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Periodic solutions and fixed-time synchronization of

discontinuous time-varying delayed Cohen-Grossberg

neural networks

ZHANG Yi-cheng1,2 KONG Fan-chao2,∗ Rathinasamy Sakthivel3

Abstract. In this paper, a class of discontinuous Cohen-Grossberg neural networks with time-

varying delays is considered. Firstly, under the extended Filippov differential inclusions frame-

work, the problem of periodic solutions of the considered neural networks with more relaxed

conditions imposed on the amplification functions is analyzed by using set-valued mapping and

Kakutani’s fixed point theorem, which has rarely been used to study such problem. Secondly,

the fixed-time synchronization of the error system of the considered neural networks is also

investigated by designing a novel control strategy, which can improve not only the previous

ones with sign function greatly, but also can reduce the chattering phenomenon. Finally, two

numerical examples are presented to further illustrate the validity of the obtained results.

§1 Introduction

Cohen-Grossberg neural networks (CGNNs) were first proposed in 1983 [8], and then became

one of the most commonly used and representative neurodynamic models. Such as Hopfield

neural networks [38], cellular neural networks [7], and Lotka-Volterra system [29] are all special

cases. It has captured increasing attention due to its wide applications in classification [10],

engineering [17], parallel computing [3], associative memory [18], especially in solving some

optimization problems [6], and so on. Clearly, these applications heavily rely on the existence

of equilibrium points, as well as the qualitative features of stability. Therefore, qualitative

characterizations of these dynamical behaviors are critical.

Actually, discontinuities can cause bad effects on qualitative analysis since traditional theo-

ries, particularly the existence theory of solutions, are no longer valid for discontinuous systems.
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Filippov, a Soviet mathematician, pioneered the differential inclusion theory for studying dis-

continuous systems in 1988 [13]. The solution of the discontinuous differential equation can

be turned into a solution of its associated differential inclusion by creating an appropriate

set-valued mapping. It is generally known that Forti and Nistri were the first to deal with

the global stability of neural networks modeled by a differential equation with a discontinuous

right-hand side [14], which was based on the theory of Filippov differential inclusions. Neural

networks with discontinuous neuron activations, as Forti and Nistri pointed out, are significant

and appear often in applications. Exploring the dynamical dynamics of discontinuous neural

networks is so crucial in practice. In reality, periodic solutions play a significant role in terms

of practical importance, such as associative memory [35], pattern recognition [12], machine

learning [16], many biological and cognitive activities (for example, heartbeat, locomotion, res-

piration, mastication, and memorization) require repetition. Despite the importance of the

periodic solutions of neural networks, there are few works focusing on the periodic solutions of

the CGNNs, see [26, 39] and there are many almost-periodic solutions, see [2, 15, 32]. However,

the definitions between periodic solution and almost-periodic solution are different. Besides,

the CGNNs studied in [26, 39] had continuous activation functions. In recent years, periodic

solutions of discontinuous CGNNs have been rarely considered, see [9, 25, 34]. However, the

conditions imposed on the amplification functions in [9, 25, 34] were all bounded. It is limited.

So, providing some relaxed conditions imposed on the amplification functions and further con-

sidering the periodic solutions of discontinuous CGNNs are vital. It is the first target of this

paper.

In previous studies, the proof of the existence of periodic solution of CGNNs model was

passed by contraction mapping fixed point theorem [37], Mawhin’s continuation theorem of the

set-valued theorem [27], and so on. However, Kakutani’s fixed point theorem [21] has never

been used to prove the periodic solution of the CGNNs model, so this paper aims to fill the

gap. It is the second target of this paper.

On the other hand, the synchronization of real systems has been extensively investigated

due to its wide applications in communication security and neuroscience [33]. Asymptotic syn-

chronization and exponential synchronization are incorporated in the category of the infinite

time synchronization [5, 36]. In many practical applications, the synchronization is required

to be realized in some finite-time and fixed-time instead of asymptotically, which leads to the

study of finite-time and fixed-time synchronization of CGNNs via some designed controllers,

see, for example [4, 22] and the references therein. Moreover, the finite-time and fixed-time syn-

chronization can be reduced to the finite-time and fixed-time stabilization of the corresponding

error systems. However, the previously designed controllers all contained the sign function,

which can bring chattering phenomena [11]. Therefore, new control law should be designed,

which can help achieve synchronization and reduce the chattering phenomena. It is the third

target of this paper.

Motivated by the above discussions, this paper investigates the periodic solutions of a class

of discontinuous time-varying delayed CGNNs via Kakutani’s fixed point theorem under more
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relaxed conditions imposed on the amplification functions. Moreover, fixed-time synchroniza-

tion is also considered by designing a new control law without containing the sign function.

The major contributions of the paper can be stated as following aspects.

• Some relaxed conditions imposed on the amplification functions are given, which can

improve the bounded conditions in the previous works, such as [2], [15], [26] and [36].

• Kakutani’s fixed point theorem is first used to prove the periodic solution of the formulated

discontinuous time-varying delayed CGNNs.

• A novel control law is designed, which can help achieve synchronization and reduce the

chattering phenomena.

• A more accurate estimation of the settling-time is given in compared to the previous

ones when studying the fixed-time synchronization of discontinuous time-varying delayed

CGNNs.

§2 Preliminaries and model formulation

Notation. Let R be the set of real numbers and let Rn denote the n-dimensional Euclidean

space. The superscript T represents the transpose operator. For x ∈ Rn, ∥x∥ represents any

vector norm of x. Given a set E ⊂ Rn , by meas(E) we mean the Lebesgue measure of set E
in Rn and co[E] represents the closure of the convex hull of E. If z ∈ Rn and δ > 0,B(z, δ) =

{z∗ ∈ Rn : ∥z∗ − z∥ ≤ δ} denotes the ball of δ about z. Let L1([0, ξ),Rn), ξ ≤ +∞ denote

the Banach space of the Lebesgue integrable functions g : [0, ξ) :→ Rn equipped with the norm∫ ξ

0
∥g(t)∥dt .
For any continuous ω-periodic function h(t) defined on R, we denote

h̄ =
1

ω

∫ ω

0

h(t)dt, hM = sup
t∈[0,ω]

|h(t)|, hL = inf
t∈[0,ω]

|h(t)|.

2.1 Preliminaries

Let Rn(n ≥ 1) denote an n-dimensional real Euclidean space with inner product ⟨·, ·⟩ and

induced norm ∥ · ∥. Given X ⊆ Rn, let us introduce following notations

P0(X) = {A ⊂ X : A ̸= ∅},P(X) = P0(X)
∪

{∅},
Pc(X) = {A ⊂ X : nonempty closed and convex},

Pkc(X) = {A ⊂ X : nonempty compact and convex}.

For convenience, we sometimes denote 2X = P0(X). Suppose X ⊆ Rn, map x 7→ F (x) is

called a set-valued map from X ↪→ p(Rn), if to every point x of the set X, there corresponds a

nonempty set F (x) ⊂ Rn.

Consider the following non-autonomous functional differential equation

żi(t) = f(t, zt), (2.1)
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where xt(·) denotes the history of the state from time t − τ , up to the present time t; żi(t)

denotes the time derivative of z and f : R × C → Rn is measurable and essentially locally

bounded. In this case, f(t, zt) denotes a vector field which is allowed to be discontinuous.

Let us construct the Filippov set-valued map F : R× C → 2R
n

given as follows:

F (t, xt) =
∩
δ>0

∩
means(N )=0

co[f(t,B(zt, δ)\N )].

Here means(N ) stands for the Lebesgue measure of set N , intersection is taken over all sets N
of Lebesgue measure zero and over all δ > 0, where B(zt, δ) := {z′

t ∈ Cτ ; ∥z
′

t − zt∥C < δ|}.

