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Balaban index of bicyclic chain graphs

LV Xue-zheng!* MA Meng-yu? WANG Cheng-rui®

Abstract. Chain graphs are {2K>, C3, Cs }-free graphs. Balaban index and sum-Balaban index
are two important topological indices. In this paper, we concentrate on the subclass of bicyclic
connected chain graphs, identifying the extremal graphs that exhibit the minimum or maximum
Balaban index and sum-Balaban index within this class. Moreover, we provide a systematic
ordering of all bicyclic connected chain graphs according to the magnitude of their Balaban

index and sum-Balaban index.

§1 Introduction

Unless otherwise specified, we adhere to the terminology and notations as defined in [9,10].
All graphs discussed in this paper are simple and undirected. We denote a path, a cycle, a
complete graph on n vertices by P,, C, and K, respectively. A graph G is termed a chain
graph if it does not contain 2K5, C5 and C5 as induced subgraphs. In some literature (e.g., [7]),
chain graphs are also known as double nested graphs.

Let G be a connected chain graph. The vertex set V' of G can be partitioned into two disjoint

parts, each of which can be further partitioned into k£ non-empty subsets Uy, Us,...,U; and
Vi,Va,...,Vi. Here U; and V; (for i = 1,2,...,k) are independent sets, and for any 1 < i <k,
k+1—i

all vertices in U; are adjacent and only adjacent to all vertices in U T, ™"V, Consequently, if
v € Ujp1 and v” € U; (or v/ € Vj41 and v” € V}), then Ng(uw') € Ng(u”) (Ng(v') € Na(v'")).
Let |U;| = s; and |V;| =t; for 1 <4 < k. The structure of G is completely determined by these
parameters, and thus the chain graph G can be denoted as G(s1, S2,. .., Sk;t1,t2,...,tx). The
number of edges in G is then given by
kE k+1—i 1 [k ki ko k+1—i
m H;Hsztj ; ; sitj = 5 ;tj ; s +;sz ; t;

In 2008, Bell et al. proved that among all connected bipartite graphs with a given number

of vertices and edges, chain graphs possess the largest spectral radius [8]. This finding has
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established the significance of chain graphs within the realm of graph spectral theory. Research
on chain graphs remains a burgeoning field, with substantial advancements in the analysis of
eigenvalues, energy, and other properties. For instance, Xiong and Hou [28] examined the eigen-
values and Siedel eigenvalues of chain graphs by constructing infinite pairs of non-isomorphic
cospectral chain graphs and characterizing those with distinct Siedel eigenvalues. In another
study [13], the authors investigated the energy and Laplacian energy of connected chain graphs,
establishing upper and lower bounds for the energy and lower bounds for the Laplacian energy.
It was also proven that star graph had the minimum energy among all connected chain graphs,
and the unicyclic connected chain graph with the maximum Laplacian energy was also identi-
fied. In 2023, Alazemi etc. [2] explored certain properties of the Laplacian spectrum of chain
graphs that can be inferred from its degree sequence. For more results on chain graphs, readers
are directed to [1,3-5,24].

Hundreds of topological indices have been extensively studied and can be broadly categorized
into three types: degree-based indices, spectral-based indices and distance-based indices. For
further results on topological indices, refer to [6,12,18,20-23]. The Balaban index that will
be investigated in this paper is a distance-based topological index proposed by Balaban [19].
This index has been extended to weighted graphs [19] and has found successful applications in
QSPR/QSAR modeling [17]. For a given connected graph G = (V, E), and for any u € V, let
oc(u) denote the sum of distances from vertex u to all the other vertices in graph G, i.e.,

o) = > da(u,v),
veEV,u#u
where dg(u,v) represents the number of edges in the shortest path between vertices u and v in
G. The Balaban index (denoted as J index) of a connected graph G is defined as

J(G) ZU

(u,v)EE G JG

and the sum-Balaban index (denoted as SJ index) is deﬁned as

SJ(G)
(u;eE v JG + UG

where m is the number of edges in G, n is the number of vertices in G and y =m —n+ 1 is
the number of cycles in G (see [16,25-27,29]).

Significant results have been obtained in the study of J and SJ indices. Zhou et al. [29]
provided upper and lower bounds for the J index among all trees, while Deng et al. [14] offered
a new proof that a star has the maximum and a path has the minimum J index among all
trees, respectively. The basic properties of the SJ indices and its extremal values among all
trees have been studied in [15]. Additionally, Lei et al. [20] provided upper and lower bounds
for the SJ index of regular graphs. Das investigated the J and SJ indices of double star graphs
DS(p,q) with n (n = p+ q + 2) vertices in [11], ranking the double star graphs based on the
size of the indices and identifying the extremal graphs that achieve the maximum or minimum
values. A double star graph DS(p, q) is a tree with diameter 3 and p 4+ ¢ + 2 vertices, in which
two adjacent vertices are of degree p+ 1 and g+ 1 respectively, and the remaining p + ¢ vertices
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are pendant vertices.

Theorem 1.1. ([11]) Let DS(p, q) be a double star graph withn (n = p+q+2,p > q) vertices,
then

F(DS(n=3,1)) > F(DS(n—4,2)) > ... > F(DS([5, 5] =2) > F(DS([5]1 - L. [5] = 1)),
hence

F(DS([5] = 1,15] = 1)) < F(DS(p.q) < F(DS(n—3,1)),
where the equality on the left holds if and only if G = DS([5]—1,[5] —1), and the equality on
the right side holds if and only if G = DS(n — 3,1), where F stands for either J or SJ index.

In [11], Das also investigated the J index and S.J index for unicyclic connected chain graphs,
identifying the structures of these graphs that possess the maximum and minimum values for

the two indices.

