodies are assumed to be elastic-viscoplastic and piezoelectric.
The contact is modelled with normal compliance. In [27], Sofonea and Shillor considered a
frictionless quasistatic contact problem between a viscoplastic body and foundation where the
contact is modelled with normal compliance with limited penetration condition. They proved
the existence and uniqueness of the problem using a theory of history-dependent variational
inequalities, monotonicity and a point-fixed argument. A viscoelastic sliding contact problem
is studied in [29]. The contact there is modelled with multivalued normal compliance condition
combined with unilateral constraint and memory term. The proof of existence and uniqueness

is based on history-dependent quasi-variational inequalities.

In this work, we consider a dynamic frictionless contact problem with normal compliance
condition and infinite memory. To the best of our knowledge, the considered model is new.
Furthermore, we don’t use here the arguments of monotonicity and convexity combined with a
fixed point result, but we use nonlinear semigroup arguments to prove that the solution exists
globally in time. We apply the theory presented in [2,3,8,20,24] combined with the method
followed in [11,12,25]. Moreover, we establish the exponential decay of the energy solution.
This decay is first studied in this paper for this kind of problem. For this purpose, we construct
a Lyapunov functional L which is equivalent to the energy of our problem and by using ideas
and techniques developed in [4,10] with some necessary modifications due to the nature of the
considered problem, and we derive a theorem which proves that the energy solution decays

exponentially under some assumptions.

The rest of the paper is structured as follows. Section 2 introduces the notation and some
preliminary material. Section 3 presents a dynamic contact model with normal compliance
with assumptions on problem data. Then, section 4 states the well-posedness theorem the
proof follows. It is based on nonlinear semigroup theory arguments. Section 5 presents some
technical lemmas that we need for our result. Finally, we prove the exponential stability result

of the energy solution by introducing a suitable Lyapunov functional.
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82 Notation and preliminaries

In this section, we introduce the basic notation and preliminary which will be used through
this paper.

Let Q C R%(d = 2,3) be a bounded domain with a Lipschitz boundary T' that is partitioned
into three disjoint measurable parts I';, 'y and I's such that meas I'; > 0.

The space of second-order symmetric tensors on R%(d = 2, 3) is denoted by S?. The inner
product and the Euclidean norm on S? and R? are represented respectively by *.” and ||.||. The
indices ¢ and j run from 1 to d, and summation over repeated indices is implied.

We introduce the following spaces

H = {u=(u)|u €L*Q)},
H = {o=(0y) |0y =05 l’Q)},
H = {u=(w)|ueH ()},

where

aui
’ 833j
We endow the real Hilbert spaces H,H, and H; with the following canonical inner product

HY(Q) = {u € L*(Q) € L*(Q) V1 <j<d}.

(U, v) 2 = /uivi dz,
Q
(o,T)n = /Uij'rij dz,
Q
(u7 U)Hl - (U'a U)LQ(Q)d + (E(U)v E(U))H,

where € : H; — H is the deformation operator given by

c) = (e (W), eoy(u) = = (s + 1)

2
Moreover, we define the function spaces
Hi = {o€eH| Dive e H},
V = {veH |v=0onTy},

where Div : H; — H is the divergence operator, and we recall that
Dive = (O'ij"j),

ao'i]'

where 05 ; = Zd: 7z
The real Hilbér_tlspaces H, and V are endowed with the canonical inner products given by
(0,7)n, = (0,7)% + (Divo, Divr)g,
(w,v)y = (e(u),e(v))n.
The corresponding norms on the spaces H; and V are denoted respectively by | - ||, and || -||v.

Since meas I'; > 0, the following Korn’s inequality holds
le()lla = cxllvlla,, YveV, (2.1)

where cx > 0 is a constant depending only on 2 and I'y.
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Let v denote the unit outer normal on I'. For every element v € Hy, we still write v to denote the
trace of v on I'. The notations v, and v, represent the normal and the tangential components
of v on I' given by
Uy =V VU, Up =0 — UL
For every function o € H1, we denote by ¢, and o, the normal and the tangential traces of o,
and we note that when ¢ is a regular function, say o € C! (ﬁ; Sd), then
oy, =(ov) v, or=o0v—0,V.

And the following Green formula holds

(0,e(v))y + (Divo,v)g = / ov-vda, YveH;. (2.2)

r
The formula (2.2) is used to obtain a variational formulation for a contact problem. We recall

that there exists a positive constant ¢y depending only on the domain €2, I'y and I's such that
[0l L2y < collvllv, Vv eV (2.3)

The previous inequality follows from the Sobolev trace theorem.

