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Nonisospectral Botie-Pempinelli-Tu hierarchy and its
integrable coupling

WANG Hai-feng! ZHANG Yu-feng?*

Abstract. An efficient scheme is applied to generate a nonisospectral Botie-Pempinelli-Tu (BP-

T) integrable hierarchy under the case where \; = > k;(t)A™7. Based on an expanding higher-
7=0

dimensional Lie algebra, we obtain a nonisospectral BPT integrable coupling hieararchy. It
follws that some new nonisospectral nonlinear systems are obtained by reducing these two non-
isospectral BPT hierarchies. Actually, these nonisospectral integrable models that we obtained

can enrich the existing integrable models and possibly describe new nonlinear phenomena.

81 Introduction

In the fields of mathematical physics and theoretical physics, integrable nonlinear systems
have attracted wide attention due to the fact that they successfully describe and explain nonlin-
ear phenomena in natural science [1]. Among them, the nonisospectral equations are meaningful
and indispensable. A large number of nonisospectral deformations of classic integrable systems
are considered [1,2]. Some solitary waves can be described by some nonisospectral equations
in a certain type of nonuniform media [3,4]. In [5], the authors presented the nonisospectral
linear representations which can help find some geometric properties of some important soliton
systems. Additionally, there are many excellent research results of nonisospectral equations
related to the inverse scattering transform [6,7]. Therefore, how to generate nonisospectral
equations and their extended systems is a crucial research topic [8,9]. A method for generating
integrable systems was proposed by Magri [10], which was called the Lax-pair method. Based
on it, Tu proposed a method for generating integrable Hamiltonian hierarchies by making use
of a trace identity in [11]. Some integrable systems and the corresponding Hamiltonian struc-
tures as well as other properties were obtained by using the Tu scheme, such as the work in
[12-18]. And Zhang et al deduced an integrable couplings of the well-known BPT hierarchy
by constructing a new loop algebra in [19]. There are many different methods for generating
isospectral integrable equations. However, as far as we know, fewer works has been done on
the nonisospectral integrable equations. In [20,21], Ma proposed a method of constructing its
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corresponding nonisospearal A\; = A\"(n > 0) hierarchy of evolution equations by starting from
Lax equation Ly = A, Ay = A" If ¢y = B,1, then the compatibility condition admits a
nonisospectral hierarchy

uy = op = ®"go,m > 0,
where the operator ® is a hereditary operator which satisfying u; = K, (u) = @™ f(A = 0)
[22]. In [23,24], Qiao adopted the Lenard series method to obtain some nonisospectral integrable
hierarchies under the case A\, = A1 M.

BPT spatial spectral problem was first introduced by Boiti, Pempinelli and Tu in [25], where
they considered a particular case of the more general spectral problem proposed by Boiti and
Tu in [26] and they showed that the soliton equations of the related hierarchy are Hamiltonian
systems with commuting flows on a symplectic Kahler manifold. In this article, an efficient
scheme is applied to generate a nonisospectral BPT integrable hierarchy under the case where

At = > kj(t)A™7 [27]. One can find that the case is a generalized expression for the case
=0

At = X" Based on it, we deduce an expanding nonisospectral integrable hierarchies by using
the knowledge of integrable coupling [28]. In [29,30], Ma presented the integrable couplings can
be derived based on the corresponding non-semisimple Lie algebra g which has the following
triangular block matrix form
A 0

s =[5 4. )
where A and B are two arbitrary square matrices of the same order. By reducing the non-
isospectral BPT integrable hierarchy and its integrable coupling hierarchy, we obtain some new
nonisospectral nonlinear systems. Ma proposed an effective method to calculate symmetry al-
gebras and successfully applied it to coupled KdV systems [31]. Then, the types of algebraic
structures of the spaces of the isospectral Lax operators were established, and it means that the
theoretical basis of the Lax operator method has been essentially formed [32]. Under obtaining
the expanding nonisospectral integrable systems, some properties including symmetry algebras,
Bécklund transformations [34], analytic solutions [35], and so on, could be studied [36]. The
research object of this paper is the generation of the nonisospectral integrable hierarchy and
its extended hierarchy, which is different from the related research on the isospectral hierarchy.
As far as we know, the nonisospectral BPT hierarchy and its extended integrable hierarchy
obtained in this paper are new and different from the existing literature.

