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Generalized Euler-Riesz difference sequence space with a

paranormed fractional ordered u

Miinevver Tuz Cigdem Asma Bektas

Abstract. In this study, we introduce the sequence space £/ (p, A™) with a fractional order p.
Furthermore, we give some topological properties of this space. Also we introduce a—, 5—, and

~vy—duals of ¢#(p, A™) and its some matrix mappings.

81 Introduction

Fractional analysis stands out as an important research area in mathematics day by day.
Fractional sequence spaces have been an important area of interest as a generalisation of classi-
cal sequence spaces and an application of the theory of fractional analysis. Fractional analysis
and sequence spaces have developed as two independent fields of mathematics and have been
unified over time, leading to the concept of fractional sequence spaces. The foundations of se-
quence spaces were laid with the emergence of Banach and Hilbert spaces. In particular, studies
on ¢p spaces and bounded, convergent sequences have formed the basic building blocks of the
theory of functional analysis. The a—, 5—, and y—duals have been considered to understand
the basic structure of sequence spaces and to study this structure from a broader perspective.
In particular, these duals have been of critical importance for studying the analytic properties of
sequence spaces and understanding the behaviour of operators defined on these spaces. Matrix
transformations have been a powerful tool for studying the transitions of fractional sequence
spaces between different spaces and the structural effects of these transitions. These trans-
formations have also contributed to the further development of operator theory and numerical
analysis methods. Fractional analysis, on the other hand, has been a broad field of study, which
has its foundations in the contributions of Leibniz and Riemann and is now recognised as a
branch of mathematics. The first studies on fractional sequence spaces were made by extending
classical sequence spaces with fractional derivative and integral operators. These studies are

particularly noteworthy in the analysis of different behaviours of physical systems, data com-
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pression and modelling of physical systems. In this context, the following studies of fractional

sequence spaces have shed light on the applications of fractional analysis in different fields.

Hardy [1] talked about the difference sequence spaces and it was followed by Kizmaz [2]:
X(A) = {z = (zx) : Az € X}, where X = l,c or ¢y. After, Et and Colak [3] generalized
these spaces as X(A™) = {z = (z1) : A™z € X}, where m € N, A%z, = zp, A™zy, =
A™ Ly, — A™~ 1y, such that

Az = i(—nv (":) Tht-

v=0
Baliarsingh and Dutta [4,5] also introduced the fractional difference operator for any proper

fraction p > 0,

o0
P(p+1)

Algy, =S (1) — 2

Tk Uz:;)( ) V!(M_U+1)$k vy

and defined new sequence spaces, called difference sequence spaces of a positive fractional order

W as

v=0
where )\ is any sequence space. In this definition, the gamma function of a real number p such
that p ¢ {0,—1,—2,-3,...} is given by the integral,
(o)
T(p) = /eftt“fldt. (1)

0

k
AT, AP u) = {.’L‘ = (ag) : (Z u,,A“x,j> € )\} ,

Yaying [6] introduced paranomed difference sequence spaces of fractional order u, X *(p, A*)
for X =rg,7¢, roo-
The matrix domain of an infinite matrix A in a sequence space A C w is a sequence and

da={zcw: Az € \}.
Altay and Bagsar [7,8] defined the sequence space
Pn
rq(p)—{xewzz <oo}.
After, Altay et al. [9] and Altay and Basar [10] defined the sequence space e (p) by
P
er(p)—{xewzz <oo},

neN
neN
Fractional ordered Euler-Riesz difference sequence spaces cfj, c*, and ¢ were defined by
Jena and Dutta in [11]. They introduced the matrix B(A#) = BF = (bl).) defined by

n

é kzqwk

=0

n

3 (Z) (1—r)" kb,

k=0

where 0 < p < o0 .