The modified inner product on H used in this paper is
(u,v) g = (pu,v) 2()a, Yu,v € H, (2.4)
where the mass density p satisfies
p € L>(Q), there exists p* > 0 such that p(z) > p*a.e z € (L (2.5)

Let V' denotes the dual of space V. The duality pairing V' and V will be denoted by (-, )y xv.
We call (V, H, V') Gelfand triple where

VcHCV,
and the embedding of V into H is continuous and dense. Then, we have
lullg < dllully, VuelV, (2.6)
where d is a strictly positive constant.
Through this paper, we put
(u, v)vrixv = (U, v) g = (pu,v)r2(qye, Yu € H, Yv e V. (2.7)

We end this section by the spaces of vector-valued spaces that we shall use in the rest of the
paper. For every real Banach space X, we use the classical notation for the space LP(R,; X)
and WFP(Ry; X), where 1 < p < 0o, k > 1 and let C (R ; X) denote the space of continuous

functions on Ry with values in X.

83 Problem statment

In this section, we describe a model for process and list the assumptions on the problem
data.

We consider a viscoelastic body occupies a bounded domain Q C RY(d = 2,3) with a
Lipschitz surface I" that is divided into three disjoint measurable parts I';, 'y and I's such that
meas I'1 > 0. Let [0, +00) denote the time interval of interest. In this work, we are interested
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in the following dynamic frictionless contact problem

o = As(uy) + Ge(u) — /O+<><> g(s)Be (u(t—s))ds in € x(0,00), (3.1)
puyy = Divo+ fo  in Q x (0,00), (3.2)

u=0 on Tj x(0,00) (3.3)

ov=fa on Tyx(0,00), (3.4)

—0, =p(u,) on Izx(0,00), (3.5)

o-=0 on TI3x(0,00), (3.6)

u(—t) = uo(t),ut(0) =u; in Qx[0,00), (3.7)

where g : Ry — Ry

First, we denote by u the displacement vector, u; the velocity vector and wuy; the acceleration
vector, o represents the stress field and € = e(u) is the small strain tensor. Equation (3.1)
represents the viscoelastic constitutive law with a long memory, in which A,G and B are
nonlinear given functions and the positive function g is the kernel of the memory term. Equation
(3.2) is the equation of motion, the process is dynamic and the body is submitted to volume
forces of density fp which acts in Q. Condition (3.3) is the displacement boundary condition.
We assume that the body is clamped on I'; and the displacement field vanishes there. The
traction boundary condition is given by (3.4) where the surface traction fo acts on I's. Next,
(3.5) represents a normal compliance condition, in which o, is the normal stress, u, is the
normal displacement, p is a prescribed function which equals to zero when its argument is
negative and from (3.6), we conclude that the contact is frictionless. Finally, ug and u; are
given history and initial data in (3.7).

An example of the normal compliance p is

p(r) =ry,
where 7y = maxz {0,r} is the positive part of r.
In the study of the above system, we assume that the viscosity operator A, the elasticity
operator GG, the operator B and the contact function p satisfy
(a) A: QxS?— S§%
(b) There exists L4 > 0 such that
|A(x,e1) — A(z,62) || < Laller — 2| ,Ver,e2 €S%, ae. € Q;
(c) There exists m4 > 0 such that (3.8)
(A(m,e1) — A(z,e2)) - (61 — €2) > mualler — &2||? ,Ver,e2 € S%, ae. z€Q;
(d) z — A(x,e) is Lebesgue measurable on €;
(e) A(z,0) =0 a.e. x € .
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(a) G: QxS%— 8§

(b) There exists Lg > 0 such that
|G (z,61) — G (x,62) || < Lgller — 2| ,Ver,e2 € S%, ae. € Q;

(c) There exists mg > 0 such that (3.9)
(G (z,61) — G(m,82)) - (61 — €2) > mgller —e2||? ,Ver,e2 €SY, ae. z €

(d) z — G(x,¢) is Lebesgue measurable on ;

(e) G(z,0) =0 ae. z €.

(a) B: QxS — S

(b) There exists Lp > 0 such that
|B (x,e1) — B (z,62) || < Lpller — e2|| ,Ver,e2 €S9, ae. z€

(c) There exists mp > 0 such that (3.10)
(B (x,61) — B(z,62)) - (1 — €2) > mpller — 2| ,Ver,e2 € 8%, ae. x€Q;

(d)  — B(x,¢) is Lebesgue measurable on €;

(e) B(z,0) =0 a.e. z €.

