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Fractional calculus approach to RT-IN enzymatic

competition in modulating HIV replication dynamics
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Abstract. HIV infection continues to pose a significant global health challenge, with sub-
Saharan Africa bearing a disproportionate burden. The replication cycle of HIV is fundamentally
driven by intricate molecular interactions. This study investigates the competitive biochemical
interplay between reverse transcriptase (RT) and integrase (IN) enzymes, employing a frac-
tional calculus framework to model their mutual inhibitory effects. Through the application of
fixed-point theory and Picard stability analysis, the existence, uniqueness, and stability of the
fractional-order system are rigorously established. The role of RT-IN enzymatic competition
in influencing HIV replication dynamics is elucidated through global sensitivity analysis using
Latin Hypercube Sampling. Furthermore, the model incorporates memory-dependent charac-
teristics by examining three distinct fractional operators, namely, the Caputo, Caputo-Fabrizio,
and Atangana-Baleanu operators in the Caputo sense, thereby elucidating their respective in-
fluences on system behavior. The Atangana-Baleanu operator, in particular, demonstrates an
enhanced capacity to capture the complex, synergistic processes underpinning HIV progression.
This research provides a critical nexus between molecular virology and applied mathematics,
offering foundational insights for the advancement of more precise and targeted therapeutic

strategies against HIV.

§1 Introduction

HIV remains a serious and widespread concern in global public health. According to WHO
statistical data, at the end of 2023, 39.9 million [36.1-44.6 million] people were living with HIV
[1]. The African region is the most affected, with one in every 30 adults living with HIV [1]. In
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East and Southern Africa, the burden of HIV is particularly severe, with approximately 20.8
million people affected [2]. South Africa alone accounts for a significant proportion, with 7.5
million people living with HIV [2]. In the HIV replication process, molecular interactions play
a crucial role. These interactions are not only essential for viral replication but also serve as
key targets in the development of effective antiretroviral therapies. This study focuses on two
critical molecular interactions: the physical and biochemical interactions between the reverse
transcriptase (RT) and integrase (IN) enzymes.

In the HIV replication process, the RT converts single-stranded RNA (ssRNA) to double-
stranded DNA (dsDNA), also known as viral DNA, with the assistance of its two subunits (p66
and pb1 [3]). Subsequently, the IN enzyme binds to the RT-synthesized viral DNA, forming
a complex known as the pre-integration complex (PIC). The formation and stabilization of
the PIC are essential for integrating viral DNA into the host genome during HIV replication.
Within the PIC, viral DNA acts as the donor for integration into the host genome, a process
catalyzed by the IN enzyme and referred to as auto-integration [4]. Concurrently, the physical
interaction occurs when the RT enzyme binds to the C-terminal domain of the IN enzyme,
thereby inhibiting the auto-integration process and ensuring effective viral integration [5, 6].
These molecular interactions are described in detail in the schematic diagram Fig. 1.
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Figure 1. This schematic diagram illustrates competitive relation of the biochemical and physi-
cal interactions between RT and IN enzymes during HIV replication. It highlights the molecular
dynamics and enzymatic complexes formed during the viral life cycle, providing insights into
their roles in replication and integration processes. Brown arrows are denotes the biochemical
interactions while the green arrow are symbolized for physical interaction.

Molecular studies have shown promising results in the development of hybrid molecules that
inhibit multiple targets including RT and IN enzymes. Researchers are increasingly focusing
on molecular interactions to design more effective therapeutic regimens for HIV treatment.
Recently, Liman et al. [7] investigated hybrid molecules as potential drugs for combating

HIV infection, while Marra et al. [8] explored the role of macrophages and viral reservoirs in
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developing novel treatment strategies. Chakraborty et al. [9] analyzed viral DNA expression
within the PIC, considering both biochemical and physical interactions. Ghosh et al. [10]
demonstrated the relative effect of the biochemical and physical interaction between RT and IN
enzymes on HIV replication using integer-order modeling. The impact of memory effects on the
molecular interaction model in HIV intracellular dynamics has not yet been thoroughly explored.
In this work, we explore how physical interactions between RT and IN enzymes inhibit viral
DNA production and PIC formation, employing enzyme-kinetic-based mathematical modeling

enriched by fractional calculus and memory-based approaches.

Fractional mathematical models are gaining significant attention for real-world applications
due to their ability to incorporate memory effects and capture crossover behavior in diverse
physical contexts. In 1991, Westerlund proposed that all matter retains a memory, and past
experiences impact its current behavior [11]. This principle has motivated the development of
fractional models in various domains. Fractional calculus has been applied in tumor-immune
modeling [12], infectious disease dynamics [13], environmental modeling [14], and physical sys-
tems like mass pendulum oscillations [15]. These diverse applications highlight the flexibility
and biological relevance of fractional-order systems. Motivated by these successful applica-
tions, we utilize a fractional modeling framework to investigate HIV replication, where enzyme

interactions, particularly between RT and IN, exhibit memory-dependent dynamics.

In HIV replication, the interaction between RT and IN involves complex biochemical and
physical mechanisms influenced by memory effects, where past enzymatic states impact cur-
rent activity. Specifically, integrase regulates RT via cis-allosteric interactions that alter RT’s
conformation and function during reverse transcription [16]. Classical integer-order models are
limited in capturing such history-dependent dynamics. In contrast, fractional-order differential
equations, particularly those using Caputo, Caputo-Fabrizio, and Atangana-Baleanu in the Ca-
puto sense, enable accurate modeling of biological memory through distinct kernel structures.
These operators capture short and long-term memory behaviors essential for representing en-
zyme regulation over time. Motivated by this, our study develops a fractional kinetic model
to investigate how memory-driven RT-IN interactions shape the formation of the PIC, offering

insights into potential targets for more effective antiretroviral therapy.

Integer-order (I0) derivatives focus only on local properties of a system at a specific time ¢.
However, the question arises of how to account for the system’s non-local behavior. Riemann
and Liouville addressed this limitation by introducing fractional-order operators, which account
for the broader, nonlocal interactions, offering a more comprehensive view of dynamic systems
[17]. The concept of fractional derivatives, a generalization of integer-order derivatives, dates
back to 1695 when L’Hospital asked Leibniz in a letter: ‘What might be a derivative of order
1/27” [18]. Since then, fractional calculus has progressed enormously and become an impor-
tant field in mathematics and its applications in diverse areas such as biomathematics, disease
dynamics, circuit design, fluid mechanics, nanofluid studies, social modeling, and dynamical

systems analysis.

Kernel functions act as memory functions in fractional derivatives [19]. In this study, we
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investigate the impact of three kernels, each uniquely modeling memory effects in the RT
and IN enzyme interactions within the pre-integration complex. The power law-type kernel,
introduced by Caputo in 1965 [20], emphasizes long-term memory. Later, in 2015, Caputo
and Fabrizio presented a new definition known as the exponentially decaying type kernel [21],
focusing on short-term dynamics characterized by exponential decay. Meanwhile, Atangana
and Baleanu proposed the Mittag-Leffler kernel in 2016 [22], which balances both short and
long-term memory effects on the system. This comprehensive strategy enables us to address the
complexity of the physical and biochemical interactions between RT and IN enzymes, which
inhibit each other in the pre-integration complex, enhancing our analysis and facilitating a
deeper understanding of the underlying dynamics.

