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Blow-up results for the weakly coupled system of

semilinear wave equations with weak dampings

MING Sen'* FAN Xiong-mei? REN Cuit XIE Jin?

Abstract. This work is devoted to the study of initial boundary value problem for k-component
system of semilinear wave equations with several fundamental boundary conditions (namely, the
Dirichlet, Neumann, and Robin boundary conditions). Blow-up results and lifespan estimates of
solutions to the problem with two different types of weak damping terms and power nonlinearities
in the sub-critical and critical cases on exterior domain are obtained. The test function technique
is performed in the proofs. It is worth observing that our results in Theorem 1.1 in this article
contain the results in [6] as a special case when 6 = 0. To the best of our knowledge, the results

in Theorems 1.1-1.2 are new.

81 Introduction

Our main purpose in this work is to investigate the following initial boundary value problem
for the k-component system
O2uy (z,t) — Auy (x,t) + c(x, t)Opuy (x, 1) = |ug(x, )P,  (x,t) € Q° x (0,T),
D2ug(x,t) — Aug(z,t) + c(x, 1) 0pus(z,t) = |u (2, 1)|P2,  (x,t) € Q° x (0,T),

1.1
3t2uk(x,t) — Aug(x,t) + c(x, t)Opug (x,t) = |ug—1(z, t)|P*, (z,t) € Q° x (0,T), (1.1)

ozaa—uj_(x,t) + Buy(x,t) =0, (x,6) € 90°x (0,T), 1 =1,2,...,k,
n
w(z,0) = eug(x), Owi(x,0) =euyy(z), z€Q° 1=1,2,...k,
where
o(z,t) = a(x) = (1+ 275 (0 < 1),
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or
cle,) = 29 = () a0 0 <0),
respectively. The indexes of nonlinear terms satisfy 1 < p; < co with { = 1,2, --- , k(k > 2).

A = A, g stands for the Laplace operator dependent on the boundary condition on exterior
domain. Here, a, and f are real constants which satisfy («, 8) # (0, 0). The boundary con-
ditions are called the Dirichlet boundary condition (« = 0), the Neumann boundary condition
(B =0) and the Robin boundary condition otherwise. Let 2 = B1(0) = {z € R"| |z < 1} and
Q¢ = R™\B;(0). We suppose Br(0) = {z € R"||z| < R}, where R > 2. Moreover, functions
ug,; and uq,; with [ = 1,2, ---, k(k > 2) represent shape of the initial values, which satisty
supp (uo,1, u1,;) C 2°N Bgr(0). The positive constant ¢ describes the size of initial values.

We sketch some historical background regarding the Cauchy problem of nonlinear heat

equation
ug — Au = |ul?, (x,t) € R" x (0, 00),
¢ lul?,  (x,t) (0,00) (1.2)
u(z,0) =ef(x), zeR",
and the Cauchy problem of nonlinear wave equation
Uy — Au = |u|p, (xat) € R™ x (07 OO), (1 3)
u(xvo) :Ef(x), ut(xvo) :Eg(.’b), xr € R". .

Problem (1.2) possesses the Fujita exponent pp(n) = 1 + % There exists a unique global (in
time) weak solution if p > pp(n) and local (in time) weak solution blows up if 1 < p < 1+ 2,
Problem (1.3) admits the Strauss exponent pg(n) = 2Htyn-410n=1 V(:it)lo”q for n > 2 and pg(n) = oo
for n = 1. More precisely, if 1 < p < pg(n), the solution of the Cauchy problem with small
initial values blows up in a finite time. If p > pg(n), then the solution exists globally (in time).

One can refer to the references [28,40,42,43] for more details.

The Cauchy problem of linear damped wave equation
{utt—Au—l—c(aj,t)ut—O, zeR" t>0,

(u, u)(z,0) = e(uo, ur)(x), r € R,
causes great concern, where the coefficient in damping term satisfies

c(x,t) = apa(z)b(t) = ap(1 + |z])~*(1 + )P,
while ag is a positive constant. It is the space dependent damping when o € R, g8 = 0.
Behavior of solution can be classified in the following cases. If @ € (—o0,1), the solution
behaves like that of heat equation. The damping is scaling invariant weak damping in the case
of a = 1. If @ € (1,00), the damping is scattering. This indicates that the solution behaves
like that of classical wave equation. On the other hand, it is the time-dependent damping when
a =0, 8 € R. The solution does not decay to zero in general when 8 € (—oo, —1). When
B € [—1,1), the solution behaves like that of heat equation. The damping is scale invariant
when 8 = 1. In the case of 8 € (1,00), the solution behaves like that of wave equation.
Asymptotic behavior of solution depends on the constant ag.

