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Pseudo weak-demicompactness for 2 x 2 block operator

matrices and some perturbation properties

Ines Chtourou Bilel Krichen

Abstract. In this paper, we give some properties for the so-called e-pseudo weakly demicom-
pact linear operators acting on Banach spaces with respect to a closed linear operator. Some
sufficient conditions on the entries of an unbounded 2 x 2 block operator matrix £y ensuring
its e-pseudo weak demicompactness are provided. In addition, we apply the obtained results to
discuss the incidence of some perturbation results on the behavior of essential pseudospectra of
Lo. The results are formulated in terms of some denseness conditions on the topological dual

space.

81 Introduction

Many problems arising in mathematical physics can be first formulated by systems of par-
tial or ordinary differential equations. In particular, systems of time evolution equations are
governed by block operator matrices. When studying the asymptotic behavior of solutions to
these systems, the spectral theory for the involved matrices plays a crucial role. Such studies
have been discussed by different authors (see for instance, [13,25,26]).

This paper is devoted to some spectral properties related to the so-called e-pseudo weak
demicompactness, for a 2 x 2 block operator matrix (in short B.0O.M) with domain dom(Ly) =
(dom(A) N dom(C)) x (dom(B) N dom(D)) and represented in the following form

fo- ( A B ) |
C D
The operator Ly acts on the product of Banach spaces X x Y with entries A, B, C' and
D. The operators A, B, C' and D are linear densely defined and their domains are denoted by
dom(A), dom(B), dom(C) and dom(D), respectively.
A pivotal focus lies on the concept of demicompactness, initially introduced by Petryshyn in

1966 [22,23] to explore a novel approach to construct fixed points for this family of operators.

Received: 2023-03-27. Revised: 2024-06-05.

MR Subject Classification: 47A10, 47A53.

Keywords: demicompact linear operator, pseudo-Fredholm, essential pseudo-spectra, Fredholm perturba-
tion.

Digital Object Identifier(DOI): https://doi.org/10.1007/s11766-025-4989-z.



Ines Chtourou, Bilel Krichen. Pseudo weak-demicompactness for block operator matrices... 869

In essence, a linear operator T on a Banach space X is called demicompact if, for every bounded
sequence (&, ), in dom(T') such that the sequence (Idx —T)x,, converges in X, there exists a con-
vergent subsequence of (z,,),. The familly of linear demicompact operators on X is denoted by
DC(X). In Fredholm theory, the first two old papers were developed by Petryshyn in 1972 [24]
and by Akashi in 1984 [3]. Note that the demicompactness class plays an important role in the
theory of perturbations since it contains compact and more general Fredholm perturbation oper-
ators. Recent research has furthered this direction. Noteworthy contributions include the work
of Chaker, Jeribi and Krichen [6], who employed demicompact operators to probe the essential
spectra of linear operators. In 2014, Krichen [14] extended the notion of demicompactness,
introducing the class of relative demicompact linear operators with respect to a given linear op-
erator Sy. This definition asserts that if T : dom(T) C X — X and Sp : dom(Sp) C X — X
are two linear operators with dom(T) C dom(Sy), then T is said to be Sp-demicompact (or
relatively demicompact with respect to Sp), if every bounded sequence (z,), in dom(T') such
that (Sox, — Tx,), converges in X, has a convergent subsequence. In 2018, Krichen and
O’Regan [16] elaborated the class of relative weak demicompactness. If T : dom(T) C X — X
and Sp : dom(Sp) C X — X are two linear operators with dom(T) C dom(Sy), T is said
to be weakly Sp-demicompact (or weakly relatively demicompact with respect to Sp), if for
every bounded sequence (), in dom(T) such that (Soz, — Tz,), converges weakly in X,
then there is a weakly convergent subsequence of (x,,),. The symbol WDC(Sy)(X) denotes the
family of all weakly Sp-demicompact operators on X, and WDC(Idx)(X) = WDC(X). Note
that, the class of demicompact operators acting on a Banach space contains the class of weakly
compact operators. Lately, Ben Brahim, Jeribi and Krichen [5] developed the notion of pseudo
demicompactnesss. For ¢ > 0, T': dom(T) C X — X is said to be pseudo demicompact if for
all bounded linear operator D acting on X such that ||D|| < e and for every bounded sequence
(n)n in dom(T) such that ((Idx — T — D)zy), converges in X, there exists a convergent
subsequence of (z,),. Newly, Chtourou and Krichen [7] introduced the notion of a relatively
e-pseudo weakly demicompact operator as follows: Let ¢ > 0 and let T' : dom(T) C X — X,
So : dom(Sp) C X — X be two linear operators with dom(T) C dom(Sy), then T is said to
be e-pseudo weakly Sp-demicompact (relative e-pseudo weakly demicompact with respect to
So), if for all bounded linear operator D acting on X such that ||D| < e and for all bounded
sequences (z,), in dom(T") such that (Sy — T — D)z, converges weakly in X, then (z,), has
a weakly convergent subsequence. We denote by WDC.(Sy)(X) the family of e-pseudo weakly
So-demicompact operators on X. When Sy = Idx, T is simply said e-pseudo weakly demi-
compact. This project aims to provide characterizations related to this concept, particularly
focusing on describing this class through e-pseudo Fredholm and upper e-pseudo semi-Fredholm