The primary objective of this study is to explore the intricate molecular interactions between
RT and IN enzymes during the HIV replication process, with a specific focus on their physical
and biochemical interactions. By incorporating fractional-order mathematical modeling with
three distinct operators, Caputo, Caputo-Fabrizio, and Atangana-Baleanu in the Caputo sense,
this study aims to illustrate the role of memory effects and past states in shaping these molecu-
lar dynamics. Through the integration of fractional calculus, the study provides a more realistic
and complex representation of the biological system, capturing non-local and non-Markovian
behaviors inherent in molecular interactions. Furthermore, global sensitivity analysis is em-
ployed to identify key reaction parameters critical to viral DNA synthesis and PIC formation.
These findings enhance our understanding of HIV replication mechanisms and establish a robust
interdisciplinary framework that bridges molecular biology and applied mathematics, informing
future research in the field.

§2 Mathematical preliminaries

This section introduces some key fundamental definitions and theorems of fractional calculus

essential for the analysis presented in this manuscript.

Definition 1. [20] The Caputo fractional derivative of order ¢ is defined by

1 t
C ¢ _ n—C—1 g(n)
Dr[f(t —7/ t—s U (s)ds.
0= g [ -9 (5
Definition 2. [21] The Caputo-Fabrizio fractional derivative of order « is followed by

M ¢ t—

. —(aoz /0 f'(s)exp {—al_zl} ds,t > 0.

Where M () is the normalizing function corresponding to Caputo-Fabrizio differential operator
defined by M(a) = 52

2—a”

Definition 3. [22] Let f(t) € H'(0,T) where T > 0, the Atangana-Baleanu operator in the
Caputo sense of order o(o > 0) is defined by,

ACppln) = ot [ TR, [-10“ - SV’} o

IDYf)] =

-0
where B(c) denotes the normalizing function of ABC method and defined by B(o) = l—0++55-



Tushar Ghosh, et al. Fractional calculus approach to RT-IN enzymatic competition in... 229

Definition 4. [22] The Atangana-Baleanu-Caputo integral operator of order o (o > 0) is defined
by

1—0

0] = g0+ gy | S =07

Definition 5. [23] The Sumudu transform of Atangana-Baleanu in the Caputo sense is as

follows:

ST {4507 (5(p)]} = B

T 1l-0 —0

(o)1) B (~ 1250 ) ) ST - F(0).

Theorem 2.1 (24). (Picard T stability theorem) Suppose (H, ||.||) be a Banach space and T be
the self map on H, which satisfies the following

1Te = Tyl < Gllz = To|| + Lz — y| (1)
for all z,y € H where G > 0 and 0 < L < 1. Suppose T has a fixed point, then T is Picard’s
T-stable.

§3 Mathematical modeling on molecular mechanism: Integer and

fractional orders

Molecular studies enhance our understanding of the replication process and help in identify-
ing specific therapeutic targets. Here, we introduce the fundamental ODE-based mathematical
model developed by Ghosh et al. [10], which investigates the competitive relationship between
the physical and biochemical interactions of HIV RT and IN enzymes, highlighting their roles
in HIV-1 replication. These two molecular interactions (physical and biochemical) between RT
and IN enzymes are depicted in the schematic Fig. 1. The Michaelis-Menten reaction scheme
corresponding to the mathematical model as well as the schematic diagram as follows.
Michaelis Menten Reaction Scheme:

K K.
! ¢, —2> S,pna + Err,

Err + Srnva

Ein + Supna Cy,

-3
Egpr + E i C
RT N T, 3
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The mathematical model corresponding to this reaction scheme is formulated using the law
of mass action theory is as follows:

9Bt = K EprSpna + (K_1 + K2)C1 — KyEprErn + K_4Cs,

Snna = K EpprSpna + K_101,
9 = K\ErrSrna — (K_1 + K2)Cy,

dsvd%m = K2C1 — K3SypNaEin + K305, (2)

BN = —K3SypnaErn + K_30s — KyEprEry + K_4Cs,

dc
it = K3SypnaEin — K_3Cs,

9% = KyERrrErn — K_4Cs,
with the initial conditions Err(0) > 0, Sgna(0) > 0, Ern(0) > 0, Sypna(0) = C1(0) =
C5(0) = C3(0) = 0. Here Egr and Ejn denote the concentrations of RT and IN enzymes,
respectively. Sgya and Sypya represent the single-stranded RNA and viral double-stranded
DNA. Cy, Cy and Cj correspond to the concentrations of RT — RNA, IN — vDNA and

RT — IN complexes, respectively. The parameters K; and K_; represent the association and

disassociation rate constant between RT enzyme and single-stranded RNA, respectively. Ko
describes the exposure rate of RT' — RN A complex (C7). Similarly K3 and K_3 denote the
association and dissociation rate constants between IN enzyme and viral double-stranded DNA|
respectively. The rate constants K, and K_4 represent the association and dissociation rate
constants between the direct (physical) interaction between RT and IN enzymes, respectively.
The definition of all rate constants is summarized in the Table 1.

Recently, fractional-order derivatives have significantly influenced the modeling of various
biological phenomena [25, 26]. Fractional derivatives with nonsingular kernels have emerged
as a powerful alternative to classical fractional operators that involve singular kernels. Unlike
singular kernels that often involve power-law behaviors leading to strong singularities at the
origin, nonsingular kernels are based on smooth functions such as exponential and Mittag-
Leffler functions, providing better numerical stability and physical realism in modeling memory
and hereditary properties of materials and processes. These nonsingular kernels are pivotal in
applications requiring long-term memory effects without introducing mathematical singularities.

In this study, our objective is to explore the memory effect in the competitive interaction
between RT and IN enzymes. To achieve this, we modify the basic integer-order model (2) by
replacing the time derivative with three different kernel functions. However, in the fractional
model, where the integer-order derivative is replaced by a fractional-order derivative, a crucial
question arises regarding the model’s dimensional imbalance. In the dimensional analysis of a
model, directly substituting an integer-order derivative with a fractional-order derivative can
be mathematically and biologically misleading in real-world scenarios.

To rectify this dimensional imbalance, we introduce a parameter L known as the memory rate
parameter in the left-side of all fractional systems, with a dimension equivalent to (hour)~!. The
memory rate parameter in a time-fractional biological model is a powerful tool for representing

how biological systems integrate and respond to past information. It provides insights into the
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complexity of biological processes with memory and hereditary properties. Now, we present
the three different fractional models, each corresponding to a different fractional operator,
incorporating the memory rate parameter.

The Caputo fractional model, where the kernel is of the power-law type, is as follows:
(I) Caputo Fractional Model

LU=0 CD; Epr(t) = —K1ErrSrna + (K1 + K2)C1 — KaEgrEry + K_4C,

LU= C€DESpna(t) = =K1 EppSrna + K101,

LO=9 CDECy(t) = —K1EgprSpna — (K -1 + K3)C1,

LO=9 CDES, paa(t) = Kol — KsSupyaEry + K50, (3)
LO=9 CDYErn(t) = —K3SupnaErn + K_3Cs — KyEprEry + K_4Cs,

L(1=9 CDfC2(t) = K3S,pnvaEin — K_3Cs,

LU0 CDECy(t) = KyErpErn — K_4Cs,

with the initial conditions as same as the integer order system (2). Here ¢ € (0,1] is the

fractional order of the derivative as the index of memory for this Caputo system. Now the
Caputo-Fabrizio fractional system where the kernel is exponentially decaying type is as follows:
(II) Caputo-Fabrizio Fractional Model