Many scholars are committed to the Cauchy problem of semilinear wave equation with space
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or time-dependent damping
uge — Au+ e(x, t)uy = fu, ug), zcR" t >0,
{ (u, ug)(x,0) = e(ugp, ur)(x), x € R™,
where c(z,t) = ag(1 + |[22)"2 (1 + )P (ag > 0), f(u, ur) = [ulP, Jug|P, [uel? + |u|? (see [3,10-
12,17-21,23,24,26,27,29,36,39,41] and the references therein). Todorova et al. [38] investigate
the existence of global (in time) solution to classical damped wave equation in the energy space

(1.5)

when p > 1 + % and blow-up phenomenon of solution when 1 < p < 1+ % Fino et al. [§]
show blow-up result of solution to problem (1.5) with « = 0, 8 = 0 in the critical case, where
the initial values have compact supports. Without the compactness of initial values, Lai et
al. [25] present blow-up result for the initial boundary value problem of semilinear damped
wave equation on exterior domain in high dimensions (n > 3) critical case. Blow-up dynamic
and lifespan estimate of solution to semilinear wave equation with space dependent damping
D(z)uy (0 < D(z) < £ a > 1) and potential term are derived in [22]. The main tool

(I+[z))>>
employed in the proof is the test function method. Ming et al. [30] verify blow-up result of
solution to the variable-coefficient wave equation with scattering damping term Wut (B>1)

and divergence form nonlinearities in the sub-critical and critical cases. Upper bound lifespan
estimates of solutions to the problem are deduced by taking advantage of the rescaled test
function technique and iteration method. Tkeda et al. [16] establish upper bound and lower
bound lifespan estimates of solutions to semilinear wave equation with general time dependent
effective damping term, where the test function approach is performed. Making use of the
test function method (p(z,t) = DflT
solution to problem (1.5) with ag > 0, o, 8> 0, a+ 8 < 1, @ = 0 and nonlinear memory term

(0§ (2)p2(t))), Dannawi et al. [4] acquire blow-up result of

under positive initial value conditions. Non-existence of global solution to problem (1.5) with
€10,1), B € (—=1,1), af =0 and f(u, us) = |u|P in the critical case is obtained by utilizing

the test function technique (¢4 (z, ) = n(tR™ 157 )$(%)) (see [13]).

Recently, the investigation of weakly coupled system of semilinear wave equations

uge — Au+ g(ug) = f1(v, vy), z € R™ t >0,
v — Av + g(v) = fa(u, ug), xreR™ t >0, (1.6)
(’LL, Ug, U, 'Ut)((E,O) - E(Uo, ui, Vo, Ul)(m)u T e Rnﬂ

attracts more and more attention. Chen et al. [1] explore blow-up and lifespan estimates of
solutions to problem (1.6) with g(u:) = wus, g(ve) = v and fi(v, ve) = [P, folu, ur) = |ul?
in the critical case. Upper bound lifespan estimates of solutions to the problem are derived
by applying the test function method associated with nonlinear differential inequalities. Lower
bound lifespan estimates of solutions in low space dimension are documented by introducing
polynomial logarithmic type time weighted Sobolev spaces. Taking advantage of the test func-
tion technique and iteration method, Palmieri et al. [35] show blow-up dynamics and lifespan
estimates of solutions to problem (1.6) with scattering dampings g(u) = by (t)u, g(ve) = ba(t)ve
and f1(v, ve) = |[v|P, fa(u, ut) = |u|? in the sub-critical and critical cases. Ming et al. [31] il-
lustrate formation of singularities of solutions to problem (1.6) with scattering damping terms
glug) = (H‘i‘t)ﬁut, g(v) = (H‘i‘t)ﬁvt (8 > 1) and combined nonlinearities fi(v, vy) = |vg|P* + |v|%,
fa(u, ug) = |ug|P2 + |ul?2. Upper bound lifespan estimates of solutions are documented by
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making use of the test function method and iteration argument. We refer readers to the refer-
ences [2,5,7,9,15,32,33] for more details.

Enlightened by the works in [1,6,14,34,37], our main aim of this article is to show blow-up
results and lifespan estimates of solutions to problem (1.1) on exterior domain in the cases of
several fundamental boundary conditions, which contain two types of weak damping terms

c(x, )0u; = (1+ |z|?) " 20,u; (0 < 1,1<i <k, i € N¥), (1.7)

c(z,)0u; = (1+ |22) 2 (1+ 1) " (0 <0, 1 <i<k, ieN), (1.8)

and power nonlinearities, respectively. It is worth observing that sharp lifespan estimates of
solutions to the weakly coupled system of semilinear classical damped wave equations in the

critical case are documented by employing the test function method (¢p = [n(%ilf‘él)}“”)
(see [1]). Making use of the test function technique (¢ = ¢(t2;‘f|4)), Takeda et al. [37] in-