(a) p: T3 xR —R;
(b) There exists a constant L, such that
lp(z,r1) —p(x,m2)| < Lp|r1 —r2| ,Vri,re € Rae z €l ;

() (p(z,r1) —p(zyr2)) (r1 —12) >0 ,¥ry,ra € Rae. z €T (8:11)
(d) The mapping x — p(z,r) is measurable ,Vr € R;
(e) p(z,7) =0 ¥r<0 ae zels.
Also, we suppose that the forces and the tractions verify
foe WHH(Ry; H), fo € WH (Ry; LA(I2)7). (3.12)
Let f: Ry — V' be the mapping defined by
(f@t),v)vxv = /Qfo(t).vdac + g fa(t).vda, (3.13)
forallveV,tae €Ry. )
We note that the assumption (3.12) implies that
fewh (Ry; V). (3.14)

84 Well-posedness

In this section, we will show the well-posedness result of the above system. To this end,

define the auxiliary variable n as in [9]

n(z, s, t) = u(z,t) —ulz,t —s), €, t,s>0. (4.1)

From (4.1), we obtain

/ " g(s) Be(ult — 5))ds = / " g(s)Be(u(t) — n(s))ds,
0 0
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then, the considered system becomes

puyy — Dive = fo in Qx(0,00),
o = Ae(u) + Ge(u) — [;° g(s)Be(u —n(s))ds in € x (0,00),
N = Ut — Ns in Qx(0,00) x (0,00),
u(z,t) =0 on I'y x(0,00),
n(x,s,t) =0 on Iy x (0,00) x (0,00), (4.2)
ov = fy on Ty x (0,00),
—oy =p(u) on TI's x (0,00),
or =0 on I'sx (0,00),
u(—t) = ug(t), ut(0) = uy in  Qx[0,00),
n(s,0) = up(0) — up(s) = no(s) for s € (0,00).
Let us consider the following additional assumption.
(A1) The kernel function g : R, — R is class C'!, nonincreasing function satisfying
90) >0, g0 = [ gls)ds < 7. (43)
0 Lp

Introducing the state vector U = (u,v,n)T with v = wu, we can give a formulation as a first
order evolution system of (4.2).
We consider the Hilbert space .57

H =V x HxM, (4.4)
endowed with the following inner product
<U7 ﬁ>9f = <U7a>v + <’U7F’J>H + <nu )M, (45)

for every U = (u,v,n)T and U = (u,v, ﬁ)T in 7.
The set M is defined by

M = {X R, - V/ 9)lx(s)|[Zds < +oo}7 (4.6)
equipped with the inner product
“+o0
w@M=A 9(5) (£(x(5)), £(6(5))) . ds. (4.7)

Assuming that o is a regular function (say oeCt (ﬁ; Sd)), we view the system (4.2) as

Ui(t)+ AU(t) = F(t), Vt>0,
T (4.8)
U(O) - UO - (onulvno) )
where the operator A , the domain D(A) and F(t) are respectively given by
u —v
Al v | = —%Div(Ae(v) + Ge(u)) + Dw (Jo" g(s)Be(u—mn(s))ds |, (4.9)
n Ng — U
0
_ fo(t)
Fity=1 == |, (4.10)

0
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and

(w,v,m)" € A3 veEV; n € M;
— T
D(A) = ov =faonTy; : (4.11)
—0, =p(u,)on I's;
o =0o0nT3
The well-posedness of the problem (4.8) is ensured by the following theorem

Theorem 4.1. Under the assumptions (A1) and (3.8)-(3.11), for an initial datum
Up € D(A)and F € L"(Ry; ), the system (4.8) has a unique mild solution

U e CRy; 7). (4.12)
Proof. To prove Theorem 4.1, it suffices to show that the operator A + wl is an m-accretive
operator for some positive constant w. An operator A : D(A) C 5 — S is said to be accretive
if (Az1 — Az, 21 — 22) 4 > 0,V21,22 € D(A). The operator A is said to be m-accretive if A is
accretive and R(A 4+ I) the range of A+ I is all of 57 .
First, we show that A + wl is accretive operator for some positive constant w.
Let U; = (u;,v5,m;) € D(A), i =1, 2. Then, we have

(A+wl) Uy — (A+wI) Uz, Uy — U2)