operators.

This paper also delves into the study of pseudo-spectra, which provide richer informations
compared to spectra, particularly regarding transient behavior rather than just asymptotic
behavior of dynamical systems. Historically, this concept was firstly introduced by Varah [27]
in 1967 and has since been utilized by other mathematicians such as Landau [17], Trefethen [25]
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and Davies [8]. Specifically, the definition of pseudo-spectrum of a closed linear operator T is

given for every € > 0 by:
1
oe(T) :=0(T)U {)\ € C such that [|[(A = T)7Y| > 5} .

By convention, we write ||[(A — T)7!|| = oo if A € o(T) (spectrum of T'). In [8], Davies has
defined equivalently the pseudo-spectrum of any closed operator 1" as follows: for every ¢ > 0,
oe(T):= |J o(T+ D).

IDl<e
Similarly to the Schechter essential spectrum, the authors in [4], studied some properties of the
essential pseudo-spectrum of a densely defined, closed linear operator T acting on a Banach

space X. This essential pseudo-spectrum is given by

Oes,e(T) = ﬂ 0:(T + K), where K(X) is the ideal of compact linear operators acting on
Kek(X)

X. In the following, we recall some useful results related with o5 (T') and the class of Fredholm

perturbation F(X).

Theorem 1.1. [18] Let X be a Banach space, T closed linear operator and € > 0. Then,

oese(T)= (| o0o(T+K). O
KeF(X)

Proposition 1.1. [4] Let X be a Banach space, T closed linear operator and & > 0. Then,
A ¢ 0e5(T) if and only if for all D € £(X) such that || D| < e, we have

A—T—DedX)andi(A—T—D)=0.

This paper is organized as follows. In section 2, we recall some definitions and results
which will be used in our work in subsequent sections. In section 3, we establish some results
concerning the class of relatively e-pseudo weakly demicompact operators. In section 4, we
provide some sufficient conditions on the inputs of the block operator matrix £y to ensure the
e-pseudo weak demicompactness. In section 5, we introduce some perturbation classes and
determinate the stability of some essential pseudospectra involving the class of perturbations.

82 Preliminary results

In this section, we will give some notations, definitions and preliminary results that are
necessary in the sequel.

First, let us recall some standard definitions and notations from Fredholm theory. Let X
and Y be two Banach spaces. In what follows, we denote — for the strong convergence (i.e.
norm convergence in X) and — for the weak convergence (with respect to the weak topology
of X). Throughout this paper, we consider V : dom(V) C X — Y as a linear operator with
domain dom (V) and range R(V) C Y. If the graph of V is a closed subset of X x Y, then
V is closed. The set of all closed (resp. bounded) linear operators acting from X into Y is
denoted by C(X,Y) (resp. L(X,Y)). We denote by K(X,Y) the subset of compact operators
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of L(X,Y). For V € C(X,Y), we use notations a(V) for the dimension of the kernel A/(V') and
B(V) for the codimension of the range R(V) in Y. The graph norm of x € dom (V) is defined
by
Jally = llz] + V2.
It follows from the closedness of V that Xy := (dom(V),||.||v) is a Banach space. Clearly, we
have
V| < ||lz||lv, for every x € dom(V),
and consequently,
Ve L(Xy, X).