LU= CFDeppr(t) = —K1EprSrna + (K_1 4+ K2)Cy — KyEprEry + K_4Cs,

LU= CEDoagpya(t) = —K 1 EppSpya + K_1C1,

LU= CFDaCy(t) = K1 ErrSrna — (K_1 + K2)Cy,

LU= CFDes, hna(t) = KoCy — K3SypnaEry + K_3Co, )
LO=2) CEDeprn(t) = —~K3SypNaFrn + K_3Co — KyErrErn + K_4Cs,

L(=2) CFDaCy(t) = K3S,pyaFin — K_3Ca,

L= CFDaCy(t) = KyEprEry — K_4Cs,

with the same initial conditions as the integer order system (2) and « € (0, 1] represent fractional

order of derivative as index of memory of this Caputo-Fabrizio system. Finally the system with
Mittag-Leffler kernel known as ABC fractional order model is as follows:

(III) Fractional Model of Atangana-Baleanu in the Caputo Sense

L(=0) ABCDO B rpr(t) = —K1ErrSpna + (K_1 + Ko)Cy — K4ErrErn + K_4Cs,

LU-9) ABCDoS, v a(t) = —K 1 EprSpya + K_1C1,

LU= ABCDoCy (1) = —K 1 EprSrna — (K_1 + K2)Ch,

LU= ABCDIS, pnva(t) = K2Cy — KsSypnaEry + K_30s, (5)
LO=9) ABCDo g (t) = —K3SypnaEin + K_3Cy — KyErrErn + K_4Cs,

LU=9) ABCDe Oy (1) = K3SypnaEiny — K_30,

L(=9) ABCDeCy(t) = KyErrErn — K_4Cs,

with the initial conditions as the integer order model (2). The memory index o € (0,1]) denotes

the fractional order of the derivative of this ABC system.
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Table 1. Description of all the kinetic parameters and the specified ranges of values used in the
numerical simulations. Sources of all parameters are given in detail in the table.

Parameter | Definition Range (hour™") | Reference
K Forward rate constant for the formation of RT-RNA complex Cy | 0.5-15 (umol/l)™ | [10, 27]
K, Rate constant of vDNA formation from C complex 0.1-0.7 19, 10, 28]
K; | Forward rate constant for the formation of IN-DNA complex Cy | 0.5-15 (ymol /)™ | ]9, 10]
Ky | Forward rate constant for the formation of RT-IN complex C5 | 0.5-3.0 (umol /)™ | ]9, 10]

K_; | Rate constant for the backward reaction of complex C 0.01-0.1 (10, 27]
K_3 | Rate constant for the backward reaction of complex (s 0.01-0.1 19, 10]
K_4 | Rate constant for the backward reaction of complex Cy 0.01-0.1 19, 10]

§4 Mathematical validation of molecular reaction dynamics:

Existence and uniqueness

The existence and uniqueness of solutions in a fractional model are essential for accurately
predicting viral behavior within a biological context. These properties also help the development
of stable numerical methods and provide deep insights into system dynamics. Now we will prove
the uniqueness and existence of the solution of our proposed fractional-order mathematical

model using fixed point theory considering the Atangana-Baleanu fractional operator in the
Caputo sense (ABC).

Applying the definition (4) of the ABC fractional integral operator on both sides of system
(5), we obtain

Egr(t) — Err(0) = L=V ABOI? (—K \EppSpna + (K1 + K3)C1 — K4EgrEqn
+K_4C3),

Srna(t) = Srya(0) = L1 ABCTE (— K\ ErprSrna + K_1Ch),

Ci(t) = C1(0) = LI7=Y ABCIT (K1 ErrSpna — (K1 + K2)C1),

Supna(t) = Supna(0) = L1 ABCTE (K2Cy — K3SupnaEry + K 3Cs),

En(t) — Ein(0) = L= ABCTE (- K3S,pnaEin + K_3Cy — K4ErrErn + K_4Cs),

Ca(t) — C2(0) = LoD ABCTE (K3SypnaErn — K_3Ch),

Cs(t) — C3(0) = Lo~V ABOI? (KyERprErn — K_4Cs3).

(6)

This implies that

Err(t) — Err(0) = X502 7 (Brr(t),6) + fmey % Jo(t — €7 Ti(Brr(€), €)de,

(e—1) s (o— o
Srnva(t) — Srva(0) = LTS))jZ(SRNA(t)a )+ é(TFIEU)

X it — )7L Ta(Srv (), €)dE,
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Le—Lg,

Supna(t) —Supna(0) = %‘74( Supna(t),t) + B(U)F(U)

X [3(t =€) Ta(Supnal€), €)de,
Ern(t) — Ern(0) i%jS(ERT( ) )("‘ BL((;)rl()a) X Jo (t = )77 T5(Ern (), €)d,
Cat) = Co(0) = Eg B2 T (Calt), ) + s % Jo (t—€)7 J (C(8), §)dg,

Cs(t) — C3(0) = 754D 7 (Ca(8), >+1§§;’>§EU) X fo(t —€)7" Tr(C5(€), £)de.

(7)

The kernels J1(Err(t),t), J2(Srna(t),t), J3(C1(t),t), Ta(Svpna(t),t), Ts(Ern(t), 1),
J6(Ca(t),t) and J7(C3(t),t) are as follows:

Ji(Err(t),t) = =K1 ErrSrna + (K_1 + K2)Cy — KyEgrEry + K_4Cs,
J2(Spna(l),t) = —K1ErrSrna + K101,

J3(C1(t),t) = Ky ERTSRNA — (K1 + K3)Cy,

Ji(Supnal(t),t) = — K38,pNnaEIN + K 303,

Js(Ern(t), ) _KBSUDNAEIN + K 303 — KyEprErn + K_4C3,

J6(C2(t),t) = K3Sypnaliny — K 305,

Jr(C3(t),t) = KyErrErn — K_4C3.

Now we prove that the kernels J1, J2, J3, Ja, J5, Js and J7 satisfy the Lipchitz condition
under some assumption. Let the entire population of our system have an upper bound. Then
there exist some positive real numbers Uy, Us, Us, Uy, Us, Us and U, such that ||Err| < Ui,
[Srvall < Us, |C1]| < Us, |Supnall < Us, [|Ern || < Us, |C2| < Us, and [|Cs]| < Ur.

First, we prove for the kernel J; and can follow the same approach for other kernels. Let

Err and Err, are two functions, then using the property of the norm function we have
[71(Err(t),t) = J1 (Err, (1), 1)]]
=l = K1Srna(t) (Err(t) — Err, (t)) — K4Ein(t) (Err(t) — Err, (1)) ||
<(KwlUs + Kalhs) | Egr(t) — Err, ()] -
Considering V; = ((KC;Us + Kalds), we obtain
[71(Err(t),t) = J1 (Err, (8), 1) < Vi [|Err(t) — Err, (1)

In a similar manner, the Lipschitz condition for the other kernels can be verified as follows:
[72(Srna(t), 1) = T2 (Srna, (1), 0)|| < V2 ISeNa(t) — Srnva, (D),

[T5(C1(#), 1) = Ts (Cr, (1), )| < Vs [|Co(t) = Cr, (D)),

|Ta(Supna(t),t) — Ta (Supna, (1), )| < Val|Supna(t) — Supna, O,

175 (Ein (t),t) — T (Ern, (1), )] < Vs [|Ern (t) — Ern, (O]
[76(C2(t), 1) — To (Ca, (1), )] < Ve [|Ca(t) — Co, (D),
[77(Cs(t), 1) = T7 (Cs, (1), )] < V7 [|C3(t) — Cs, ()] -

