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Balaban index of bicyclic chain graphs

LV Xue-zheng1,∗ MA Meng-yu2 WANG Cheng-rui3

Abstract. Chain graphs are {2K2, C3, C5}-free graphs. Balaban index and sum-Balaban index

are two important topological indices. In this paper, we concentrate on the subclass of bicyclic

connected chain graphs, identifying the extremal graphs that exhibit the minimum or maximum

Balaban index and sum-Balaban index within this class. Moreover, we provide a systematic

ordering of all bicyclic connected chain graphs according to the magnitude of their Balaban

index and sum-Balaban index.

§1 Introduction

Unless otherwise specified, we adhere to the terminology and notations as defined in [9,10].
All graphs discussed in this paper are simple and undirected. We denote a path, a cycle, a
complete graph on n vertices by Pn, Cn and Kn respectively. A graph G is termed a chain
graph if it does not contain 2K2, C3 and C5 as induced subgraphs. In some literature (e.g., [7]),
chain graphs are also known as double nested graphs.

Let G be a connected chain graph. The vertex set V of G can be partitioned into two disjoint
parts, each of which can be further partitioned into k non-empty subsets U1, U2, . . . , Uk and
V1, V2, . . . , Vk. Here Ui and Vi (for i = 1, 2, . . . , k) are independent sets, and for any 1 ≤ i ≤ k,
all vertices in Ui are adjacent and only adjacent to all vertices in ∪k+1−i

j=1 Vj . Consequently, if
u′ ∈ Ui+1 and u′′ ∈ Ui (or v′ ∈ Vj+1 and v′′ ∈ Vj), then NG(u

′) ⊆ NG(u
′′) (NG(v

′) ⊆ NG(v
′′)).

Let |Ui| = si and |Vi| = ti for 1 ≤ i ≤ k. The structure of G is completely determined by these
parameters, and thus the chain graph G can be denoted as G(s1, s2, . . . , sk; t1, t2, . . . , tk). The
number of edges in G is then given by

m =
∑

i+j≤k+1

sitj =
k∑

i=1

k+1−i∑
j=1

sitj =
1

2

 k∑
j=1

tj

k+1−j∑
i=1

si +
k∑

i=1

si

k+1−i∑
j=1

tj

 .

In 2008, Bell et al. proved that among all connected bipartite graphs with a given number
of vertices and edges, chain graphs possess the largest spectral radius [8]. This finding has
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established the significance of chain graphs within the realm of graph spectral theory. Research
on chain graphs remains a burgeoning field, with substantial advancements in the analysis of
eigenvalues, energy, and other properties. For instance, Xiong and Hou [28] examined the eigen-
values and Siedel eigenvalues of chain graphs by constructing infinite pairs of non-isomorphic
cospectral chain graphs and characterizing those with distinct Siedel eigenvalues. In another
study [13], the authors investigated the energy and Laplacian energy of connected chain graphs,
establishing upper and lower bounds for the energy and lower bounds for the Laplacian energy.
It was also proven that star graph had the minimum energy among all connected chain graphs,
and the unicyclic connected chain graph with the maximum Laplacian energy was also identi-
fied. In 2023, Alazemi etc. [2] explored certain properties of the Laplacian spectrum of chain
graphs that can be inferred from its degree sequence. For more results on chain graphs, readers
are directed to [1, 3–5,24].

Hundreds of topological indices have been extensively studied and can be broadly categorized
into three types: degree-based indices, spectral-based indices and distance-based indices. For
further results on topological indices, refer to [6, 12, 18, 20–23]. The Balaban index that will
be investigated in this paper is a distance-based topological index proposed by Balaban [19].
This index has been extended to weighted graphs [19] and has found successful applications in
QSPR/QSAR modeling [17]. For a given connected graph G = (V,E), and for any u ∈ V , let
σG(u) denote the sum of distances from vertex u to all the other vertices in graph G, i.e.,

σG(u) =
∑

v∈V,v ̸=u

dG(u, v),

where dG(u, v) represents the number of edges in the shortest path between vertices u and v in
G. The Balaban index (denoted as J index) of a connected graph G is defined as

J(G) =
m

µ+ 1

∑
(u,v)∈E

1√
σG(u)σG(v)

,

and the sum-Balaban index (denoted as SJ index) is defined as

SJ(G) =
m

µ+ 1

∑
(u,v)∈E

1√
σG(u) + σG(v)

,

where m is the number of edges in G, n is the number of vertices in G and µ = m − n + 1 is
the number of cycles in G (see [16,25–27,29]).

Significant results have been obtained in the study of J and SJ indices. Zhou et al. [29]
provided upper and lower bounds for the J index among all trees, while Deng et al. [14] offered
a new proof that a star has the maximum and a path has the minimum J index among all
trees, respectively. The basic properties of the SJ indices and its extremal values among all
trees have been studied in [15]. Additionally, Lei et al. [20] provided upper and lower bounds
for the SJ index of regular graphs. Das investigated the J and SJ indices of double star graphs
DS(p, q) with n (n = p + q + 2) vertices in [11], ranking the double star graphs based on the
size of the indices and identifying the extremal graphs that achieve the maximum or minimum
values. A double star graph DS(p, q) is a tree with diameter 3 and p+ q + 2 vertices, in which
two adjacent vertices are of degree p+1 and q+1 respectively, and the remaining p+ q vertices
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are pendant vertices.

Theorem 1.1. ( [11]) Let DS(p, q) be a double star graph with n (n = p+q+2, p ≥ q) vertices,
then

F (DS(n− 3, 1)) > F (DS(n− 4, 2)) > . . . > F (DS(⌈n
2
⌉, ⌊n

2
⌋− 2)) > F (DS(⌈n

2
⌉− 1, ⌊n

2
⌋− 1)),

hence
F (DS(⌈n

2
⌉ − 1, ⌊n

2
⌋ − 1)) ≤ F (DS(p, q)) ≤ F (DS(n− 3, 1)),

where the equality on the left holds if and only if G ∼= DS(⌈n
2 ⌉−1, ⌊n

2 ⌋−1), and the equality on
the right side holds if and only if G ∼= DS(n− 3, 1), where F stands for either J or SJ index.

In [11], Das also investigated the J index and SJ index for unicyclic connected chain graphs,
identifying the structures of these graphs that possess the maximum and minimum values for
the two indices.

Theorem 1.2. ( [11]) For a unicyclic connected chain graph G with n vertices and n edges,

F
(
G
(
1, 1, ⌊n

2
⌋; 1, 1, ⌊n

2
⌋
))

≤ F (G) ≤ F (G(1, 1; 2, n− 4)),

where the equality on the left holds if and only if G ∼= G
(
1, 1, ⌊n

2 ⌋; 1, 1, ⌊
n
2 ⌋
)
, and the equality

on the right holds if and only if G ∼= G(1, 1; 2, n− 4), where F stands for either J or SJ index.

Building upon this result, we examine the Balaban index and sum-Balaban index for bicyclic
connected chain graphs, characterizing the structures that achieve extremal values for the two
indices. Additionally, we provide an ordering for all bicyclic connected chain graphs with
n ≥ 7 vertices based on the size of their Balaban index and sum-Balaban index. The paper
is structured into three sections: the present section introduces basic concepts and reviews
relevant research results, the second section conducts preliminary analysis on the structure of
bicyclic connected chain graphs. We present the main results in the third section.