Theorem 1.2. ( [11]) For a unicyclic connected chain graph G with n vertices and n edges,
F(G (L1 15511 15])) < F(G) < FG(L 132, - 1)),

where the equality on the left holds if and only if G = G (17 L1511, L%j), and the equality
on the right holds if and only if G = G(1,1;2,n — 4), where F stands for either J or SJ index.

Building upon this result, we examine the Balaban index and sum-Balaban index for bicyclic
connected chain graphs, characterizing the structures that achieve extremal values for the two
indices. Additionally, we provide an ordering for all bicyclic connected chain graphs with
n > 7 vertices based on the size of their Balaban index and sum-Balaban index. The paper
is structured into three sections: the present section introduces basic concepts and reviews
relevant research results, the second section conducts preliminary analysis on the structure of

bicyclic connected chain graphs. We present the main results in the third section.

§2 The structure of bicyclic connected chain graphs

Let G = G(s1,82,...,Sk;t1,t2,...,1;) be a bicyclic connected chain graph with n vertices
and m = n + 1 edges. In this section, we will show that
Ge{Ky3, G(1,2;2,n—5), G(1,1;3,n—5), G(1,2,p;1,1,n —5—p)},
where 1 <p <n —6.
Firstly we prove that 1 < k < 3. From the definition of chain graphs, the number of edges
of G is

L [ w1 ko ktl—i
m=§ Zt]‘ Z sl—l—z‘sl Z tj
=1 =1 =1 =1

Since G is also a bicyclic graph, then m =n+ 1. If k > 4, given s; > 1,t; > 1 (1 <i < k), we
have

k+1—j k+1—i

k k
mZ% Zt]’ Z 5i+25i Z t;
j=1 i=1 =1

i=1
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k
;|:t1zs +t2281+t3281+t1¢81+81zt +82Zt +83Zt + skt1
1 k k—1 - - 2
=3 [(tlz +tzzsz+t1sk) + <S1th+szztj +51tk) + (t325i+53ztj>:|
i=1 j=1 j=1 i=1 j=1

k
1
> 5 {2Z(sl+ti)+4

=n+2.

This contradiction implies that 1 < k& < 3.

If k =1, the bicyclic connected chain graph is a complete bipartite graph K, +,. Since the
number of edges exceeds the number of vertices by 1, we have sy > 1,t; > 1,81t =s1 +t1 + 1,
hence (s; — 1)(t;y — 1) = 2, which means s; = 2,¢t; = 3 or s; = 3,t; = 2. That is, when
k =1, n =5 and the corresponding bicyclic connected chain graph G = G(3,2) & Ks3 . It is

straightforward to calculate that

n+1 6 21/30
J(G(3,2) = — o5 5
SJ(G(3,2)):"+1 6  12V11

X =
3 V6 +5 11

If k = 2, we consider the structure of the bicyclic connected chain graph G(s1, s2;t1,12) by
repeatedly using the fact that the number of edges in G is m = s1t1 + s1te +s9t1 = n+1 =

(81 +t1 +82+t2)+1. If sy >2and t; > 2, then
m = $1t1 + S1tg + sot1 > 4+ (81 - 1)t2 + o + Sg(tl — 1) + S92

>4+ (51— +to+(t1—1)+sa=s1+s2+t1+ta+2=n+2,
which contradicts m = n + 1. Therefore s; < 1 or t; < 1 holds. However, if s; = t; = 1, then
m = S1t1 + S1ta + sot1 = 1 + to + so = n — 1, also a contradiction. Thus, we have s; > 2 or
tl Z 2. IfSl =1 and tl Z 4, then m = Sltl +81t2 +52t1 = tl +t2+52t1 Z tl +t2+452 Z
t1 +to+ 1+ s2 + 2s9 > n+ 2, a contradiction. By symmetry, if s; > 4,¢; = 1, we also have
m > n+ 2, which is a contradiction. So we must have s; =1, 2 <t; <3or2<s; <3, t; = 1.
If s = 1,t1 = 2, then from m = s1t1 + sot1 + s1ta = 2+ 289 +t5 = n + 1, we can obtain that
s9 = 2, to = n—>5. Therefore, we know that G = G(1,2;2,n—5) and n > 6. Similarly, if s = 1
and t; = 3, then s, = 1, to = n—5. It follows that G = G(1, 1;3,n—>5) and n > 6. By symmetry,
it is obvious that G(1,2;2,n —5) =2 G(2,n —5;1,2) and G(1,1;3,n —5) = G(3,n —5;1,1). So
if k =2, then n > 6 and the corresponding bicyclic connected chain graph G = G(1,2;2,n —5)
or G=G(1,1;3,n—5).

If k = 3, we consider the structure of the bicyclic connected chain graph G(s1, s2, S3;t1, t2,t3)
by repeatedly using the fact that m = sitq + s1to + s1t3 + soty + Soto + 8381 =n+1. If s > 2
or t1 > 2, without loss of generality, assume that s; > 2. Then
m = sit1 + sita + silz + sat1 + sata + s3ty
Z (51 71)151 +t1+(51 — 1)t2+t2+(51 71)t3+t3+52+52+53
Z (81—1)+t1+1+t2+1+t3+82+1+83:TL+27

which contradicts m = n + 1. Therefore s; = t; = 1 holds. Since s; = ¢; = 1, then from
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m = S1ty + Sito + S1t3 + Sot1 + Soto + s3t1 = 1+ 19 +t3 4+ S + Sota + 83 = n+ 1, we can deduce
that soty = 2, hence so = 1, to = 2 or s5 = 2, t; = 1. By symmetry, we can conclude that if
k = 3, then n > 7 and the corresponding bicyclic connected chain graph G = G(1,2,p;1,1,q),
where p+q¢=n—-5, 1 <p, ¢ <n—6.

In the following section, we will compare the J index and SJ index for the bicyclic connected
chain graphs G(1,1;3,n—5), G(1,2;2,n —5), and G(1,2,p; 1,1, q) for different values of p and
¢, and rank all bicyclic connected chain graphs according to the size of their J index and SJ
index.