( (
( Jr (

t
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Taking the recursive relation in the expression (7), we get

Err, (t) = %jl(ERTnﬂ( t),t) + B<U pl(),,) x Jo(t = &) T (B, ,(€),€)dE
+ERT(O),

SrNa, (1) = %jQ(SRNAn (1)) + é((;)FD X [Tt =€) Ta(Srna, , (€),€)dE

+Srna(0),
Cr, (1) = PG T (Cr, (1)) + iy % fo(t = €771 T5(Ca,_, (€). £)dé + C1(0),
SvpNa, (t) = wﬂ( SvpNAa,_, (t),t) + ]EI;((;);()O' fo (t =€) ' Ta(Supna,_, (€),€)dE
+Supnal(0),

iy, (t) = g 0= o Er, L (1).6) + o % Jot = €7 (B, (€), €)dé
+E;n(0),

Co, (1) = 58D To(Co, (1)) + iy % fy(t = €771 T5(Ca,, (€). £)dE + Ca(0),

Cs, (1) = 50D T2(Ca, (1).0) + gy % fy(t = €771 T2(Cs,_, (€). £)dE + C5(0),

(8)
along with the initial conditions as same as the system (2). Now we take the difference between
the successive terms to have

®1,(t) = Enr, (1) — Err,_ 1(t> = L8 () (Bre,_, (0.1) = Th (B, (1).t))
+13L((; rl()g) fo )7 (T (Brr,_, (€),€) — T (Err,_,(€),€)) dE,
o, (t) = Srna,(t) — SRNAn () = % (T2 (Sena,_,(t),t) = T2 (Srna,_,(t),1))
e ot = 77 (T2 (Srva, 1 (6),€) = T (Srva, 5(€),€)) g,
By (t) = O, (1) = O, (¢ ) = % (T3 (Cry(0.1) = Ts (Cr,_,(1).1))
+ e fy (=) (T3 (Cr, 1 (€).€) — T5 (Ca,,(€),€)) d,
Qyn(t) = Sypna,(t) — SUDNA,,L,l(t) =
% (j4( wDNA,_ (£):) = Ta (Sopna,_,(t),t))
L(:)pl()a) fo )7 (Ts (Sopnva,_1(£),€) — T (Supna,_.(£),€)) dE,
®5,(t) = Ern,(t) — Ern,_ (t) = % (T5 (Ern, . (t),t) = (T5 (Ern, _5(t),t))
+B((Z Fl()o') fo )7 (T5 (Ern,_, (€), f) TIs (Ern,_,(£),€)) de,
Donlt) = Ca,(t) = Ca, (¢ > = S (6 (Gt (0:1) = Jo (Ca L, (0).1))

+ o ot (% (czn W) y) — Jo (czn ,(6),€)) de,
Brn(t) = Ci, (t) — Cs, 1<>:M<J7(03M )ot) = Jr (Cs,_,(0),1))
S Jy =77 (Tr (Ca,_ (6).€) = Tr (Cs,,(€),€)) dé.

(9)
Taking norm of the first equation of the equation (9) and applying triangular inequality, we
obtain

@1 ()] = [ Err, () — Erz,_, ()]
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LE=D(1 - o)
- HT@(g (Ert,_,(t),t) = J1(ERT, (1), t))
L((T—l)a_ t o
+ B [ €07 (AR (0.0 - Ti(Err,_(0.0)) &
(=11 — &
= LB((Ul))Hjl(ERTn_l(t),t) — Ji(Err, _, (1), 1)]|

+BL((;;EZ)H /Ot(t—é)“(mERTm(o,f) Fi(Brr, ,(€),0)de]  (0)

Theorem 4.1. The fractional system (5) has a unique solution for t € [0,T] if the following

conditions are satisfied

1—0 T° " .
(B(a) Vi + B(o)T (o) Vi> <1, i=12,..,T7. (11)

Proof. Since all population of our system is bounded and the kernels J;, i = 1,2,...,7
are satisfied the Lipschitz condition. Thus applying these properties of all kernels along with
recursive principle on the equation (10), we obtain

(c—1) — o— 1
a0 < (X e ) Wl 0~ B0+ (oo ) [ VB
- Egr,,(§)ldg,

- (F e v 01+ (g ) Vi [ I (€)1

o—1) . (c—1)po n
< ||Err, (®)]| (L B(g) )Vl + ]g(U)F(j;)V1>

(12)
Similarly using all these properties of kernels on the equation (9) for the other population of
our system, we have

0 01 Swen0) (= i)
[2sn (Dl < 1€, (¢ |(L B fs(:o)lr)@;‘/s) :
[0 (0] < 1500010 O (250 o oyt Ko va)

)

)

)

0
Le=1 (1—o (6—1) o
||q>5ntn<uEmo<>||( 55 ’V5+L ey Vs)
(o—1) . o—1)rpo
[6n0)] < €2y (O (X =22V + BirdssVe)

B(o)I'(o
> ) (o=1) o
Do (D) < [1Cs, (¢ >|| (%5 “ Vi + §orEsvn)”

(
(
(
(
(
(

Therefore the sequences described above exist and satisty ||®1,(t)|| — 0, [|®2,(t)] — 0,
|3 ()] = O, [|Pan(t)]] = 0, | P5n()|| = O, || Pen(t)]] — 0 and || P7,,(¢)|| — 0 as n — oo because

L(‘T_l)(l—o) - L(e=1)po - n
( B(o) Z+B<a>r<a>“> <!
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by assertion. Furthermore, by applying the triangle inequality for any k, we obtain

Brr,., = Brr, | € T Mi = %
A A P e

ooy~ o] < o 6 - S

Su iy (1) = Sopna, ()] < zz;tfﬂ M = ML (1)
a0 < zml = M

Caney (1) = O, ()] € S50, Mg = ML

where M;, ¢ = 1,2,...,7 are the expressions in the bracket on the right-side of the equation
(13) within the parenthesis. Therefore the sequences Err, ,Srna,,C1,,SvpNa,, EIn,,Ca,
and Cs,, are regarded as a Cauchy sequences and they are uniformly convergent as result in
[29].

Remark: The mathematical analysis of uniqueness ensures that the model yields a single
biologically meaningful trajectory for given initial conditions and parameters. This is critical
in the context of biochemical interactions, where the reproducibility of molecular responses is
essential for accurate prediction and intervention strategies. Establishing uniqueness reinforces
the reliability of the model to describe consistent behavior of RT and IN interactions during
HIV replication.

