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The blow-up of solutions for porous medium equations

with viscoelastic term under positive initial energy

WU Xiu-lan'* ZHAO Ya-xin! YANG Xiao-xin?

Abstract. This paper deals with homogeneous Dirichlet boundary value problem to a class of
porous medium equations with viscoelastic term

t
E—Au”“"/ g(t — 8)Au"(z, s)ds = uP, e, t>0,
0

where p > m (m > 0). We prove that the weak solutions of the above problem blow up in finite
time when the initial energy is positive and the function g satisfies suitable conditions. Our

result generalizes that of S.A. Messaoudi in [1].

81 Introduction

We consider the following equations with viscoelastic term

t
%—Aum"'/ g(t — s)Au™(z,s)ds = uP, zeN, t>0,
0
u(z,t) =0, z et >0, (1)
u(z,0) = up(x), r €€,

where Q& C R™(n > 3) is a bounded domain, 92 is Lipschitz contiuous, uy > 0, m >
0and g : RT — R* is a bounded C*! function. Problem (1) arises from a variety of mathemat-
ical model in engineering and physical sciences.

A purely elastic material has a capacity to store mechanical energy with no dissipation of
the energy [2]. This is the case for viscoelastic material. Thus, it is widely used in physics
and other fields, such as the diffusion of electrorheological fluids [3], heat conduction with
memory materials and viscous flow in viscoelastic materials [4], and the types of materials
with dissipation and storage of mechanical energy [5]. In the past few decades, the study of

equations with viscoelastic terms has drawn a considerable attention. When m = 1, there are
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many results have been obtained. We refer the interested readers to [6]-[11]. In [1], Messaoudi

considered the following initial boundary value problem
t
ur — Au +/ gt —8)Au(z,s)ds =| u |72 u, x€Q, t>0,
0

u(z,t) =0, z €, t>0, (2)
u(z,0) = ugp(z), z €.
He proved that the solution of (2) blows up in finite time when the initial energy is negative
and ¢ satisfies the following conditions

2n —1
2<q§(n72),n>2; q>2(n=12).
—

The absence of the viscoelastic term (g = 0) for Problem (1)
ug — Au™ = uP (z,t) € Q x (0,T),
u(z,t) =0, (x,t) € 002 x (0,T), (3)
u(z,0) = up(x), =€,
has been studied by various authors and several results have been established [12]-[16]. But

the viscoelastic term makes the Problem (1) more complicated. Specially in the existence of

viscoelastic term, we need to estimate the terms
t

t

/ gt = 9)|Vu™(t) — Vu™ (s)|3ds, / g (t—9)|Vu™(t) = Vu™(s)]3ds
and ' . "

g(t — s)/ Vu™(x,t) - (Vu™(z,s) — Vu™(z,t))dzds.

Motivated by the agove works,Q we investigate a more general porous media equation than
Problem (2). By using the differential inequality technique, we establish the blow-up of weak
solutions for Problem (1) with positive initial energy, and obtain an upper bound of blow-up
time, which enrich the results of weak solutions blow up under negative initial energy in [1].

§2 Blow up in finite time

First, we need to introduce the following definitions.
Definition 2.1 A function u™(x,t) € L>(Q x (0,T))(L?(0,T; H}()) is called solution
of Problem (1) if and only if the following equality holds

/Quo(m)ga(x,O)dx//T(wpt —Vu™ - Vy)dadt — /OT/Q(/Otg(t $)Vu™(z, s)Vds)dadt

= / / uPpdadt,

0o Ja
forallp € @ ={p|p € HY(Q x (0,T)), o(z,T) =0, p(z,t) |an= 0}, ug € L>=(Q) (N H ().
Definition 2.2 Let u(x,t) be a weak solution of Problem (1), we call the function u(x,t)

blows up in finite time if the maximal existence time 7T is finite and

li Lt
Hm Ju(.,t)]

Lm(Q) = +4-00.
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The energy functional corresponding to Problem (1) is

B() = 5= [ sl Va = B el 5 [ ate=s)19um (0 - V)]s, @)

For the relaxation function g and the number p, we assume that

o920, g&<0. 1= [ gas=1>0,
0

2
m < p S M’ n Z 3
n—2
We also set )

pt+m m
B p—m E = (- — 2
1 (2 m +p)a1’

where B = S for C* the best constant of the Sobolev embedding H} (Q) «— L'+ (Q).

Multlplylng the Equation (1) by (u™); and integrating over 2, we get

! 1 ! m m 1 m m
)= [ 4¢=nI9"0 -V (ldr - 5901 VamE - m | u
1 ’ / m m 2 1 m||2
=5 [ 4@ =PIV = Va0 = Sa0 Ve

S AR

<0.
Lemma 2.1 Let u be a solution of (1) with initial data satisfying

E(O) < Fq, ||Vu8””\|2 > Q1.

Then there exists a constant § > «; such that

t t
0= [Vt + [ o= 9Ivan - vuneolas| > s
0 0
[ullmip > B7 87, Vte0,T).