vestigate blow-up phenomenons of solutions to the k-component system of semilinear damped
wave equations in the whole space. Upper bound lifespan estimates of solutions to the ini-
tial boundary value problems with three types of boundary conditions (the Dirichlet, Neu-
mann, and Robin boundary conditions) for the k-component system of semilinear classical
damped wave equations with power nonlinearities are considered in [6]. The proof is based
on the test function method (v = \I/(x)[go(%#)])‘”). Ikeda et al. [14] derive lifespan
estimate of solution to the initial boundary value problem of semilinear wave equation with
weak damping term a(z)u: (Ja(z)| < ap{z)~%, o € [0,1]) and power nonlinearity |u|?, where
the test function method is applied (¢Yg(z,t) = [n(%)]%/). Nishihara et al. [34] discuss
blow-up of solution to the Cauchy problem of semilinear wave equation with damping term
c(z,t)us (c(z,t) = ag(1 4+ |z|2)~2 (1 +t)~#). Upper bound lifespan estimate of solution to the
problem in the case of o < 0, 8 = 1 is obtained by taking advantage of the test function tech-
nique (Yg(z,t) = (1 +t)[17(t2+|g#)]2p/). Moreover, blow-up dynamic and lifespan estimate of
solution to the problem in the case of a < 0, f = 0 are deduced by utilizing the test function
approach (¢Yg(z,t) = [n(%)]%,). From our observation, there is no related results for
upper bound lifespan estimates of solutions to problem (1.1) with time or space dependent
damping terms and three types of boundary conditions. To fill this gap, we extend the problem
studied in [14] to problem (1.1) with damping in (1.7) by exploiting the test function technique
(Y(z,t) = \P(x)[n(%)]”fz), which is different from the test functions in [6, 14, 34] (see
Theorem 1.1). The problem investigated in [34] is extended to problem (1.1) with damping in
(1.8). The proof is based on the test function technique (v (x,t) = \I/(x)[n(wlgigl)H)]A”),
which is different from the test functions in [6,34] (see Theorem 1.2). It is worth noting that
our results in Theorem 1.1 in this article contain the results in [6] as a special case when 6 = 0.
To the best of our knowledge, the results in Theorems 1.1-1.2 are new.

Throughout the paper, we define the matrix

pPp=10 p3s ... 0 O

0 0 oo Pk 0
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and the column vector v = (71,72, .-, V%)t = (P — I;;) "1 (1,1,...,1)", where I} stands for the
—_——

k times
identity matrix. (a1, as,...,ax)! is the transposition vector of vector (aq,asa,...,ar). We

k
assume det(P — Iy) = (=) ([t — 1) # 0 with p; > 1 (I = 1,2,...,k), which implies that
=1

the inverse matrix (P — I},)~! exists. Thus, we set Ymax = max{y1,72,...,7}. A uniform
constant C' = C(f(x)) implies that the constant C' depends on the function f(z), which is
different from line to line. A < B denotes that there exists a positive constant C' such that
A<CB.

Related lemma, definition of weak solutions and main results in this paper are illustrated
as follows.

Lemma 1.1. (Ezistence of the local solution) Let n > 1. Suppose 1 < p; < oo with | =
L2, k(k>2)ifn=1,2 Assumel <p < 5 withl=1,2,---, k(k>2) ifn>3.
Suppose that the initial values satisfy uo(x) € H(Q°), ui (x) € L*(Q°), supp (uoy, u1,) C
Q¢ N Bg(0) for R > 2. Then, there exist positive constant T and uniquely determined local (in

time) mild solutions to problem (1.1)
(u1,ug,...,ug)
€ C([0,7); H'(29)) n C*([0,T); L*(2))
xC([0,T); H' Q%) n CH([0, T); L* (7))

xC([0,7); Hy () 0 CH([0,T); L*(2°))
which satisfy supp (u;, Opw) C {(z,t) € Q¢ x [0,T)||x| < t + R}. Moreover, if the lifespan
estimates of solutions T'(€) < oo, it holds that

t_gr(r;)_ | (ur, Oswr) || 1 ey x L2 (2ey= 0

forl=1,2 - k(k>2).

Proof of Lemma 1.1. The proof of Lemma 1.1 is similar to the Proposition 1.1 in the
reference [34]. We omit its detailed proof.

Definition 1.1. Assume that (ug,u1,;) € H'(Q°) x L*(Q°). If
(ula U2,y .- . 7uk)
€ (C([0,T), Hy (2°)) N CH([0,T), L*(Q%)) N L,

x(C([0,T), Hy (%) nC'([0,T), L*(Q2°)) N L

loc

([0,7) x Q%)
(10,T) x Q°))

x(C([0,T), Hy (%)) N CY([0,T), L*(2)) N L}, ([0, T) x °))
satisfy

/OT/C |Ulc($,5)|p1¢(x,s)dxds—|—/gc uii(z)é(x, 0)dz
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T
- /O /C (vul (I’, S)Vd)(x’ 5) — 6,5711 (1’7 S)@td)(.’t, 5)
+c(z, t)Oyur (z, 5)(z, 5)) deds (1.9)

and

T
/ / |ul(a:,s)|p’+1¢(x,s)dxds—|—/ u1,1+1(z)p(z, 0)dx
0 e Qe

T
— [ ] (Vw00 5) - s (e )010(,5)
0o Jae

+c(z, t) w1 (z, $)p(, s))dads (1.10)
with | = 1,2,...,k —1(k > 2), where ¢(x,s) € C*([0,T) x Q°) with suppd C [0,T) x Q¢ such
that (0487%+ + Bd)(t)|oqe = 0, then (uy,ug,...,ur) are called weak solutions to problem (1.1).