§5 Stability insights in fractional molecular interaction model

In this section, we present Picard F-stability of all solutions for our system (5) utilizing
the Sumudu transformation. Picard stability provides a rigorous framework to analyze the
robustness, reliability, and predictability of fractional mathematical models, enabling deeper
insights into their long-term behavior and practical applications. Applying the direct and
inverse Sumudu transformation on both of the system (5), we obtain

Err(t) = Err(0) + ST_l{\IJ'ST[Lg_l(_KlERTSRNA + (K1 + K2)Ch1 — KyErrErn
+K_4Cs3)] }7

Snna(t) = Srya(0) + ST‘l{\II.ST (L7 (—K\ErrSrna + K 1G] }

Ci(t) = C1(0) + STfl{@.ST[LUfl(KlERTSRNA — (K1 + Ky)Cy)] }

Sopna(t) = Supna(0) + ST {\I/.ST (L7~ (KyCy — KsSupnaBEry + K_5C5)] }

Ein(t) = Ern(0) + ST‘l{\IJ.ST (Lo Y (= K3SypnaEin + K_3Co — KyEgrErn
+K_4Cs3)] }7

Co(t) = Co(0) + ST_l{\II.ST[L"—l(KSSvDNAEIN — K_5Cy)] }

Ca(t) = C5(0) + STfl{xIJ.ST[Lafl(KZlERTEIN — K_4C)] }

(15)



Tushar Ghosh, et al. Fractional calculus approach to RT-IN enzymatic competition in... 237

where ¥ is the fractional Lagrange multiplier defined by,
1-o0

B(o) (a (T(0) + 1) B, (—ﬁu”)) '
Now we get the following iterative scheme,
Bnt,,(t) = Err(0) + ST Y{W.ST (L7 (~ K Enr, Spxa, + (K1 + K2)C,
—K4ERr7,ErN, + K_4C3,)] },
SRN A, (t) = Srnva(0) + ST*I{\II.ST (Lo (—K1ERr,Srna, + K-1C1,,)] }7
Cr,ips () = C1(0) + ST H{WST[L (K Enr, Spva, — (K1 + K2)C1,)] |,
SupNA,.. (1) = Supna(0) + ST_l{‘I/-ST [L771(K2Ch, — K3Supna, Ein, + K_3Cs,)] },
Ein,..(t) = Ern(0) + ST_l{‘I’.ST[La_l(_KSSvDNA“EINn +K_3Cy, — KyEgr, Ern, +
K_4Cs,)] }7
Capa (1) = C2(0) + ST Y W.ST[LO (KsSopwa, B, — K-5Ca,)] },
Cs,,, (1) = C3(0) + ST Y WST[LO (K4 Epr, Ern, ~ K-4Cs,)] |-

Suppose F be a self-map on the Banach space (H, ||.|) and consider the iteration y,41 =
f(F,yp). Furthermore, let us assume P(F) be the fixed point set of F and {y,,} converges to a
some point y € P(F). Suppose Z,, = {z,} C H and defined by N,, = Z,,41 — f(F, 2,,). Suppose
F be the self mapping defined as

F (Egr,(t)) = Enr,,, (t) = Egr, () + ST—l{W.ST[LU—l(—KlERTnsRNAn

+(K_1 + K3)C1,, — K4Egr, Ern, + K_4C3,)] }7
F (Sana, () = Sana,., (t) = Sana, () + ST‘l{\I!.ST[LU‘l(—KlERTnSRNAn

+K ,Cy,)] }
F(C1, (1) = C1,.., (1) = C1, (1) + ST H{WST[LO (K1 Epr, Srva, — (K1 + K2)C1,)] },
F (Supna, (1) = Supna,, () = Supa, () + ST H{WST[L7 1 (K Cy,
—K38,on4, BN, + K_3C,)] }7

F (Ern, (1) = Ern, ., (1) = Ern, (t) + ST‘l{\If.ST (L7 Y (= K3Sypna, Ein, + K_3Cs,

—K4Egr, BN, + K_4Cs,)] },
F (Cy, () = Co,,, (t) = Co, (1) + ST*l{\IJ.ST (Lo Y(K3Sypna, Ern, — K_5Cs,)] }
F (Cs, (1) = G, (t) = Cs, (1) + ST Y WST[LO " (KiEpr, Ern, - K-4Cs,)] }.

(16)

Construct the following difference for the first population of our system in equation (16) as
|F (Err, (1)) = F (B, (1)) |
:HERTn () — Enr, (t) + ST‘l{\Il.ST e

(—K1Err, Sena, + (K1 + K3)Cy, — KyErr, Ern, + K,4O3n)]} - ST‘l{\II.ST
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[L7 ' (—K1ERrr, SrNa,, + (K_1 + K>)C1,, — KiEgr, Ern,, + K74C3m)]}H
—||Brr, () = Bar,, (t) + ST H{w.ST|L77 (~ KiSava,

(Err, — Err,,) — K1Egrr,, (SkNA, — SrNA,,) + (K_1 4+ K2)(C1, — C1,,)

— K4Ern, (Ert, — ErT,,) — K4ERT,, (EIN, — EIN,,) + K_4(C3, — Csm))} }H

Using the triangle inequality, we obtain
|F (Egr, (t)) — F (Err,, (1)) |

<||Err, (t) — Egr,, (t)|| + STI{‘I"ST[LUI(H — K1Sgwna, (Err, — Erm,,) |1+

(17)
| = K1Egr,, (SrNA, — SkNnA,,) |+ (K1 + K2)(Cy, — C1,)[| + || — KuErn,

(Ert, — ErT,) | + | = KaERT,, (EIN, — EIN,,) || + [[K-4(C3, — C3m)H)} }

As all the solutions Egrr, , Sgna, ;s C1,,, Subna,, Ein, , C2, and Cs  are the Cauchy sequences
in the Banach space (H,|.||), and it is true that |Egrr,(t) — Err,, (t)|| — 0, ||Sena, (t) —
Sena,, (O = 0,[|Cr, (#)—C1,, ()| = 0, [|[Svpna, () =Sepna,, @) = 0, |Ern, () —Ein,, ()] —
0, [|Cs, (t)—Cs,, (t)|| = 0 and ||Cs, (t)—Cs,, (¢)|| = 0 as n,m — oco. Due to this similar behavior

of the solutions, i.e., comparative influence of the solution in [30], we obtain

|Ert, (t) — Ert,, (V)| = [|SrN A, (1) — SEN A, (D],

|ERT, (t) = Egr,, ()] = [|C1, (t) — C1,,, (D],

|ErT, (t) = Err,, (8 = |SupN 4, (t) — Supna,, ()], (18)
|ErT, (t) — Err,, ()| = | EIN, (t) — Ern,, ()],

|ErT, (t) — Egr,, ()] = [|C2,, (t) — Ca,,, (D)1,

|ErT, (t) = Egr,, ()] = [|C5,,(t) — Cs,,, (D).

Applying the congruence relation in the equation (18) on the inequality (17), we have
IF (Err, (t)) — F (Err,, (1)) |

< ||Err,(t) — Ert,, ()|l + STI{‘I’~ST [LFl (Il = K1SrNa, (Err, — Err,,) ||+

| = K1Egr,, (ErT, — ERT,,) || + (K-1 + K2)(ERT, — ERT,)|| + || — KiEIN,

]|

< |Err, (t) = Egrr,, )11 — K1 L7 (M 4 M) g1 (o) + (K_1 + K2) Lo (o) —
KL (M + Ms)s(0) + KoL 64(0)].

where ¢1(0), ¢2(0), ¢3(0), pa(o) are the function of ST {W.ST} and || Err,
<My, [[C, [| <M, [Supna, | <My, [En, | < Ms, [|Cs, || < Mgand [|Cs, |

(Err, — ERT,,)

| + || = K4Egr,, (ErT, — ERT,)

| + [|[K-4(ErT, — ERT,)

<My, ||Srna,
< Mjy. Proceeding
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similar arguments for the other population of our system in the equation (16), we have
IF (Srna, (1) = F(Spna,, (1) | < [[Srna, (t) — Srna,, ()] {1 — K1 L7 (M + Ma)¢i (o)
+E 1L 5(0)]
[F(C1,(t) = F (Cr,, () || < IC1,(t) = C,,, ()] [1 + K1 L7~ (My + M) (o)
~(K_1 + K2)L7 (o),
IF (Svpna,(t) = F (Supna,, (1) ]| < ISvpna, () — Supna,, (@) [1 + Ko L7 ()
~K(Ma + Ms) L7 6r(0) K5 L7 (o)
|F (Ern, () = F(Er,, () || < [|ErN, () = Ern,, [1 — 3L~ (My + Ms)dr(0) + K_5 L7
0s(0) — K4L7~ (My + M) (o) + K_4L7 64 (0)]
[F (C2, () = F (Cq,, (1) [| < [C2, (1) — Ca,, (1)l {1 + K3L7~ (My + M5)¢7(0)
—K 3L s(0)],
[F(Cs, (1) = F (Cs,, (1) | < ICs,, (1) — Cs,, (1) [1 + K4 L7 (M + M;5)¢3(0)
—K,4L"—1¢4(o)} .