Definition 2.1. ([13]) A vector-valued function z(t) defined on a non-degenerate interval

I ⊆ R is said to be a Filippov solution for functional differential equation (2.1), if it is absolutely

continuous on any compact subinterval [t1, t2] of I, and z(t) satisfies the following functional

differential inclusion

żi(t) ∈ F (t, zt), for a.e. t ∈ I. (2.2)

Lemma 2.1. ([1, Kakutani’s fixed point theorem]) If Ω is a compact convex subset of a

Banach space Z and the set-valued map φ : Ω → Pkc(Ω) is an upper semicontinuous convex

compact map, then φ has a fixed point in Ω, that is to say, there exists z ∈ Ω such that z ∈ φ(z).

For convenience, we denote D = [0, ω].

Let F(T,Z) = (F1(T,Z),F2(T,Z), ...,Fn(T,Z))⊤ be a set-valued function and L1(D,Rn)

denotes the Banach space of all functions ς = (ς1, ς2, ..., ςn)
⊤ : D → Rn which are Lebesgue

integrable.

Define the following set-valued operator

F = (F1,F2, ...,Fn)
⊤ : X → L1(D,Rn), (2.3)

where

Fi(z) = {ςi ∈ L1(D,Rn) : ςi(t) ∈ Fi(t, z(t)) for a.e. t ∈ D}, i ∈ N = {1, 2, ..., n}.

Lemma 2.2. ([19, 28]) Consider D = [0, ω] which is a compact real interval. Let F be a

Carathéodory set-valued map with F(z) ̸= ∅ for each fixed z ∈ Z and let L : L1(D,Rn) → C(D)
be a continuous linear mapping. Then the operator L ◦ F : C(D) → 2C(D) is a closed graph

operator in C(D)× C(D).

Definition 2.2. ([31]) The origin of error system is said to be globally fixed-time stable if it

is globally uniformly finite-time stable and the settling time T is globally bounded, i.e., ∃ Tmax ∈
R+ such that T (e0) ≤ tmax, ∀e0 ∈ Rn.

Lemma 2.3. ([30]) If there exists a continuous radically unbounded function V : Rn →
R+

∪
{0} such that

(1) V (z) = 0 ⇒ z = 0;

(2) Any solution z(t) of (2.1) satisfies ˙̃V (z(t)) ≤ −ǎV π(z(t))− b̌V ϖ(z(t)), for some ǎ, b̌ > 0, 0 <

ϖ < 1 < π, where ˙̃V is the set-valued Lie derivative of V . Then, V (z(t)) = 0, t ≥ T (z0), with

the settling time bounded by

T (z0) ≤ T 1
max =

1

ǎ(π − 1)
+

1

b̌(1−ϖ)
.
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Lemma 2.4. ([24]) Suppose V (·) : Rn → R+

∪
{0} is a continuous radially unbounded

function, and the following condition hold V̇ (z(t)) ≤ ρV (z(t)) − ǎV π(z(t)) − b̌V ϖ(z(t)) − ~,
where ǎ, b̌, ~ > 0 and 0 ≤ ϖ < 1 < π. Then the zero solution of system (2.1) is stable in a

fixed-time and the settling time is

T 2
max =

2π−1(ǎ
1
π + ~ 1

π )1−π

ǎ
1
π (π − 1)

+
(b̌

1
ϖ + ~ 1

ϖ )1−ϖ − ~
1−ϖ
ϖ

b̌
1
ϖ (1−ϖ)

.

Lemma 2.5. ([22]) Let ϵ1, ϵ2, ..., ϵp ≥ 0, 0 < m ≤ 1. Then the following inequality holds
p∑

i=1

ϵmi ≥
( p∑

i=1

ϵi

)m
.

2.2 Model formulation

In this paper, we consider the following CGNNs with time-varying delays

ẋi(t) = −di(xi(t))
(
ai(xi(t))−

N∑
j=1

bijfj(xj(t))−
N∑
j=1

cijgj(xj(t− τj(t)))− Ii

)
, (2.4)

with initial conditions xi0(θ) = ϕi(θ), θ ∈ [−τ, 0], where i ∈ N = {1, 2, ..., N}, N ≥ 2 is

the number of neurons in the network, xi(t) represents the state variable of the i th neuron,

di(xi(t)) denotes the amplification function, ai(xi(t))is an appropriately behaved function, ma-

trices B = (bij)n×n ∈ Rn×n and C = (cij)n×n ∈ Rn×n are the connection weight matrix

and delayed connection weight matrix, respectively, fj and gj denote the activation functions.

τj(t) corresponds to the time varying delays resulting from the finite speed of the axonal signal

transmission and satisfies τ = max
1≤j≤n

sup
t∈R

|τj(t)|, Ii is the external input to the ith neuron.

To derive the main results, the following conditions are introduced.

(H1) For i ∈ N, di(x) ̸= 0.

(H2) For every i ∈ N, fi(or gi): R → R is continuous except on a countable set of isolated

points {ρik}, where there exist finite right and left limits, f+
i (ρik) and f−

i (ρik) (g
+
i (ρ

i
k) and

g−i (ρ
i
k)), respectively. Moreover, fi (or gi) has at most a finite number of discontinuities

on any compact interval of R.

(H3) There exist nonnegative constants αi, α
∗
i and βi, β

∗
i such that

sup
γi∈co[fi(xi)]

| γi| ≤ αi|xi|+ βi, ∀xi ∈ R,

sup
γ∗
i ∈co[gi(xi)]

| γ∗
i | ≤ α∗

i |xi|+ β∗
i , ∀xi ∈ R,

where, for θ ∈ R,

co[fi(θ)] = [min{f−
i (θ), f+

i (θ)},max{f−
i (θ), f+

i (θ)}],

co[gi(θ)] = [min{g−i (θ), g
+
i (θ)},max{g−i (θ), g

+
i (θ)}].

Remark 2.1. The study of periodic solutions of discontinuous CGNNs is insufficient, see [9,

34]. However, the conditions imposed on the amplification functions in [9, 34] were all bounded.

It is limited. Condition (H1) is more relaxed. Thus, some previous works can be improved.
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Choose the transformation function hi(x) such that

d

dx
(hi(x)) =

1

di(x)
, hi(0) = 0. (2.5)

According to (H1), 1
di(x)

exists, which is positive and continuous for all x ∈ R, thus, hi(x) is

a strictly increasing function with respect to x . Letting zi(t) = hi(xi(t)), it can be obtained

directly that żi(t) = ḣi(xi(t))ẋi(t) =
1

di(xi(t))
ẋi(t), xi(t) = h−1

i (zi(t)). Substituting the above

variable transformations into systems (2.4) can get

żi(t) = −ai(h
−1
i (zi(t))) +

N∑
j=1

bijfj(h
−1
j (zj(t))) +

N∑
j=1

cijgj(h
−1
j (zi(t− τj(t)))) + Ii. (2.6)

For later discussion, we always assume that τj(t), j ∈ N, are continuously ω-periodic functions

in R.
For each i ∈ N, let ai(xi(t)) = vi(t)hi(xi(t)), where vi(t) is continuously ω-periodic function

in R. Substituting the above variable transformations into (2.6) gives

żi(t) = −vi(t)zi(t) +
N∑
j=1

bijfj(h
−1
j (zj(t))) +

N∑
j=1

cijgj(h
−1
j (zi(t− τj(t)))) + Ii. (2.7)

By using [1], there exists a measurable function γj(t) ∈ co[fj(h
−1
j (zj(t)))], γ

∗
j (t) ∈ co[gj(h

−1
j (zj(t)))],

such that

żi(t) = −vi(t)zi(t) +
N∑
j=1

bijγj(t) +
N∑
j=1

cijγ
∗
j (t− τj(t)) + Ii. (2.8)

§3 Periodic solutions analysis

In this section, Kakutani’s fixed point theorem of set-valued maps is used to study the

existence of periodic solutions of (2.4).

First of all, let Z = {z(t) = (z1(t), z2(t), ..., zn(t))
⊤ ∈ C(R,Rn) : z(t + ω) = z(t)}. For a

positive constant vector η = (η1, η2, ..., ηn)
⊤ ∈ Rn with ηi > 0, let us define the norm

∥z∥Z = max
1≤i≤n

|zi|η, |zi|η = sup
t∈[0,ω]

{ 1

ηi
|zi(t)|

}
.