1
1 0 0
291 —pq2 72 0
S 22Q2 22Q2
— —1 -
B = 3QI*3#(12+“(#2! a3 392 — g3 )

g3
23Q3 23Q3 23Q3
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where bl =0 if k > n and

bij_Zk ;(i>(l) nl(p—n+1) Q"éQi ’

if 0 < k < n and hence B* transform of & = (}) € w is defined as the sequence y = (y;) € w

as follows:

. - n n " /n . Dp+1) T
n=(B x>n—ZZ Z(i)(_l) n!l“(uu—n—kl) Qq”QZi

1=0 j=k | i=j
0~ Pn
H(p) = {JJEw:Z‘(B”x)n <oo}.
n=1

Bektag and Bayram [12] introduced ¢*(p) by
Tripathy made significant contributions to the fields of convergence of series of fuzzy real

numbers, generalized difference sequence spaces, and Kthe-Toeplitz duals [14-16].
For any complex numbers a and z, and any B > 0, the following inequality holds
jaz| < B(la” BV + [a"), (2)

where p > 1 and p~! + (p/)~1 =1 [16].

(p+1)
n!IT'(p—n—+1)"

In this study, the topological structures of fractional sequence spaces, their relations with

Throughout this paper, we will take C}} instead of (—1)"

dual spaces and coverage relations related to matrix transformations will be examined and the
relations between these concepts will be investigated. The main aim of the study is to contribute
to the existing literature in this field by considering fractional sequence spaces from a broad

perspective.

82 Main results

The topological structures of fractional sequence spaces are critical to understand the in-
ternal structure of these spaces and determine their applications in functional analysis. In this
section, the topological and structural properties of fractional sequence spaces resulting from
the combination of fractional analysis and sequence spaces will be given.

Definition 2.1 Let m € N and B*(A™) transform of 2 = (z;,) € w be defined the sequence
y = (yx) € w as follows:

- . ;
o= (B, = 35S (T
1=0 j=k | i=j ¢
n
where Q,, = qr and (gn) is a sequence of positive numbers. Then we define

k=0

tH(p, A™) = {x Ew: Z ‘(B“Amx)n ” < oo} .
n=1

Theorem 2.2 Suppose that p = (pr) € f such that 0 < ppy < H < oo and M =
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max{1l, H}. Then ¢*(p, A™) is a complete linear metric space paranormed by
o 1/M
~ Pn
9Bu(am) () = (Z (Brama), ) '
n=0

Proof. Obviously Jhuam) = (0,0,...0) and gB#(Am)(—x) = gBu(Am)(x) for all x €
H#(p, A™). Now, let x,y € ¢#(p, A™) and a1, a2 € R. Since A™ is linear, we obtain that

M
N S\
Gpam(@ztazy) = D |(B A" (@12 + azy)),
n=0

0o 1/M
~ ~ Pn
) (Z!<a13mmx+a23mmy>>n )
n=0

IN

0 1/M 00 1/M
~ Pn ~ Pn
(H* > ‘(B“N"w)n‘ ) + <H > ‘(B“Amy)n )
n=0 n=0

< gpuam) (@) + a2gguam (1),
where H* = max{1,|a;|™,|as|™}. This implies that 9Bu(amy is subadditive. Also, the linearity
of ¢#(p, A™) with respect to the coordinate-wise addition and scalar multiplication can be easily
seen. Suppose that {z"} is a sequence in £#(p, A™) such that gg, am)(z" — ) — 0 and also
(an) is any sequence of scalars such that a, — a asn — 00. {gg,am)(z")} is bounded because
of the subadditivity of gz, (amy- Then we have

o 1/M
s ~ m s m Pn
9puam(asz® —az) = g ’(B“(asA ¥ — aA™z), )

pr\ 1/M

IN

=k | i=j

n=0
) .
n=0|1=0 j ! 2"Qi
< o = algpuam)(@®) + gz am)(@® — ).
Accordingly, g Br(am) (asz® —ax) — 0 as s — 0o, shows that scalar multiplication is continuous.

Consequently, 9fu(amy IS & paranorm on CH(p, A™).

Now, we have to show that ¢#(p, A™) is complete. Let z° = {z5} be any Cauchy sequence
in ¢#(p, A™). So for each € > 0, there exists N(¢) € Nt such that

(B;L(Amxs _ Amxt))n‘

IN

géu(Am)(l’s —a')

50 , 1/M
(Z ((Bﬂ(mxs — AT, ) <e
n=0

for all s,t > N(e).