82 A nonisospectral BPT hierarchy

A Dasis of the loop algebras A, is given by
(A0 B 0 A" o) - 1 0o A
h(n)=2<0 _)\n>, e(n) = ()\" 0>, f()—2<_>\n 0>7 @)
deg h(n) = dege(n) = deg f(n) = n,
equipped with
[h(n),e(m)] = f(m+n), [h(n), f(m)] =e(m+n), [e(n), f(m)]=—h(m+n).

N[
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Based on the loop algebra A;, we consider the corresponding nonisospectral problems

L 1,.y—1
Yo = Uy, U =2h(1) +qe(0) +rf(=1) + sh(=1) = (1/\+ 250 30+ arA )

1 1,.y=1 _y_ 1.y-1
5 5TA A= 38A

o=V, V= 3 (amh(=m) + bne(=m) + e (~m), (3)
A= 3 k(A
m>0

In order to deduce the nonisospectral integrable hierarchy, one need solve the nonisospectral
zero curvature equation

Sttt oA = v 4 U, v =o. (4)

From (3), we have

=Y km(t)[2(1 = m) = rf(—1—m) — sh(~1 —m)].

m>0

By solving the stationary zero curvature equation

ouU
Vo= oM+ ULV, (5)

we obtain the recursion relations
Onz = 2kn1(t) — Skp—1(t) + rbn—1 — qcn,
bz = 2Cny1 + SCp_1 — TAp_1, (6)
Cnz = —Tkn—1(t) + 2by41 + sb—1 — qay,.
Take ag = 28, by = co = 0, and then one has
B Bq*

bi=PBa, 2= 5+ Br, az = ==L+ 2kg(t)a — ski(Da + B,

2m+1 = bam = Cam41 = kam(t) = 0.
Note that

n

VI = 3 (amh(=m) + be(—m) + ey f(~m))A" = A"V — V)

m=0
n
A = = 3 ka(ty
then (5) can be broken down into -
n , OU n ) OU (n n
_V+(,1)’ + a)\ +[U, V+( = V,(gz N )\E,) - U, v )}. (7)

It follows that

deg V(") = (0,0,0), deg 5o A" =: (1,~1,~1), deg([U, Vi) = (1,0, ~1,-10,0,0)

deg V") =: (—1,-1, 1), deg(zg/\(’” £ (0,-2,-2), deg([U, V™)) =: (1,0,—1,—1; -1, 1, —1).
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We find that the gradation of the left-hand side of (7) is more than —1, while the right-hand
side is less than 0. Therefore, take the gradations 0 and —1 in (7), one has

ou n n
AN+ (U, VI = ~26011€(0) + (~bus1e + 2en12)e(—1) + 241 £(0)
+ (C7L+1,w —2bpy2 + qani1) f(—1) + 2kn 11 (t)(0) + (an-i-l,l' + qcni1 — 2kni2(t))e(—1).

(3D
Choose n = 2m — 1, one can find A, = 0 so that V(") = V_ﬁ").
Theorem 1. By means of (4) and (6), we obtain the nonisospectral BPT hierarchy as follows:

(n)
Vi +

q 2¢om bom+1 0
uy=|r]| = | —sboan_1+rkom_1(t)| = | —com | + 0
S : Skszl(t) — ’I“bgmfl a2m, 2k2m+1(t)
Bq m—1 m—1
=LLT | 0|+ Z (L3 Komi1-2:(t)zQ1) + J1 Z (L3 Kom-1-2i(t)Q2)
28 i=0 i=0
m—1 0
+ Ji Z (Liagm,QiRﬂ + 0 (8)
=0 2kom41(1)
Bq m—1 m—1
=0"J | 0 | + Z(q)iJ1K2m+1—2i(t)le) + Z(q’iJ1K2m—1—2i(t)Q2)
28 i=0 i=0
m—1 0
+ > (P Ti0gm_2iR1) + 0 :
=0 2k2m+1(t)
where
0 -2 0 q —qsT+r 1 (4
Ji=(2 0 —q],Q=|{0 ,Q2:§ 0 7R1:1 0],
0 g -0 2 —2sw 1
) 0? - 25— q®>+2¢0 " 'r+q0tq, O0s—q0 Y (qs) Or—q0 (qr)
L= 1 —20 —2s —2r ,
—2q+ 07 (2q, + 4r) —2071(gs) —207(qr)
with
1 0 g -+ 0%*—-25s—2r07"q 0 —2¢, 07! —2¢—2r07!
O=JLJ " = 1 qs0~1q — s0 —2s 2¢s0~1 . (9)
qro~lq —ro —2r 2qro~1
To the nonisospectral BPT hierarchy (8), we show the first two nonlinear systems as follows:
a = Baz + 20,
Ty = —sBq + ki (1), (10)

st = —rfBq + ski(t),
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and
qt = g(%x:c + 2740 — 4.8 — 295, — %QQC]&L‘ +4rs — QQT) + %(Q;c + 27")
+k12(t) (ro — qs — £qys — ©qs; — 2xrs) + ks3(t)(q + xq. + 2271), (11)
ry = —g(qms + 2r,s — 2¢s% — %q?’s) — %qs — le(t)(rs — 2qs?) + ks(t)(xqs + 1),
Sy = —g(qms + 21T — 2q8T — %q?’r) — %qr - le(t)(rz —xqsr) + ks (t)(zqr + s).

83 An expanding nonisospectral BPT hierarchy

The Lie algebras A;=span{h, e, f} can be expanded into the Lie algebras A;;=span{f;}>_;,
where

L[t 00 L0 1o (0 1o
fi=5(0 1 o), fe=5(1 0 0), fa=5 (-1 0 0],
0 0 0 00 0 0 00
00 1 00 1
f4:001,f5:00—1),
00 0 00 0

1, fo] = f3, [f1, f3] = fa, [fos f3] = —f1, [f1, fa] = %f& [f1, f5] = %f4,

[f2, fa] = %f4, [f2, f5] = _%fi)a [f3, fa] = %f& [f3, f5] = —%fz;, [f1, f5] = 0.
To the Lie algebra Aj;, the following loop algebra can be introduced
Avll = Span{fl(n) ?:17 fl(n) = fz)\nv [fl(n)a fj(m)] = [fhfj})\m—‘rn? 27.7 =

=1,...,5, m,n € Z.
From gn, we consider a nonisospectral problem

e = My, M =2f1(1) 4+ u1f2(0) + u2f3(—1) + us fi(—1) + uafa(—1) 4 us f5(0),

e = Ny, N = Z>O(amfl(‘m) + b fo(=m) + em f3(=m) + dim fa(=m) + em f5(—m)), (12)
A= 3 km(OA,

m>0
then the stationary zero curvature equation admits that

Gnz = 2knt+1(t) — uskn—1(t) + u2bp—1 — uiCn,
bne = 2€n4+1 — U2an-1 + U3CH—1,

Cnz = —U2kn—1(t) + 2bpt1 — u1an + ugbn_1, (13)
dnz = —Uskn—1(t) + ent1 + %u1dn — %uQen,1 + %ugenfl — %u4bn,1 — %u5an + %u5cn,