§2 The structure of bicyclic connected chain graphs

Let G = G(s1, s2, . . . , sk; t1, t2, . . . , tk) be a bicyclic connected chain graph with n vertices
and m = n+ 1 edges. In this section, we will show that

G ∈ {K2,3, G(1, 2; 2, n− 5), G(1, 1; 3, n− 5), G(1, 2, p; 1, 1, n− 5− p)},
where 1 ≤ p ≤ n− 6.

Firstly we prove that 1 ≤ k ≤ 3. From the definition of chain graphs, the number of edges
of G is

m =
1

2

 k∑
j=1

tj

k+1−j∑
i=1

si +
k∑

i=1

si

k+1−i∑
j=1

tj

 .

Since G is also a bicyclic graph, then m = n+ 1. If k ≥ 4, given si ≥ 1, ti ≥ 1 (1 ≤ i ≤ k), we
have

m =
1

2

[
k∑

j=1

tj

k+1−j∑
i=1

si +

k∑
i=1

si

k+1−i∑
j=1

tj

]
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≥ 1

2

[
t1

k∑
i=1

si + t2

k−1∑
i=1

si + t3

k−2∑
i=1

si + tks1 + s1

k∑
j=1

tj + s2

k−1∑
j=1

tj + s3

k−2∑
j=1

tj + skt1

]

=
1

2

[(
t1

k∑
i=1

si + t2

k−1∑
i=1

si + t1sk

)
+

(
s1

k∑
j=1

tj + s2

k−1∑
j=1

tj + s1tk

)
+

(
t3

k−2∑
i=1

si + s3

k−2∑
j=1

tj

)]

≥ 1

2

[
2

k∑
i=1

(si + ti) + 4

]
= n+ 2.

This contradiction implies that 1 ≤ k ≤ 3.
If k = 1, the bicyclic connected chain graph is a complete bipartite graph Ks1,t1 . Since the

number of edges exceeds the number of vertices by 1, we have s1 > 1, t1 > 1, s1t1 = s1 + t1 +1,
hence (s1 − 1)(t1 − 1) = 2, which means s1 = 2, t1 = 3 or s1 = 3, t1 = 2. That is, when
k = 1, n = 5 and the corresponding bicyclic connected chain graph G ∼= G(3, 2) ∼= K3,2. It is
straightforward to calculate that

J(G(3, 2)) =
n+ 1

3
× 6√

6× 5
=

2
√
30

5
,

SJ(G(3, 2)) =
n+ 1

3
× 6√

6 + 5
=

12
√
11

11
.

If k = 2, we consider the structure of the bicyclic connected chain graph G(s1, s2; t1, t2) by
repeatedly using the fact that the number of edges in G is m = s1t1 + s1t2 + s2t1 = n + 1 =

(s1 + t1 + s2 + t2) + 1. If s1 ≥ 2 and t1 ≥ 2, then

m = s1t1 + s1t2 + s2t1 ≥ 4 + (s1 − 1)t2 + t2 + s2(t1 − 1) + s2

≥ 4 + (s1 − 1) + t2 + (t1 − 1) + s2 = s1 + s2 + t1 + t2 + 2 = n+ 2,

which contradicts m = n+ 1. Therefore s1 ≤ 1 or t1 ≤ 1 holds. However, if s1 = t1 = 1, then
m = s1t1 + s1t2 + s2t1 = 1 + t2 + s2 = n − 1, also a contradiction. Thus, we have s1 ≥ 2 or
t1 ≥ 2. If s1 = 1 and t1 ≥ 4, then m = s1t1 + s1t2 + s2t1 = t1 + t2 + s2t1 ≥ t1 + t2 + 4s2 ≥
t1 + t2 + 1 + s2 + 2s2 ≥ n + 2, a contradiction. By symmetry, if s1 ≥ 4, t1 = 1, we also have
m ≥ n+2, which is a contradiction. So we must have s1 = 1, 2 ≤ t1 ≤ 3 or 2 ≤ s1 ≤ 3, t1 = 1.
If s1 = 1, t1 = 2, then from m = s1t1 + s2t1 + s1t2 = 2 + 2s2 + t2 = n+ 1, we can obtain that
s2 = 2, t2 = n−5. Therefore, we know that G ∼= G(1, 2; 2, n−5) and n ≥ 6. Similarly, if s1 = 1

and t1 = 3, then s2 = 1, t2 = n−5. It follows that G ∼= G(1, 1; 3, n−5) and n ≥ 6. By symmetry,
it is obvious that G(1, 2; 2, n− 5) ∼= G(2, n− 5; 1, 2) and G(1, 1; 3, n− 5) ∼= G(3, n− 5; 1, 1). So
if k = 2, then n ≥ 6 and the corresponding bicyclic connected chain graph G ∼= G(1, 2; 2, n− 5)

or G ∼= G(1, 1; 3, n− 5).
If k = 3, we consider the structure of the bicyclic connected chain graph G(s1, s2, s3; t1, t2, t3)

by repeatedly using the fact that m = s1t1 + s1t2 + s1t3 + s2t1 + s2t2 + s3t1 = n+ 1. If s1 ≥ 2

or t1 ≥ 2, without loss of generality, assume that s1 ≥ 2. Then

m = s1t1 + s1t2 + s1t3 + s2t1 + s2t2 + s3t1

≥ (s1 − 1)t1 + t1 + (s1 − 1)t2 + t2 + (s1 − 1)t3 + t3 + s2 + s2 + s3

≥ (s1 − 1) + t1 + 1 + t2 + 1 + t3 + s2 + 1 + s3 = n+ 2,

which contradicts m = n + 1. Therefore s1 = t1 = 1 holds. Since s1 = t1 = 1, then from
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m = s1t1 + s1t2 + s1t3 + s2t1 + s2t2 + s3t1 = 1+ t2 + t3 + s2 + s2t2 + s3 = n+1, we can deduce
that s2t2 = 2, hence s2 = 1, t2 = 2 or s2 = 2, t2 = 1. By symmetry, we can conclude that if
k = 3, then n ≥ 7 and the corresponding bicyclic connected chain graph G ∼= G(1, 2, p; 1, 1, q),
where p+ q = n− 5, 1 ≤ p, q ≤ n− 6.

In the following section, we will compare the J index and SJ index for the bicyclic connected
chain graphs G(1, 1; 3, n− 5), G(1, 2; 2, n− 5), and G(1, 2, p; 1, 1, q) for different values of p and
q, and rank all bicyclic connected chain graphs according to the size of their J index and SJ

index.

§3 Main results

Before presenting the main results, we first provide the following two lemmas. These results
will be frequently used in the proofs of the subsequent theorems.

Lemma 3.1. ( [8]) For any positive real number a > 1,

1− 1

2a
<

√
a

a+ 1
< 1− 1

2a
+

3

8a2
.

Lemma 3.2. Let f(x) =
1√
x− 2

+
1√
x+ 2

− 2√
x
. Then f(x) > 0 and f(x) is monotonically

decreasing when x > 2.