Definition 2.1. Let X, Y and Z be three Banach spaces. Let V : dom(V) C X — Y and U :
dom(U) C X — Z be two linear operators. U is said to be V-bounded, if dom (V') C dom(U)
and there exist constants a,b > 0 such that

U] < allz|| +b|Vz|, for all z € dom (V).

The greatest lower bound of all possible values b > 0 is called the relative bound of U with
respect to V' or the V-bound of U.

A linear operator U : X — Y is said to be V-defined if dom (V') C dom(U). We denote by
U the restriction of U to dom(V'). Besides, if U is bounded from Xy into Y, we say that U
is V-bounded. We can see that, if U is closed, then U is V-bounded. Therefore, we have the
obvious relations:
(i) a(V) = a(V), B(V) =B(V), RO)=RW),
(1)) aV+U)=a(T+U), B(V+U)=8(V+U), RU+V)=RU+V).

Definition 2.2. Let X be a Banach space. An operator V € L(X,Y) is said to be weakly
compact if V(B) is relatively weakly compact in Y for every bounded set B C X.

The family of weakly compact operators from X into Y is denoted by W(X,Y). If X =Y,
the family of weakly compact operators on X is simply denoted by W(X) := W(X, X). The
set W(X) is a closed two-sided ideal of £(X) containing K(X) (see [9,11]).

Now, we define the sets of upper semi-Fredholm, lower semi-Fredholm, Fredholm and semi-

Fredholm operators from X into Y, respectively, by

¢, (X,Y)={V eC(X,Y) such that a(V) < co and R(V) closed in Y},
_(X,Y)={V €C(X,Y) such that (V) < co and R(V) closed in Y},
‘I)(X7Y)= q)—(X7 Y) N (I)+(X7 Y)7

and
L(X,Y):=d_(X,Y)UD L (X,Y).

For V € ®.(X,Y), we define the index of V by the following difference
(V) i=a(V) - (V).



872 Appl. Math. J. Chinese Univ. Vol. 40, No. 4

By the index theorem we have

W(UV) =4iU)+ (V).
If X = Y, then £(X,Y), C(X,Y), K(X,Y), W(X,Y), ®(X,Y), &, (X,Y), ®_(X,Y) and
®,4 (X,Y) are replaced by L£(X), C(X), K(X), W(X), ®(X), ¢4(X), ®_(X) and ¢4 (X),
respectively. If V € C(X), p(V) denotes the resolvent set of V, (V') the spectrum of V.

Definition 2.3. [12] Let X and Y be two Banach spaces and let U € £(X,Y’). The operator
U is called:

(7) Fredholm perturbation if V 4+ U € ®(X,Y’), whenever V € ®(X,Y);

(#4) Upper semi-Fredholm perturbation if V+ U € &, (X,Y), whenever V € & (X,Y);

(#i1) Lower semi-Fredholm perturbation if V 4+ U € ®_(X,Y’), whenever V € &_(X,Y).

The set of Fredholm, upper semi-Fredholm and lower semi-Fredholm perturbations are denoted
by F(X,Y), F4(X,Y) and F_(X,Y), respectively.
In general, we have
K(X,Y)cC F.(X,Y) Cc F(X,Y),
KX, Y)Cc F-(X,Y) C F(X,Y).
If X =Y, F(X,Y), Fi(X,Y) and F_(X,Y) are replaced by F(X), Fy(X) and F_(X),

respectively.

Definition 2.4. Let X and Y be two Banach spaces and let V € C(X,Y).

(i) An operator V is said to have a left Fredholm inverse if there exists V; € L(Y, Xy ) such
that Idx, — 1/}‘7 € K(Xv). The operators V; is called left Fredholm inverse of V.

(#4) An operator V is said to have a right Fredholm inverse if there exists V,. € L(Y, Xy) such
that Idy — V'V, € KC(Y). The operators V, is called right Fredholm inverse of V.