1 1 1 1 1 1
Enz = dn+1 - §ulen + §u2dnfl + §U3dn7]_ - §u4an71 - §U4Cn71 + §u5bn-

Take ag = 28, by = cog = dy = eg = 0, then

2
ﬂélz +6U2, as = 7ﬂZl

s @2mt1 = bam = Comt1 = €2m = damt1 = kam(t) = 0.

bl = ,B'Z,Ll, €1 = /8u57 Cy =

dy = Bus, + 2Puy, ---

+ 2k3(t)17 — ’U,gkl (t)SC + 61,

When n = 2m —1, N = Ni") = Zn: (@m fi(n—m) + by fo(n—m) + cm f3(n —m) + di, fa(n —
m=0
m) + em f5(n —m)).
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Theorem 2. From (12) and (13), we obtain the expanding nonisospectral BPT hierarchy

U1 262m b2m+1 0
U2 —ugbam—1 + u2kam—1(t) —Cam 0
u=\|uz| = —Ugbam—1 + uskam—1(t) =Jo| asm |+ | 2k2m+1(¢)
Ug %(U2 — uz)eam—1 + %u4b2m71 + uak2m—1(t) €2m+1 0
us : dom dom 0
Bui
0 m—1 ) m—1 )
=JLL3 | 28 | +J2 Z (LyKom+y1—2i(t)zQ3) + Jo Z (LyKam—1-2:(t)Qa)
Bus i=0 i=0
0
0
m—1 ) 0
+ Jo Z (Lyoom—2iR2) + | 2k2m+1(t) (14)
i=0 0
0
Bus
0 m—1 ) m—1 )
=03 Jo | 28 | + Z (P52 Kom41—2:(t)zQ3) + Z (P5J2Kom—1-2:i(t)Q4)
Bus i=0 i=0
0
0
m—1 ) 0
+ Z (P5J2a2m—2iR2) + | 2kam41(t) |,
1=0 0
0
where
0o -2 0 0 0 U1 —ULU3IT + U2 2u1
2 0 —u1 0 0 0 1 0 1 0
Jo=10 wu -0 0 0 ,Qs=1 21, Q4=§ —2usx , RQZZ 2 ,
0 -% -% 1 %2-0 us —u3usT + 2ug Uus
0 0 0 0 1 0 0 0
Dy = JoLoJ;
A Bug—ulé)*l(ulug) 6u2—u16’1(u1u2) 0 0
1 —20 —2ug —2us 0 0
Lo = — | 2014207 (u10+2us)  —20"(u1us) —207 (uy uz) 0 0 ,
4 B c D E r
—2us —2ugq 2uq 4042u1 —2(uz+us)
with

A=0%—2u3 —ul + 2010 Yus + 110 Uiy, B = —20us + 2us — us0 + us0 u1s + 2us0 L ua,
C = —20u4 +uiug + usus + U5371U1U3, D = 20uq4 — urus — uaus — ’LL5871’U,1U2,

E =40% +20u; — 2u10 — u? + 2up — 2u3, F = —20(u2 + u3) + uruz + urus.
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To the extended nonisospectral BPT hierarchy (14), the first nonlinear system is

u1 = Buiz + 2Bus,

ugy = —Puruz + ki (t)ua,

uzy = —Burug + ki (t)us, (15)
Ugy = g(uz% +urug — ugus) + ki (t)ug,

ust = Busg + 2Puy,

which is an extended system of the system (10). Obviously, the hierarchy (14) is an integrable
coupling of the nonisospectral BPT hierarchy (8).

84 Conclusions and discussions

This paper introduced the nonisospectral problems (3) based on the loop algebras A, and
thus deduced the nonisospectral BPT hierarchy (8). The nonisospectral problem (12) was intro-
duced by using the extended Lie algebras A1, and then obtained the expanded nonisospectral
BPT hierarchy (14). By reducing these two nonisospectral BPT hierarchies, some new non-
isospectral nonlinear systems were obtained. Actually, these nonisospectral integrable model
that we obtained can enrich the existing integrable models and possibly describe new nonlinear
phenomena [37-44].
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