Proof. Suppose g(x) = x−3/2, then g′(x) = −3

2
x−5/2, g′′(x) =

15

4
x−7/2. So we can see that

g′′(x) > 0 for x > 0, which indicates that g(x) is a convex function when x > 0. Therefore,
when x > 2, we have g(x− 2) + g(x+ 2) > 2g(x). And since

f ′(x) = −1

2

[
(x− 2)−3/2 + (x+ 2)−3/2 − 2x−3/2

]
= −1

2
[g(x− 2) + g(x+ 2)− 2g(x)] < 0

for x > 2, we can immediately obtain that f(x) is monotonically decreasing when x > 2.

Similarly, let h(x) = x−1/2, then h′(x) = −1

2
x−3/2, h′′(x) =

3

4
x−5/2. So we can see that

h′′(x) > 0 for x > 0, which indicates that h(x) is a convex function when x > 0. Therefore,
when x > 2, we have h(x− 2) + h(x+ 2) > 2h(x), which implies that f(x) > 0 when x > 2.

Firstly, we compare the size of J index and SJ index of G(1, 1; 3, n−5), and G(1, 2; 2, n−5).

Theorem 3.3. J(G(1, 1; 3, n−5)) > J(G(1, 2; 2, n−5)) and SJ(G(1, 1; 3, n−5)) > SJ(G(1, 2; 2,

n− 5)).

Proof. Let p = n− 5. We prove the result regarding the J index. According to the definition
of J index, we can express the J index of G(1, 1; 3, n − 5) and of G(1, 2; 2, n − 5) as follows,
respectively

J(G(1, 1; 3, p)) =
n+ 1

3

(
p√

(2p+ 8)(p+ 5)
+

3√
(p+ 5)(2p+ 6)

+
3√

(2p+ 6)(3p+ 5)

)
,

J(G(1, 2; 2, p)) =
n+ 1

3

(
p√

(2p+ 9)(p+ 6)
+

2√
(p+ 6)(2p+ 5)

+
4√

(2p+ 5)(3p+ 6)

)
.
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Obviously (2p+ 8)(p+ 5) < (2p+ 9)(p+ 6), (p+ 5)(2p+ 6) < (p+ 6)(2p+ 5), hence
p√

(2p+ 8)(p+ 5)
>

p√
(2p+ 9)(p+ 6)

,
2√

(p+ 5)(2p+ 6)
>

2√
(p+ 6)(2p+ 5)

.

Denote A = (p + 5)(2p + 6), B = (2p + 6)(3p + 5) and C = (2p + 5)(3p + 6). Then
C −A = 4p2 + 9p > 3p, B − C = p, A < B and so

1√
A

− 1√
C

=
4p2 + 9p√

AC(
√
A+

√
C)

>
3p√

BC(
√
B +

√
C)

=
3√
C

− 3√
B
.

Therefore,
1√

(p+ 5)(2p+ 6)
+

3√
(2p+ 6)(3p+ 5)

>
4√

(2p+ 5)(3p+ 6)
.

Based on the above proof, we know J(G(1, 1; 3, n− 5)) > J(G(1, 2; 2, n− 5)).

Similarly, according to the definition of SJ index, we can express the SJ index of G(1, 1; 3, n−
5) and G(1, 2; 2, n− 5) as follows, respectively

SJ(G(1, 1; 3, p)) =
n+ 1

3

(
p√

3p+ 13
+

3√
3p+ 11

+
3√

5p+ 11

)
,

SJ(G(1, 2; 2, p)) =
n+ 1

3

(
p√

3p+ 15
+

2√
3p+ 11

+
4√

5p+ 11

)
.

Thus we have

SJ(G(1, 1; 3, p))− SJ(G(1, 2; 2, p))

=
n+ 1

3

(
p√

3p+ 13
− p√

3p+ 15
+

1√
3p+ 11

− 1√
5p+ 11

)
> 0,

which implies SJ(G(1, 1; 3, n− 5)) > SJ(G(1, 2; 2, n− 5)).

In the following five theorems, we compare the size of J index and SJ index of G(1, 2, p; 1, 1, q)

for different values of p and q.

Theorem 3.4. Let G(1, 2, p; 1, 1, q) be a connected chain graph of order n (n = p+ q + 5, 1 ≤
p, q ≤ n− 6). If p ≥ q, then

F (G(1, 2, p; 1, 1, q)) < F (G(1, 2, p+ 1; 1, 1, q − 1)),

where F = J, or SJ .

Proof. We first prove the result for the J index. According to the definition of J index, the
expressions for J index of G(1, 2, p; 1, 1, q) and G(1, 2, p+ 1; 1, 1, q − 1) are as follows:

J(G(1, 2, p; 1, 1, q)) =
n+ 1

3

[
2√

(3p+ 2q + 5)(2p+ 3q + 6)
+

2√
(2p+ 3q + 6)(p+ 2q + 5)

+
1√

(p+ 2q + 5)(2p+ q + 6)
+

1√
(3p+ 2q + 5)(2p+ q + 6)

+
p√

(p+ 2q + 5)(2p+ 3q + 8)
+

q√
(2p+ q + 6)(3p+ 2q + 9)

]
, (1)

J(G(1, 2, p+ 1; 1, 1, q − 1))

=
n+ 1

3

[
2√

(3p+ 2q + 6)(2p+ 3q + 5)
+

2√
(2p+ 3q + 5)(p+ 2q + 4)
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+
1√

(p+ 2q + 4)(2p+ q + 7)
+

1√
(3p+ 2q + 6)(2p+ q + 7)

+
p+ 1√

(p+ 2q + 4)(2p+ 3q + 7)
+

q − 1√
(2p+ q + 7)(3p+ 2q + 10)

]
.

So we have
3

n+ 1
· (J(G(1, 2, p+ 1; 1, 1, q − 1))− J(G(1, 2, p; 1, 1, q)))

= X1 +X2 +X3 +X4 +X5 +X6,

where

X1 =
2√

(3p+ 2q + 6)(2p+ 3q + 5)
− 2√

(3p+ 2q + 5)(2p+ 3q + 6)
,

X2 =
2√

(2p+ 3q + 5)(p+ 2q + 4)
− 2√

(2p+ 3q + 6)(p+ 2q + 5)
,

X3 =
1√

(p+ 2q + 4)(2p+ q + 7)
− 1√

(p+ 2q + 5)(2p+ q + 6)
,

X4 =
1√

(3p+ 2q + 6)(2p+ q + 7)
− 1√

(3p+ 2q + 5)(2p+ q + 6)
,

X5 =
p+ 1√

(p+ 2q + 4)(2p+ 3q + 7)
− p√

(p+ 2q + 5)(2p+ 3q + 8)
,

X6 =
q − 1√

(2p+ q + 7)(3p+ 2q + 10)
− q√

(2p+ q + 6)(3p+ 2q + 9)
.

Claim 1. X1 ≥ 0 and X3 > 0.

Since p ≥ q ≥ 1, we have

(3p+ 2q + 6)(2p+ 3q + 5) ≤ (3p+ 2q + 5)(2p+ 3q + 6),

(p+ 2q + 4)(2p+ q + 7) < (p+ 2q + 5)(2p+ q + 6).