=—- <’U1 — V2, U1 — U2>v

<1Dw (Ae(v1)) — A(v2)) 01 — va) it

</1)Dw (Ge(ur) — Ge(ua)) 1 — va)ir

_|_

<1Dw 9(s)Be(ur —m(s))ds, v1 — v2>

P 0 H

<;D | 9(s)Be(uz —m(s))ds, v —v2>

—T1s + M2s + V1 — V2,11 — N2) M
+ W<U1 — U, Uy — Ua) g
The use of Green’s formula and boundary conditions leads to
(A+wh) Uy — (A4+wl)Us, Uy — Us) o
= —(v1 — v, u1 — u2)v
Ae(vy) — Ae(va),e(v1) — e(v2))n
Ge(u1) — Ge(uz),(v1) — £(v2))

g(s)Be (u1 —n1(s)) ds,e(vy1) 5(v2)>

H

—~

+
_|_

—~

o0

H

oo

_|_

/\/\

U
J

g(8)Be (ua — 12(8)) ds, e(v1) —e(v2)>H
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+ /F (0) ~pluz) (0~ ) da

5 | @I - mds

— (v1 —va,m — ) m + w|Ur — Uz %

107

Also using Cauchy- Schwarz’s and Young’s inequalities, (A1), (b) of (3.9), (3.11) and (3.10),

(c) of (3.8) and (2.3), we get
<(A+w[) U1 — (.A—i—w]) UQ,Ul — U2>3f

3 2
> (= ma) o = wal}

—pu(L+ L + goLE + L2Cy) llur — uallyr
i (g0 + 0) / o)l () — ma(s) 2

+w|U1 — Us||%.

_3
2m4

(A+wh) Uy = (A+wl) U, Uy = Us) s > (w — L) |Us — U %,

Therefore, by taking pu > we obtain

where L = mazx (,u (1 + LL +g3L% + L%Cé) I (LQBgo + go)). Thus, A + wl is accretive when

w > L.

Next, we prove that AI+.4 is surjective for some A > 0. For this , we consider for (hy, hs, hs)’ €

A,
(AL +A) (w,0,m)" = (ha,hoyhs) "
Then, the previous equation reads
Au—v= hy,

o — %Div (Ge(u) + Ac(v)) + %Dw (/OOO 9(3)Be (u— (s)) ds> — o,

An+ns —v=hs.
Suppose that we have found v € V. Thus, the first equation in (4.13) yields
hy+wv
A

Then,
ucV.
Integrating the third equation in (4.13) with 1(0) = 0, we find
n(s) = e’*s/ e (hg(1) +v)dr, seR,.
0

Note that (4.13) is equivalent to

Av — 1Div (Gs <h1 a v) + Ae(v))
p A

+ %Div (/000 o(s)Be (hlA” e /0 7 (h(r) + v) dT) ds)

= ha.

(4.13)

(4.14)

(4.15)

(4.16)
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We define the operator T: V — V' by
(T'(v),v)yvxv =({Av,v)g + (Ge ( ) + Ae(v),e(v))n

_ </O°° o(s)Be (’“; U e /O e (ha(r) +v) dT> d.s,e(v)>H

—|—/ p (hl * UV) v,da — fovda. (4.17)
Fg )\ F2

To show that the mapping T : V — V”’ is surjective. We will prove that T' is maximal monotone
and coercive (see for instance Corollary 1.2 page 45 in [2]).

Let show that T : V' — V' is maximal monotone. Accordingly to Theorem 1.3 in ( [2], p.45),
it’s enough to prove that T' is monotone and hemicontinuous.

hi+wv

First, we will show that 7" is monotone. Let v, v € V. Then, we have

<TU — T/’J,’U — 5>V/><V

— (W0 — AT, v — T + (Ge (}“;”) —Gs<’“;5) e(v) — e(@))n

— e /05 e (hs(t) +v) d7> ds,e(v) — 5(5)>

( oome (B3
" < [ st ( M e [ (o) +7) dr) ds, e(v) - s<%>>
L6255 o

From (c) of (3.9), we have

Ge (M) Jge (MY ) - e(a)> > Lnalv— 32 (4.18)
A h Y
Using (c) of (3.8) yields

H

H

(Ae(v) — Ae(@),e(v) — (@) > mallv — 0|3 (4.19)
The use of Cauchy-Schwarz’s inequality, (b) of (3.10) and (A1) leads to

_ </Ooog(s)35 (hl)—\F U s /05 e (hs(1) +v) dT) ds,e(v) — E@)>

([ ane (M e [ () 4 0 ar ) dseto) - o))

goLB ~
S (4.20)

From (c) of (3.11) , we have

/1“3 (p (W) -r (hly,\%» (vy —,)da >0 (4.21)

Combining (4.18)-(4.21), we get

I —goL N
(Tv =TT, v —Vyyxyr > (’”GQOB) lv—7v]3.