The sets of all left and right Fredholm inverse are, respectively, denoted by ®;(X,Y) and
B, (X,Y).

If X =Y, the sets ®;(X,Y) and @,(X,Y) are replaced by ®;(X) and ®,.(X), respectively.
According to [20], it can be inferred that

P)(X,Y)={V € ®,(X,Y) such that R(V) is complemented},
and

?,.(X,Y)={V € _(X,Y) such that N (V) is complemented}.

Recall that a subspace N C X is called complemented if there exists a closed subspace M C X
such that N & M = X.
We have the following inclusions:

B(X,Y) CP(X,Y)C P (X,Y),
B(X,Y) C 0, (X,Y) C D_(X,Y).

Definition 2.5. [20] Let X and Y be two Banach spaces. We define by
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F(X,Y)={V e L(X,Y) such that V 4+ U € &(X,Y), for al U € ®;(X,Y)},
and

Fo(X,Y)={V € L(X,Y) such that V + U € &,(X,Y), for all U € &,(X,Y)}.
If X =Y, the sets F;(X,Y) and F,.(X,Y) are replaced by F;(X) and F,.(X), respectively.
Remark 2.1. F;(X) and F,.(X) are two-sided ideals of L£(X).

Proposition 2.1. Let X and Y be two Banach spaces. If the set ®(X,Y’) is not empty, then:

(i) K(X,Y) C Fi(X,Y) C F(X,Y);
(i) K(X,Y) C Fo(X,Y) C F(X,Y).

Theorem 2.1. [2] Let X, Y and Z be three Banach spaces, V € L(Y,Z) and U € L(X,Y).
() UUe®(Y,Z)and V € &)(X,Y), then UV € &/(X, Z);

(i) LU € (Y, Z) and V € &,(X,Y), then UV € &,(X, Z);

(i3) If UV € &y(X, Z), then V € &y(X,Y);

(l0) UV € ®,.(X,Z), then U € ®,(Y, Z).

Lemma 2.1. Let X, Y be two Banach spaces, U € L(X), V € L(Y) and let the 2 x 2 operator
U

matrix Mrp =
X T ( O

T
v ) for all T € L(Y, X). Then:

(i) If U € ®y(X) and V € &,(Y), then My € (X x Y);
(i) If U € ®,(X) and V € ®,(Y), then My € &,(X x Y);
(iii) If My € &y(X x Y), then U € &;(X);

(iv) If My € ®,.(X x Y), then V € &,(Y).

Proof. (i) We can write My in the following form

MT:<IdX 0><IdX T )(U 0 ) O
0 Vv 0 Idy 0 Idy

U o0 Idx 0
Since U € ®;(X) and V € ®;(Y), then € ®)(X x Y) and X €
0 Idy 0 Vv
Idx T
®;(X xY). Since X I ) is invertible, then Mz € ®;(X x Y).
Y

(it) can be checked in the same way as (7).

U o0
(91) Using Theorem 2.1 (4i7) in Eq. (1), we have (

0 Idy ) € P (X xY)andsoU € &;(X).

(iv) can be checked in the same way as (7).
Definition 2.6. Let X and Y be two Banach spaces and let V € C(X,Y) and ¢ > 0.

(i) V is called a e-pseudo upper (resp. lower) semi-Fredholm operator if V 4+ D is an upper
(resp. lower) semi-Fredholm operator for all D € £(X,Y") such that ||D|| < ¢;
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(#4) V is called a e-pseudo semi-Fredholm operator if V + D is a semi-Fredholm operator for all
D e L(X,Y) such that | D] < ¢;

(#i7) V is called a e-pseudo Fredholm operator if V 4+ D is a Fredholm operator for all D €
L(X,Y) such that ||D|| < e.

The sets of all e-pseudo Fredholm, e-pseudo upper Fredholm and e-pseudo lower Fredholm are,
respectively, denoted by ®°(X,Y’), ®% (X,Y) and & (X,Y).

If X =Y, the sets ®°(X,Y), 5 (X,Y) and ®° (X,Y) are replaced by ®°(X), ®%(X) and
®° (X), respectively.