§3 Main results

Before presenting the main results, we first provide the following two lemmas. These results
will be frequently used in the proofs of the subsequent theorems.

Lemma 3.1. ( [8]) For any positive real number a > 1,

IRy N
2a a+1 2a  8a?’

1 1 2
= + - —.
Vr—2 Vzx+2 T

Lemma 3.2. Let f(z) Then f(x) > 0 and f(x) is monotonically

decreasing when x > 2.

3 15
Proof. Suppose g(z) = 273/2, then ¢/(z) = ——27°/2,¢"(z) = Zx_”z. So we can see that

g"(z) > 0 for x > 0, which indicates that g(x) is a convex function when x > 0. Therefore,
when x > 2, we have g(z — 2) + g(z + 2) > 2¢g(z). And since

1 1
f(z)= —3 (x—2)732 4 (x+2)7%2 — 22732 = ~3 g(x —2)+g(x+2) —29(x)] <0
for x > 2, we can immediately obtain that f(z) is monotonically decreasing when x > 2.
1 3
Similarly, let h(z) = z~'/2, then h/(z) = —ix_?’/Q,h”(;v) = Zx_5/2. So we can see that

h'(x) > 0 for > 0, which indicates that h(z) is a convex function when z > 0. Therefore,
when x > 2, we have h(x — 2) + h(xz + 2) > 2h(z), which implies that f(z) >0 when z > 2. =
Firstly, we compare the size of J index and S.J index of G(1,1;3,n—5), and G(1,2;2,n—75).

Theorem 3.3. J(G(1,1;3,n—5)) > J(G(1,2;2,n—5)) and SJT(G(1,1;3,n—5)) > SJ(G(1,2;2,
n —5)).

Proof. Let p =n —5. We prove the result regarding the J index. According to the definition
of J index, we can express the J index of G(1,1;3,n — 5) and of G(1,2;2,n — 5) as follows,
respectively

. a1 P 3 3
TG 13,p) = = <\/(2p+8)(p+5) ENCESTEN \/(2p+6)(3p+5)> ’

J(G,2:2,p)) = 21 ( P n 2 + 1 ) .

3 \V@r+9(p+6) Vp+6)(2p+5) /(2p+5)(3p+6)
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Obviously (2p + 8)(p+5) < (2p+9)(p+6), (p +5)(2p + 6) < (p+ 6)(2p + 5), hence
p S p 2 S 2
V2 +8)(p+5) Ve + 9 +6) Vi +52p+6) Vi +6)(2p+5)
Denote A = (p+5)(2p+6), B = (2p+6)3p+5) and C = (2p+ 5)(3p + 6). Then
C—A=4p>+9p>3p, B—C=p, A< B and so

11 4p® + 9p - 3p _ 3 3
VA VO VAC(WA+VC)  VBC(VB+VC) VC VB
Therefore,
1 3 4

+ > :
Vi+5)@2p+6) (2p+6)3p+5)  /(2p+5)(3p+6)
Based on the above proof, we know J(G(1,1;3,n —5)) > J(G(1,2;2,n — 5)).
Similarly, according to the definition of SJ index, we can express the SJ index of G(1,1;3,n—
5) and G(1,2;2,n — 5) as follows, respectively

n+1 p 3 3
1,1; =

P 2 4

n+1

Thus we have

SJ(G(1,1;3,p)) = SJ(G(1,2;2,p))

. on+1 D _ D n 1 B 1 -0
T 3 BB VBhiDh Vil vapiil) o
which implies SJ(G(1,1;3,n —5)) > SJ(G(1,2;2,n — 5)). n

In the following five theorems, we compare the size of J index and SJ index of G(1,2,p; 1,1, q)

for different values of p and gq.

Theorem 3.4. Let G(1,2,p;1,1,q) be a connected chain graph of ordern (n=p+q+5,1 <
p,q <n—=6). If p>q, then

F(G(1,2,p;1,1,q9)) < F(G(1,2,p+ 1;1,1,q — 1)),
where F' = J, or SJ.

Proof. We first prove the result for the J index. According to the definition of J index, the
expressions for J index of G(1,2,p;1,1,q) and G(1,2,p+ 1;1,1,q — 1) are as follows:

2 2
+
VBP+2¢+5)2p+3¢+6)  /(2p+3¢+6)(p+2g+5)
+ ! + L
VP+20+52p+q+6) /Bp+2¢+5)2p+q+6)
+ P + d SGY
V+2¢+5)2p+3¢+8)  /(2p+q+6)(Bp+2¢+9)
2 N 2
VBP+2¢+6)2p+3¢+5)  V/2p+3q+5)(p+2qg+4)

n+1
J(G(1,2,p;1,1,q)) = 3

_n+1
3
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1 1
+ +
Vo+20+49)2p+q+7)  VBp+29+6)2p+q+7)
p+1 qg—1
+ + .
Vo2 +H2p+3¢+7)  /(2p+q+T7)(3p+2q + 10)
So we have
3
] ~(J(G(L,2,p+1;1,1,¢— 1)) — J(G(1,2,p;1,1,q)))
= X1+ Xo+ X3+ X4+ X5 + X,
where
2 2
Xl = - )
VBp+2¢+6)2p+3¢+5) /(3p+2¢+5)(2p+3q+6)
2 2
Xy = — ,
V2p+3q+5)(p+2¢+4) /(2p+3q+6)(p+2q+5)
1 1
X3 = - 3
Ve+2q+4H2p+q+7) /(p+2¢+5)2p+q+6)
1 1
X4 = - 5
VEBp+2¢+6)2p+q+7) /(Bp+2¢+5)(2p+q+6)
p+1 D
X5 = - )
Vo+2a+D2p+3¢+7) J(p+2q+5)(2p+3q+3)
-1
Xg = q _ q

Ve +a+1)Bp+2¢+10) /(2p+q+6)Bp+2¢+9)
Claim 1. X; > 0 and X3 > 0.
Since p > ¢ > 1, we have
Bp+2¢+6)(2p+3¢+5) < (Bp+2¢+5)(2p+3q+6),
(P+2¢+4)(2p+q+7) <(p+2¢+5)(2p+q+6).
Therefore,
2 2

X, = — >0
VBp+2¢+6)2p+3¢+5)  /(Bp+2¢+5)(2p+ 3q+6)

and L 1
X3 = — > 0.