Proof. By the Sobolev embedding H} () < L't (Q), we have

m(n+ 2)

=u" iz 0 < C VU200, m<p< —"

[l p
Combining the above inequality and (4), we can get

1 ! m m m+
B() = 51~ [ a()as) vl - ol

1 t
45 [ o= 9IVum® - vur ()|
0
1
2

LM e
m-+p

V'nl%
[Va™ |

> 50— [ @i+ 5 [t = 9 vu) - v ) as
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Let C* = BI? then
1 t I
B) = 50~ [ s Vami+3 [ ot =)ITun (o) - Vun(s)as

m m+4p m+p m m;wrp
—WB R VAT P
p
1 ' 2 ! 2
> 5 |@= [ o@asivaniz+ [ ot - 1vun - vus) s 1)
m+p t t T’ZL;’)
mB™m
— 1—/gsds Vum2+/gt—s VumtVumsz}
D [( ; (s)ds)[IVu™][2 ; (t—s)[[Vu™(t) ()2
2
=2 pEER = h(a),
2 m+p

where 1
3

a=|a- | (s T + / gl — |V (t) - v (o)

It is easy to verify that h is increasing for 0 < o < a, decreasing for & > ay, h(a) = —o0 as
o — 400 and

1 m 2(p+m)

h —(Z _ B p—m =F 15
(@)= (5~ 5) 3 (15)
Therefore, since E(0) < Ey, there exists § > ay such that h(5) = E(0). By using (14), we have
h([IVug'(l2) < E(0) = h(B), (16)

which implies that ||Vu{'|| > 8.

We suppose by contradiction that
t t 3
0= [aavar i+ [ o= 9Ivene - vl <5 )
0 0

for some tg > 0 and by the continuity of

ftss w™||2 ‘ — s w™(t) — Vu™(s)||2ds
(1 /Og< )ds) ||V Hz+/0g<t )| V™ () — Vum(s)|2ds,

we can choose tg such that

1
2

- K s)ds u™||2 v — 5 u™(t) — Vu™(s)||2ds a1
[(1 [ s@asivanig+ [ - ivun - v (>|2d] > an.
So we can get by (14)

Blto) > h ([(1 - [ a@asivuriz+ [ o= v - Vumw)n%ds} )

> h(B) = E(0).
This is impossible since E(t) < E(0) for all ¢t € [0,T"). So (10) is established.

To prove (11), we obtain from (4) and (9)

1 ! m 1 ! m m m m
30 [ @) IVamE + 5 [ gt = )ITum(0) = Tun(s) s < BO)+ I full
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consequently
1 t t
m+ m m
Il 2 g (0= [ v+ [ ot - 91V - veneolas| - 5O
1 m+p m+p
> 32— FE(0) = B w fm.
> 56° - B(0) = LB T
Therefore (11) yields the desired result. The proof is completed. O

Theorem 2.1 Assume that (5), (6) and (7) hold. Give ug € H}(Q) () L*>(£2) satisfying

||VU()||2 > o, E(O) < F;. (18)
If o . 5
— ¢ m pP—m ,Q, mip
ds < , = —+ =) <1, 19
et < e = TG (19)

then any solution of (1) blows up in finite time.

G(t) = ;/ u™ 1 d,
Q

m+1

Proof. We define
and differentiate G(t) to get
e (t) = / uude
Q
t
= / u™(Au™ — / g(t — s)Au™ds + uP)dx
Q 0
¢
—/ | Vu™ |2 dx+/ um+pdx+// g(t — s)Vu"(z,t)Vu™(z, s)dsdx
Q Q o Jo

t
—/ | Vu™ |2 da:—l—// g(t —s) | Vu™(z,t) |* dsdx
Q aJo

¢
_ / / g(t — s)Vu™(z,t)(Vu™(z,t) — Vu™(x, s))dsdz + ||u||ziz
QJo

By the Holder inequality and Young’s inequality, we can arrive at

G(t) === [ alt=9|var 3

t (20)
- [ gt =9 at) = Vun e o)as + ull
Let H(t) = Ey — E(t), t > 0. We substitute for |[Vu™||3 from (4 ) ( 0) becomes
, 2(1— 3 [!g(s)ds 2(1-3
6'(0) =l + 2= I ) fo U,
1-— fo g(s)ds 1-— fo
-3 fO _ ! _ m _ m 2
+ | ——— -1 gt — 7)[|Vu™(z,t) — Vu™ (x,7)||5dT (21)
1-— fo 0
1_3 [t
2m 1 fO || Hﬁiz > / Uerpdl‘,
S m+p 1- 15 9 Q
where 3foo (s
2m p—m a mip 1—4J, g(s)ds
1 n T 1o TTE 99
7 {m—i—p —l—m(ﬁ) } 1— [y g(s)ds (22)
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By the embedding theorem L™*P(Q)) < L™*1(Q), we obtain that

[ullm+1 < Crllwllmp- (23)
Inserting (23) into (21), we can derive that
G (t) > CoG(t)wit, (24)

m+4p

where Cy = yOf(m+p)(m+ 1)m+1, C} is a best embedding constant. By a direct integration of

(24), we can get

p— 1
GRFT(t) > —

T @t (0) - 22L0ut

1-p
The above inequality implies that G(t) blows up at finite time T* < W. O
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