Then Z is a Banach space endowed with the above norm ∥ · ∥Z .
If z(t) = (z1(t), z2(t), ..., zn(t))

⊤ ∈ Z is a Filippov solution of (2.7), then it follows from

(2.8) that
d

dt

[
zi(t) exp

{∫ t

0

vi(s)ds
}]

∈ exp
{∫ t

0

vi(s)ds
}
Fi(t, z), (2.9)

where

Fi(t, z) =
N∑
j=1

bijco[fj(h
−1
j (zj(t)))] +

N∑
j=1

cijco[gj(h
−1
j (zj(t− τj(t))))] + Ii.

By integrating both sides of differential inclusion (3.1) over the interval [t, t+ω], we can get

the following nonlinear integral inclusions

zi(t) ∈
∫ t+ω

t

Gi(t, s)Fi(s, z(s))ds, (2.10)
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where Gi(t, s) denotes the Green function and it is given by

Gi(t, s) =
1

1− exp{−ωvi}
exp

{
−
∫ t+ω

s

vi(σ)dσ
}
, (2.11)

for t ≤ s ≤ t+ ω, and

Gi(t, s) ≤
1

1− exp{−ωvi}
, Ḡi. (2.12)

Obviously, the existence of ω-periodic solution of (2.7) is equivalent to that of (3.2).

Before proving the main results, the following condition is also needed

(H4) There exist positive constants η1, η2, ..., ηn such that

C = max
1≤i≤n

sup
t∈[0,ω]

{ 1

ηi

[ N∑
j=1

ηjd
M
j (αjb

M
ij + α∗

j c
M
ij )
] ∫ t+ω

t

Gi(t, s)ds
}
< 1. (2.13)

And, there exists a sufficient large B ≥ 1 such that

C ≤ 1− A
B
, (2.14)

where

A = max
1≤i≤n

{ωḠi

ηi

[ n∑
j=1

(bMij βj + cMij β
∗
j ) + IMi

]}
. (2.15)

Define a compact convex subset Ω ⊂ Z with

Ω = {z(t) = (z1(t), z2(t), ..., zn(t))
⊤ ∈ Z : ∥z∥Z ≤ B}, (2.16)

and further define a set-valued map Φ : Z → Pkc(Z),

Φ(z)(t) = (Φ1(z)(t),Φ2(z)(t), ...,Φn(z)(t))
⊤, (2.17)

where

Φi(z)(t) =

∫ t+ω

t

Gi(t, s)Fi(s, z(s))ds, i ∈ N. (2.18)

Theorem 3.1. Φ(z) ∈ Pkc(Ω) for each fixed z ∈ Ω.

Proof. Let z = (z1, z2, ..., zn)
⊤ ∈ Ω and u = (u1, u2, ..., un)

⊤ ∈ Φ(z). Then there exists measur-

able functions γi(t) ∈ co[fi(h
−1
i (zi(t)))], γ

∗
i (t− τi(t)) ∈ co[gi(h

−1
i (zi(t− τi(t))))] such that

ui(t) =

∫ t+ω

t

Gi(t, s)ξi(s)ds ∈
∫ t+ω

t

Gi(t, s)Fi(s, z(s))ds = Φi(z)(t), (2.19)

where

ξi(s) =
N∑
j=1

bijγj(s) +
N∑
j=1

cijγ
∗
j (s− τj(s)) + Ii. (2.20)

For any z ∈ Ω, based on (H1)-(H4) and in view of (3.6)-(3.8), (3.11) and (3.12), we have∣∣∣ 1
ηi
ui(t)

∣∣∣ =∣∣∣ 1
ηi

∫ t+ω

t

Gi(t, s)
( N∑

j=1

bijγj(s) +
N∑
j=1

cijγ
∗
j (s− τj(s)) + Ii

)
ds
∣∣∣

≤ 1

ηi

∫ t+ω

t

Gi(t, s)
[ N∑
j=1

|bij |(αj |h−1
j (zj(s))|+ βj)
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+
1

ηi

∫ t+ω

t

Gi(t, s)
[ N∑
j=1

(bMij βj + cMij β
∗
j ) + IMi

]
ds

≤B
ηi

N∑
j=1

ηjd
M
j (αjb

M
ij + α∗

j c
M
ij )

∫ t+ω

t

Gi(t, s)ds

+
ωḠi

ηi

[ N∑
j=1

(bMij βj + cMij β
∗
j ) + IMi

]
≤BC +A ≤ B(1− A

B
) +A = B,

which implies that ∥u(t)∥Z = max1≤i≤n supt∈[0,ω]

{
1
ηi
|ui(t)|

}
≤ B, ∀z ∈ Ω. Hence, it is clear

that Φ : Ω → Pkc(Ω).

Theorem 3.2. If the conditions (H1)-(H4) are satisfied, then Φ(z) defined in (3.9) is convex

for each z ∈ Ω.

Proof. Let z = (z1, z2, ..., zn)
⊤ ∈ Ω and u = (u1, u2, ..., un)

⊤ ∈ Φ(z), uc = (uc
1, u

c
2, ..., u

c
n)

⊤ ∈
Φ(z). Then there exists measurable functions γi(t) ∈ co[fi(h

−1
i (zi(t)))], γ

∗
i (t−τi(t)) ∈ co[gi(h

−1
i

(zi(t− τi(t))))], γ
c
i (t) ∈ co[fi(h

−1
i (zi(t)))], γ

c∗
i (t− τi(t)) ∈ co[gi(h

−1
i (zi(t− τi(t))))] such that

uc
i (t) =

∫ t+ω

t

Gi(t, s)ξ
c
i (s)ds ∈

∫ t+ω

t

Gi(t, s)Fi(s, z(s))ds = Φi(z)(t),

where

ξci (s) =
N∑
j=1

bijγ
c
j (s) +

N∑
j=1

cijγ
c∗
j (s− τj(s)) + Ii.

Let 0 ≤ λ ≤ 1. Note that λγj(t) + (1 − λ)γc
j (t) ∈ co[fj(h

−1
j (zj(t)))] and λγ∗

j (t − τj(t)) + (1 −
λ)γc∗

j (t− τj(t)) ∈ co[gj(h
−1
j (zj(t− τj(t))))], then it follows that

λξi(t) + (1− λ)ξci (t)

=

N∑
j=1

bij [λγj(t) + (1− λ)γc
j (t)] +

N∑
j=1

cij [λγ
∗
j (t− τj(t)) + (1− λ)γc∗

j (t− τj(t))]

+ Ii ∈
N∑
j=1

bijco[fi(h
−1
i (zi(t)))] +

N∑
j=1

cijco[gj(h
−1
j (zj(t− τj(t))))] + Ii = Fi(t, z).

So, for all t ∈ [0, ω], we obtain

λui(t) + (1− λ)uc
i (t) =

∫ t+ω

t

Gi(t, s)[λξi(s) + (1− λ)ξci (s)]ds

∈
∫ t+ω

t

Gi(t, s)Fi(s, z(s))ds = Φi(z)(t).

Thus, λu(t) + (1− λ)uc(t) ∈ Φ(z). Therefore, Φ(z) is convex, ∀z ∈ Ω.

Theorem 3.3. If the conditions (H1)-(H4) are satisfied, then Φ : Ω → Pkc(Ω) is a compact

map.
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Proof. Accoding to Ascoli-Arzela Theorem, we need to prove that Φ(Ω) is uniformly bounded

and equi-continuous. The following two steps can help finish the proof.