Where ¢5(0), ¢6(c), ¢7(0), ¢s(0) are same as the function ST~ {W¥.ST}. According to the
Picard stability condition, we choose G = (0,0,0,0,0,0,0) and Let us assume that the relation,

1— KL Y (M + M)y (o) + (K_1 + K2) Lo po(0) — K4 Lo~ (M + Ms)¢3(o)
YK L7 (o) < 1,

1— K L7 (M + M)y (0) + K_1 L7 ¢s(0) < 1,
1+ K L7 H (M + M) (0) — (K1 + K2) L7 (o) < 1,
L= 014+ FKL7  gs(0) — KzL7~ (My + M5)p7(0) + K_3L7 pg(0) < 1,
| — KyLo= (M4 +Ms)ér(0) + K5 L7 (o) — K4Lo= (M, + Ms)s(0)

YK L7 u(0) < 1,
1+ K3L7 ' (My + Ms)¢r(0) — K_3L7 " ¢s(0) < 1,
1+ Ky Lo Y (M + M5)ps(o) — K_4Lo  u(0) < 1.

(19)
Since the self-mapping F defined in the equation (16) has a fixed point and according to
the Picard stability theorem if the conditions (19) are satisfied, the self-mapping F is Picard

F-stable. Summarizing all the previous discussion, we now present the following theorem:

Theorem 5.1. Considering the system with Atangana-Baleanu in the Caputo sense (7) along
with the set of equation (15) and let F be the self-mapping defined by the equation in (16). If
the conditions in (19) are all satisfied then the mapping F has a fixed point and hence F is
Picard F-stable.

Remark: The stability analysis of the fractional-order model confirms that small perturbations
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in enzymatic reaction rates do not lead to unbounded changes in viral DNA or PIC levels over
time. This reflects the biological resilience of HIV replication processes, where RT and IN
interactions maintain functional balance even under molecular fluctuations. Specifically, the use
of the ABC fractional operator demonstrates that memory effects contribute to this stability,
reinforcing the models ability to capture persistent enzyme behavior critical to sustained viral

integration.

§6 Computational analysis of our molecular system

This section presents the numerical interpretation of our mathematical model (both integer-
order as well as fractional-order) using Matlab 2021a. We begin this section by simulating the
sensitivity index of the integer-order model using Latin Hypercube Sampling (LHS), which
illustrates the impact of model parameters on the system’s dynamics. Subsequently, we in-
corporate fractional-order dynamics to analyze the memory effects on the biochemical and
physical interactions between RT and IN enzymes. Here, we explore the dynamics of the three
fractional-order systems with respect to three different kernels: Caputo, Caputo-Fabrizio and
Atangana-Baleanu in the Caputo sense. We consider biologically plausible parameter values
and estimate additional parameters from available clinical and experimental literature. The

parameter values are summarized in Table 1.

6.1 Sensitivity analysis of reaction parameter

Sensitivity analysis (SA) plays a vital role in quantifying the uncertainty of model parame-
ters and evaluating how variations in these parameters influence the model’s outcomes. Local
sensitivity analysis examines the effect of varying one parameter at a time, while keeping all
other parameters fixed at their estimated values. However, this type of sensitivity analysis can-
not provide comprehensive information about the model; s outcomes or the sensitivity of its
parameters. To address this limitation, we perform global sensitivity analysis using an efficient
technique called LHS, as described by Marino et al. [31].

The LHS method is a type of Monte Carlo simulation first introduced by McKay et al. [32]
in 1979. It ensures independent sampling for each parameter without replacement, following
the probability density function (PDF). In this method, each parameter’s range is divided into
N intervals of equal probability, and one sample is randomly selected from each interval. This
process generates a matrix of dimensions N x k, where N is the sample size and k is the number
of parameters. In this study, the number of parameters (p) is 7, with the sample size set to
N =1000.

Partial Rank Correlation Coefficient (PRCC) is an effective sampling-based statistical tool
used for sensitivity analysis in complex models, especially in the context of LHS. It measures the
correlation coefficient (CC) between input parameters and the model output while controlling

for the effects of other parameters. The value of the correlation coefficient (CC), r € [—1,1],
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Figure 2. Step-by-step illustration of the LHS-PRCC method, presenting the detailed working
procedure for performing a comprehensive global sensitivity analysis, including parameter sam-
pling, correlation computation, and interpretation of results to identify influential parameters.
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Figure 3. Scatter plot for the output variable viral DNA (S,pnya) with respect to all reaction
rates. The range of input variables (all reaction rates) are taken as in the Table 1. The -
axis shows the residuals obtained from regressing the rank-transformed values of the parameter
of interest on the rank-transformed values of all other parameters. The y-axis displays the
residuals from regressing the rank-transformed values of viral DNA on the rank-transformed
values of all other parameters, excluding the one being analyzed.
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Figure 4. Scatter plot for the output variable Pre-Integration complex (Cs) with respect to
all reaction rates. The range of input variables (all reaction rates) are taken as in the Table
1. The z-axis shows the residuals obtained from regressing the rank-transformed values of the
parameter of interest on the rank-transformed values of all other parameters. The y-axis displays
the residuals from regressing the rank-transformed values of PIC on the rank-transformed values
of all other parameters, excluding the one being analyzed.

PRCC INDEX
PRCC INDEX

Figure 5. Changes of PRCC value of all reaction rates with respect to time. (a) Changes of
PRCC with respect to the output variable viral DNA and (b) Changes of PRCC with respect
to the output variable Pre-integration complex. The ranges of all reaction rates are consider as
in the table 1.
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for an input variable (X) and output variable (Y) is calculated as follows:
- Cov(X,Y) B (X -X)(Y -Y)
VarX)VarY) oK - XP o -V

where X and Y represent the corresponding sample means of X and Y, respectively. All

reaction rates are taken as input variables, and viral double-stranded DNA and the PIC are
considered only as output variables for simulating correlation coefficients.

Our aim in this study is to understand how the reactions of RT and IN enzymes regulate the
production of viral DNA and the formation of the PIC. We perform global sensitivity analysis
using the LHS-PRCC method and the algorithm, the details of which are given in the schematic
Fig. 2. The sensitivity analysis is visualized through the scatter plots 3 and 4. We calculate
the PRCC value and p-value for each parameter, which are given in Table 2. The PRCC value
denotes the direct correlation between the output variables (here, viral DNA and PIC) and all
the model parameters. The p-value represents the level of uncertainty related to each PRCC
value and is calculated. PRCC value with a p-value < 0.05 signifies significance in the statistical
testing. Here, we consider the p-value for all reaction rates accurate up to four decimal places.