Theorem 1.1. Letn>1,p > 1 withl=1,2,...k(k > 2) and
n—=0

maX{VlaﬁQv”'aWk} 2 2 . (111)
Suppose that ug ¥ (x) € L'(Q°), ui,¥(z) € LY(Q°) and
/ (a(@)u0, () + 1r.1(2))¥(2)dz > 0, (1.12)
S c

where U(x) is defined in (2.2). Then, there exists a positive constant

o = EO(n»Ph ceoy PR, O Ba R,9>U0,17U1,l)
such that for all e € (0,g0], the lifespan estimates of solutions T(e) to problem (1.1) with
c(o,) = az) (a(z) = (1 + [22)"%, 0 < 1) satisfy

! 2—40
5 max{vlv’y% Tty 'Yk} > —,

2
5 7& 07 n= ]-7
2—60
C<€7110g(671))2r(2,p1m2 ..... PE) | F(Q’pl’p%.“?pk) >0, 67&07
exp (exp(csi(plil)))a F(27p17p27 cee ,Pk) = 07 ﬂ 7é 07
Di :pj7 Zm? S {1727"'7k}7
— (525 (n,p1,p2,-,px)) "
Ce™ 27 ) F(n1p11p27"'7pk)>07 ﬁ#()? TLZ?),
exp(cg_(p1p2mpk_l))a F(ﬂ,p],pQ, .o 7pk) = 07 6 7é 07 n > 35
Di #p_]a Za.] S {1727"'7k}7 Z#.]v
exp(cei(plil))v F(n7p17p27 cee 7pk) = 07 5 7é 0’ n Z 37
Di :pja Z7j S {172a"'7k}7
CE*(ﬁF(n,m,p2,~~,;nk))_1’ L(n,p1,p2,---,px) >0, B=0, n>1,
exp(cg_(p1p2mpk_l))a F(naplap27 LR 7pk) = 07 6 = 07 n > 1a
Di #p]a l)j € {1727"'7k}7 Z#]v
exp(cei(plil))v F(n7p17p27 cee 7pk) = 07 5 = 0’ n Z ]-7
Pbi = Py, Zv] € {1727"'7k}7

where T'(n, p1,pa, ..., pr) = max {y1,72,- -, Yk} — ”7*0 >0, and C is a positive constant inde-

C&i(ﬁ max {y1, 72, ,’Yk}*l) -

(1.13)
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pendent of €.

Theorem 1.2. Letn>1,p > 1 withl=1,2,...,k(k > 2) and
n—=0
5

ma‘x{’}/h’}ﬁv"'a/}/k} 2 (114)

Assume that ug ¥ (z) € L1 (Q°), uy ¥ (z) € L1(Q°) and
/C((a(x) — Dug(x) +up(z))¥(x)de > 0, (1.15)

where U(x) is defined in (2.2). Then, there exists a positive constant

g0 = 50(n7p17 <oy Dk Oé,,B, Rvevuo,laul,l)
such that for all ¢ € (0,e9], the lifespan estimates of solutions T(e) to problem (1.1) with
e(x,t) = 37 (alz) = (1+ |2*) 75, 6 < 0) satisfy

T+t
057(ﬁmaX{%w"”’%}ﬁ)il» max {1, y2, -+, Yk} > 2%9,
B#0, n=1,
C(e~Vlog(e 1)) T @i, T(2,p1,pa...,px) > 0, B %0,
exp (exp(CE*(plfl))), I'(2,p1,p2,...,pk) =0, B #0,
pi =pj, 4,7 €{1,2,...,k},
057(24?91“(”’1’1’p2""’p’“))_1, I'(n,p1,p2,...,px) >0, B#0, n>3,
exp(Ce™P1Pz-Pe=D) " D(n py po,...,pp) =0, B#0, n >3,
Tle) < pi# Dy, ii € (L2 k) i ] (1.16)
exp(Ce™® =Y T(n,p1,pa,...,px) =0, B#0, n>3,
pi =pj, 4,J €{1,2,...,k},
Cf;‘*(’é’%"r(”’pl’p2""’p’“))_1, I(n,p1,p2,...,pk) >0, =0, n>1,
exp(Ce™ PP Py T(n,py,ps,...,px) =0, =0, n>1,
piE by i € (1,2, k), i £,
exp(Ce™ ™=y T(n,p1,pa,...,px) =0, =0, n>1,
pi =pj, 4,5 €{1,2,...,k},
where T'(n, p1, pa, ..., pr) = max {y1,v2,- -, Yk} — ane >0, and C is a positive constant inde-

pendent of €.

Remark 1.1. It is worth noticing that Nishihara et al. [34] consider blow-up phenomenon of so-
lution to the Cauchy problem of semilinear wave equation with damping term c(z, t)us (¢(x,t) =
ap(1+ |2[*)~%2 (1 +¢)7#) in the cases of a < 0, 3 =1 and a < 0, 8 = 0. Upper bound lifespan
estimates of solutions to the problem are derived by making use of the test function technique.
But there is no related results for blow-up and lifespan estimates of solutions to problem (1.1)
with time or space dependent damping terms and three types of boundary conditions. We
establish upper bound lifespan estimates of solutions to problem (1.1) with two types of damp-
ing terms in (1.7) and (1.8) by applying the test function method, respectively (see Theorems
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1.1-1.2). Moreover, we observe that our results in Theorems 1.1 are exactly coincide with the
results in [6] when 6 = 0.