H

H

A
Using (4.3), we conclude that T is strongly monotone for some A > 0 which also implies that
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T is monotone and coercive.
Next, we will prove that T is hemicontinuous (see Definition 2.2 in [3]). Indeed, we will show
that
w— 41iir%)T (v+Cv) =T(v), Vv, €V.
w— }iir(l)T (v + Cv1) denotes the weak limit of T' (v + (v1) when ¢ — 0.
Let v € V and A > 0, then
(T (v+Cu1), V)vixv — (T(v), V) vixv

=C(\vy, D)y + (Ge (W) G (h1 +v

+ (Ae (v + Cvy) — Ae (v),e(V))n
- </OO° o(s) Be (}“”A*C”l s /0 A (hs(7) + v+ Cor) dT) ds,s@)>

+ </OO° o(s)Be (}“; U e /O 7 (ha(r) + v) dT) ds,e(a)>H

+ / » hll/ + v, + C’UIV —p hlu + vy @da (422)
I's A A

To show that each term in the right-hand side of (4.22) converges to zero as { — 0, we

H

estimate each term in the right-hand side of (4.22) as follows.

Exploiting Cauchy-Schwarz’s inequality and (2.6), we obtain
(v 0 e < [CAlon]l e l[0]
< [¢IAP|Jor]lv [[o]lv — 0. (4.23)
The use of Cauchy-Schwarz’s inequality and (b) of (3.9) leads to

(o (B e () <),
- 0. (4.24)

Similar to (4.24) and by using (b) of (3.8) instead of (3.9) , we get
[(Ae (v + Cur) — Ae (v),2(0)) x| < [C] Laflvallv[[v]lv — 0. (4.25)
Exploiting Cauchy-Schwarz’s inequality, (A1) and (b) of (3.10), we obtain

‘_ </O°° o(s) Be (W — e /0 A (ha(1) + v+ Cvr) dT) ds,a(5)>

(s (5 o))

e IC|LBgo
- A

< Kol

H

[orllv[[o]lv — 0. (4.26)
Applying again Cauchy-Schwarz’s inequality and using (b) of (3.11) and (2.3), one has

/ hll/ + (% + Cvll/ o hlz/ + Vy ,[]v da
- p b\ p N v
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hlu + v, + Cvlu hll/ + vy, ~
Slp\ ————— ) 2 —— ) Iz o llz2(ra)
A A
Ly[¢] ~
< p)\ o1l L2(rgyellVll p2gry)a
L,c? ~
< 2ol oy iy — 0. (1.27)
Therefore, combining (4.23)-(4.27) yields
(T (v + Cu1), O)vrxy = (T(v), V)vrxv| =0, (4.28)

as ( — 0. It follows that T': V' — V' is hemicontinuous.

Due to the coercivity, the monotonicity and the hemicontinuity of 7', we conclude that T is
maximal monotone and coercive which implies that this operator is surjective. Therefore, given
any (hy, hy, hs)" € A, there exists v € V that satisfies Equation (4.16).

From (4.15), we deduce that there exists C' > 0 such that

I3 < € (IhsllZq + I0l7) -

Then, we get n € M.
On the other hand, from the third equation of (4.13), it results in that there is a constant
C1 > 0 such that

Inel20 < Cr (sl + ol + )
Thus, we deduce that 7, € M. Therefore U = (u,v,n)" € D(A) and thus A + A is surjective
for some positive .
Using Theorem A.29 in ( [1], p.236) (see also [5], page 322) and the fact that F' € L'(Ry; 57),
we conclude that the system (4.8) has a unique mild solution U € C(Ry; 42) if Uy € D(A)
completing the proof of Theorem 4.1. ]

§5 Exponential stability

In this section, we will show an exponential stability result of the energy solution of (4.8).
For this purpose, we establish some technical lemmas that we need to prove our main results.
The stability results hold under the following additional assumptions.

(A2) There exists a positive constant a such that

g () < —ag(t), Vt>0. (5.1)
(A3) There exists a constant 8 > 0 such that
1fe@llve < BIF@Olv, V220, Vrel, (5.2)

where f; is the derivative of f with respect to t.