Step 1. We first show that Φ(Ω) is a uniformly bounded set. Let z = (z1, z2, ..., zn)
⊤ ∈ Ω

and u = (u1, u2, ..., un)
⊤ ∈ Φ(z) be arbitrary. Then there exists measurable functions γi(t) ∈

co[fi(h
−1
i (zi(t)))], γ

∗
i (t− τi(t)) ∈ co[gi(h

−1
i (zi(t− τi(t))))], such that

|γi| ≤ sup
γi∈co[fi(h

−1
i (zi(t)))]

|γi| ≤ αi|h−1
i (zi(t))|+ βi ≤ αi|di(t0)||zj(t)|+ βi ≤ αiηid

M
i B + βi,

∀xi ∈ R,

and

|γ∗
i | ≤ sup

γ∗
i ∈co[gi(h

−1
i (zi(t−τi(t))))]

|γ∗
i | ≤ α∗

i |h−1
i (zi(t− τi(t)))|+ β∗

i

≤ α∗
i |di(t0)||zi(t− τi(t))|+ β∗

i ≤ α∗
i ηid

M
i B + β∗

i , ∀xi ∈ R.

Then, for any z ∈ Ω, we can get from (3.4), (3.11) and (3.12) that∣∣∣ 1
ηi
ui(t)

∣∣∣ =∣∣∣ 1
ηi

∫ t+ω

t

Gi(t, s)
[ N∑
j=1

bijγj(s) +
N∑
j=1

cijγ
∗
j (s− τj(s)) + Ii

]
ds
∣∣∣

≤BC +A ≤ B(1− A
B
) +A = B,

which yields ∥u(t)∥Z = max1≤i≤n supt∈[0,ω]

{
1
ηi
|ui(t)|

}
≤ B, ∀z ∈ Ω. So, Φ(Ω) is a uniformly

bounded set for all z ∈ Ω.

Step 2.We will conclude that Φ(Ω) is an equi-continuous set. Let t ∈ [0, ω], for any u ∈ Φ(Ω)

and each i ∈ N, it follows from (3.4) that

|ui(t)− ui(t
∗)| =

∣∣∣ ∫ t+ω

t

Gi(t, s)ξi(s)ds−
∫ t∗+ω

t∗
Gi(t

∗, s)ξi(s)ds
∣∣∣

≤
∣∣∣ ∫ t+ω

t

Gi(t, s)ξi(s)ds−
∫ t+ω

t

Gi(t
∗, s)ξi(s)ds

∣∣∣
+
∣∣∣ ∫ t+ω

t

Gi(t
∗, s)ξi(s)ds−

∫ t∗+ω

t∗
Gi(t

∗, s)ξi(s)ds
∣∣∣

≤ max
t≤s≤t+ω

{|Gi(t, s)−Gi(t
∗, s)|}

∫ ω

0

|ξi(s)|ds

+ Ḡi

∣∣∣ ∫ t∗

t

|ξi(s)|ds
∣∣∣+ Ḡi

∣∣∣ ∫ t∗+ω

t+ω

|ξi(s)|ds
∣∣∣, ∀z ∈ Ω.

(2.21)

For any z ∈ Ω and i ∈ N, by using (H2), (H3) and (3.12), we get

|ξi(t)| ≤
N∑
j=1

|bij ||γj(t)|+
N∑
j=1

|cij ||γ∗
j (t− τj(t))|+ |Ii|

≤
n∑

j=1

[ηjd
M
j B(bMij αj + cMij α

∗
j ) + (bMij βj + cMij β

∗
j )] + IMi , Yi.

(2.22)

It follows from (3.13) and (3.14) that

|ui(t)− ui(t
∗)| ≤ max

t≤s≤t+ω
{|Gi(t, s)−Gi(t

∗, s)|}ωYi + 2ḠiYi|t− t∗|, ∀z ∈ Ω.
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Let t → t∗, the right-hand side of the above inequality tends to zero. So, ∥ui(t)− ui(t
∗)∥ → 0

as t → t∗, where ∥ · ∥ denotes any vector norm. Thus, Φ(Ω) is equi-continuous. Therefore,

Φ : Ω → Pkc(Ω) is a compact map by the above two steps.

Theorem 3.4. If the conditions (H1)-(H4) are satisfied, then Φ : Ω → Pkc(Ω) is upper

semi-continuous.

Proof. According to [20], we only need to prove that Φ is a closed graph operator. Define a

continuous linear operator L : L1(D,Rn) → C(D) given by

Lξ(t) =


∫ t+ω

t
G1(t, s)ξ1(s)ds∫ t+ω

t
G2(t, s)ξ2(s)ds

...∫ t+ω

t
Gn(t, s)ξn(s)ds

 , t ∈ D.

By Lemma 2.2, it follows that Φ = L ◦ F is a closed graph operator. So, Φ is upper semi-

continuous.

Theorem 3.5. Suppose that the conditions (H1)-(H4) are satisfied, then (2.4) has at least

one ω-periodic solution.

Proof. By using Theorems 3.1-3.4, it gives that all the conditions in Lemma 2.1 hold. So, (2.4)

has at least one ω-periodic solution.

Corollary 3.1. Suppose that (H1)-(H3) are satisfied and assume further that there exist

positive constants η1, η2, ..., ηn such that

max
1≤i≤n

{ 1

ηivLi

N∑
j=1

ηjd
M
j (αjb

M
ij + α∗

j c
M
ij )
}
< 1. (2.23)

Then (2.7) has at least one ω-periodic solution.

Proof. From the inequality (3.4) and (3.5), we can obtain

1

ηi

[ N∑
j=1

ηjd
M
j (αjb

M
ij + α∗

j c
M
ij )
] ∫ t+ω

t

Gi(t, s)ds

=
1

ηi(1− exp{−ωvi})

[ N∑
j=1

ηjd
M
j (αjb

M
ij + α∗

j c
M
ij )
] ∫ t+ω

t

vi(s) exp{−
∫ t+ω

s
vi(σ)dσ}

vi(s)
ds

≤ 1

ηivLi (1− exp{−ωvi})

[ N∑
j=1

ηjd
M
j (αjb

M
ij + α∗

j c
M
ij )
] ∫ t+ω

t

vi(s) exp
{
−
∫ t+ω

s

vi(σ)dσ
}
ds

=
1

ηivLi

N∑
j=1

ηjd
M
j (αjb

M
ij + α∗

j c
M
ij ) < 1.

This implies that the condition (H4) holds. According to Theorem 3.5, the CGNNs system

(2.7) has at least one ω-periodic solution. The proof is complete.
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Remark 3.1. In the past several years, almost-periodic solutions of the CGNNs have

been widely considered, but few works focusing on the periodic solutions of the CGNNs have

been studied (see [26, 39]). As we know, the definitions between periodic solution and almost-

periodic solution are different. Besides, the CGNNs studied in [26, 39] had continuous activation

functions. Periodic solutions of discontinuous CGNNs have been rarely considered, see [9, 34].

However, the conditions imposed on the amplification functions in [9, 25, 34] were all bounded.

It is limited. This paper has provided a new approach to further study the discontinuous CGNNs

with more relaxed conditions imposed on the amplification functions by using Kakutani’s fixed

point theorem. Actually, Kakutani’s fixed point theorem has never been used to prove the

periodic solution of CGNNs.

Consequently, some previous works on the periodic solutions of the CGNNs in [9, 25, 26,

34, 39], can be improved.

§4 Fixed-time synchronization via no-chattering control

Let system (2.4) be the drive system and construct a controlled response system described

by

ẏi(t) = −di(yi(t))
(
ai(yi(t))−

N∑
j=1

bijfj(yj(t))−
N∑
j=1

cijgj(yj(t− τj(t)))− Ii

)
+ ui(t), (4.1)

with initial conditions yi0(θ) = φi(θ), θ ∈ [−τ, 0].

Substituting the above variable transformations same as (2.6) into the response system (4.1),

we can get

ẇi(t) =− ai(h
−1
i (zi(t))) +

N∑
j=1

bijfj(h
−1
j (wi(t)))

+
N∑
j=1

cijgj(h
−1
j (wi(t− τi(t)))) + Ii +

ui(t)

di(h
−1
i (wi(t)))

.