82 Related lemmas and Proof of Theorem 1.1

Let n(t) € C*°([0, 00)) satisfy

1
17 t S a
2 o,tgg
_ 1 * _
n(t) = decreasing, — <t<1, n*(t) = 1
0, t>1,

We set two test functions ¢g(xz, t) and ¢ (z, t) which are used to derive the lifespan estimates
of solutions to problem (1.1). Namely,

-1 2—0 -1 2—6
onta,t) = (DD gy = e (LD e
where 6 < 1, A > max 2_1.
1<I<k Pt

We present a lemma which will be applied in the proof.

Lemma 2.1. [6]/ Let Ry > 0, Cy > 0, 0 > 0 and p € R. Assume that 0 < p(x,t) €
L ([0,T), L' (2°)) for T > Ry, which satisfies

loc
T
C’e—|—/ / o(x, s)pr(z, s)dxds
0o Jae

T
< CoR™# (log R)?*(/ / o(x, 8)p% (2, s)dads)
0o Jae
for all R € [R1,T). Here, ¢r(x,s) and ¢5(x,s) are defined in (2.1). It holds that
Cefi(log(efl))g, 0c>0, peR,

__p—1 1
T(e) < exp(Ce T+0-D), 0=0, p< 1
1
expexp(Cs_(p_l)), c=0, p= —
p—
where C' is a positive constant independent of .

Proof of Theorem 1.1. We define the function
‘Jf|—1+%7 ﬁ#07n:17

loglz| + %, B#0, n=2,
U(z) = B (2.2)

1—WP”+%W—%,6#&n2&

1, 8=0,n>1.
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Direct computation gives rise to

17 ﬁ#(), n:17
#, B#0, n=2,
VU¥(z) = r

(n_2>Wa 67&07”2?%

0, 6=0,n>1.

It is deduced from (2.1) that
Ocpr(,1)] S RV (¢, 1)+
026 r(2, 1) S R™2(d5(x, 1)
Vor(z, )] < R |z — 1)~

2
)

O%wm,t))m,

(Adn(e, )] S R (2l = 1)~ (op(, 1) ==,

Forl=1,2,...,k — 1, we denote two functions

T
Infu] = [ [ o) (e, s)dods,
0 Qe

ITrlux) = / / lug (z, 8)|P*p(x, s)dxds.
Replacing ¢ in (1.9)-(1.10) by ¢ = ¥(x)¢r(x,t), we derive

Tnfiud + ¢ [ (@(e)u0(2) + 1,3 (@) W(@)on(a,0)dz

/ / (o) (OB (B (0) ol 5)

(z)pr(z,5)) — (x)at(‘l’(x)fi)R(x,S)))dxds

and

I [Ul]+5/ (a(x)uo,i+1(x) + u1 1+1(2))¥(z)pr(x, 0)dz

/ /u+x (V@) (a.5)

(2)pr(x,s)) — a(x)0 (¥ (x)pr(z, s)))drds
withl=1,2,....k— L.

Making use of (2.2)-(2.7) yields
107 (Por) — A(¥oR) — ()9 (Vor)|
= \‘1’32¢R —2VUVor — VApr — a(x)V0;¢R]|

< (R2 + w) (¢%)~+

where we have employed the fact

1
1-— <loglz|, n=2,
||

(n—2)— >2|z|, n>3.

||”_

(2.3)

(2.8)

(2.9)

(2.10)

(2.11)
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It is worth noticing that
lim (a(x)ug(x) + uy i (x))¥(z)pr(x,0)dz

R—oo Jqe

= /C(a(a:)uoﬁl(x) + ug i (x))¥(z)dx
foralll=1,2,...,k(k>2). rJ?hus, there exists a sufficiently large constant Ry such that
/r(a(x)uo,l(x) + u1,4(2))¥(z)pRr(z,0)dz > Cy; >0 (2.12)
for R > Ry. Here, Clﬁé (1=1,2,...,k(k > 2)) are positive constants, where we have performed

the conditions ug ;(z)¥(x) € LY(Q°), uy(z)¥(x) € L}(Q°) and (1.12).

From (2.8), (2.10)-(2.12) and the condition A > max —2-, we obtain
1<I<k Pt

L

T
Irluk] + Crae S R_ﬁ(/ / Udxds) 7
0 c
r P2 1
([ o Fdods)
0 c
T P2 1
S Iy, (R)(/ / |up P2 (¢pF;) X+ dads) Pz
0 c

T
SIE([ [ lnl @), (2.13)
0 c
where I, (R) is defined by
RTWm, B#0,n=1,

4—0 1 pa—1
R (log R79) 2, B£0, n=2,
Ip2 (R) = n—6__ n42-6
R==7 G=0rz, ﬂ 7£ 0, n=>3,
n—~o
2=0

nt2-9
R2-7° @=0)ps ﬁ =0, n>1.