Vio+20+492p+q+7) /(p+2¢+5)2p+q+6)
Claim 2. X5 + X4 > 0.

Denote Ay =2p+3¢q+5, By =p+2¢q+4, Cy =3p+2¢g+5and D; =2p+ q+ 6. Then
Ay <y and By < Dy since p > g > 1. Therefore, we have

2 2
X2 :\/A1B1 - V(A +1)(B +1)
_ 6p + 10q + 20
VAB(A (B + 1) [VABr + /(A + )(Br +1)]

S op + 3q + 12
VO1D1(Cy + 1)(Dy + 1) [wlpl +/(Cr+ 1)(D; + 1)]
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1 1
" VCiDi  /(Ci+ 1)(D1+ 1)
It follows that Xo + X4 > 0.
Claim 3. X;5+ Xg > 0.
Denote a =p+29g+4,b=2p+3¢g+7,c=2p+q+6and d = 3p+ 2¢g + 9. It is obvious
that a < ¢ and b < d since p > ¢q. From Lemma 3.1, we can deduce that

p+1
a+1 \/bJr

'Y
Vab  Jla+1)(b+1) f

1 1 3
— Depli——+ 2 (1=
= b [(p+ ) p< 2a+8a2)< b+8b2)}
1 D (1 1 3 3 1 3 3 9 )
= _— _— _——— = —— — — + —

- X,

X5 =

2a + 2b  8a2? 8b2  4ab + 16ab?  16a2b  64a2b2

B S S it WL (N A L
Vab  Vab \ 2a 2b Vab \2a 8a2 82 ' 2b dab)’
_ q—1 q 1 / /
Vie+1)(d+1) \/a \/@ c+1
1T 1 1
—lg-D(1-=)(1-=) -
> Tl (-2 ( zd) 4
_ 1 1+ ( 1) i_~_i L
~Ved a 2% 24 4ed
-1 7T 1 1 1
N -1 i
v )<2C+20 4cd>}
-1 1 1+q—1
~ Vab  Vab 2d )
Based on the definition of a and b, we can see that 4ab® — 3pa 3pb2 = 3b2 (a—p)+a(b? —

3pa) > 0, which implies 4ab® > 3p(a® + b?). Therefore, we have 5- > ¢ + 8b2 Since a > p, it
follows that 5; > ;2. By recalling that p > ¢, a < c and b < d, we have

—1_q—1+ -1 q¢g-1 1 3p 3p 1 p> 0

and

X5+ Xg >

Jab ( 20 2c 26 2d 20 82 82 2 dab
Incorporating the results of Claims 1, 2, and 3, we can conclude that

‘](G(lv 2ap; ]-7 ]-7 Q)) < J(G(17 27p + ]-1 ]-7 ]-a q— 1))

when p > g > 1.
According to the definition of SJ index, the expressions for SJ index of G(1,2,p; 1,1, ¢q) and
G(1,2,p+1;1,1,qg — 1) are as follows:
n+1 2 2 1
3 \/5p+5q+11+\/3p+5q+11+\/3p+3q+11
1 D q
+\/5p+3q-i-11—i_\/3p—&—5q+13+\/5104-3(14—15 )

SJ(G(1,2,p;1,1,q)) =
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n+1 2 2 1
3 \/5p+5q+11+\/3p+5q+9+\/3p+3q+11
n 1 p+1 qg—1
Vip+3¢+13  3Bp+5¢+11  +bBp+3q+17
Therefore, we know that %H(SJ(G(LQ,p +1;1,1,q—1)) = SJ(G(1,2,p;1,1,q))) = Y1 + Yo,
where

SJ(G(1,2,p+1;1,1,g— 1)) =

2 2 1 1
— Jr — R
V3p+5¢+9 V3p+5q+11 bp+3q+13 /bp+3q+11
p+1 _ p g—1 _ q
V3p+5qg+11  3p+5¢+13 p+3¢+17 /bp+3q+15
Denote a1 =3p+5¢+9, by =5p+3q+11, ¢c; =3p+ 59+ 11 and d; = 5p + 3¢ + 15. Since
p > q > 1, it is obvious that by > a1 > 17, ¢; > 3p and dy > ¢; > 19. We can deduce from
Lemma 3.1 that
R IR T SRS SN T PR N B S PR
Ve Va2 Vhi2 Vb Y a1V [T

Y, =

2 =

I e 6,
Vai \a1  2a? Vb b1 ary/ar bl\ﬁ aiy/a; 2a%\/071
p+1 p n -1 q

Va o Ve +2 \/d1+2 Vdy

R . A i
_\/a p p 01+1 d1 q— %+1
1 P 3p 1 1
> (14222 )1 — —
\/a( "o 201) Vi~ {q dl)}
S S
Ver 203 NZA d;

_(1 1>+<p—1 q—1>+< 1 3p >>O
Ver o Wdy e divd aye  26\/a '
Incorporating the above two inequalities, we can immediately obtain that if p > ¢ > 1, then

SJ(G(1727P+ ]-; ]-7 ]-aq - 1)) > SJ(G(1327p+ 17 ]-7 17q - 1))

Y, =

Theorem 3.5. Let G(1,2,p;1,1,q) be a connected chain graph of order n (n =p+q+5,1 S.
p,g<n—=6). If1<p<gq, then

F(G(1,2,p;1,1,9)) < F(G(1,2,p —1;1,1,q + 1)),
where F' = J, or S.J.