Remark 5.1. As a simple example of function f of W11 (R ; V') which satisfies (A3), we can take

ft,z) = ce Pth(z),
where c is a constant and h is a function of V.
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Now, we recall that the energy functional F is defined by

+oo
E(t)=;<||u7f(t)|fq+IU(t)lfﬂr / 9(8)||77(8,t)||3/d8+||f(t)||2w>, VieRy.  (53)

Lemma 5.2. Assume that (A1), (A8) and (3.8)-(3.12) hold and let Uy € D(A). Then, the
energy functional defined by (5.3) satisfies for p >0, for all t >0

+oo
E'(t) < — (ma — C1) [u (B} + pCollu(®)|[5 + qu/O 9(s) (s, D)l ds

1 e ’ 2 2
by [ SO 0l ds + (e OISO (5.9
0

where C; = ﬁ,Cg = Lé +g§LQB +1+ L§C§7C3 = go +gOLQB.

Proof. Assuming that o is regular, we differentiate the equation of (5.3) with respect to ¢,
use the first and the third equation of (4.2) and integrate over € using Green’s formula and

boundary conditions, and obtain
—+oo

E'(t) =(ue(t), ur () + (ue(t), u(t))v +/0 9(s)(m(s,t),n(s,t))vds + (fe(t), f(£))v
= — (Ae(us (), e(ue(t)))n — (Ge(u(t)), e(ur(t)))n

T < / " g(s)Be (ult) — n(s.1)) ds,e<ut<t>>>H — [ plusf)e 0o
OO vy + OOy + [ " () (1), (s, )} v ds

+oo
41 / g'(s) In(s, DI ds + (fu(t), FO)v-.

2
By using (A1), (A3), (3.8) — (3.11), (2.3), Cauchy -Schwarz’s and Young’s inequalities, estimate
(5.4) is established. O

Remark 5.3. We deduce that the energy functional is not decreasing in general as the second,
the third and the last term in the right-hand side of (5.4) are not negative.

Lemma 5.4. Assume that (A1), (A3) and (3.8)-(5.12) hold and let Uy € D(A). Then the

Sfunctional

I (t) = (ue(t), u(t)) g — (/0 g(S)dS) 1O (5:5)

satisfies for € > 0, for allt >0

+oo
I(t) <(=1+3¢) \IU(t)|\2v+C4/O 9(s) lIn(s. D)3 ds + Cs ur (D],

+ (=20 I (5.

L2 L?
where Cy = 90458 ,Cs = 724 + d2.

Proof. We assume that o is regular and we differentiate (5.5) with respect to ¢ to obtain

I(t) = lue ()17 + (e (), u(t)) i — 9O I F B — 2 (/0 g(t)dt) (fe(8), F())v-
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Then, we multiply the first equation of (4.2) by u(t), we integrate over 2 using Green’s formula,
boundary conditions and (3.9), and arrive at

I1(8) <[lue ()7 — (Ae(ur(t), e(u())n — mellul®)|

+<AwMQBdmw—n@wMadwwﬁH—ﬁ:m%ﬁ»qua
-+U@%MﬂWwv—g@Wﬂﬂ%~—2(ég@MQ<ﬂU%ﬂﬂWu (5.7)

Using Cauchy-Schwarz’s, Young’s inequalities and (3.8), we obtain
(Ae(u(t),e(u(®)))n < || Ae(ue(t))llle(ut))lln
L2
< 2@l +elu®lf- (5-8)
Thanks to Cauchy-Schwarz’s, Young’s inequalities, (3.10) and (A1), we get

</0°° g(s)Be(u(t) — U(S,t))ds,e(u(t))>

H

SIAwM$BdMQM&0MﬂykW®MH
SLBAwM$WMMW+HM&MWMﬂMUM

L%gy [°
< (aolp+) [uOI} + 22 [ g)lnts. 0l as. (59
The use of Cauchy-Schwarz’s and Young’s inequality leads to
1
(FOu®)vixv < ZIF @I+ ellu®]l- (5.10)

By exploiting Cauchy-Schwarz’s and (A3), we obtain
“2( [ 966)as) o) 00 <2 [ s @l Ol
0 0

< 2890l f(B)II7 - (5.11)
Combining(5.8)-(5.11), using (2.6) and (c) of (3.11), we get

/ 2 gOLzB oo 2
I(t) < (=1 +39) [[u®)]ly + ; 9(s) In(s, 1)y ds

4de
() ol + (- %) IR
4e BV 4e 0 v
where | = mg — goLp and A\g = min g(t) — 28go. O