In a similar way, we acquire

T
Irlur] + Choe S Ipa(R)(/ / |un|[P* Uy dds) 7s | (2.14)
O c
T 1
IR[UQ] + 01,35 S Ip4 (R)(/ / |’UJ3|p4\I/¢*Rd$dS)H, (215)
o Jae
T 1
Tnlux1] + Crpe < Iy (R)( / / [P O dads) 7 (2.16)
0o Jae
For the sake of brevity, we suppose Ymax = max{vy1,72,...,7k . Direct calculation shows
1+ pg+pr_1pr+ -+ pap3- - Pr
Tk = k .
[Ip—1
=1

Utilizing (1.11) leads to I'(n,p1,p2,. .-, Pk) = Ymax — "T_e > 0.
Thus, we need to discuss the following seven cases in the next Table 1.
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Table 1. Combination of I'(n,p1,pa,...,px), B and n.

['(n,p1,p2,- .-, Pk) B n (dimensions)
Case 1 L(n,p1,p2,...,pk) >0 B#0 n>3
L(n,p1,p2,...,pr) = 0 and p; # p;
C 2 ) ) ) ) J O > 3
e Gje(l2. . Krandity |°7 nz
F o e = d P = .
Case 3 (n7p17p27 7pk) 0 an p p] ﬁ;éo n23

(4,5 €{1,2,...,k})
Case 4 I'(2,p1,p2,-.-,pk) >0 B#0 n=2
F(Q;plapQ;---apk) =0 and Pi = Py

Case 5 0 =2
ase (€ {1,2,....k}) b7 "
Case 6 max{*yl,vg,---,m}>2;—9 B#0 n=1
Case 7 L(1,p1,p2,---,pk) >0 B=0 n>1

In Case 1, taking advantage of (2.13)-(2.16), we deduce
Irfug—1] + C1 ke
< Loy (Iefur])
S Iy (Ipa (Infea)) )7
= Ip, (Ip,) " (Ig[wa]) 7172

p
i,—e 2 nt2-g >
5 R2=0 " T@—0p1 _C-0rira (IR [Ul})m

n—6___2 (1 1 1 _ n+2—0 1
S R2° 726 (o T o T +P1?2"‘pk—1) (2=0)pipz Pk (IR[Uk_l])Plpz'”Pk
_ 2 (1 1 1 n—=0 1 _ 1 1
=R 2*9(1’1 ‘o T e e Jta=g (1 P1P2"‘Pk)(IR[UI@—IDPIW'HP’“ ’ (2'17)

which results in

2 1 1 1 L — 6 1 1
Crpe < R0 Gitmm Tt mmere )t 550 U mmm ) (T uy_q]) 7ive 7%

— Ir[ug—1]
< Rt Esg (2.18)
for R > Ry. Sending R — T'(¢) in (2.18) yields
T(é‘) < Cs—(ﬁr(mm,sz---ypk)rl'
As a consequence, we conclude the fourth lifespan estimate in (1.13).
In Case 2, similar to the derivation in (2.17), we arrive at
Irlug—1] + C1 ke
1

2 (1 1 1 n—0 1
,S R_ﬂ(ﬁ-i_mpz—i_m-'_mpz“ﬁk )+3=7 (1_”11’2'”” )(IR[Uk—l])plpzmpk

T 1
- (/0 / - (,8) W (2, ) dds) T (2.19)

We define the auxiliary functions

T
o = l0) = [ [ (o) w0t o, o, (2.20)
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R
H,, = H, (R) :/0 Ry, (r)r~tdr. (2.21)
It follows from (2.20)-(2.21) that
log 2
Hy, < =2=Igfwes], by, (R) = RH], (). (2.22)

Taking into account (2.19) and (2.22), we achieve

4 N
@Hpk (R) + Cl’kE S (RH;k (R))ppo"'pk .

Therefore, we derive the fifth lifespan estimate in (1.13).
In Case 3, weobtainp=p; =ps=---=pr =1+ ﬁ. It is worth observing that
02 (uy +ug + -+ up) — Auy +ug + - +up) + a(@)0 (ug +ug + - - -+ up)
= Jurl? -+ fual? -+ P
> Clug +ug + -+ + ugl®. (2.23)

We discuss problem (1.1) with ¢(z, ) = (1+|z[2)~% (§ < 1) as the single equation in the critical
case p=1+ ﬁ. It holds that

T(e) < exp{Ce~ P~ D},

In case 4, similar to the derivation in the Case 1, we acquire
Ip[ug—1] + C1 ke
S L, (Irfug)) ™
< Iy (1) (Ipfwn]) 772

< 1—2 ___4-60 111 _1
S R~ @G=-9p1 @-0)pripr2 (10gR2—0) P1P2 (IR[UI])P1P2

S, R_%(ﬁ"—mlpz +'"+P1P21---pk +(1- P11’21"'pk )
x (log R7=7 )~ 777 (I [up_1]) 772 7% . (2.24)
Applying (2.24), Lemma 2.1 and taking o = 2—301"(2,791,]92, cesDE)y =1, p=Dp1ps - pi give

rise to the second lifespan estimate in (1.13).