In Fig. 3, we represent the sensitivity between the production of viral DNA and all reaction
parameters. The figure shows that the reaction rates K5, K4, K_3 are positively influential
parameters, while other reaction rates K, K3, K_1, K_,4 are negatively influential parameters
for the production of viral DNA. Similarly, the sensitivity between the formation of the PIC
and all the reaction rates is showcased in Fig. 4, where the reaction rates K, K3, and K_4 are
positively influential and K5, K4, K_1, and K_3 are negatively influential parameters for the
formation of the PIC.

Table 2. PRCC and p-values of all reaction parameters with respect to Viral DNA and the
pre-integration complex as output variables using the Spearman method. Here we calculate all
PRCC values upto four decimal significant figures.

Reaction Parameters Viral DNA as output Pre integration complex as output
PRCC value P-Value PRCC value P-Value
K, -0.2566 9.342812¢-14 0.0689 6.498099e-03
K, 0.7012 0.000000e+-00 -0.0544 5.550342e-02
K -0.7010 0.000000e+-00 0.7385 0.000000e+-00
Ky 0.8990 0.000000e+-00 -0.8624 0.000000e+-00
K 4 -0.0359 2.760711e-02 -0.0211 7.622725e-02
K_j3 0.5981 0.000000e+-00 -0.8496 0.000000e+-00
K_4 -0.9112 0.000000e+-00 0.9184 0.000000e+-00

In Figs. 3 and 4, we only study the global sensitivity analysis (GSA) at t = 50 hours.
However in order to focus on sensitivity, performing GSA at a single time does not provide
a comprehensive view of how all reaction rates affect the outcomes. In order to gain a more
profound understanding of the behavior of the reaction rates, we perform the GSA in the whole
time span in Fig. 5. Fig. 5 illustrates that the PRCC value of all reaction rates changes
across the two important compartment of our system as viral DNA and PIC changes over time.
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This changing tendency of the specific parameters across different compartments reveals the

significant variation in the system results.

In the Fig. 5a, we perform the sensitivity of each parameter with respect to viral DNA over
time. Initially the fluctuation of the PRCC value of reaction rate indicates that the varying
sensitivity of each reaction rates for the production of viral DNA. At the initial stage of reaction,
K, and K5 show positive in the production of viral DNA but their positive influence diminishes
over time. Most interestingly, K5 becomes negative influential over time. Meanwhile, K4 and
K_3 represent the reciprocal result, i.e., they are change from negative influence to positive

influence with respect to viral DNA.

Fig. 5b illustrates about the sensitivity of reaction rates for the formation of PIC. The
reaction rates K1, Ko, K4 and K_3 are shown similar behavior as the Fig. 5a for the formation
of PIC over time. However, in this Fig. 5b, two other phenomena are noticeable: K3 always
maintains highly positive influential in the formation PIC, whereas K_4 becomes positively

influential after some time following the initiation of the reaction.

6.2 Numerical representation for three different fractional model

In this section, we numerically interpret the results from our three fractional models. We
represent the numerical scheme to solve the fractional model. We present a numerical scheme
to solve the fractional model based on the Atangana-Baleanu operator, Caputo and Caputo-
Fabrizio. To explain this numerical solution, we consider the fractional system (5) in the
following form

LO=) ABC e (£(4)) = p(£(1), 1), (20)
where f(t) = [Err,Srna, C1,Sopna, Ern, Co, C3]T and ¢(f(t),t) denotes the right side of the
system (5). Utilizing the fundamental theorem of fractional calculus in (20), we obtain

(e=1)(1 — (e-1) t
)= 10) = g o 0.0+ g [ -9 Votre.0d )
where B(o) =1—-0+ () 18 a normalization function. Putting ¢ = t,41 = (n+1)h in equation

(21), where h is the time step size

o= L= Lo gt
(trt) = 10) = g =00t + s [ G =007, €0
_ L -0
- B(O’) ¢(f(tn)7 tn)
L(‘T_l)o- n tm41 .
o 3 [ e - 9 Vo€, e

m=0 m
(22)

Using the second step Lagrange interpolation polynomial, the function ¢ approximates to

o(7(). €~ Wmbtmd ey ) U Umoahlnes) ey (23)
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Using this result in (23) on the equation (22), we have

B Le=D(1 - o)
f(tnt1) =£(0) + Téf’(f(tn)» tn)

(o— )O’ n tm41
+ L Z lm/ (tn-i-l _ 6)(071)(5 _ tm—l))dg
m=0 tm

O (1), ton 1) / " s — €D (E — 1))

| I

h
- Le=1(1 - o) L Do I (f(tm), tm) hott
X ((n—m+1)”(n—m+a+2) - (n—m)"(n—m+20+2)>
(ZS(f(tm—l)atm—l) hott o+1 o
- h x0(0+1)<(n—m+1)+ —(n—m) (n—m+a+1))
_ A ) LN S (—mt 17 n—m
=0+ gy o)) + grre o S [(( F1)7(

F 02 = (0= m) (= m 420 +2) )t t) = (0= m+ 17

—(n-=-m)’(n—m+o+ 1)>¢(f(tm1)vtm1>‘| :

Apply this numerical scheme in the system (5) for every model population, which we use in
this numerical section part. Similarly, we find the numerical scheme for the Caputo fractional
model (3). So we can not be shown detailed calculations for the Caputo scheme. The fractional
model corresponding to Caputo derivative can be written as similar to equation (20)

L9 CDL(f(t) = 6(f (1) 1) (24)
Applying the same procedure as the previous numerical solution of the fractional model corre-

sponding to Atangana-Baleanu in the Caputo sense, we have the solution of equation (24) in

the form
LE-Dps 2

6 tm)st) = (0= D = (=)= m 4G+ 1))¢<f<tm1>,tm1>].
()

Now we present the numerical solution of the fractional model corresponding to the Caputo-

Fabrizio derivative scheme. The fractional model (4) can be written in the following form

L9 CFDa(f(1)) = ¢(f(t),1), (26)
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where f(t) and ¢(f(¢),t) denote same as in equation (20). Applying the fundamental theorem
of fractional calculus in equations (26), we have

1) = 10) = Fi et + St [ oo, e (27)
Taking ¢ = t, 41 and ¢ = ¢, in equation (27), we obtain
Fwsn) = £0) = E 0= Dore) 0 + 5 [T or©.0de wa (29)
a=1(1 _ o a—1, tn
) £0) = E ottt + 20 [T o008 (29
From equations (28) and (29), we have
i) = 100 + E = (000 t0) = 00 ar)ta)) 4 52 [ 05,00

(30)
Applying the approximated solution of ¢(f(£), &) in equation (23), we have

[t = [ [ AR g, - Akt

n

(31)
3h h
= 7¢(f(tn)7tn) - §¢(f(tn,1),tn,1).
Utilizing this result in equation (31) to the equation (30), we get

a-1
Fltner) = £+ s (1= )+ 0007000, 02) = (1= @)+ B0 (1) 1)
(32)

We utilize this numerical scheme to solve the fractional model (4) corresponding to the
Caputo-Fabrizio fractional operator. The simulations shown in Figs. 7 and 10 are generated
using this numerical method.

In Figs. 6-8, we demonstrate the influence of fractional order on the competitive molecular
interactions between RT and IN enzymes. Fig. 6 illustrates how variations in the fractional
order ¢ affect the behavior of all molecular concentrations in our fractional model (3), while the
memory rate parameter L is fixed at 0.7. Specifically, it highlights that the Caputo fractional
differential operator produces only minor variations in molecular dynamics, indicative of its
short-term memory effect.