Lemma 5.5. Assume that (A1) and (3.8)-(3.12) hold and let Uy € D(A). Then the functional
+oo
() = = (w0, [ ais.tids) (5.12)
0 H

satisfies for € > 0, for allt >0

400
&ws—%wmm@+aﬂwwmi+&dmwﬁA%kA 9(s) [In(s, )13 ds

+o0 5
—@A g () IIn(s, 113 ds + el| F D)2, (5.13)
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where Cg = L2 +d2,Ct = L + L% + L2C4, Cg = 42 4 8 4 Ly, Cy = 40L

Proof. We assume that o is regular and we differentiate (5.12) with respect to ¢ and use the
third equation of (4.2) to obtain

oo

oo
I(t) = —<utt(t)7/ g(s)n(s, t)ds) i — gollue(t)|| % + <Ut(t),/ 9(s)ns(s, t)ds)u
0 0
We integrate with respect to s the last term on the right-hand side of the above equality and
use the fact that lim_, 1 g(s) =0, n(0,t) = 0 to find

o0

I(t) = —<Utt(t)a/ g(s)n(s,t)ds) — gollus(t) 7 — <Ut(t)>/ g'(s)n(s, t)ds)n
0 0
Taking into account the first equation of (4.2), integrating over 2 and using Green’s formula,

boundary conditions, we get
o0

I3(t) =(Ac(ur (1)), / " g(s)e(n(s, )ds)n + (Ge(u(t)), / 9()e (s, £))ds)

0

_ < /0 " g(s)Be(u(t) — (s, 1))ds, /0 Oog(s)e(n(s,t))ds>H

o0

n / plun (1)) / " g(s)m (5. )dsda — (f(1), / o()n(s, D)ds)yrny

0

— gollue ()7 — <Ut(t),/ooo g'(s)n(s, t)ds)n. (5.14)

Thanks to Cauchy Schwarz’s and Young’s inequalities, (A1) and (3.8), it follows that

(Ac(ur (1)), / " g()en(s. 0)ds)
<[ Ae(uat \HII/ (5,4))ds

<eLilud(t )Hv+4 | ( Min(s, )17 ds. (5.15)

We can estimate the second term of the right hand side of (5.14) similar as (5.15) by using (3.9)
instead of (3.8)

(Ge(u(t), / " g(s)eln(s,1))ds)
<[|Ge(u(®)) ] / n(s,0))ds

<e I u(t)|} + 22 / 9() (s, )} ds. (516)

By using Cauchy Schwarz’s, Young’s inequalities, (A1) and (3.10), we obtain

_ </°° (s)Be(u(t) —n(s))ds, /009(5)6(77(8,t))ds>H

<I / n(s,6))dsl| / n(s,£))ds]

<Ls / a(s) () — (s, D) |vds / a(s) (s, 1)l vds
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3 e}
<et o0l + (L + Lo ) [ oolnts. 0l ds (5.17)

Applying again Cauchy Schwarz’s, Young’s inequalities and using (A1), (2.3), we obtain

/rg p(uv(t) (/OOO Q(S)UV(S,t)ds) da
< ( /F SpQ(uy(w)da)% ( /F ( /Ooog(s)ny(s’t)d(s)zda);

g o0
<eBCHuly + 52 [ ot ol as (515)
The fifth term of the right-hand side of (5.14) can be handled by
o0 g o0
(@, [ gty <O+ 52 [ g olkds (6519)
0 0

The use of Cauchy Schwarz’s, Young’s inequalities, (A1) and (2.6) leads to

= (w0, [ et nas)

<Jlue()] |H|\/ (s, )ds] o

H

<ellulfs 22 ([ 9 Gt 0las)
<aelufr)f — 20T / /el s ). (5.20
Combining the estimates (5.15)- (5.20) and (5.14), we obtain (5.13). O

We define a Lyapunov functional L as follows
L(t) = E(t) + e(NI(t) + Ix(t)), (5.21)

where ¢, N are positive constants to be chosen later.