In Case 5, we observe p = p; = pp = -+ = p, = 1 + 525. Utilizing Lemma 2.1 with o = 0,
u=1p=1+ 2279, we conclude the third lifespan estimate in (1.13).
In Case 6, similar to the derivation in the Case 2, we deduce
Irlug—1] + C1 ke
< Iy (T[] 7
S Iy ()7 (Ir[un])) 77

1——2_ ___4-6 1
5 R (2—0)p1  (2—0)p1p2 (IR[Ul])pW?

2 1 1 1 1
< R 29 Grtem Tt o) T 5mp o)
~Y

X (Infuy—1]) 717277, (2.25)
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which yields

Cl,k5 5 R_%(ﬁ—"_mlpz +“'+P1P21'“Pk )+(1— P1P21”'17k )(IR[uk—l])m
— Ip[uk—1]
< Rravktl (2.26)
for R > Ry. Sending R — T'(¢) in (2.26) leads to the first lifespan estimate in (1.13).

In Case 7, similar to the derivation in Cases 1-3, we arrive at the seventh-ninth lifespan
estimates in (1.13). The proof of Theorem 1.1 is finished. |

83 Proof of Theorem 1.2

We set
2 -1 2—0
vl t) = ((HELZ e, (3.1)
2 -1 2—0
vilat) = (o (CTEZ D Dy (32)
where 6 <0, A > max —=5.
1<i<k Pt
It follows from (3.1) and (3.2) that
O, )| S R (1 + 1) (W, £) 35, (33)
029 r(x,t)] S B2 (W (. 1) %2, (3.4)
Vr(,t)] S R2(|2| — 1)1—9%<wz<x,t>>%5, (3.5)
|AYR (2, )] S R™2(|J2] — 1)~ (W, 1) %2 (3.6)

Replacing ¢ in (1.9)-(1.10) by ¢¥(z,t) = (1 +¢)¥(z)yr(z,t), we acquire

[ tuida = % [ (@ - wow + 1w
+ [ (@ - sv-o (D) (3.7
N |y [P+ epda = % . (81511,1_;,_11/) — w10 + ?(—f)tulﬂw)dx
+ /Q w1 (079 — Ay — 0y f (f)tw)dw (3.8)

Utilizing (2.2)-(2.3), (2.11), (3.3)-(3.6) and (3.7) gives rise to

970 — Ay — (B

= [20 ()0 n(z, t) + (1 + ) U(2)02¢r(z, 1)
—(1+t)(Y(z)Avp(x,t) + 2V¥(z)Vg(z,t))
—a(z)¥(z)0r(x,t)|

< (L+ )R™77 () (Pa(x, 1) 5. (3.9)
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It is worth to notice that
lim [ ((a(x) = Duo,i(z) + u11(2))¥(2)Yr(z,0)dx

R—oo Jqe

_ / (@) — Dot (&) + () W ()

foralll=1,2,...,k(k >2).
Therefore, there exists a sufficiently large constant R; such that

[ (@(@) = 1uoa(@) + () U@)n(e 0)de = Cay > 0 (3.10)
Qc
for R > R;.

Taking advantage of (3.7), (3.9)-(3.10) and the condition A > max 2%, we deduce

T 1
Tnfug] +02,1653—ﬁ</ / (1+ ) Udzds)?
0 c
T P2 1
X (/ / lup|P2(1 4 )W (pR) 3 +2dads) P2
O (&
T P2 1
STAR([ [l (14 ) uw) Fdods)
0 c

T 1
< T (R)( / / s [P2 (1 + )W (a3, drds) 5 (3.11)
0 C
where J,,, (R) is denoted by
R* @0, B#0,n=1,

5_ _8-20 2 L
R @=9r2 (logR>%)*2, [ #0, n=2,
Jp2 (R) = 2(n—60)  2n44-260

R0 " =0r [#£0, n>3,

2(n—0) 2n44-20

R27 om, B=0n>1

Analogously, we achieve

T
Inlwr] + Cane < Ty (R)( / / sl (1 + 5)Usdads) 75 (3.12)
0 c
T 1
Infus] + Caze < o (R)( / / s P (1 + ) Uiy dads) 7 (3.13)
o Jae
T 1
Tnfup_1] + Coxe < Iy, (R)( / / (g [P (1 + 8)Ugdads) 75 (3.14)
0o Jae
For the sake of brevity, we assume Ymax = max {vy1,v2,...,7}. Direct computation gives rise

to
_ 1+ petpe1pk 4+ paps - pi

k
[Ipm—1
I=1
Utilizing (1.14) shows I'(n, p1,pa2, - - - s Dk) = Ymax — "7_0 > 0.
Therefore, we need to consider the following seven cases in the next Table 2.

Tk
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Table 2. Combination of I'(n,p1,pa,...,px), B and n.