Proof. Following (1) in the proof of Theorem 3.4, we can similarly obtain that

3

= Xr+ Xg+ X9+ X0+ X171 + X2 + X3,

where
2 2

X, = — ,
’ VBp+2¢+4)(2p+3¢+7)  /Bp+2¢+5)(2p+3q+6)
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X = 2 ~ 2 ’
V@p+3¢+T)(p+2¢+6) /(2p+3¢+6)(p+2q+5)
1 1
X9 = - )
Vi+2¢+6)2p+q+5 /(p+2¢+5)(2p+q+6)
1 1
XlO - - )
VBp+2¢+4)(2p+q+5) /Bp+2¢+5)(2p+q+6)
X1 = P - P
V+20+6)2p+3¢+9)  (p+2¢+5)2p+3¢+8)
X12 - - )
VECp+qg+5)@Bp+2¢+8) (2p+q+6)(3Bp+2¢+9)
1 1
X3 =

VEr+a+50Bp+20+8) Vp+20+6)(2p+3¢+9)
Claim I. X7 > 0 and Xg > 0.

Since
(Bp+2¢+4)(2p+3¢+7) < (Bp+2¢+5)(2p+ 3¢+ 6),
(P+2¢+6)2p+q+5) < (p+2¢+5)(2p+q+6),
it follows that X7 > 0 and Xg > 0.

Claim II. If p = ¢, then X1 + X150 = 0; If p < ¢, then X1 + X152 > 0.

It is obvious that X171 + X120 = 0if p=gq. If ¢ > p+ 1, denote as = p+ 2q+ 5, by =
2p+3q+8,co =2p+qg+5and dy =3p+2¢g+8. Then 4cy > 3¢, do —co = p+ g+ 3 and
(12p + 3q + 32)ca > 2p(p + g + 3). Therefore, we have

1 1 3q 3q q
2, 2dy 83 83 dcady
1

T 822 [(4c2 — 3q)d® + (4da — 3q)c® — 2qcady)]
cyd;

1
=2z [(8p+ q+20)d5 + (12p + 5q + 32)c3 — 2qca(ca + p+ q + 3)]
272

1
S2E [(8p+ g+ 20)d5 + (12p + 3¢ + 32)c3 — 2q(p + q + 3)cz] > 0.

203
Since 1 < p < ¢g—1, we know that 9 < ¢y < as and 15 < dy < by. We can deduce from Lemma
3.1 that

p p
X —
e \/( b2+1) \/a2b2
7 Vi) v () ()
agbg az + 1 b2 + 1 a2b2 2&2 2b2
e
" Vagzby \dashy  2as  2by aobs \2as  2by )’
Xip =2 q
12 —

Veads V(2 +1)(d2 +1)
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__ 4 1_ [ do
\/C2d2 C2+]. d2+1

o [ (L B\(_ L. 3
Vcads 2c5  8c3 2dy 82
q

N 1.1 3 3
02d2 262 2d2 8C% 8d§ 402d2

p+1 /1 1 ) q ( 3 3 1 )
> —+ — St =t —
- \/@ (262 2ds Codo 88% Sdg 4cods

1 1 1 1 1 3 3

P (LY L (L o)

\/@ 2@2 b2 02d2 202 2d2 862 8d2 402d2
> (ot )

\/@ 2az 2bo

These two inequalities lead to the conclusion that Xq1 + X1 > 0.
Claim III. Xg + X10 + X153 > 0.
If p = q, recalling f(z) defined in Lemma 3.2, we can immediately obtain that f(5p + 6) >

f(Bp+T7) > 0. Therefore,
Xg + X0 + X13
2 2 1

G D@16 VErt 0G5 Ve O )
1 1 1

JEr 1516 @58 @66t

<.

1 1 1 2
= =+ —
\/3p+5<\/5p+4 Vbp +38 \/5p+6>

1 1 1 2
— + —
\/3p+6(\/5p+5 Vop+9 \/5p+7>

1 1
:\/ﬁf@lﬂrfi)*mf@lﬂrn
1 1
> (\/3p+5 - \/3p+6) fGBp+T7)>0.

If g > p+1, denote Ay =2p+3q+6, By = p+2q+5, Co =3p+2¢+4and Dy =2p+q+5.
Then it is obvious that Ay > Cy and By > D5, so we have

2 2
Ao VA + DB +1) VA:DBs
_ —6p — 10g — 24 (3)
\/AQBQ(AQ + ].)(BQ + 1) |:\/A2B2 + \/(AQ + 1)(B2 —+ 1)} ’
1 1
M0 =G0, T G0, D)
_ op + 3q + 10
VCD3(Co + 1)(D3 + 1) [VTaDa + /(G + (D + 1) (4)

S o5p + 3q + 10 .
\/AQBQ(AQ +1)(B2+1) |:\/A2.BQ + \/(AQ +1)(By + 1)}
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2/3
Let r = (7) ~ 1.43237 > 1.4, and recall that 1 < p < q. We can deduce that

r(Ay +1) — (Cy +4) > —0.2p+ 220+ 1.8 > 0, (5)
and (Bs+1)(As +3) 3 1\ 17 11
2+ 2 +
(12 ) (1)<t 2 6
.8, (+A2>(+BQ>—14 10~ (©)
It follows from ¢ > p, Dy < Bs + 1, and the inequalities in (5) and (6) that
1 1