Moreover, we have the following inclusions

DX, Y) C B4 (X,V),

P (X,Y)C P_(X,Y), and

°(X,Y) C ®(X,Y).
Lemma 2.2. Let X be a Banach space and € > 0. Let V € £L(X) and U € L(X).
() IV e ®X), U € &°(X) and (Idx — V) € F(X), then VU € ®(X) and i(VU + D) =
i(V)+4(U + D) for all D € £(X) satisfying || D|| < ¢;
(i) I V € &, (X), U € &% (X) and (Idx — V) € F4(X), then VU € = (X).
Proof. (i) For each D € £(X) satisfying || D| < &, we have

VU+D=V({U+D)+ (Idx —V)D. (2)

Since V € ®(X) and U + D € ®(X), then using [21] and the fact that (Idx — V)D € F(X),
we get VU € (X)) and (VU + D) = (V) +4(U + D).
(79) We reason in the same way as the proof of (). O

Definition 2.7. Let X and Y be two Banach spaces and let U € £L(X,Y) and € > 0.

() U is said to have an e-pseudo left Fredholm inverse if there exists U € L(Y, X) and K € K(X)
such that Uj(U + D) = Idx — K, for all D € £(X,Y) such that ||D|| < e. The operator U; is
called e-pseudo left Fredholm inverse of U;

(#4) U is said to have an e-pseudo right Fredholm inverse if there exists U, € L(Y,X) and
K € K(Y) such that (U + D)U, = Idy — K, for all D € L(X,Y) such that |D|| < . The
operator U, is said an e-pseudo right Fredholm inverse of U.

The sets of all e-pseudo left and e-pseudo right Fredholm inverse are, respectively, denoted by
O5(X,Y) and B5(X,Y).
If X =Y, the sets 7(X,Y) and ®5(X,Y) are replaced by ®7(X) and ®%(X), respectively.
Lemma 2.3. Let X be a Banach space and € > 0. Let V € £L(X) and U € L(X).
(i) IV € &,(X), U € ®(X) and (Idy — V) € Fi(X), then VU € &5 (X);
(i) IV € ®,(X), U € d5(X) and (Idx — V) € F,(X), then VU € &:(X).
Proof. (i) For each D € £(X) satisfying || D| < &, we have
VU +D=V(U + D)+ (Idy — V)D. (3)
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Since V € ®;(X) and U + D € ®;(X), then applying Theorem 2.1 (i) on Eq. (3) and using the
fact that (Idx — V)D € Fi(X), we get VU € ®5(X).

(79) We reason in the same way as the proof of (). O

Definition 2.8. Let X and Y be two Banach spaces and let U € C(X,Y) and € > 0.

(¢) U is said to have an e-pseudo left weak-Fredholm inverse if there exists U* € L(Y, Xy) and
W e W(Xy) such that U (U + D) = Idx, — W, for all D € £L(X,Y) such that ||D|| < e. The
operator U}” is called e-pseudo left weak-Fredholm inverse of U;

(#4) U is said to have an e-pseudo right weak-Fredholm inverse if there exists UY € L(Y, Xy)
and W € W(Y) such that (U + D)UY = Idy — W, for all D € £(X,Y) such that ||D| < e.
The operator U}’ is said an e-pseudo right weak-Fredholm inverse of U.

In this research work, we are basically interested in the following essential pseudo-spectra

0e1,e(V) :={A € Csuch that A =V ¢ @7 (X)},

02, (V) :={\ € C such that A — V ¢ &% (X)},

0e3:(V) :={A € C such that A\ -V ¢ 3. (X)},

Oea,e(V) :={A € Csuch that A =V ¢ &°(X)},
):

= (] o(V+K),
KeK(X)

0e6,e(V) :={X € C such that A =V ¢ ®7(X)},
oere(V) :={X € Csuch that A =V ¢ ®7(X)}.

Note that if £ tends to 0, we recover the well-known definitions of essential spectra of V' (see,
for instance [10,15,19,21,28]).