L(n,p1,p2,---,Pk) B n (dimensions)
Case 1 L(n,p1,p2,---,pk) >0 B8#0 n>3
I = ; i
Case 2 (nip.l,p% apk) Oand'pz?épj 5750 n>3
(1,7 €{1,2,...,k} and i # 5)
I = L=
Case 3 (n,p1,p2,- -+, px) = 0 and p; = p; 540 n>3

(i,7€{1,2,...,k})
Case 4 I'(2,p1,p2,-.-,pk) >0 B#0 n=2
I'(2,p1,p2,...,pk) =0 and p; = p;

Case 5 0 =2
(1.d € {1.2.... k) rh
Case 6 max{’yl,’yg,---,%}>¥ B#0 n=1
Case 7 I'(1,p1,p2,...,pk) >0 =0 n>
In Case 1, according to (3.11)-(3.14), we have
Ipug—1] + Co e
S o (Ir[u]) 7
EENEE
S py (Jpo (IR[ua]) 72 ) 0
L 1
= Jpl(‘]]ﬂz) (IR[ul])plp2
2(n—0) 4 2n+4-26 1
< R 276 ~@-0pm - 9)p1p2 (]R[ul])mp2
S Rz(;:ee) _ﬁ(ﬁ-i-pllpz +-~'+p1p2_,1_pk71 )— (272(;;:;‘;;2,?.% (IR[kaﬂ)m
_Rim( 1+p11:12Jr +P1P2 Pk)+2(n 6)(17111?21-'-%)
X(IR[uk_l])Plpz“‘Pk7 (315)

which yields

1 2n-0)()___1 a
CZkE<R 79 (o Trims T T rima o) T2 a PlPZ"'Pk)(IR[ukil])P1P2“‘Pk

— Ipfug—1]
S RTEORT (3.16)
for R > Ry. Letting R — T'(¢) in (3.16), we obtain
T(e’:‘) < Ce~ 5250 (n,p1,p2,- 7Pk))71'
In Case 2, similar to the derivation in (3.15), we arrive at

Irlug—1] + Co e
2(71 9)(1

_4 1 1
—ip (Rl s
<R ¢ 7 (o1 Trirs et P173 - Pk)(]R[ukil])PlT’Z [

- (/0 /C lug—1(z, 8)|PE 0 (z) (1 + S)w}(m,s)dxds)m_ (3.17)

We denote the auxiliary functions

T
hp, = hp, (1) = /0 /C |ug—1(z, s)[PEW(z)(1 + )i (x, s)dxds, (3.18)
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R
Hpk - Hpk (R) = /0 hpk (T)Tildr'

Exploiting (3.18) and (3.19), we derive

log 2
H,, < i Ipluk_1),  hp(R) = RH) (R).

Making use of (3.17)-(3.20) leads to

4 N
@Hpk (R) + CQ’kE S (RH;k (R))ppo"'pk .

As a consequence, we conclude the fifth lifespan estimate in (1.16).

In Case 3, we have p=p; =ps=---=pr =1+ ﬁ. It is worth noticing that

a(x)

14+t

OF (ug +ug + -+ +up) — A(ug +ug + -+ +ug) +
— unl? o fusl? 4 - ugl?

> Cluy +ug + -+ ugl?.

Op(ur +ug + -+ +uyg)

(3.19)

(3.20)

(3.21)

We consider problem (1.1) with c(z,¢) = (1+|z|2)~2(14¢)~* (§ < 0) as the single equation in

the critical case p =1+ ﬁ. It holds that
T(e) < exp{Ce~ P11},

In Case 4, similar to the derivation in (3.15), we observe
Irfug—1] + Co e
< Ty (Ll ]) 77
< o () (Infen]) 7172

24 __8-20 2 q__1_ 1
S R0 T @ oerz (log R79)" #wirz (Ig[ug]) Piee

p1 ' P1P2 P1P2 P T pip2 Pk

< R Gt ettt rme ) P20 s )

x (log R7=7 )~ 777 (I [up_1]) 772 7% . (3.22)

An application of (3.22), Lemma 2.1 and taking 0 = 52;1(2,p1,p2,...,Pk), 1 1, p =
p1p2 - - - pr. show the second lifespan estimate in (1.16).

In Case 5, we acquire p =p; =pg =+ =pp, =1+ 23—9. Making use of Lemma 2.1 with

c=0,pu=1,p=1+ ﬁ, we deduce the third lifespan estimate in (1.16).
In Case 6, similar to the derivation in (3.15), we get
Ip[ug—1] + Co re
Sz Jpl (IR[uk])H
1 1
S py (T ) P (IR [ua]) 172
1

o4 8-20 _1
S R (2—0)p1  (2—0)p1p2 (IR[ul])P1P2

4 1 1 1 1
< R %9 Grtores Tt o ) 120 i 2 )
~Y

1
X (IR[ug—1]) 71727k,

(3.23)
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which results in

4 (1 1 1 1 1
Cone < R—fg(a-"—plpz-l-m-i-plpz_..pk )+2(0= 5 r )(IR[uk_l])plm...pk

— Ipfuk—1]
< Rrot? (3.24)
for R > Ry. Sending R — T'(¢) in (3.24) leads to the first lifespan estimate in (1.16).

In Case 7, similar to the derivation in cases 1-3, we derive the seventh-ninth lifespan esti-
mates in (1.16). This completes the proof of Theorem 1.2. [
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