X13

T VDot 4) (B2t 1)(4s +3)
_ 20q—p+1)(2q+2p+7)
VDG + 0By + (A +3) (VDa(Co + ) + /(B + (A2 +3)) (D
- 2r 32 (q—p+1)(2¢+2p+7) '
VA2 Ba(Az T 1)(Bz + 1) VA Bz + /(A2 + 1)(Ba + 1)
Based on the results in (3), (4) and (7), in order to establish that Xg + X319 + X153 > 0, we only

need to show that

2(g —p+1)(2q+2p +7) —r*2(p+ g + 14) > 0.
Denote g1(p,q) = 2(q —p + 1)(2¢ + 2p +7) — r%/*(p + Tq + 14). Then gi(p,p + 1) =
12
(16p + 36) — 7(8p+ 21) > 0. Since % =8¢+ 6 > 0, then for any positive integer 1 < p < q,
q
we have g1(p,q) > g1(p,p+ 1) > 0. Thus Xg + X109 + X153 > 0 follows immediately.
Incorporating the results of Claims I, II, III, we can conclude that if 1 < p < ¢, then

J(G(1,2,p;1,1,q)) < J(G(1,2,p—1;1,1,q + 1)).

Next we prove the similar result for SJ index. Following (2) in the proof of Theorem 3.4,
we know that

3
o1 8J(GA2p - 11, 1,¢+1)) ~ SI(G(1,2,p:1,1,9))
B 2 - 2 N 1 B 1
CVBp+hq+13 Bp+oq+11 op+3¢+9 Oop+3q+ 11
p—1 _ p n q+1 _ q
V3p+5¢+15 3Bp+5¢+13 op+3¢g+13 bop+3¢+15
=Y;+Y,i+ Y5,
where
Vi = _( p B p )+ q B q
s VIp+5¢+13 V3p+hq+15) Vop+3g+13 op+3qrtis
v, — 2 - 2 N 1 - 1
YT /Bp+hq 13 V3ptogt1l  Vop+3g+9 Voprag+il
1 1
Ys = - .
Vhp+3¢+13 3p+5¢+15
We begin the proof by showing that Y5 > 0. It is obvious that Y3 =0ifp=g¢q. If ¢ > p+1, let
1 1
h(z) = 7 Then h'(z) = BTN <0, h'(z) = ﬁ > 0 when 2z > 0. Therefore, from the
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inequality 3p + 5q + 13 > 5p + 3¢ + 15 and the properties of convex functions, it follows that
0<h(Bp+5q+13)—h(3p+5q+15) < h(5p + 3¢ + 13) — h(5p + 3¢ + 15).
Given that 1 < p < ¢, we can conclude that Y3 > 0.
We also prove Y, + Y5 > 0. If p=gq,

Viivio % 3 1 1
LTS T Bptr 13 J8p+1l | J3p+9 Jep+1b
6
T V/Bp+11/8p + 13(v8p + 11 + /Bp + 13)
6

+ V8 +9/8p + 15(/8p+ 9+ /8p+ 15)°
Obviously (8p+ 11)(8p + 13) > (8p + 9)(8p + 15), thus
V8p+ 114/8p + 13(\/8p + 11 + /8p + 13) > \/8p + 9/8p + 15(1/8p + 9 + 1/8p + 15),
and it follows that Y, + Y5 > 0. If 1 < p < ¢, denote A3 =3p+ 5g+ 11 and B3 = 5p+ 3¢q+ 9.
Then it is obvious that 20 < B3 < Az — 2. Therefore,

—4 2
N s 19 (VA T2 4 VA | BsBs 10 (VB 121 VEs)
—2
0k ) (VA T2 V) )

2/3
Recalling that r = <172> / /2 1.43237, it is easy to check that Az +4 < r(As 4+ 2) and
Bs +4 < rAs. So we have
Y = 2(¢—p+1)
V(A3 +4)(Bs +4) (VAs + 44 VB3 + 4)
2r=3/2(g—p+1) . 2
Ay(A3 +2) (VA T2+ VA) — As(A3 +2) (VA F2+ VA3)

According to the inequalities in (8) and (9), we can deduce that Yy + Y5 > 0.

From the above, it can be concluded that if 1 < p < ¢, then
SJ(G(1,2,p;1,1,q)) < SJ(G(1,2,p—1;1,1,q¢+ 1)).
n
Theorem 3.6. Let G(1,2,p;1,1,q) be a connected chain graph of order n (n=p+q+5,1 <
p,g<n—06). If 1 <p<gq, then
F(G(1,2,p;1,1,9)) < F(G(1,2,4;1,1,p))
where F'=J, or SJ.

Proof. Following (1) in the proof of Theorem 3.4, we can similarly obtain that

L (J(GL2,6:1,1p) - J(G(1,2,01,1,0)

n -+
= X+ X5 + X6 + Xq7 + Xi5 + X,

where
2 2
X14 - - 9
VE2p+3¢+5)3Bp+2¢+6) /(3p+2¢+5)(2p+3q+6)
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X15 = 2 - 2 )
VBp+2¢+6)2p+q+5) /(20 +3¢+6)(p+2¢+5)
1 1
X16: - y
VE2p+q+5)p+2¢+6) /(p+2¢+5)(2p+q+6)
1 1
X17: - )
V@2p+3¢+5)(p+2¢+6) /Bp+2¢+5)2p+q+6)
Xi1s = P - b
VO +20+6)2p+3¢+9) /(p+2¢+5)2p+3q+8)
X = q q
19 = - .
VECp+q+5)(Bp+2¢+8) /2p+q+6)(3p+2¢+9)

Firstly we show that X14 + X16 > 0. Denote Ay = (2p+ 3¢ +5)(3p + 2¢ + 6), By =
(Bp+2¢+5)(2p+3¢+6), Cy = (2p+q+5)(p+2¢+6) and Dy = (p+2¢+5)(2p+¢q+6). It
is easy to check that By — Ay = p — g and Dy — C4y = g — p. Then we have

Xy 22 —2(a—p)

“T VA, VBi VAB (VA +VB)
11 q—p

Xlﬁ‘\/ci VDs  CiDs (VCi +VDs)

Let 7 = 1.6 > 22/3. Noticing that

Ay —11Cy = (2.8p° +2.8¢° + 5pg — 18) + (2.4 — 0.2p) > 0,

By —r1Dy = (2.8p° +2.6¢° + 5pq — 18) + (2.4p + 0.2¢° — 0.2¢) > 0,
we have /A4 By(v/ Ay + /By) > 2¢/CyD4(/Cy + /Dy), and thus X14 + X16 > 0.