Theorem 5.6. Assume that (A1)-(A3) and (3.8)-(3.12) hold. Assume that mq satisfies

3
— L 5.22
mg > Ihg + 9oL, (5.22)
and there exists a positive constant §y independent of ma such that
ma > 0o, (5.23)

where Ag > 0 satisfies (5.81) and g is given in (5.83), and the kernal of the memory term g(t)

satisfies

9(t) > 2Bgo (5.24)
then, for any Uy € D(A), there exist two positive constants 81,02 such that the solution of the

problem (4.2) satisfies
|U(t)|1% < Sae™ " (5.25)
Proof. We differentiate (5.21) with respect to t and use (5.4), (5.6), (5.13) to obtain for all t > 0
L'(t) =E'(t) + e(NI{(t) + I5(t))



Imane Ouakil, et al. Well-posedness and exponential stability of a dynamic frictionless... 115

< —¢ <go|ut(t)||§, + (N(l —3¢) —eCr — CQ“) Iu(t)I%)

€

~efea(v(ro-g) - <) [Tt olas

(G = mat elCo 4 <o) [} + (5 <o) [~ o O)nts 0l s

o [ a0t O ds -« (N <>\0 - 41) e “5) O (5.26)

€
where Cig = NCy 4+ Cs + Cs (N ()‘0 - Tls) - 5)’
From (A2), we get

(5-cn) [~ @9l +Cuo [~ alollute.o)pds

1 o0
<(5-con) [T a@sps
0

where C11 = Cy + %
Inserting the above inequality in (5.26), we get

L'(t) =E'(t) + e(NI1 (1) + I5(t))

<—e <go||ut(t)||§{ + (N(l —3¢) —eCy — Cz“> IIu(t)Ilzv>

—efea (v (- g) =) - E) [ ot ol as

1 o0
#(C1 = ma ot eCo 4 <Ca) [l + (5 - O ) [~ @)t 0l s
0

—e(n (- 1) -e- 22 1. (5.27)

€
By definition of E, I; and I and using Cauchy Schwarz’s, Young’s inequalities, (A1) and (2.6),

we have

10 = (w000~ ([ 906)as) 17| < G0l + 51l + [ a1
< max(1,d?,2g0)E(t), (5.28)

and

10 = | (o), [ stomtsas) | <3 (el +and [ gt as)

< max(1, god*)E(t). (5.29)
Combining (5.3), (5.28), (5.29), we get
IL(t) — EQt)| < eysE(t),
where 3 is a positive constant such that
v3 = Nmaz(1,d* 2g0) + maz(1, god?).
Using (5.21), we get
(1= es) E(t) < L(t) < (1+ ex5) E(t), (5.30)
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then by choosing € < %3, we have L ~ E.

Now, using (5.22), we can pick € such that
1 l
—<e< g, 5.31
D " 3 (5:31)

and therefore N large enough such that

1 (5.32)
N(/\o—) —e—2C116 >0,
4e
1
N()\o—) —e—v36 > 0.
4e
Next, we assume that my4 satisfies (5.23) under the following choice of dy
Cop(CsN 4+eCs) (p+ B) (C5N +eCs)
dg = , Cq, 5.33
0 = max N(l-3)—-eC;” NM-—x%)-—¢ o (5:33)
Now, we assume that u satisfies
w < min
N(l—35)—€C7 N(l—?)E)—EC'z N()‘U_Ilg) —E—’Ygﬁ N()\o—ﬁ) —6—20115
Cas 7 2C:Cn ’ V3 ’ 2Cn .
(5.34)
From (5.34), we have
OQ/J . 1 1
< — 5.35
N (l — 36) — €C7 e { Y3 2011 } ( )
and ) )
M<min{,}. (5.36)
N(Xo—4£)—c¢ v3 2C11
It follows from (5.33) that
Copt my — Cy
< 7 5.37
N(—3e)—eC; ~ CsN +eCq ( )
and LB o
K ma o (5.38)

N()‘O_le)_‘s C5N+€CG.
Therefore, combining (5.35)-(5.38) we can fix € such that

Cop pt B S ma-C 11
— 1 (539
max{N(l—Ss)—sCf NOo—D) =z MM OGN0y 20, ) O

Consequently, we arrive at

1 oo
L'(6) < ~eCaB(0) + (5~ <Cua) [ g/(5)ln(s.1) s,
0
where

012 = 2minx
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€ 4e 4e €
Using (A1), (5.39) and (5.30), we obtain

(go, N(—36)—eCy — CF (N()\o—l)—s> —%, N(A0—1>—5—W).

—eChp
() < —22L(). 5.40
0 < 2L (540)
We integrate (5.40) from 0 to ¢ to obtain
L(t) < L(0)e™%t,  Vte Ry, (5.41)
_ €O
where §; = { +51723
From (5.30) and (5.41), we have
2 2
Ut)|% <2E(t) < L(t) < L(0)e!
[Vl < 25() < T=—L() < T L0},
which yields (5.25) with dp = = L(0).
Thus the proof of Theorem 5.6 is completed. O
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