(4.2)

Denote ei(t) = wi(t)− zi(t), the error dynamics are obtained as

ėi(t) =− [ai(h
−1
i (wi(t)))− ai(h

−1
i (zi(t)))] +

N∑
j=1

[bij(fj(h
−1
j (wj(t)))− fj(h

−1
j (zj(t))))]

+

N∑
j=1

[cij(gj(h
−1
j (wj(t− τj(t))))− gj(h

−1
j (zj(t− τj(t)))))] +

ui(t)

di(h
−1
i (wi(t)))

,

(4.3)

with initial conditions ei0(θ) = hi(ϕi(θ))− hi(φi(θ)), θ ∈ [−τ, 0]. Let ei0 = (e10(θ), e20(θ), ...,

eN0(θ))
⊤, θ ∈ [−τ, 0].

By using differential inclusion theory, we have

ėi(t) ∈ − [ai(h
−1
i (wi(t)))− ai(h

−1
i (zi(t)))] +

N∑
j=1

[bij(co[fj(h
−1
j (wj(t)))]− co[fj(h

−1
j (zj(t)))])]

+
N∑
j=1

[cij(co[gj(h
−1
j (wj(t− τj(t))))]− co[gj(h

−1
j (zj(t− τj(t))))])] +

ui(t)

di(h−1(wi(t)))
. (4.4)
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If ei(t) is the Filippov solutions of system (4.3), then there exists a measurable functions

γ1j(t) ∈ co[fj(h
−1
j (zj(t)))], γ2j(t) ∈ co[fj(h

−1
j (wj(t)))], γ

∗
1j(t−τj(t)) ∈ co[gj(h

−1
j (zj(t−τj(t))))]

and γ∗
2j(t− τj(t)) ∈ co[gj(h

−1
j (wj(t− τj(t))))], such that

ėi(t) =− [ai(h
−1
i (wi(t)))− ai(h

−1
i (zi(t)))] +

N∑
j=1

bij [γ2j(t)− γ1j(t)]

+
N∑
j=1

cij [γ
∗
2j(t− τj(t))− γ∗

1j(t− τj(t))] +
ui(t)

di(h−1(wi(t)))
.

(4.5)

In order to achieve the fixed-time synchronization, the following discontinuous control law

is designed

ui(t) =− λi −
εi(t)

|εi(t)|
(ξi|εi(t)|+ ηi|εi(t− τi(t))|+ κi|εi(t)|π + γi|εi(t)|ϖ), (4.6)

where εi(t) = yi(t)−xi(t), 0 < ϖ < 1 < π, λi, ξi, ηi, κi, and γi are the parameters to be designed

later.

(H5) The derivative of the amplification function ai(x) has a positive lower bound, i.e., there

exists a positive constant ai such that ȧi(x) ≥ ai > 0, x ∈ R.

Theorem 4.1. Suppose that (H1), (H3), and (H5) hold, then the fixed-time synchroniza-

tion of (2.4) and (4.1) under (4.6) is achieved if the design parameters are appropriately selected

as following λi > 0, κi > 0, γi > 0,

ξi ≥ d̄i

(
− ai +

( N∑
j=1

bMji αi

))
, ηi ≥ d̄i

( N∑
j=1

cMji α
∗
i

)
, i ∈ N.

Additionally, the settling time is given as

T 1
max =

1

(π − 1)
(
mini

{
dπ
i

d̄i
κiN1−π

}) +
1

(1−ϖ)
(
mini

{
dϖ
i

d̄i
γi

}) .
Proof. If ei = 0, i ∈ N, the zero solution of (4.3) achieves the fixed-time synchronization for all

t > 0 . If ei ̸= 0, i ∈ N, consider the following Lyapunov function candidate

V (e(t)) =
N∑
i=1

|ei(t)| =
N∑
i=1

sgn(ei(t))ei(t).

The Lie derivative of V (e(t)) along the error dynamics (4.5) can be calculated

˙̃V =
N∑
i=1

sgn(ei(t))ėi(t)

=
N∑
i=1

−sgn(ei(t))[ai(h
−1
i (wi(t)))− ai(h

−1
i (zi(t)))]

+

N∑
i=1

sgn(ei(t))
( N∑

j=1

bij [γ2j(t)− γ1j(t)]
)

+
N∑
i=1

sgn(ei(t))
( N∑

j=1

cij [γ
∗
2j(t− τj(t))− γ∗

1j(t− τj(t))]
)
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+
N∑
i=1

sgn(ei(t))
ui(t)

di(h
−1
i (wi(t)))

.

Since the behaved function ai(xi(t)) and the transformation function wi(xi(t)) are both

strictly monotonically increasing, differentiable and ai(0) = 0, hi(0) = 0, ai(h
−1
i (zi(t))) is

also strictly monotonically increasing and differentiable with respect to t, thus, there exists a

constant θ ∈ R such that
N∑
i=1

−sgn(ei(t))[ai(h
−1
i (wi(t)))− ai(h

−1
i (zi(t)))]

=
N∑
i=1

−sgn(ei(t))ȧi(h
−1
i (θ))(yi(t)− xi(t)) ≤

N∑
i=1

−ai|εi(t)|,

where εi(t) = yi(t) − xi(t), and noting the fact that h−1
i (zi(t)) is strictly monotone increasing

and h−1
i (0) = 0, and one gets sgn(εi(t)) = sgn(ei(t)).

According to (H3), we get
N∑
i=1

N∑
j=1

sgn(ei(t))bij [γ2j(t)− γ1j(t)] ≤
N∑
i=1

N∑
j=1

sgn(ei(t))bij(t)[αj |h−1
j (wj(t))

− h−1
j (zj(t))|] ≤

N∑
i=1

( N∑
j=1

bMji αi

)
|εi(t)|,

and
N∑
i=1

N∑
j=1

sgn(ei(t))cij [γ
∗
2j(t− τj(t))− γ∗

1j(t− τj(t))]

≤
N∑
i=1

N∑
j=1

sgn(ei(t))cij(t)[α
∗
j |h−1

j (wj(t− τj(t)))− h−1
j (zj(t− τj(t)))|]

≤
N∑
i=1

( N∑
j=1

cMji α
∗
i

)
|εi(t− τi(t))|.

Furthermore, it follows that
N∑
i=1

sgn(ei(t))
ui(t)

di(h
−1
i (wi(t)))

N∑
i=1

sgn(ei(t))
1

di(h
−1
i (wi(t)))

[
− λi −

εi(t)

|εi(t)|
· (ξi|εi(t)|

+ ηi|εi(t− τi(t))|+ κi|εi(t)|π + γi|εi(t)|ϖ)
]

≤ −
N∑
i=1

λi

d̄i
−

N∑
i=1

1

d̄i
ξi|εi(t)| −

N∑
i=1

1

d̄i
ηi|εi(t− τij(t))| −

N∑
i=1

dπi
d̄i

κi|ei(t)|π −
N∑
i=1

dϖi
d̄i

γi|ei(t)|ϖ.

Substituting the above inequalities into ˙̃V , it follows that

˙̃V ≤
N∑
i=1

|εi(t)|
[
− ai +

( N∑
j=1

bMji αi

)
− 1

d̄i
ξi

]
+

N∑
i=1

|εi(t− τi(t))|
[( N∑

j=1

cMji α
∗
i

)
− 1

d̄i
ηi

]
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−
N∑
i=1

dπi
d̄i

κi|ei(t)|π −
N∑
i=1

dϖi
d̄i

γi|ei(t)|ϖ −
N∑
i=1

λi

d̄i
≤ −

N∑
i=1

dπi
d̄i

κi|ei(t)|π −
N∑
i=1

dϖi
d̄i

γi|ei(t)|ϖ

≤−
(
min
i

{dπi
d̄i

κiN
1−π
})( N∑

i=1

|ei(t)|
)π

−
(
min
i

{dϖi
d̄i

γi

})( N∑
i=1

|ei(t)|
)ϖ

,

(4.7)

which together with Lemma 2.3 the drive-response system achieve the robust fixed-time syn-

chronization, and the settling time is

T 1
max =

1

(π − 1)
(
mini

{
dπ
i

d̄i
κiN1−π

}) +
1

(1−ϖ)
(
mini

{
dϖ
i

d̄i
γi

}) .
Theorem 4.2. Suppose that (H1), (H3), and (H5) hold, then the fixed-time synchroniza-

tion of (2.4) and (4.1) under (4.6) is achieved if the design parameters are appropriately selected

as following λi > 0, κi > 0, γi > 0,

ξi < d̄i

(
− ai +

( N∑
j=1

bMji αi

))
, ρ =

[
− ai +

( N∑
j=1

bMji αi

)
− 1

d̄i
ξi

]
< 0, i ∈ N.