Next we clarify that Xi5 + X17 > 0. Denote A5 = 3p+2¢+6)(2p +q+5), By =
(2p+3¢+6)(p+2¢+5), Cs = (2p+3¢+5)(p+2¢+6) and D5 = (3p+2¢+5)(2p+q+6). It
is easy to check that Bs — A5 = (¢ — p)(dp + 4¢ + 11) and D5 — C5 = —(¢ — p)(4dp + 4q + 11).
Then we have

Xis — 2 2 _ 2(q—p)(4p +4q +11)
VAs; V/Bs  /AsBs5 (VA5 + VBs)
X, L L _—la-pUptig+ 1l
VCs /D5  /C5D5 (\/Cs5+/Ds)

NOtiCiDg that C57B5 = D57A5 =p+q > 0, so we have 2\/ C5D5(\/ C5+\/ D5) > 4/ A5B5(\/A5+
v/ Bs), which implies that X5 + X17 > 0.

Finally we prove that X153+ X19 > 0. Denote Ag = (p+2¢+6)(2p+3¢+9), B = (p+29+
5)(2p+3¢+38), Cs = (2p+q+5)(3p+2¢+8) and Dg = (2p+q+6)(3p+2¢+9). It is easy to check
that Ag—Cs = 4¢>—4p*>+18¢—10p+5 > 0, Bg—Dg = 4¢*>—4p>+10q—18p—5 > 14(q—p)—5 > 0,
Bg — Ag = —3p —5g—5 and Dg — Cs = 5p + 3¢ + 5. Then we have

Xy PP —pBptSg+5)
VAs  VBs  AsBs (VAs +VBs)
P q q(5p +3q +5)
19 —

4 _
VCs VD¢ /CsDg (VCs++/Dg)
Noticing that ¢ > p, ¢(5p + 3¢ +5) > p(3p + 5¢ + 5), Cs < Ag and Dg < Bg, so we have
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X5+ X19 > 0.
From the above, we can conclude that
J(G(1,2,p;1,1,q)) < J(G(1,2,¢;1,1,p))
when 1 <p <gq.

Now we prove the similar result for the SJ index. According to the definition of S.J index
and similarly as that in the proof of Theorem 3.4, we know that

3 (SI(GL 2,41 1,p)) — ST(C(L2,p:1.1,q)))

n+1
_ p _ p " q _ q
V3p+5¢+15 3p+5¢+13 Vop+3¢+13 Bp+3¢+15
1 1
+ .
Vhp+3¢+11  3Bp+5q+11
_ 2p
V/(3p+5q+15)(3p + 5g + 13) (v/3p + 5¢ + 15 + /3p + 5¢ + 13)
+ 24
V/(5p+ 3¢ +13)(5p + 3¢ + 15) (v/5p + 3¢ + 13 + /5p + 3¢ + 15)
1 1

+ —
Vhp+3¢+11  Bp+5qg+11
Given that p < ¢, it is easy to see that 3p+5g¢+ 15 > 5p+ 3¢+ 15, 3p+5¢+ 13 > 5p+ 3q+ 13,
3p+ 5+ 11 > 5p + 3¢ + 11. Thus we can deduce that if 1 < p < g, then

SJ(G(1,2,p;1,1,q)) < SJ(G(1,2,¢;1,1,p)).

Theorem 3.7. If n = 0( mod 2), denote p = ”7’6, then for any 1 <k <p—1, we have
F(GL2p+kL1Lp—k+1) <F(G(,2,p—kllp+k-1)),
where F'=J, SJ.

Proof. Following (1) in the proof of Theorem 3.4, we can similarly obtain that

(O 2p KL Lp k1) J(E 204 KL Ly k4 1))
N \/(5pk+72)(5p+k‘+9) - \/(5p+k+72)(5pk+9)
\/(5p+k—|—92)(3p+k—|—7) - \/(5p—k‘+92)(3p—k‘+7)
" \/(5p—k+71i(3p—k+7) - \/(5p+k+71)§3p+k+7)

+ .
VBp—k+T)GBp—k+11) /Bp+k+T7)(5p+k+11)
It is easy to calculate that (5p+k+7)(5p—k+9)— bp—k+T)(5p+ k+9) =4k > 0, so
we have

2 2
— > 0.

VOp—k+T)Gp+k+9) /Gp+k+T7)(5p—k+9)
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Recalling that f(z) = \/572 + wl+2 - % defined in Lemma 3.2, we can deduce that
3

] (J(G(L,2,p=k 1L, Lp+k+1)) = J(G(1,2,p+ k1, 1,p—k+1)))

1
S e (ptk+9)+
T A )

> f(op+k+9 - >0
f(op )(\/3p—ki+7 \/3p+k:+7)
This confirms that J (G (1,2,p+k;1,1,p—k+ 1)) < J(G(1,2,p—k;1,1,p+k—1)).
Now we come to the similar result for SJ index. Similarly as that in the proof of Theorem
3.4 and the definition of SJ index, we can obtain that

nil STGL, 2 p— ki1, 1 p+ k4 1)) — STGL2,p+ ki1, 1,p— k + 1))
1 1 2

T Rp_ohiid VS _okhTIS  VRp—2k 110

1
e AT A

1 1 2
a (\/8p+2k+14 N TS ST \/8p+2k+16>
= f(8p— 2k + 16) — f(8p + 2k + 16) > 0.
This confirms that SJ(G(1,2,p+k;1,1,p—k+1)) < SJ(G(1,2,p—k;1,1,p+ k+1)). n

Theorem 3.8. If n = 1( mod 2), denote p = nT—E)’ then for any 2 < k < p, we have
F(GL2p+k-111p—k+1) < F(G(1L,2,p—k11p+k),
where F' = J, or SJ.