Hence, for each fixed n € N, {(B“Amxo)m (3“A7’Lx1)n, ...} forms a Cauchy sequence of
scalars and the completeness of the scalar field implies its converges. Assume that for each
n €N, (B*A™z%), — (B*A™z), as s — oo and let us define the sequence

x = {(B*A™z)o, (B*A™2)1, .. .},
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using these limits. For each » € N and s,t > N(g) we obtain
T B . P
S |@Brarar - amaty,
n=0
For any ¢ > N(e) and as t — oo, we obtain from the last inequality that

3 |(Br(ama® — Ama)),

n=0

M

< gBM(Am)(xS -zl <e

Pn
< 61\/{ ,

for each r € N. Then
S |Brara - amay),
n=0

holds. Taking e =1, s > N(1) and using Minkowskii’s inequality, we have for each r € N that

(Z (B (Ama)),
n=0

Pn

< Gpuam (@ o) <e, (3)

1/M
Pn
) < 9puam) (@ — @) + gguam) (@°) (4)

<14 gpuam(@®),
which implies that = € (#(p, A™). Also, from (4), gguam)(z® — ) < € holds for all s > N(e)
and see that x® — ¢ € ¢#(p, A™) as s — oo. This proves the completeness of £*(p, A™).
Theorem 2.3 The Riesz sequence space £#(p, A™) is linearly isomorphic to £(p), where
0<py, <HC<Koo.

Proof. Let us define the transform as follows
0 (p, A™) = L(p), p(z) = B*(A™z).
Clearly, the linearity of B*(A™) implies the linearity of ¢ and z = 0 whenever p(z) = 0,

that is, ¢ is injective. From (2.2) in [11], for the sequence y = (y,) € 4(p), the sequence
x = (x,) is defined by

k2 & (i
=3O (). ®
1=0 j=k % =5

Then
PaN 1/M

P Zl g:@ > (’Z) ci—* qg2n sz
n= =0 y= =7

pny /M
n

= (22D 0w

n=1|j=0

- 1/M
- (z w) e
n=1

holds where 6, ; is Kronecker delta. This implies that « € ¢#(p, A™). Consequently, ¢ is a

linear bijection and preserves the paranorm. Therefore ¢#(p, A™) is linearly isomorphic to £(p).

Theorem 2.4 The Riesz sequence space ¢#(p, A™) is linearly isomorphic to ¢(p, A™) where
0<pr. < H<oo.

Proof is easy.
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§3 a—,3— and y—duals of ¢*(p, A™)

For the sequence X and Y, the multiplier space is defined as follows:
S(X,)Y)={2=(2) €w:az €Y forall x € X}.
The a—, B—, and y—duals of a sequence space X are defined as X = S(X,¢;), X# =
S(X,es), X7 = S(X,bs), respectively.

Here we will show the space of all bounded, convergent and absolutely convergent series bs,

cs and /7, respectively.

Theorem 3.1 Let us define the following sets in the case where 1 < pp, < H < oo for every
k € N and B an integer

Pl
~ k™
Mi(p) = U a=( :supz Z [B“( ak)Qk} B™Y <ooyp,
B>1 KEeF 1eN Inek qk
k™ Pk
:U{a:(ak :supZ‘QkB“< ak)Bl < 00,
B>1 nEN N
2k Pk
and ((Qkkmak> > ECO},
dk )
Py
= a = (ag): su w B* kak B! <
U P> |@
B>1 nEN peN dx

((W ()"

B‘u k'mak - n Cn_QZk J ’L kjm
a _Z - Z k k-

j=k 9 i=j—1

’ Pk
where p,, = m—r and

Then [£%(p, A™)]” = My(p), [*(p, A™)]” = Ma(p) and [¢(p, A™)]" = Ms(p).
Proof. Let us take any a = (a;) € w and consider x = (x1) as defined in (5) where

Tp=n ZZC - XJ: (;)szv

1=0 j=k 9 ;2 j—1
Then we obtain that for each n € N

J .