In Fig. 7, we present the dynamic changes in the concentrations of all molecules in the
Caputo-Fabrizio fractional model (4) corresponding to different values of the fractional order
«, with the fixed value of the memory rate parameter L = 0.7. The figure reveals a noticeable
variation in the behavior of molecular concentrations, demonstrating the non-singular kernel’s
ability to capture moderate memory effects effectively.

For the fractional model (5) based on the Atangana-Baleanu operator in the Caputo sense,
the variation of fractional order o exhibits a significant impact on the dynamical behavior of
all molecule concentrations, as shown in Fig. 8, while we fixed the value of the memory rate
parameter L = 0.7. This variation highlights the influence of the non-local and non-singular
kernel, demonstrating its ability to capture complex molecular interactions and reflect long-term

memory effects inherent in biological systems.
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Figure 6. Dynamical behavior of all system populations corresponding to the Caputo fractional
model. Here we take five values of fractional order ¢ as 0.8, 0.85, 0.9, 0.95 and 1. The value
of all reaction rates is taken as K; = 1, K_; = 0.06, Ks = 0.5, K3 = 1.1, K_3 = 0.07,
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Figure 10. Effect of varying the memory rate parameter L on the dynamical behavior of all
system populations in the Caputo fractional model, with the fractional order fixed at a = 0.9.
The values of all reaction parameters are taken from the Table 1.
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In Figs. 9-11, we illustrate the effect of the variation in the memory rate parameter L
on the dynamics of the biological system within our time-fractional mathematical model for
three distinct fractional operators. Fig. 9 highlights the system’s behavior as the memory rate
parameter L varies, while the fractional order remains fixed at ( = 0.9. The results emphasize
how changes in the memory rate influence molecular dynamics, demonstrating shorter memory
effects characteristic of the singular kernel associated with the Caputo fractional operator.

Fig. 10 illustrates the dynamic changes in all system populations within the Caputo-Fabrizio
fractional model (4) for varying values of the memory rate parameter L, while the fractional
order is fixed at & = 0.9. Similarly, Fig. 11 demonstrates the system behaviors for the frac-
tional model corresponding to the ABC method with L variations, revealing significant shifts
in molecular interactions. This figure highlights the non-local and non-singular kernel prop-
erties of the Atangana-Baleanu operator, effectively capturing long-term memory effects and

showcasing its suitability for modeling the complexity inherent in biological systems.

§7 Discussion and Conclusion

Molecular interactions in HIV replication play a key role in infecting host cells and produc-
ing new virus particles. These interactions are essential for developing effective and targeted
antiretroviral therapies. In this study, we highlight two parallel molecular interactions between
RT and IN enzymes, known as biochemical interaction and physical interaction, which inhibit
each other. To investigate the interplay between these two interactions more precisely, we
consider a seven-dimensional kinetic mathematical model under three different fractional-order
differential operators: Caputo, Caputo-Fabrizio, and Atangana-Baleanu in the Caputo sense.

This study has some limitations. We focused only on how the RT and IN enzymes interact
to form viral DNA and the pre-integration complex, without including other important proteins
or host cell factors. Additionally, while most reaction parameters were based on experimental
studies, a few were estimated in the absence of direct data. Although our sensitivity analysis
identifies potential therapeutic targets such as the RT-IN complex, the model has not been
fully validated using empirical or clinical time-series data. These limitations are acknowledged
in the manuscript and guide future directions for enhancing the model’s translational value.

We established the existence and uniqueness of all system solutions for the ABC-induced
mathematical model using fixed-point theory in Section 4. Additionally, we analyzed the sta-
bility of the fractional model using Picard stability theory in Section 5. In Subsection 6.1,
we performed a global sensitivity analysis of all reaction parameters and calculated the PRCC
values, as shown in Figs. 3-5. The analysis identifies the reaction parameters K3 and Ky,
which are highlighted as critical factors in the dynamics of viral DNA and the pre-integration
complex. These findings demonstrate that the reaction rate K3 and K, significantly influence
viral DNA synthesis and PIC formation, indicating that targeting these reactions may improve
the effectiveness of HIV therapies by inhibiting key stages of viral integration.

We numerically analyzed the behavior of the system across all population variables in Figs.
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6-8 by varying the fractional-order values and employing three distinct kernels: Caputo, Caputo-
Fabrizio, and ABC in Subsection 6.2. These simulations provided a detailed exploration of how
fractional dynamics influence the system, revealing the unique impact of each kernel on system
dynamics. The results reveal that the ABC kernel, due to its non-local and non-singular
properties, captures long-term memory effects more effectively than the Caputo and Caputo-
Fabrizio models, leading to stronger suppression of viral DNA and PIC levels at lower fractional
orders.

Additionally, we illustrated the local and non-local system dynamics in Figs. 9-11 by varying
the memory rate parameter. These figures provide a complex representation of biological pro-
cesses influenced by historical states, enabling a realistic depiction of complex, non-Markovian
behaviors inherent in such systems. The memory-driven dynamics of molecular interactions,
particularly the physical interactions inhibiting biochemical processes, are explored through
fractional calculus, providing deeper insights into the time-dependent processes in HIV replica-
tion. This study bridges molecular study and fractional calculus, revealing critical factors that

influence enzyme activity and identifying potential intervention points for HIV treatment.

Our model identifies the physical interaction between RT and IN as a critical regulatory
mechanism in HIV replication, a result supported by experimental evidence from Masuda et al.
(2022), who demonstrated that integrase modulates RT activity through cis-allosteric interac-
tions affecting its conformation and function [16]. Additionally, our sensitivity analysis high-
lights parameters related to strand transfer and RT-IN complex formation as key influencers
of viral DNA and PIC dynamics. This finding aligns with clinical findings that strand transfer
inhibitors like Raltegravir effectively suppress HIV replication by blocking integration into the
host genome [33, 34]. The fractional-order modeling further reveals memory-driven effects in
these enzymatic processes, reflecting observed delayed responses in antiretroviral therapies such
as Cabenuva, a long-acting regimen shown to maintain suppression over extended periods [35].
These connections between our numerical results and biological data reinforce the validity of
the model and underscore its translational potential in guiding targeted, time-sensitive HIV
treatments.

Beyond its theoretical and computational contributions, the proposed fractional-order mod-
eling framework carries meaningful translational potential. By elucidating the interplay between
RT and IN through both biochemical and physical pathways and quantifying their roles via
memory-sensitive parameters, our model offers insights into how fractional dynamics influence
HIV replication. These insights can be instrumental in the rational design of next-generation an-
tiretroviral therapies. Specifically, our findings advocate for a shift toward targeting the RT-IN
complex rather than solely focusing on integrase-DNA interactions. This approach could inform
drug discovery pipelines and support the development of inhibitors that modulate enzymatic
interactions with inherent memory effects. Furthermore, integrating this modeling framework
into preclinical evaluation may enhance therapeutic efficacy by guiding dose optimization and

improving the clinical utility of memory-aware antiviral strategies.

Building on our current findings, future research will incorporate the effects of antiretroviral
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drugs on both biochemical and physical RT-IN interactions within the fractional-order modeling

framework. This will allow a more precise investigation of how drug-induced perturbations

influence system memory, enzyme activity, and viral suppression. Additionally, integrating

clinical data and employing parameter estimation techniques will enable empirical validation

of the model, enhancing its translational potential for optimizing HIV treatment strategies and

informing the development of next-generation therapies targeting memory-dependent molecular

mechanisms.
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