And the settling time is given as

T 2
max =

2π−1
(
min
i

{
dπ
i

d̄i
κiN

1−π
} 1

π

+ ~ 1
π

)1−π

min
i

{
dπ
i

d̄i
κiN1−π

} 1
π

(π − 1)

+

(
min
i

{
dϖ
i

d̄i
γi

} 1
ϖ

+ ~ 1
ϖ

)1−ϖ

− ~
1−ϖ
ϖ

min
i

{
dϖ
i

d̄i
γi

} 1
ϖ

(1−ϖ)

,

where ~ =
∑N

i=1
λi

d̄i
> 0.

Proof. According to the proof of Theorem 4.1, we can get

˙̃V ≤
N∑
i=1

|εi(t)|
[
− ai +

( N∑
j=1

bMji αi

)
− 1

d̄i
ξi

]
+

N∑
i=1

|εi(t− τi(t))|
[( N∑

j=1

cMji α
∗
i

)
− 1

d̄i
ηi

]

−
N∑
i=1

dπi
d̄i

κi|ei(t)|π −
N∑
i=1

dϖi
d̄i

γi|ei(t)|ϖ −
N∑
i=1

λi

d̄i
.

=
N∑
i=1

ρ|εi(t)| −
N∑
i=1

dπi
d̄i

κi|ei(t)|π −
N∑
i=1

dϖi
d̄i

γi|ei(t)|ϖ − ~

≤ρV (t)−
(
min
i

{dπi
d̄i

κiN
1−π
})( N∑

i=1

|ei(t)|
)π

−
(
min
i

{dϖi
d̄i

γi

})( N∑
i=1

|ei(t)|
)ϖ

− ~.

Based on the Lemma 2.4, we see that drive-response system can achieve fixed-time synchro-

nization, and the settling time is

T 2
max =

2π−1
(
min
i

{
dπ
i

d̄i
κiN

1−π
} 1

π

+ ~ 1
π

)1−π

min
i

{
dπ
i

d̄i
κiN1−π

} 1
π

(π − 1)

+

(
min
i

{
dϖ
i

d̄i
γi

} 1
ϖ

+ ~ 1
ϖ

)1−ϖ

− ~
1−ϖ
ϖ

min
i

{
dϖ
i

d̄i
γi

} 1
ϖ

(1−ϖ)

.
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Theorem 4.3. If ǎ < ~, then T 2
max < T 1

max.

Proof. Since π > 1, we have

2π−1(ǎ
1
π + ~ 1

π )1−π

ǎ
1
π (π − 1)

=
2π−1

(
1

ǎ
1
π +~

1
π

)π−1

ǎ
1
π (π − 1)

=

(
2

ǎ
1
π +~

1
π

)π−1

ǎ
1
π (π − 1)

,

which together with ǎ < ~ gives

2π−1(ǎ
1
π + ~ 1

π )1−π

ǎ
1
π (π − 1)

≤

(
2

2ǎ
1
π

)π−1

ǎ
1
π (π − 1)

≤ 1

ǎ(π − 1)
. (4.8)

From 0 < ϖ < 1, it follows that 0 < 1−ϖ < 1. According to Lemma 2.5 we obtain(
b̌

1
ϖ + ~ 1

ϖ

)1−ϖ

− ~
1−ϖ
ϖ

b̌
1
ϖ (1−ϖ)

≤ b̌
1−ϖ
ϖ + ~

1−ϖ
ϖ − ~

1−ϖ
ϖ

b̌
1
ϖ (1−ϖ)

=
1

b̌(1−ϖ)
. (4.9)

Thus, (4.8) and (4.9) can obtain the conclusion.

Remark 4.1. In Lemma 2.3 and Lemma 2.4, the settling times have been estimated. But

from Theorem 4.3, it follows that T 2
max < T 1

max when ǎ < ~. Thus, the condition in Lemma 2.4

is more relaxed, and Lemma 2.4 takes more advantages than Lemma 2.3.

Remark 4.2. The designed control input (4.6) can help effectively realize the fixed-time

synchronization of the derive-response neural network system. One may notice that the control

input are composed of several terms in which both current and past state information are

utilized. It can be seen from the proof of Theorem 4.1 that each term in (4.6) contributes to

the realization of fixed-time synchronization. But different from the previous control input, the

bad chattering phenomenon is weakened. Consequently, some previous results containing sign

functions in the control laws, such as [4, 23, 24, 36], can be improved greatly.

§5 Examples and simulations

In this section, we provide two concrete examples and simulations to demonstrate the validity

of the theoretical results.

Example 5.1. Consider the CGNNs as the drive system

ẋi(t) =− di(xi(t))
(
ai(xi(t))−

N∑
j=1

bijfj(xj(t))−
N∑
j=1

cijgj(xj(t− τj(t)))− Ii

)
, i = 1, 2,

(4.10)

and the response system described as

ẏi(t) =− di(yi(t))
(
ai(yi(t))−

N∑
j=1

bijfj(yj(t))−
N∑
j=1

cijgj(yj(t− τj(t)))− Ii

)
, i = 1, 2,

(4.11)

where d1(θ) = 2 + 0.1 sin(θ), d2(θ) = 3− 0.1 cos(θ), τ1(t) = sin t, τ2(t) = cos t, I1 = I2 = 1 and

a1(θ) = 4 · 2√
4− 0.01

arctan
(2 tan θ

2 + 0.1
√
4− 0.01

)
,
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a2(θ) = 4 · 2√
9− 0.01

arctan
(√3 + 0.1

3− 0.1
tan

θ

2

)
,

fi(θi) =

{
tanh(θi)− 1

5 θi ≥ 0,

tanh(θi) +
1
5 θi < 0,

i = 1, 2, gi(θi) =

{
tanh(θi)− 1

10 θi ≥ 0,

tanh(θi) +
1
10 θi < 0,

i = 1, 2,

B = (bij)2×2 =

(
0.3 + 0.1 sin t 0.2 + 0.1 sin t

0.3 + 0.1 cos t 0.2 + 0.1 cos t

)
,

C = (cij)2×2 =

(
0.1 + 0.2 sin t 0.1 + 0.2 cos t

0.1 + 0.2 cos t 0.1 + 0.2 sin t

)
.

Obviously, for each i = 1, 2, the discontinuous neuron activation satisfies condition (H2)

and is non-monotonic function. Moreover, 0 is a discontinuous point of the neuron activation

function fi(·) , gi(·) and co[fi(0)] = [− 1
5 ,

1
5 ], co[gi(0)] = [− 1

10 ,
1
10 ].

On the one hand, it is easy to check that the linear growth condition (H3) holds by letting

α1 = α2 = α∗
1 = α∗

2 = 1 and β1 = β2 = 1
5 , β

∗
1 = β∗

2 = 1
10 . Take η1 = η2 = 1. By simple

computation, we obtain

max
1≤i≤n

{ 1

ηivLi

N∑
j=1

ηjd
M
j (αjb

M
ij + α∗

j c
M
ij )
}
= 0.91 < 1.

This shows that the inequality (3.15) is satisfied. According to Corollary 3.1, we can con-

clude that the system (5.1) has at least one 2π-periodic solution. Consider the initial condition

of system (5.1): ϕ = (−2, 2)⊤ for t ∈ [−1, 0]. The numerical simulations are shown in Fig. 1(a)

which also confirms the existence of a periodic solution for system (5.1).