i

ndn = C i m nYl-

GnT E E q],g (k>Qn anyi
=0 j=k i=j—1

On the other hand, if we define the matrix G = (gnk) as gng = 0if k > n, gop = 2" an an, if

n . J )
k=nand gop = 3 cﬁ;f% > (D)Qin™an, if 0 <k < n.
j=k i=j—1
We have anz, = (Gy)n. Thus ax = (axzr) € ¢; whenever x € ¢#(p, A™) if and only
if Gy € ¢; whenever y = (yx) € £(p). This means that a € [¢*(p,A™)]" if and only if

G € (U(p), £1). Consequently, from Lemma 3.1(i) in [17], [#(p, A™)]" = M1 (p).
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Consider the following equation for the B —, and ’y—duals

Zakxk—zak k‘mZZCk 2 ; Z (;)szl
=0 j=s i=j—1

n

= e Quyi B (’“'«) | (6)

qk
If we define the matrix H = (hni) as hpp, = 0if k& > n, hpp = %anman if Kk =n and

N

n

hpnp = QkB“ (k “") if 0 < k < n, we have > arxr = (Hy), for each n € N. Thus
k=1

ax = (apxy) € cs whenever x € ¢#(p, A™) if and only if Hy € ¢ whenever y = (yi) € ¢(p). This

yields that a € [¢#(p, A™))” if and only if H € (£(p), ). Consequently, from Lemma 3.2 (iii) in
[11], we conclude there exists an integer B > 1 and

sup Z QrB" (k ak) B!

neN kEN qdk

Qk Pk
((awn) ) o
dk
This means that [¢#(p, A™)]” = My(p).

Similarly, ax = (ar xr) € bs whenever x € ¢#(p,A™) if and only if Hy € f., whenever
y = (yx) € £(p). This implies that a € [¢*(p, A™)]” if and only if H € ({(p),l~). Hence
[ (p, A™)]" = Ms(p).

Theorem 3.2 Let us define the following sets in the case where 0 < p;, < 1 for every k € N

Pk
[ (52)e] <)
nekK K

km Pk Pk
B () @ <},

/
Py

< o0,

and B an integer

My(p) =< a € w: sup sup
KeFkeN

k

2
—Qrk™ay,
gk

< oo and sup

Mg,(p)—{aEw:sup sup
€

keEN

where

BH <I€mak) _ch j2k zj: (;)kmak

qk =k q; i=j—1
Then [¢(p, A™)]* = Ma(p) and [£(p, A™)]” = [ (p, A™)]" = M5(p).
Proof. Similar to the proof of the previous theorem, using the same notations and calcu-
lations, we obtain the proposition that a € [¢#(p, A™)]” if and only if G € (¢(p), ¢1). From (6)
and Lemma 3.1 (ii) in [17], a € [¢#(p, A™)]” if and only if

Pk

sup sup Z ZC’E/LJQIC i <2)Qmman < 0.

KeFkeN | *5 | 57 e
Consequently, we also observe the equality [¢#(p, A™)]" = My(p).

For the f—, and y—duals, again referring the last theorem, we find that a € [¢#(p, Am)]’g
(respectively, a € [(#(p,A™)]") if and only if H € ({(p),c) (respectively, H € (¢(p),ls))-
From (6) and Lemma 3.1 (iii) in [13], we conclude that a € [¢*(p, A™)]” (respectively, a €
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[0*(p, A™)]7) if and only if

, P
" on- ]2’6 e .
sup Z ‘ Z I Qin"a,| < oo,
k€ N 1.7 Ji=j—1
k Pk
sup | —Qrk™ar| < 0.
keN | 4k

Therefore we have [¢4(p, A™)]° = [¢#(p, A™)]" = Ms(p).

84  Matrix transformations

In this section we will give characterizations of certain matrix mappings defined from
e (p,A™) to X where X = l5(q),bs,c(q) or co(q). We define the matrix class (X,Y) by
stating that A = (an) € (X,Y) if and only if for every x = (x) € X,

(Az)n = ankas,
k=1

converges in Y for each n € N and the resulting sequence called the A-transform of z satisfies

Ar = ((A2)p) ey = (Z ank$k> )
neN

k=1
belongs to Y. Moreover, A € (X,Y) if and only if n*"-row of A, denoted (anx)ren belongs to
XP for alln € N and Az € Y for every » = (z) € X.