Oe5,e |4

)

83  Main result

Definition 3.1. Let (Y, |.||y) be a Banach space and let X be a subspace of Y endowed with
a norm ||.||x such (X,].]|x) is a Banach space. Let T : dom(T) C X — Y be a closed linear
operator, Sp : X — Y be a bounded linear operator and € > 0. Then, T is called e-pseudo
weakly Sp-demicompact if for every sequence (), in dom(T) and D € L(Y) with ||[D]ly < e
such that (Soz, — Ta, — Dxy), converges weakly in Y, then there exists a weakly convergent

subsequence of (x,), in X.

We denote by WDC.(Sp)(X,Y), the set of all e-pseudo weakly Sp-demicompact operators
from X into Y. If Sy = Idx, we simply denote by WDC.(X,Y). If (X, |.]lx) = (Y |-lly), we
simply denote by WDC.(Sp)(X).

Theorem 3.1. Let X be a Banach space and let T € C(X) and Sy € £(X) such that Sy # 0.
Assume that X* + X* o T is dense in (X7)*, where X* and (Xr)* denote the topological
dual spaces of X and X1 = (dom(T), ||.||7), respectively. Then, for every ¢ > 0 the following
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equivalence holds

T € WDC.(So)(X) if and only if T € WDC.(So)(Xr, X).

Proof. Let ¢ >0, D € £L(X) such that ||D|| < ¢ and let (z,),, be a bounded sequence of Xy
such that Soxn—fxn—Dxn —y,in X. Clearly, (x, ), is bounded in X and Sox,,—Tx,,—Dz,, —
y. Since T' € WDC.(S0)(X), then there exists a subsequence (zy,(n))n C dom(T) such that
Tym) — o, v € X. We have to show that z,(,) — = in X7. For this purpose, let f € (X7)*,
it follows that there exists (fin)m with fi, = gm + hm o T, m € N. Where (g;)m C X7,
(hm)m C X* and || fr, — fll(x7)- — 0, as m — +o00. Clearly, gm(2yn)) — gm(x) for all m € N.
Now,

Txpmy = T2pm) + DTpn) = SoZpm) = DTypn) + Sotpm) — —y + Sox — D.
It follows from the closedness of T' that = € dom(T) and Soz — Dz — y = Tz. Consequently,
Ty — T in X. Which implies that h,,(Tz,(,)) — hm(Tx) for all m € N.
It follows that f,(2y(n)) = fm(2), for all m € N. Now, write

[f (@om) = (@) < [f(2om) = Fm(@om)| + [ fm(@om) = fm (@) + [ fm(2) — f(2)]
< ||f - meXq*-chp(n)HT + |fm(xap(n)) - fm(x)| + Hfm - fHX}Hx”T
Since (2y,)n is a bounded sequence of X7, then there exists M > 0 such that ||z, | < M and
T2yl < M. Let 6 > 0 then there exists mo € N such that for all m > my,

)
||f*fm||X; < 3N

It follows that 5 5

o) = F@] < 5 + imo i) = Fmo@)] + 5.
Now, from the fact that f.,(Tun)) = fine gx), as n — +o00o, we deduce that there exists ng € N
such that for all n > ny,

)
o o) — Fro(@)] < 3.
Consequently,
5 6 4
|f(@pm)) — flz)] < 3t3t3 <.
Hence, z,,) — = in Xr.
Conversely, let D € £(X) such that | D|| < e, So € £L(X) and (z,,), be a bounded sequence of
X such that Sox,, — Tx,, — Dx,, = y in X. Then, there exists M > 0 such that ||z,| < M,

|Sozn| < M and ||Tz,, — Soxpn + Day,|| < M for all n > 0. It follows that

[zl = [Tznll + [|2n]l < (3+€)M.
Then (x,)n is bounded in Xr. Since Syx,, — fﬂ;n — Dz, — yin X and T e WDC.(Xr,X),
then there exists a subsequence (z(n))n of (7,)n and x € X such that z,(,) — = in X7, which

achieves the proof. O

Theorem 3.2. Let X be a Banach space and let T € C(X) and Sy € £(X) such that Sy # 0.
Assume that X* + X* o T is dense in (X7)*. Fixe > 0and S € L(X). If T € WDC.(X) and
the operator Sy — T has a left (resp. right) e-pseudo weakly Fredholm inverse T} (resp. T))
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such that ST (resp. T,.S) € WDC(X), then T + S € WDC.(Sp)(X).