Figure 1. (a) Time-domain behaviors of x1(t), x2(t) for Example 1 of system (5.1); (b) Syn-
chronization error between (5.1) and (5.2) under control (5.3).

Consider the fixed-time synchronization of discontinuous drive-response system we can get

d̄1 = 2.1, d̄2 = 3.1, d1 = 1.9, d2 = 2.9, a1 = 1
2.1 , a2 = 1

3.1 . Thus, the control inputs of the

response system are formulated as

u1(t) =− 0.5sgn(ε1(t))−
ε1(t)

|ε1(t)|
(0.68|ε1(t)|+ 1.26|ε1(t− τ1(t))|+ 2|ε1(t)|2 + 2|ε1(t)|0.5),

u2(t) =− 0.7sgn(ε2(t))−
ε2(t)

|ε2(t)|
(0.86|ε2(t)|+ 1.86|ε2(t− τ2(t))|+ 2|ε2(t)|2 + 2|ε2(t)|0.5).

(4.12)
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Up to now, we can see that all the conditions in Theorem 4.1 are satisfied. Moreover, when

the adaptive control (5.3) is appended to the response system, the response system converges to

the drive system with in a finite time, and the states of the error system remain zero thereafter.

This fact can be illustrated by Figure. 1(b). Furthermore, according to Theorems 4.1-4.2, we

obtain

T 1
max ≈ 2.4021s, T 2

max ≈ 1.9730s.

Clearly, one can see that T 2
max < T 1

max. Up to now, we can see that all the conditions in

Theorems 4.1-4.2 are satisfied.
Example 5.2. Consider the CGNNs with time-varying delays network system with the

drive system given by

ẋi(t) =− di(xi(t))
(
ai(xi(t))−

N∑
j=1

bijfj(xj(t))−
N∑
j=1

cijgj(xj(t− τj(t)))− Ii

)
, i = 1, 2, 3,

(4.13)

and the response system described as

ẏi(t) =− di(yi(t))
(
ai(yi(t))−

N∑
j=1

bijfj(yj(t))−
N∑
j=1

cijgj(yj(t− τj(t)))− Ii

)
, i = 1, 2, 3,

(4.14)

where d1(θ) = 3+ 0.1 sin(θ), d2(θ) = d3(θ) = 4+ 0.1 cos(θ), τ1 = sin t, τ2 = cos t, τ3 = sin 0.5t,

I1 = I2 = I3 = 1 and

a1(θ) = 10 · 2√
9− 0.01

arctan
(3 tan θ

2 + 0.1
√
9− 0.01

)
,

a2(θ) = a3(θ) = 10 · 2√
16− 0.01

arctan
(√4− 0.1

4 + 0.1
tan

θ

2

)
,

fi(θi) =

{
tanh(θi) +

1
5 , θi ≥ 0,

tanh(θi)− 1
5 , θi < 0,

gi(θi) =

{
tanh(θi) +

1
10 , θi ≥ 0,

tanh(θi)− 1
10 , θi < 0,

i = 1, 2, 3,

(bij)3×3 =

0.2 + 0.1 sin t 0.1 + 0.1 sin t 0.1 + 0.2 cos t

0.2 + 0.1 cos t 0.1 + 0.2 sin t 0.1 + 0.3 sin t

0.3 + 0.1 sin t 0.1 + 0.3 cos t 0.1 + 0.1 cos t

 ,

(cij)3×3 =

0.1 + 0.2 cos t 0.1 + 0.1 cos t 0.2 + 0.1 sin t

0.2 + 0.1 sin t 0.2 + 0.1 cos t 0.1 + 0.3 cos t

0.3 + 0.1 cos t 0.1 + 0.3 sin t 0.1 + 0.1 sin t

 .

Obviously, for each i = 1, 2, 3, the discontinuous neuron activation satisfies condition (H2)

and is non-monotonic function. Moreover, 0 is a discontinuous point of the neuron activation

function fi(·) , gi(·) and co[fi(0)] = [− 1
5 ,

1
5 ], co[gi(0)] = [− 1

10 ,
1
10 ].

On the one hand, it is easy to check that the linear growth condition (H3) holds by letting

α1 = α2 = α3 = α∗
1 = α∗

2 = α∗
3 = 1 and β1 = β2 = β3 = 1

5 , β
∗
1 = β∗

2 = β∗
3 = 1

10 . Take

η1 = η2 = η3 = 1. By simple computation, we obtain

max
1≤i≤n

{ 1

ηivLi

N∑
j=1

ηjd
M
j (αjb

M
ij + α∗

j c
M
ij )
}
= 0.842 < 1.
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This shows that the inequality (3.15) is satisfied. According to Corollary 3.1, we can conclude

that the system (5.3) has at least one 2π-periodic solution. Consider the initial condition of

system (5.3): ϕ = (−2, 2, 2)⊤ for t ∈ [−1, 0]. The numerical simulations are shown in Fig. 2(a)

which also confirms the existence of a periodic solution for system (5.3).

Figure 2. (a) Time-domain behaviors of x1(t), x2(t), x3(t) for Example 2 of system (5.4); (b)
Synchronization error between (5.4) and (5.5) under control (5.6).

Consider the fixed-time synchronization of discontinuous drive-response system we can gets

d̄1 = 3.1, d̄2 = d̄3 = 4.1, d1 = 2.9, d2 = d3 = 3.9, a1 = 1
3.1 , a2 = a2 = 1

4.1 same as Example 1

the control inputs of the response system are formulated as

u1(t) = −0.75sgn(ε1(t))−
ε1(t)

|ε1(t)|
(2.1|ε1(t)|+ 3.1|ε1(t− τ1(t))|+ 2|ε1(t)|2 + 2|ε1(t)|0.5),

u2(t) = −1.23sgn(ε2(t))−
ε2(t)

|ε2(t)|
(2.69|ε2(t)|+ 3.69|ε2(t− τ2(t))|+ 2|ε2(t)|2 + 2|ε2(t)|0.5),

u3(t) = −1.23sgn(ε3(t))−
ε3(t)

|ε3(t)|
(2.69|ε3(t)|+ 3.69|ε3(t− τ3(t))|+ 2|ε3(t)|2 + 2|ε3(t)|0.5).

(4.15)

Up to now, we can see that all the conditions in Theorem 4.1 are satisfied. Moreover, when

the adaptive control (5.6) is appended to the response system, the response system converges to

the drive system within a finite time, and the states of the error system remain zero thereafter.

This fact can be illustrated by Fig. 2(b). Furthermore, according to Theorems 4.1-4.2, we

obtain

T 1
max ≈ 2.6071s, T 2

max ≈ 1.6001s.

Clearly, one can see that T 2
max < T 1

max. Up to now, we can see that all the conditions in

Theorems 4.1-4.2 are satisfied.

Remark 5.1. Based on the above two numerical examples, it follows that the error system

(4.1) can achieve fixed-time synchronization by Theorems 4.1-4.2. Based on Theorems 4.1-4.2,

two settling times T 1
max and T 2

max of fixed-time synchronization are estimated. But T 2
max < T 1

max

by direct computation. The fact can also be shown by Fig.1(b) and Fig.2(b). This implies that

the accuracy of the settling time given by Lemma 2.4 is higher.
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§6 Conclusion

This paper has addressed the periodic and fixed-time synchronization problem for the dis-

continuous time-varying delayed CGNNs. Firstly, by using a relaxed condition imposed on the

amplification functions, set-valued mapping, and Kakutani’s fixed point theorem, the existence

of periodic solutions has been proved, and Kakutani’s fixed point theorem is firstly used to

prove the periodic solution of discontinuous time-varying delayed CGNNs. Based on the ex-

istence of periodic solutions, fixed-time synchronization has been further studied via a novel

control law, which not only can help achieve synchronization but also reduce the chattering

phenomena. Moreover, a more accurate estimation of the settling time is given in comparison

to the previous ones. Finally, the effectiveness of the main analytical results has been validated

by numerical simulations.

The methods and tools provided by this paper can be applied to another network model,

impulsive CGNNs, and stochastic CGNNs. These are the further topics.