Therefore,

X1 =
2√

(3p+ 2q + 6)(2p+ 3q + 5)
− 2√

(3p+ 2q + 5)(2p+ 3q + 6)
≥ 0,

and
X3 =

1√
(p+ 2q + 4)(2p+ q + 7)

− 1√
(p+ 2q + 5)(2p+ q + 6)

> 0.

Claim 2. X2 +X4 > 0.

Denote A1 = 2p + 3q + 5, B1 = p + 2q + 4, C1 = 3p + 2q + 5 and D1 = 2p + q + 6. Then
A1 ≤ C1 and B1 < D1 since p ≥ q ≥ 1. Therefore, we have

X2 =
2√

A1B1

− 2√
(A1 + 1)(B1 + 1)

=
6p+ 10q + 20√

A1B1(A1 + 1)(B1 + 1)
[√

A1B1 +
√
(A1 + 1)(B1 + 1)

]
>

5p+ 3q + 12√
C1D1(C1 + 1)(D1 + 1)

[√
C1D1 +

√
(C1 + 1)(D1 + 1)

]
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=
1√

C1D1

− 1√
(C1 + 1)(D1 + 1)

= −X4.

It follows that X2 +X4 > 0.
Claim 3. X5 +X6 > 0.

Denote a = p + 2q + 4, b = 2p + 3q + 7, c = 2p + q + 6 and d = 3p + 2q + 9. It is obvious
that a < c and b < d since p ≥ q. From Lemma 3.1, we can deduce that

X5 =
p+ 1√

ab
− p√

(a+ 1)(b+ 1)
=

1√
ab

[
(p+ 1)− p

√
a

a+ 1
·
√

b

b+ 1

]

>
1√
ab

[
(p+ 1)− p

(
1− 1

2a
+

3

8a2

)(
1− 1

2b
+

3

8b2

)]
=

1√
ab

+
p√
ab

(
1

2a
+

1

2b
− 3

8a2
− 3

8b2
− 1

4ab
+

3

16ab2
+

3

16a2b
− 9

64a2b2

)
>

1√
ab

+
p√
ab

(
1

2a
+

1

2b
− 3

8a2
− 3

8b2
− 1

4ab

)
=

1√
ab

+
1√
ab

(
p− 1

2a
+

p− 1

2b

)
+

1√
ab

(
1

2a
− 3p

8a2
− 3p

8b2
+

1

2b
− p

4ab

)
,

and

X6 =
q − 1√

(c+ 1)(d+ 1)
− q√

cd
=

1√
cd

[
(q − 1)

√
c

c+ 1
·
√

d

d+ 1
− q

]

>
1√
cd

[
(q − 1)

(
1− 1

2c

)(
1− 1

2d

)
− q

]
=

−1√
cd

[
1 + (q − 1)

(
1

2c
+

1

2d
− 1

4cd

)]
>

−1√
ab

[
1 + (q − 1)

(
1

2c
+

1

2c
− 1

4cd

)]
>

−1√
ab

− 1√
ab

(
q − 1

2c
+

q − 1

2d

)
.

Based on the definition of a and b, we can see that 4ab2 − 3pa2 − 3pb2 = 3b2(a− p)+ a(b2 −
3pa) > 0, which implies 4ab2 > 3p(a2 + b2). Therefore, we have 1

2a > 3p
8a2 + 3p

8b2 . Since a > p, it
follows that 1

2b > p
4ab . By recalling that p ≥ q, a < c and b < d, we have

X5 +X6 >
1√
ab

(
p− 1

2a
− q − 1

2c
+

p− 1

2b
− q − 1

2d
+

1

2a
− 3p

8a2
− 3p

8b2
+

1

2b
− p

4ab

)
> 0.

Incorporating the results of Claims 1, 2, and 3, we can conclude that

J(G(1, 2, p; 1, 1, q)) < J(G(1, 2, p+ 1; 1, 1, q − 1))

when p ≥ q ≥ 1.
According to the definition of SJ index, the expressions for SJ index of G(1, 2, p; 1, 1, q) and

G(1, 2, p+ 1; 1, 1, q − 1) are as follows:

SJ(G(1, 2, p; 1, 1, q)) =
n+ 1

3

[
2√

5p+ 5q + 11
+

2√
3p+ 5q + 11

+
1√

3p+ 3q + 11

+
1√

5p+ 3q + 11
+

p√
3p+ 5q + 13

+
q√

5p+ 3q + 15

]
, (2)
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SJ(G(1, 2, p+ 1; 1, 1, q − 1)) =
n+ 1

3

[
2√

5p+ 5q + 11
+

2√
3p+ 5q + 9

+
1√

3p+ 3q + 11

+
1√

5p+ 3q + 13
+

p+ 1√
3p+ 5q + 11

+
q − 1√

5p+ 3q + 17

]
.

Therefore, we know that 3
n+1 (SJ(G(1, 2, p + 1; 1, 1, q − 1)) − SJ(G(1, 2, p; 1, 1, q))) = Y1 + Y2,

where

Y1 =
2√

3p+ 5q + 9
− 2√

3p+ 5q + 11
+

1√
5p+ 3q + 13

− 1√
5p+ 3q + 11

,

Y2 =
p+ 1√

3p+ 5q + 11
− p√

3p+ 5q + 13
+

q − 1√
5p+ 3q + 17

− q√
5p+ 3q + 15

.

Denote a1 = 3p+ 5q + 9, b1 = 5p+ 3q + 11, c1 = 3p+ 5q + 11 and d1 = 5p+ 3q + 15. Since
p ≥ q ≥ 1, it is obvious that b1 > a1 ≥ 17, c1 > 3p and d1 > c1 ≥ 19. We can deduce from
Lemma 3.1 that

Y1 =
2

√
a1

− 2√
a1 + 2

+
1√

b1 + 2
− 1√

b1
=

2
√
a1

[
1−

√
a1

2
a1

2 + 1

]
− 1√

b1

[
1−

√
b1
2

b1
2 + 1

]

>
2

√
a1

(
1

a1
− 3

2a21

)
− 1√

b1
× 1

b1
=

1

a1
√
a1

− 1

b1
√
b1

+
1

a1
√
a1

− 6

2a21
√
a1

> 0,

Y2 =
p+ 1
√
c1

− p√
c1 + 2

+
q − 1√
d1 + 2

− q√
d1

=
1

√
c1

(
p+ 1− p

√
c1
2

c1
2 + 1

)
− 1√

d1

[
q − (q − 1)

√
d1

2
d1

2 + 1

]

>
1

√
c1

(
1 +

p

c1
− 3p

2c21

)
− 1√

d1
×
[
q − (q − 1)(1− 1

d1
)

]
=

1
√
c1

(
1 +

p

c1
− 3p

2c21

)
− 1√

d1
×
(
1 +

q − 1

d1

)
=

(
1

√
c1

− 1√
d1

)
+

(
p− 1

c1
√
c1

− q − 1

d1
√
d1

)
+

(
1

c1
√
c1

− 3p

2c21
√
c1

)
> 0.

Incorporating the above two inequalities, we can immediately obtain that if p ≥ q ≥ 1, then

SJ(G(1, 2, p+ 1; 1, 1, q − 1)) > SJ(G(1, 2, p+ 1; 1, 1, q − 1)).