Proof. Let D € L(X) such that ||D| < e, then there exist T; € L(X,Xr) (resp. T, €
L(X,Xr)) and K € W(X7) (resp. K’ € W(X)) such that
T)(So — T — D) = Idx — K on Xr.
(resp. (So—T — D)T, = Idy — K', on Y).
Then, the operator Sy — T — S — D can be written as follows
So—T—S—D=(Idx — ST))(So— T — D) — SK. (4)
(resp. So—T — S —D = (Sy—T — D)(Idy — T,.S) — K'S). (5)
Now, let (x,,), be a bounded sequence of Xr satisfying (Sp — T-8- D)z, converges weakly to
an element of X. It follows from Eq. (4) (resp. Eq. (5)) together with the weak compactness
of SK (resp. K'S), the weak demicompactness of ST; (resp. T,S) and the boundedness of
(So — T — D)z, that (So — T — D)z, has a weakly convergent subsequence. Since T is e-
pseudo weakly Syp-demicompact, according to Theorem 3.1, Tis e-pseudo weakly demicompact.
Therefore, (), admits a weakly convergent subsequence in X7 and this shows that T+
S is e-pseudo weakly Sp-demicompact operator and consequently, T+ S is e-pseudo weakly
demicompact operator. O

84 c-Pseudo weak-demicompactness for B.O.M

Idx 0

Throughout this section, we denote by Z :=
0 Idx

) the identity matrix.
Proposition 4.1. Let X be a Banach space, ¢ > 0 and A: dom(A) C X — X be a closed

A 0 ~ o~
linear operator and D: X — X be a bounded linear operator. Let A = < 0 D ) =A+D

- A - -
with A = < 0 8>,D: (8 g) Assume that X* + X* o A is dense in X}. If A

is e-pseudo weakly demicompact matrix and Z — A has a left (resp. right) e-pseudo weakly
Fredholm inverse A; (resp. A,) such that D.A; € DC(X x X). Then A € WDC. (X x X).

Proof. First, let us prove that (X x X)* 4+ (X x X)* o A is dense in (X x X):kK Let
[ 2 (dom(A) x X, ||.| ) — R a bounded linear form. Then there exist f; : X4 — R and
f2: X — R two bounded linear forms such that f(z,y) = fi(x) + f2(y) ( put fi(x) = f(x,0)
and fa(y) = f(0,y)). Since X* 4 X*o0 A is dense in X}, there exist two sequence (h1n)n, (k1n)n
in X* such that hy, + k1, 0 A — f1. Set Hy(x,y) = hin(x) + fo(y) and K, (z,y) = ki, (x) for
all (z,y) € X x X. Observe that H,, and K,, are linear. Moreover,

[ Hy (2, y) < [[han [zl + L2/l

< ([[Panll + 1211 (2, )1,
and
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(Ko (2, y)| < [Fanlll].
Since H, (z,y) + Ky, 0 A(z,y) = hin(2) + f2(y) + k1n(Az). Then,
H,+K,oA— f.
Consequently, (X x X)* + (X x X)* o A is dense in (X x X),*Z
Let P € L(X x X) such that ||P|| < ¢, then there exist £ € W((X x X) 3) and A; € L(X x
X, (X x X) 7) such that:
AI-A-P)=I1-K.
Then, the matrix I — A — P can be written as follows
[-A-P=(-DA)I-A-P)-DK. (6)

Now, let (n,%n)n be a bounded sequence of (X x X) 3 such that (I — A — P)(xn, Yn)n
converges weakly to an element of X x X. It follows from Eq. 6 together with the weak
compactness of ﬁIC, Ehe weak demicompactness of DA, and the boundedness of (I - A -
P)(2n,yn) that (I — A — P)(zn, yn)n admits a weakly convergent subsequence. Since Ais e-
pseudo weakly demicompact, then by applying Theorem 3.1, we infer that Ais e-pseudo weakly

demicompact. Therefore, (2, yn), admits a weakly convergent subsequence in (X x X) 7 and
this shows the e-pseudo weak demicompactness of A. So, A € WDC.(X x X). a

Proposition 4.2. Let X be a Banach space, ¢ > 0. Let A: dom(4A) C X — X and D:
dom(D) C X — X be two closed linear operators. Let B: X — X and C: X — X be two
bounded linear operators.