Now, we assume that ¢ = (g,,) is a non-decreasing bounded sequence of strictly positive real

we adopt the following notations

k n n— ! } m
(5) S 5 (o

T i=j—1

numbers and pj, = ;P

for all n,k € N.
Suppose A = (ank) € (H(p, A™),Y) where Y = {(q),bs, c(q) or co(q). Then (Ax), =

o)

> apkxy converges for each n € N and x € ¢#(p, A™). From (5), for the sequence y € ¢(p),
k=1

we define the sequence x € (#(p, A™) as follows:

Pt 2 N

— n—j4_ ‘

=t Y2 S (Ham
1=0 j=k i=j—1

From (6), we obtain that for each s,n € N

> anpzr = Zank k™ ZZC 4 (Z;)Qiyl
k=1 1=0 j=k 7 i=j-1

ZkakB” (k ank) -

gk

As s — oo we have

Zankxk = ZkakB“ ( “”’“) = (Hy),.
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Hence, we obtain
Ae ((¢"(p,A™),Y) < H € ({(p),Y). (7)
Theorem 4.1 i) If 1 < pp < H < oo, then A € (¢#(p, A™),Ls(q)) < There exists an
integer B > 0 such that

" k‘ ak 1 Pr
sup Z Qi B! B™| <o, (8)
nenN kEN qk
fm Dk
o (52) ]
nenN keN gk
ii) If 0 < py <1, then A € (¢#(p, A™),€s(q)) < There exists an integer B > 0 such that
km n Pk
sup |B* < a k) Q| < oo, (10)
keN dk
~ km " Pk
sup sup |QxB" (a’“) B~V < . (11)
neN kEN qk

Proof. i) Since Az exists from Theorem 3.1, (9) holds. Also from (7) we obtain that
A (0(p, A™),lo(q)) & H € (Up), Lo(9)); Lee.,

~ kmank 1 P
sup Z QpB" [ —2£ ) B~V | < .
neNkGN gk

Conversely, if the conditions (9) and (10) hold, then Az exists and from (8) we obtain that

Zankl’k < Z Qi B" <k ank)l/k

keN keEN

K \ |P* —pi
Bl/qn (Z ‘QkBM ( a k)‘ ‘Bl/gn k + Z kalpk> )

kEN kEN
Pr < 0o. This implies that A € (€ (p, A™), loo(q)).

((Az)n| =

IN

Thus we have sup |(Az),
nenN

ii) Similar to i).

Theorem 4.2 If 0 < p, < H < 00, then A € (¢#(p, A™),c0(q)) < (9), (11) hold and for all
BeN,
an
Q. B" <ka”k> Bi ) -0.

dx
Theorem 4.3 If 0 < p, < H < 0o, then A € (¢#(p, A™),€o(q)) < There exists an integer
B > 0 and a sequence (a;) C R such that (9), (10), and (11) hold, along with the following

lim (Z

keEN

Proof is omitted.

statements o
- k™a
sup ‘QkB” <nk> < 00,
n,keN qk
k™a P
sup Z QrB" ( k) B7l < oo,
nEN peN K

- m
lim (‘QkB“ (ka“”’f) —ay
n gk

dn
) =0 for all kK € N,
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~ k™a, Pl
sup Z <‘QkB” (ak) — ak‘ Ll/q"Bl> < oo forall L€ RT.

nENk:eN gk

85 Conclusion

This study offers a new perspective with studies on this subject in the literature by ad-

dressing the binary structures of the topological properties of fractional sequence spaces and

the coverage relations of matrix transformations, which emerge by combining fractional anal-

ysis and sequence spaces. Dual spaces of fractional sequence spaces, that is, spaces in which

continuous linear functionals of these spaces are constructed, play a central role in operator tech-

nology and functional analysis. Current studies on these topics expand and further consolidate

their place in comprehensive analysis of fractional sequence propagations. A detailed analysis

of topological properties and binary structures in particular is envisaged in the literature on

fractional sequence spaces.
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