Theorem 3.5. Let G(1, 2, p; 1, 1, q) be a connected chain graph of order n (n = p+ q + 5, 1 ≤
p, q ≤ n− 6). If 1 ≤ p ≤ q, then

F (G(1, 2, p; 1, 1, q)) < F (G(1, 2, p− 1; 1, 1, q + 1)),

where F = J, or SJ.

Proof. Following (1) in the proof of Theorem 3.4, we can similarly obtain that
3

n+ 1
(J(G(1, 2, p− 1; 1, 1, q + 1))− J(G(1, 2, p; 1, 1, q)))

= X7 +X8 +X9 +X10 +X11 +X12 +X13,

where

X7 =
2√

(3p+ 2q + 4)(2p+ 3q + 7)
− 2√

(3p+ 2q + 5)(2p+ 3q + 6)
,
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X8 =
2√

(2p+ 3q + 7)(p+ 2q + 6)
− 2√

(2p+ 3q + 6)(p+ 2q + 5)
,

X9 =
1√

(p+ 2q + 6)(2p+ q + 5)
− 1√

(p+ 2q + 5)(2p+ q + 6)
,

X10 =
1√

(3p+ 2q + 4)(2p+ q + 5)
− 1√

(3p+ 2q + 5)(2p+ q + 6)
,

X11 =
p√

(p+ 2q + 6)(2p+ 3q + 9)
− p√

(p+ 2q + 5)(2p+ 3q + 8)
,

X12 =
q√

(2p+ q + 5)(3p+ 2q + 8)
− q√

(2p+ q + 6)(3p+ 2q + 9)
,

X13 =
1√

(2p+ q + 5)(3p+ 2q + 8)
− 1√

(p+ 2q + 6)(2p+ 3q + 9)
.

Claim I. X7 > 0 and X9 ≥ 0.

Since

(3p+ 2q + 4)(2p+ 3q + 7) < (3p+ 2q + 5)(2p+ 3q + 6),

(p+ 2q + 6)(2p+ q + 5) ≤ (p+ 2q + 5)(2p+ q + 6),

it follows that X7 > 0 and X9 ≥ 0.

Claim II. If p = q, then X11 +X12 = 0; If p < q, then X11 +X12 > 0.

It is obvious that X11 + X12 = 0 if p = q. If q ≥ p + 1, denote a2 = p + 2q + 5, b2 =

2p + 3q + 8, c2 = 2p + q + 5 and d2 = 3p + 2q + 8. Then 4c2 > 3q, d2 − c2 = p + q + 3 and
(12p+ 3q + 32)c2 > 2p(p+ q + 3). Therefore, we have

1

2c2
+

1

2d2
− 3q

8c22
− 3q

8d22
− q

4c2d2

=
1

8c22d
2
2

[
(4c2 − 3q)d2 + (4d2 − 3q)c2 − 2qc2d2)

]
=

1

8c22d
2
2

[
(8p+ q + 20)d22 + (12p+ 5q + 32)c22 − 2qc2(c2 + p+ q + 3)

]
=

1

8c22d
2
2

[
(8p+ q + 20)d22 + (12p+ 3q + 32)c22 − 2q(p+ q + 3)c2

]
> 0.

Since 1 ≤ p ≤ q − 1, we know that 9 ≤ c2 < a2 and 15 ≤ d2 < b2. We can deduce from Lemma
3.1 that

X11 =
p√

(a2 + 1)(b2 + 1)
− p√

a2b2

=
p√
a2b2

(√
a2

a2 + 1
·
√

b2
b2 + 1

− 1

)
>

p√
a2b2

[(
1− 1

2a2

)(
1− 1

2b2

)
− 1

]
=

p√
a2b2

(
1

4a2b2
− 1

2a2
− 1

2b2

)
> − p√

a2b2

(
1

2a2
+

1

2b2

)
,

X12 =
q√
c2d2

− q√
(c2 + 1)(d2 + 1)
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=
q√
c2d2

(
1−

√
c2

c2 + 1
·
√

d2
d2 + 1

)

>
q√
c2d2

[
1−

(
1− 1

2c2
+

3

8c22

)(
1− 1

2d2
+

3

8d22

)]
>

q√
c2d2

(
1

2c2
+

1

2d2
− 3

8c22
− 3

8d22
− 1

4c2d2

)
≥ p+ 1√

c2d2

(
1

2c2
+

1

2d2

)
− q√

c2d2

(
3

8c22
+

3

8d22
+

1

4c2d2

)
>

p√
a2b2

(
1

2a2
+

1

2b2

)
+

1√
c2d2

(
1

2c2
+

1

2d2
− 3q

8c22
− 3q

8d22
− q

4c2d2

)
>

p√
a2b2

(
1

2a2
+

1

2b2

)
.

These two inequalities lead to the conclusion that X11 +X12 > 0.
Claim III. X8 +X10 +X13 > 0.

If p = q, recalling f(x) defined in Lemma 3.2, we can immediately obtain that f(5p+ 6) >

f(5p+ 7) > 0. Therefore,

X8 +X10 +X13

=
2√

(5p+ 7)(3p+ 6)
− 2√

(5p+ 6)(3p+ 5)
+

1√
(5p+ 4)(3p+ 5)

− 1√
(5p+ 5)(3p+ 6)

+
1√

(3p+ 5)(5p+ 8)
− 1√

(3p+ 6)(5p+ 9)

=
1√

3p+ 5

(
1√

5p+ 4
+

1√
5p+ 8

− 2√
5p+ 6

)
− 1√

3p+ 6

(
1√

5p+ 5
+

1√
5p+ 9

− 2√
5p+ 7

)
=

1√
3p+ 5

f(5p+ 6)− 1√
3p+ 6

f(5p+ 7)

>

(
1√

3p+ 5
− 1√

3p+ 6

)
f(5p+ 7) > 0.

If q ≥ p+1, denote A2 = 2p+3q+6, B2 = p+2q+5, C2 = 3p+2q+4 and D2 = 2p+ q+5.
Then it is obvious that A2 > C2 and B2 > D2, so we have

X8 =
2√

(A2 + 1)(B2 + 1)
− 2√

A2B2

=
−6p− 10q − 24√

A2B2(A2 + 1)(B2 + 1)
[√

A2B2 +
√
(A2 + 1)(B2 + 1)

] , (3)

X10 =
1√

C2D2

− 1√
(C2 + 1)(D2 + 1)

=
5p+ 3q + 10√

C2D2(C2 + 1)(D2 + 1)
[√

C2D2 +
√
(C2 + 1)(D2 + 1)

]
>

5p+ 3q + 10√
A2B2(A2 + 1)(B2 + 1)

[√
A2B2 +

√
(A2 + 1)(B2 + 1)

] .
(4)
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Let r =

(
12

7

)2/3

≈ 1.43237 > 1.4, and recall that 1 ≤ p < q. We can deduce that

r(A2 + 1)− (C2 + 4) > −0.2p+ 2.2q + 1.8 > 0, (5)

and
(B2 + 1)(A2 + 3)

A2B2
=

(
1 +

3

A2

)(
1 +

1

B2

)
≤ 17

14
· 11
10

< r. (6)

It follows from q > p, D2 < B2 + 1, and the inequalities in (5) and (6) that

X13 =
1√

D2(C2 + 4)
− 1√

(B2 + 1)(A2 + 3)

=
2(q − p+ 1)(2q + 2p+ 7)√

D2(C2 + 4)(B2 + 1)(A2 + 3)
(√

D2(C2 + 4) +
√
(B2 + 1)(A2 + 3)

)
>

2r−3/2(q − p+ 1)(2q + 2p+ 7)√
A2B2(A2 + 1)(B2 + 1)

[√
A2B2 +

√
(A2 + 1)(B2 + 1)

] .
(7)

Based on the results in (3), (4) and (7), in order to establish that X8 +X10 +X13 > 0, we only
need to show that

2(q − p+ 1)(2q + 2p+ 7)− r3/2(p+ 7q + 14) > 0.