Proof. Following (1) in the proof of Theorem 3.4, we can similarly obtain that

nil G, 2,p— k1, Lp+ k) — J(CL2p+k— 11, 1,p— k+1)))
2 P
 /Op—k+5)0p+k+6) ptk+4)Bp—k+7)
2 2
VOp+k+6)Bptk+5) /Op—k+7)(3p—k+6)
1 1
* VBt k+5)3p—k+6) V/Bp—k+6)3p+k+5)
1 1
* VOp—k+5)Bp—k+6) /Opt+tk+4)(Bp+k+5)
" p—k N p+k—1
VOBp+k+5)GBp+k+8) Bp—k+6)5p—Fk+9)
p+k p—k+1

+ :
VBp—k+6)Bp—k+9) /Bp+k-+5)(5p+k+38)
It is easy to calculate that (5p+k+4)(5p—k+7)—(bp—k+5)(5bp+k+6) =4k —2 >0,
so we have

2 2
— > 0.

VOp—k+5)(5p+k+6) /Op+k+4)5p—k+7)
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Recalling that f(z) =
3

+ \/xlﬁ — % defined in Lemma 3.2, we can deduce that

;2719— ka1717p+k)) - J(G(1,27p+k— 17171710_ k+ 1)))

n+1 (@
1

1
S 1 n 1 _ 2
V3p — k‘—l—6 V/bp — k+5 Vip—k+9 VBp—k+7

1 2
\/5p+k+4 \/5p+k:+8_ \/5p+k:+6>

\/3p + k+5
1

1
> 5p+k+6)>0.
(\/3pk+6 \/3p+k+5)f(p )
This confirms that J (G (1,2,p+k—1;1,1,p—k+1)) < J(G(1,2,p—k;1,1,p+k)).

Now we come to the similar result for the S.J index. Similarly as that in the proof of

Theorem 3.4 and the definition of SJ index, we can obtain that

il : (SJ(G(1727P_ k71717p+k)) - S‘](G(1727p+k - 15171»10_ k+ 1)))

1 1 2
= + —
Ve —2k+11 8 —2k+ 15 /Sp— 2k +13

1 1 2
a (\/8p+2k:+9 + V8 +2k+13 \/8p+2k+11)
= f(8p—2k+13) — f(8p+ 2k + 11) > 0.
This confirms that SJ(G(1,2,p+k—1;1,1,p—k+1)) < SJ(G(1,2,p— k;1,1,p + k)). n
Conclusions. If £ = 3, Theorem 3.4 and Theorem 3.5 indicate that the larger the absolute

difference of |p — g|, the larger the J index and S.J index of the bicyclic connected chain graph
G(1,2,p;1,1,q) are. Combining this with Theorem 3.6, we can deduce that

F(G (1,2, V‘;w L1, {”;5})) < F(G(L,2,p1,1,,9) < F(G(L2n—61,11)),

where F' = J, or SJ. So before no further research, the equality on the left holds if and only
-5 -5
if p= {nJ ,and ¢ = {112-‘ and the equality on the right holds if and only if p = n — 6,

If & = 1, there is only a unique bicyclic chain graph G(2;3) = Ks 3 of order n = 5, and
no further research is necessary. If n > 7 and kK = 2 or k = 3, it is not difficult to see that
G(1,2,n —5;1,1,0) 2 G(1,1;3,n — 5) and G(1,2,0;1,1,n — 5) = G(1,2;2,n — 5). Note that
we require p > ¢ > 1 in Theorem 3.4, therefore Theorem 3.4 implies that

F(G(1,1;3,n—5)) = F(G(1,2,n —5;1,1,0)) > F(G(1,2,n — 6;1,1,1)),
where F' stands for either J or SJ index. Similarly, since we require 1 < p < g in Theorem 3.5,
it implies that

F(G(1,2;2,n - 5)) = F(G(1,2,0;1,1,n — 5)) > F(G(1,2,1;1,1,n — 6)),
where F' stands for either J or SJ index. Together with Theorem 3.3 and Theorem 3.6, we can
conclude that among all bicyclic connected chain graphs of order n > 7, the graph with the
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minimum J index and SJ index is

ofial2 s 252

The graph with the maximum J index and SJ index is
G(1,1;3,n—5).

211

In fact, we can order all bicyclic connected chain graphs of order n > 7 by J index and SJ

index, the ordering for the J index can be derived from Theorem 3.3 ~ 3.8, and for the SJ

index, the ordering is identical.
—6
If n=0( mod 2), let p = nT’ then
J(G(1,2,p;1,1,p+1)) <J(G(1,2,p+1;1,1,p))

J(G(1,2,1;1,1,2p)) < J (G (1,2,2p;1,1,1))
J(G(1,2,0;1,1,2p+ 1)) = J(G(1,2;2,n — 5))
J(G(1,2,2p+1;1,1,0)) = J(G(1,1;3,n — 5)),

AN NN NN

)

)

If n=1( mod 2), let p = nT—57 then
J(G(1,2,p;1,1,p)) < J(G(1,2,p— 1;1,1,p + 1))

< J(G(L,2,p+ 151, Lp-1) <J(G(1,2,p—2;1,1,p+2))
<
< J(G(1,2,2p - 151,1,1)) < J(G(1,2,0;1,1,2p)) = J(G(1,2;2,n — 5))
< J(G(1,2,2p;1,1,0)) = J (G (1,1:3,n — 5)).
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