Declarations
Conflict of interest The authors declare no conflict of interest.

References

[1] J P Aubin, A Cellina. Differential Inclusions Set-Valued Maps and Viability Theory, Heidelberg:

Springer Berlin, 1984.

[2] M Bohner, G T Stamov, I M Stamova. Almost periodic solutions of Cohen-Grossberg neural

networks with time-varying delay and variable impulsive perturbations, Commun Nonlinear Sci

Numer Simul, 2020, 80: 104952.

[3] F Cai, S Kumar, T V Vaerenbergh. Power-efficient combinatorial optimization using intrinsic

noise in memristor Hopfield neural networks, Nat Electron, 2020, 3: 409-418.

[4] Z W Cai, L H Huang. Finite-time synchronization by switching state-feedback control for discon-

tinuous Cohen-Grossberg neural networks with mixed delays, Int J Mach Learn Cybern, 2018, 9:

1683-1695.

[5] J Cao, J Lu. Adaptive synchronization of neural networks with or without time-varying delay,

Chaos, 2006, 16(1): 013133.

[6] J Cao, J Wang. Absolute exponential stability of recurrent neural networks with Lipschitz-

continuous activation functions and time delays, Neural Netw, 2004, 17(3): 379-390.

[7] J Cao, K Yuan, H X Li. Global asymptotical stability of recurrent neural networks with multiple

discrete delays and distributed delays, IEEE Trans Neural Netw, 2006, 17(6): 1646-1651.

[8] M A Cohen, S Grossberg. Absolute stability of global pattern formation and parallel memory

storage by competitive neural networks, IEEE Trans Syst Man Cybern, 1983, SMC-13(5): 815-

826.



ZHANG Yi-cheng, et al. Periodic solutions and fixed-time synchronization of discontinuous... 159

[9] Y Chai, J Feng, S Qin, et al. Global exponential stability of periodic solution of delayed discon-

tinuous Cohen-Grossberg neural networks and its applications, Int J Nonlinear Sci Numer Simul,

2023, 24(1): 245-264.

[10] M Chen, W Dai, S Y Sun, et al. Convolutional neural networks for automated annotation of

cellular cryo-electron tomograms, Nat Methods, 2017, 14: 983-985.

[11] Y Feng, F Han, X Yu. Chattering free full-order sliding-mode control, Automatica, 2014, 50(4):

1310-1314.

[12] J Feng, Q Ma, S Qin. Exponential stability of periodic solution for impulsive memristor-based

Cohen-Grossberg neural networks with mixed delays, Int J Pattern Recognit Artif Intell, 2017,

31(07): 1750022.

[13] A F Filippov. Differential Equations With Discontinuous Righthand Sides: Control Systems,

Dordrecht, The Netherlands: Kluwer, 1988.

[14] M Forti, P Nistri. Global convergence of neural networks with discontinuous neuron activations,

IEEE Trans Circuits Systems I Fund Theory Appl, 2003, 50: 1421-1435.

[15] S Gao, R Shen, T Chen. Periodic solutions for discrete-time Cohen-Grossberg neural networks

with delays, Phys Lett A, 2019, 383(5): 414-420.

[16] F Guo, Y S Wen, S Q Feng, et al. Intelligent-ReaxFF: Evaluating the reactive force field param-

eters with machine learning, Comput Mater Sci, 2020, 172: 109393.

[17] L Hu, F Sun, H Xu, et al. Mutation Hopfield neural network and its applications, Inf Sci, 2011,

181: 92-105.

[18] S G Hu, Y Liu, Z Liu, et al. Associative memory realized by a reconfigurable memristive Hopfield

neural network, Nat Commun, 2015, 6: 7522.

[19] S Hong, L Wang. Existence of solutions for integral inclusions, J Math Anal Appl, 2006, 317:

429-441.

[20] L H Huang, Z Y Guo, J F Wang. Theory and applications of differential equations with discon-

tinuous right-hand sides, Beijing: Science Press, 2011. (in Chinese)

[21] J Henderson, M Benchohra, S Ntouyas. Impulsive differential equations and inclusions, New

York: Hindawi Publishing Corporation, 2006.

[22] I Kanter, W Kinzel, E Kanter. Secure exchange of information by synchronization of neural

networks, Europhys Lett, 2002, 57: 141.

[23] F C Kong, R Rajan. Finite-time and fixed-time synchronization control of discontinuous fuzzy

Cohen-Grossberg neural networks with uncertain external perturbations and mixed time delays,

Fuzzy Sets and Systems, 2021, 411: 105-135.

[24] F Kong, Q Zhu, T Huang. New fixed-time stability criteria of time-varying delayed discontinuous

systems and application to discontinuous neutral-type neural networks, IEEE Trans Cybern, 2023,

53(4): 2358-2367.

[25] F Kong, Q Zhu, C Aouiti, et al. Periodic and homoclinic solutions of discontinuous Cohen-

Grossberg neural networks with time-varying delays, Eur J Control, 2021, 59: 238-249.

[26] B Li, Q Song. Some new results on periodic solution of Cohen-Grossberg neural network with

impulses, Neurocomputing, 2016, 177: 401-408.



160 Appl. Math. J. Chinese Univ. Vol. 41, No. 1

[27] R Ma. Existence of periodic solutions of a generalized friction oscillator, Nonlinear Anal Real

World Appl, 2010, 11(5): 3316-3322.

[28] D O’Regan. Integral inclusions of upper semi-continuous or lower semi-continuous type, Proc

Amer Math Soc, 1996, 124(8): 2391-2399.

[29] J H Park, H J Cho. A delay-dependent asymptotic stability criterion of cellular neural networks

with time-varying discrete and distributed delays, Chaos, Solitons Fractals, 2007, 33(2): 436-442.

[30] A Polyakov. Nonlinear feedback design for fixed-time stabilization of linear control systems, IEEE

Trans Automat Contr, 2011, 57: 2106-2110.

[31] A Polyakov, D Efimov, W Perruquetti. Finite-time and fixed-time stabilization: Implicit Lya-

punov function approach, Automatica, 2015, 51: 332-340.

[32] S Qin, Q Ma, J Feng, et al. Multistability of almost periodic solution for memristive Cohen-

Grossberg neural networks with mixed delays, IEEE Trans Neural Netw Learn Syst, 2019, 31(6):

1914-1926.

[33] W Wang, X Yu, X Luo, et al. Synchronization control of memristive multidirectional associative

memory neural networks and applications in network security communication, IEEE Access, 2018,

6: 36002-36018.

[34] D Wang, L Huang. Periodicity and multi-periodicity of generalized Cohen-Grossberg neural net-

works via functional differential inclusions, Nonlinear Dyn, 2016, 85: 67-86.

[35] Y Wang, M Wang, T Zhou. Existence, uniqueness and global exponential stability of a periodic

solution for a class of multidirectional associative memory neural network models, Neural Comput

Appl, 2015, 26: 979-986.

[36] R Wei, J Cao, A Alsaedi. Fixed-time synchronization of memristive Cohen-Grossberg neural

networks with impulsive effects, Int J Control Autom Syst, 2018, 16: 2214-2224.

[37] W Yang. Periodic solution for fuzzy Cohen-Grossberg BAM neural networks with both time-

varying and distributed delays and variable coefficients, Neural Process Lett, 2014, 40: 51-73.

[38] H Zhao. Global asymptotic stability of Hopfield neural network involving distributed delays, Neural

Netw, 2004, 17(1): 47-53.

[39] Z Zhang, T Zheng. Global asymptotic stability of periodic solutions for delayed complex-valued

Cohen-Grossberg neural networks by combining coincidence degree theory with LMI method, Neu-

rocomputing, 2018, 289: 220-230.

1Chizhou No.1 Middle School, Chizhou 247100, China.
2School of Mathematics and Statistics, Anhui Normal University, Wuhu 241000, China.
3Department of Applied Mathematics, Bharathiar University, Coimbatore 641046, India.

Email: fanchaokong88@ahnu.edu.cn