Denote g1(p, q) = 2(q − p + 1)(2q + 2p + 7) − r3/2(p + 7q + 14). Then g1(p, p + 1) =

(16p+ 36)− 12

7
(8p+ 21) > 0. Since

∂g1
∂q

= 8q + 6 > 0, then for any positive integer 1 ≤ p < q,

we have g1(p, q) ≥ g1(p, p+ 1) > 0. Thus X8 +X10 +X13 > 0 follows immediately.

Incorporating the results of Claims I, II, III, we can conclude that if 1 ≤ p ≤ q, then

J(G(1, 2, p; 1, 1, q)) < J(G(1, 2, p− 1; 1, 1, q + 1)).

Next we prove the similar result for SJ index. Following (2) in the proof of Theorem 3.4,
we know that

3

n+ 1
· (SJ(G(1, 2, p− 1; 1, 1, q + 1))− SJ(G(1, 2, p; 1, 1, q)))

=
2√

3p+ 5q + 13
− 2√

3p+ 5q + 11
+

1√
5p+ 3q + 9

− 1√
5p+ 3q + 11

+
p− 1√

3p+ 5q + 15
− p√

3p+ 5q + 13
+

q + 1√
5p+ 3q + 13

− q√
5p+ 3q + 15

= Y3 + Y4 + Y5,

where

Y3 = −
(

p√
3p+ 5q + 13

− p√
3p+ 5q + 15

)
+

q√
5p+ 3q + 13

− q√
5p+ 3q + 15

,

Y4 =
2√

3p+ 5q + 13
− 2√

3p+ 5q + 11
+

1√
5p+ 3q + 9

− 1√
5p+ 3q + 11

,

Y5 =
1√

5p+ 3q + 13
− 1√

3p+ 5q + 15
.

We begin the proof by showing that Y3 ≥ 0. It is obvious that Y3 = 0 if p = q. If q ≥ p+ 1, let

h(x) =
1√
x

. Then h′(x) = − 1

2x
√
x
< 0, h′′(x) =

3

4x2
√
x
> 0 when x > 0. Therefore, from the
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inequality 3p+ 5q + 13 ≥ 5p+ 3q + 15 and the properties of convex functions, it follows that

0 < h(3p+ 5q + 13)− h(3p+ 5q + 15) < h(5p+ 3q + 13)− h(5p+ 3q + 15).

Given that 1 ≤ p < q, we can conclude that Y3 > 0.
We also prove Y4 + Y5 > 0. If p = q,

Y4 + Y5 =
3√

8p+ 13
− 3√

8p+ 11
+

1√
8p+ 9

− 1√
8p+ 15

= − 6√
8p+ 11

√
8p+ 13(

√
8p+ 11 +

√
8p+ 13)

+
6√

8p+ 9
√
8p+ 15(

√
8p+ 9 +

√
8p+ 15)

.

Obviously (8p+ 11)(8p+ 13) > (8p+ 9)(8p+ 15), thus√
8p+ 11

√
8p+ 13(

√
8p+ 11 +

√
8p+ 13) >

√
8p+ 9

√
8p+ 15(

√
8p+ 9 +

√
8p+ 15),

and it follows that Y4 + Y5 > 0. If 1 ≤ p < q, denote A3 = 3p+ 5q + 11 and B3 = 5p+ 3q + 9.
Then it is obvious that 20 ≤ B3 < A3 − 2. Therefore,

Y4 =
−4√

A3(A3 + 2)
(√

A3 + 2 +
√
A3

) + 2√
B3(B3 + 2)

(√
B3 + 2 +

√
B3

)
>

−2√
A3(A3 + 2)

(√
A3 + 2 +

√
A3

) . (8)

Recalling that r =

(
12

7

)2/3

≈ 1.43237, it is easy to check that A3 + 4 < r(A3 + 2) and

B3 + 4 < rA3. So we have

Y5 =
2(q − p+ 1)√

(A3 + 4)(B3 + 4)
(√

A3 + 4 +
√
B3 + 4

)
>

2r−3/2(q − p+ 1)√
A3(A3 + 2)

(√
A3 + 2 +

√
A3

) >
2√

A3(A3 + 2)
(√

A3 + 2 +
√
A3

) . (9)

According to the inequalities in (8) and (9), we can deduce that Y4 + Y5 > 0.

From the above, it can be concluded that if 1 ≤ p ≤ q, then

SJ(G(1, 2, p; 1, 1, q)) < SJ(G(1, 2, p− 1; 1, 1, q + 1)).

Theorem 3.6. Let G(1, 2, p; 1, 1, q) be a connected chain graph of order n (n = p+ q + 5, 1 ≤
p, q ≤ n− 6). If 1 ≤ p < q, then

F (G(1, 2, p; 1, 1, q)) < F (G(1, 2, q; 1, 1, p))

where F = J , or SJ.

Proof. Following (1) in the proof of Theorem 3.4, we can similarly obtain that
3

n+ 1
(J(G(1, 2, q; 1, 1, p))− J(G(1, 2, p; 1, 1, q)))

= X14 +X15 +X16 +X17 +X18 +X19,

where

X14 =
2√

(2p+ 3q + 5)(3p+ 2q + 6)
− 2√

(3p+ 2q + 5)(2p+ 3q + 6)
,
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X15 =
2√

(3p+ 2q + 6)(2p+ q + 5)
− 2√

(2p+ 3q + 6)(p+ 2q + 5)
,

X16 =
1√

(2p+ q + 5)(p+ 2q + 6)
− 1√

(p+ 2q + 5)(2p+ q + 6)
,

X17 =
1√

(2p+ 3q + 5)(p+ 2q + 6)
− 1√

(3p+ 2q + 5)(2p+ q + 6)
,

X18 =
p√

(p+ 2q + 6)(2p+ 3q + 9)
− p√

(p+ 2q + 5)(2p+ 3q + 8)
,

X19 =
q√

(2p+ q + 5)(3p+ 2q + 8)
− q√

(2p+ q + 6)(3p+ 2q + 9)
.

Firstly we show that X14 + X16 > 0. Denote A4 = (2p + 3q + 5)(3p + 2q + 6), B4 =

(3p+ 2q + 5)(2p+ 3q + 6), C4 = (2p+ q + 5)(p+ 2q + 6) and D4 = (p+ 2q + 5)(2p+ q + 6). It
is easy to check that B4 −A4 = p− q and D4 − C4 = q − p. Then we have

X14 =
2√
A4

− 2√
B4

=
−2(q − p)√

A4B4

(√
A4 +

√
B4

) ,
X16 =

1√
C4

− 1√
D4

=
q − p√

C4D4

(√
C4 +

√
D4

) .
Let r1 = 1.6 > 22/3. Noticing that

A4 − r1C4 =
(
2.8p2 + 2.8q2 + 5pq − 18

)
+ (2.4q − 0.2p) > 0,

B4 − r1D4 =
(
2.8p2 + 2.6q2 + 5pq − 18

)
+ (2.4p+ 0.2q2 − 0.2q) > 0,

we have
√
A4B4(

√
A4 +

√
B4) > 2

√
C4D4(

√
C4 +

√
D4), and thus X14 +X16 > 0.

Next we clarify that X15 + X17 > 0. Denote A5 = (3p + 2q + 6)(2p + q + 5), B5 =

(2p+3q+6)(p+2q+5), C5 = (2p+3q+5)(p+2q+6) and D5 = (3p+2q+5)(2p+ q+6). It
is easy to check that B5 − A5 = (q − p)(4p+ 4q + 11) and D5 − C5 = −(q − p)(4p+ 4q + 11).
Then we have

X15 =
2√
A5

− 2√
B5

=
2(q − p)(4p+ 4q + 11)√
A5B5

(√
A5 +

√
B5

)
X17 =

1√
C5

− 1√
D5

=
−(q − p)(4p+ 4q + 11)√
C5D5

(√
C5 +

√
D5

)
Noticing that C5−B5 = D5−A5 = p+q > 0, so we have 2

√
C5D5(

√
C5+

√
D5) >

√
A5B5(

√
A5+√

B5), which implies that X15 +X17 > 0.

Finally we prove that X18+X19 > 0. Denote A6 = (p+2q+6)(2p+3q+9), B6 = (p+2q+

5)(2p+3q+8), C6 = (2p+q+5)(3p+2q+8) and D6 = (2p+q+6)(3p+2q+9). It is easy to check
that A6−C6 = 4q2−4p2+18q−10p+5 > 0, B6−D6 = 4q2−4p2+10q−18p−5 ≥ 14(q−p)−5 > 0,
B6 −A6 = −3p− 5q − 5 and D6 − C6 = 5p+ 3q + 5. Then we have

X18 =
p√
A6

− p√
B6

=
−p(3p+ 5q + 5)√
A6B6

(√
A6 +

√
B6

) ,
X19 =

q√
C6

− q√
D6

=
q(5p+ 3q + 5)√

C6D6

(√
C6 +

√
D6

) .
Noticing that q > p, q(5p + 3q + 5) > p(3p + 5q + 5), C6 < A6 and D6 < B6, so we have
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X18 +X19 > 0.

From the above, we can conclude that

J(G(1, 2, p; 1, 1, q)) < J(G(1, 2, q; 1, 1, p))

when 1 ≤ p < q.

Now we prove the similar result for the SJ index. According to the definition of SJ index
and similarly as that in the proof of Theorem 3.4, we know that

3

n+ 1
· (SJ(G(1, 2, q; 1, 1, p))− SJ(G(1, 2, p; 1, 1, q)))

=
p√

3p+ 5q + 15
− p√

3p+ 5q + 13
+

q√
5p+ 3q + 13

− q√
5p+ 3q + 15

+
1√

5p+ 3q + 11
− 1√

3p+ 5q + 11

= − 2p√
(3p+ 5q + 15)(3p+ 5q + 13)

(√
3p+ 5q + 15 +

√
3p+ 5q + 13

)
+

2q√
(5p+ 3q + 13)(5p+ 3q + 15)

(√
5p+ 3q + 13 +

√
5p+ 3q + 15

)
+

1√
5p+ 3q + 11

− 1√
3p+ 5q + 11

Given that p < q, it is easy to see that 3p+5q+15 > 5p+3q+15, 3p+5q+13 > 5p+3q+13,
3p+ 5q + 11 > 5p+ 3q + 11. Thus we can deduce that if 1 ≤ p < q, then

SJ(G(1, 2, p; 1, 1, q)) < SJ(G(1, 2, q; 1, 1, p)).

Theorem 3.7. If n ≡ 0( mod 2), denote p = n−6
2 , then for any 1 ≤ k ≤ p− 1, we have

F (G (1, 2, p+ k; 1, 1, p− k + 1)) < F (G (1, 2, p− k; 1, 1, p+ k − 1)) ,

where F = J, SJ.

Proof. Following (1) in the proof of Theorem 3.4, we can similarly obtain that
3

n+ 1
· (J(G(1, 2, p− k; 1, 1, p+ k + 1))− J(G(1, 2, p+ k; 1, 1, p− k + 1)))

=
2√

(5p− k + 7)(5p+ k + 9)
− 2√

(5p+ k + 7)(5p− k + 9)

+
2√

(5p+ k + 9)(3p+ k + 7)
− 2√

(5p− k + 9)(3p− k + 7)

+
1√

(5p− k + 7)(3p− k + 7)
− 1√

(5p+ k + 7)(3p+ k + 7)

+
1√

(3p− k + 7)(5p− k + 11)
− 1√

(3p+ k + 7)(5p+ k + 11)
.

It is easy to calculate that (5p+ k + 7)(5p− k + 9)− (5p− k + 7)(5p+ k + 9) = 4k > 0, so
we have

2√
(5p− k + 7)(5p+ k + 9)

− 2√
(5p+ k + 7)(5p− k + 9)

> 0.
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Recalling that f(x) = 1√
x−2

+ 1√
x+2

− 2√
x

defined in Lemma 3.2, we can deduce that
3

n+ 1
· (J(G(1, 2, p− k; 1, 1, p+ k + 1))− J(G(1, 2, p+ k; 1, 1, p− k + 1)))

> − 1√
3p+ k + 7

f(5p+ k + 9) +
1√

3p− k + 7
f(5p− k + 9)

> f(5p+ k + 9)

(
1√

3p− k + 7
− 1√

3p+ k + 7

)
> 0.

This confirms that J (G (1, 2, p+ k; 1, 1, p− k + 1)) < J (G (1, 2, p− k; 1, 1, p+ k − 1)) .

Now we come to the similar result for SJ index. Similarly as that in the proof of Theorem
3.4 and the definition of SJ index, we can obtain that

3

n+ 1
· (SJ(G(1, 2, p− k; 1, 1, p+ k + 1))− SJ(G(1, 2, p+ k; 1, 1, p− k + 1)))

=
1√

8p− 2k + 14
+

1√
8p− 2k + 18

− 2√
8p− 2k + 16

−
(

1√
8p+ 2k + 14

+
1√

8p+ 2k + 18
− 2√

8p+ 2k + 16

)
= f(8p− 2k + 16)− f(8p+ 2k + 16) > 0.

This confirms that SJ(G(1, 2, p+ k; 1, 1, p− k + 1)) < SJ(G(1, 2, p− k; 1, 1, p+ k + 1)).

Theorem 3.8. If n ≡ 1( mod 2), denote p =
n− 5

2
, then for any 2 ≤ k ≤ p, we have

F (G (1, 2, p+ k − 1; 1, 1, p− k + 1)) < F (G (1, 2, p− k; 1, 1, p+ k)) ,

where F = J, or SJ .

Proof. Following (1) in the proof of Theorem 3.4, we can similarly obtain that
3

n+ 1
· (J(G(1, 2, p− k; 1, 1, p+ k))− J(G(1, 2, p+ k − 1; 1, 1, p− k + 1)))

=
2√

(5p− k + 5)(5p+ k + 6)
− 2√

(5p+ k + 4)(5p− k + 7)

+
2√

(5p+ k + 6)(3p+ k + 5)
− 2√

(5p− k + 7)(3p− k + 6)

+
1√

(3p+ k + 5)(3p− k + 6)
− 1√

(3p− k + 6)(3p+ k + 5)

+
1√

(5p− k + 5)(3p− k + 6)
− 1√

(5p+ k + 4)(3p+ k + 5)

+
p− k√

(3p+ k + 5)(5p+ k + 8)
− p+ k − 1√

(3p− k + 6)(5p− k + 9)

+
p+ k√

(3p− k + 6)(5p− k + 9)
− p− k + 1√

(3p+ k + 5)(5p+ k + 8)
.

It is easy to calculate that (5p+ k+ 4)(5p− k+ 7)− (5p− k+ 5)(5p+ k+ 6) = 4k− 2 > 0,
so we have

2√
(5p− k + 5)(5p+ k + 6)

− 2√
(5p+ k + 4)(5p− k + 7)

> 0.
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Recalling that f(x) = 1√
x−2

+ 1√
x+2

− 2√
x

defined in Lemma 3.2, we can deduce that
3

n+ 1
· (J(G(1, 2, p− k; 1, 1, p+ k))− J(G(1, 2, p+ k − 1; 1, 1, p− k + 1)))

>
1√

3p− k + 6

(
1√

5p− k + 5
+

1√
5p− k + 9

− 2√
5p− k + 7

)
− 1√

3p+ k + 5

(
1√

5p+ k + 4
+

1√
5p+ k + 8

− 2√
5p+ k + 6

)
=

1√
3p− k + 6

f(5p− k + 7)− 1√
3p+ k + 5

f(5p+ k + 6)

>

(
1√

3p− k + 6
− 1√

3p+ k + 5

)
f(5p+ k + 6) > 0.

This confirms that J (G (1, 2, p+ k − 1; 1, 1, p− k + 1)) < J (G (1, 2, p− k; 1, 1, p+ k)) .

Now we come to the similar result for the SJ index. Similarly as that in the proof of
Theorem 3.4 and the definition of SJ index, we can obtain that

3

n+ 1
· (SJ(G(1, 2, p− k; 1, 1, p+ k))− SJ(G(1, 2, p+ k − 1; 1, 1, p− k + 1)))

=
1√

8p− 2k + 11
+

1√
8p− 2k + 15

− 2√
8p− 2k + 13

−
(

1√
8p+ 2k + 9

+
1√

8p+ 2k + 13
− 2√

8p+ 2k + 11

)
= f(8p− 2k + 13)− f(8p+ 2k + 11) > 0.

This confirms that SJ(G(1, 2, p+ k − 1; 1, 1, p− k + 1)) < SJ(G(1, 2, p− k; 1, 1, p+ k)).

Conclusions. If k = 3, Theorem 3.4 and Theorem 3.5 indicate that the larger the absolute
difference of |p− q|, the larger the J index and SJ index of the bicyclic connected chain graph
G(1, 2, p; 1, 1, q) are. Combining this with Theorem 3.6, we can deduce that

F

(
G

(
1, 2,

⌊
n− 5

2

⌋
; 1, 1,

⌈
n− 5

2

⌉))
≤ F (G(1, 2, p; 1, 1, , q)) ≤ F (G (1, 2, n− 6; 1, 1, 1)) ,

where F = J, or SJ . So before no further research, the equality on the left holds if and only

if p =

⌊
n− 5

2

⌋
, and q =

⌈
n− 5

2

⌉
and the equality on the right holds if and only if p = n− 6,

and q = 1.

If k = 1, there is only a unique bicyclic chain graph G(2; 3) ∼= K2,3 of order n = 5, and
no further research is necessary. If n ≥ 7 and k = 2 or k = 3, it is not difficult to see that
G(1, 2, n − 5; 1, 1, 0) ∼= G(1, 1; 3, n − 5) and G(1, 2, 0; 1, 1, n − 5) ∼= G(1, 2; 2, n − 5). Note that
we require p ≥ q ≥ 1 in Theorem 3.4, therefore Theorem 3.4 implies that

F (G(1, 1; 3, n− 5)) = F (G(1, 2, n− 5; 1, 1, 0)) > F (G(1, 2, n− 6; 1, 1, 1)),

where F stands for either J or SJ index. Similarly, since we require 1 ≤ p ≤ q in Theorem 3.5,
it implies that

F (G(1, 2; 2, n− 5)) = F (G(1, 2, 0; 1, 1, n− 5)) > F (G(1, 2, 1; 1, 1, n− 6)),

where F stands for either J or SJ index. Together with Theorem 3.3 and Theorem 3.6, we can
conclude that among all bicyclic connected chain graphs of order n ≥ 7, the graph with the
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minimum J index and SJ index is

G

(
1, 2,

⌊
n− 5

2

⌋
; 1, 1,

⌈
n− 5

2

⌉)
.

The graph with the maximum J index and SJ index is

G (1, 1; 3, n− 5) .

In fact, we can order all bicyclic connected chain graphs of order n ≥ 7 by J index and SJ

index, the ordering for the J index can be derived from Theorem 3.3 ∼ 3.8, and for the SJ

index, the ordering is identical.

If n ≡ 0( mod 2), let p =
n− 6

2
, then

J (G (1, 2, p; 1, 1, p+ 1)) < J(G(1, 2, p+ 1; 1, 1, p))

< J (G (1, 2, p− 1; 1, 1, p+ 2)) < J(G(1, 2, p+ 2; 1, 1, p− 1))

< . . .

< J (G (1, 2, 1; 1, 1, 2p)) < J (G (1, 2, 2p; 1, 1, 1))

< J(G(1, 2, 0; 1, 1, 2p+ 1)) = J(G(1, 2; 2, n− 5))

< J(G(1, 2, 2p+ 1; 1, 1, 0)) = J(G(1, 1; 3, n− 5)),

If n ≡ 1( mod 2), let p =
n− 5

2
, then

J (G (1, 2, p; 1, 1, p)) < J(G(1, 2, p− 1; 1, 1, p+ 1))

< J (G (1, 2, p+ 1; 1, 1, p− 1)) < J(G(1, 2, p− 2; 1, 1, p+ 2))

< . . .

< J(G(1, 2, 2p− 1; 1, 1, 1)) < J(G(1, 2, 0; 1, 1, 2p)) = J(G(1, 2; 2, n− 5))

< J(G(1, 2, 2p; 1, 1, 0)) = J (G (1, 1; 3, n− 5)) .
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