Let B = <A B) = A+ B with A = <A 0 ),g: < 0 B). Assume that

C D 0 D c 0

X*+ X*0Ais dense in X} and X" + X* o D is dense in X7. If A is e-pseudo weakly
demicompact matrix and Z — A has a left (resp. right) e-pseudo weakly Fredholm inverse Avl
(resp. A,) such that BA; € DC(X x X). Then B € WDC.(X x X).

Proof. First, let us prove that (X x X)* 4+ (X x X)* o A is dense in (X x X)5 Let
f i (dom(A) x X, |l.[| ) — R a bounded linear form. Then there exist f; : X4 — R and
f2: X — R two bounded linear forms such that f(z,y) = f1(x) + f2(y) ( put fi(z) = f(x,0)
and f2(y) = f(0,y)). Since X*+ X*o0 A is dense in X%, there exist two sequence (R15)n; (k1n)n
in X* such that hi, +kin0A — f1 and X* 4+ X* oD is dense in X7,, there exist two sequences
hon, kopn, in X* such that ho, + ko, 0 D — fo. Set W, (z,y) = Hp(z,y) + K, © /T(z,y) where
H,(z,y) = hin(x) + hon(y) and K, (z,y) = kin(z) + kon(y) for all (z,y) € X x X. Observe
that W,,, H, and k,, are linear. Moreover,

[Hn (2, 9)] < [hanlllz]] + [[h2nllly]

< (hanll + [[h2n DI (2, ),
and

(Ko (2, 9)| < [[Fanllll]] + [[E2a [yl
< ([Banll + Mezn DIl G2, 91,
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Therefore,

Wi, y) = hin (@) + han(y) + kin(Az) + kon(Dz) = f1(2) + fo(y) = f(z,).
Consequently, (X x X)* + (X x X)* o A is dense in (X x X):"Z.

Py Py
A€ L(X x X, (X x X) z) such that
AZ(I—;T—P) =I-K.
Then, the matrix I — B — P can be written as follows
[-B-P=(-DA)I-A-P)-DK. (7)
Now, let (21, Yn)n be a bounded sequence of (X x X) 7 such that (I—B—P)(2n, yn)n converges

P P
Let P = ( o2 > € L(X x X) such that [|P|| < ¢, then there exist £ € W((X x X) 7) and

weakly to an element of X x X. It follows from Eq. (7) together with the weak compactness of
DK, the weak demicompactness of D.A; and the boundedness of (I — A — P)(zp,y,) we infer
that (I — A—P)(Zn, Yn)n admits a weakly convergent subsequence. Since A is e-pseudo weakly

demicompact, then by applying Theorem 3.1, we infer that As e-pseudo weakly demicompact.
Therefore, (2, yn)n admits a weakly convergent subsequence in (X x X) ;7 and this shows the
e-pseudo weak demicompactness of B. So, B € WDC.(X x X). O

85 Some perturbation properties

Definition 5.1. Let X and Y be two Banach spaces. We define by
F(X,)Y)={Vel(X,)Y):V+DeF(X,)Y) forall D € £L(X,Y) such that | D|| < e}
and
Fi(X,)Y)={VeLl(X,)Y):V+DeF(X,Y), for all D € L(X,Y) such that ||D|| < €}.
If X =Y, the sets 7 (X,Y) and F5(X,Y) are replaced by F7(X) and F:(X), respectively.
Moreover, we have the following inclusions
Fi(X,Y)C F(X,Y) and
Fr(X,Y) S Fr(XY).
Theorem 5.1. Let X and Y be two Banach spaces and let T € C(X,Y) and F: X — Y be a
linear operator. Then

(1) T+ F € ®7(X,Y) whenever T' € ®7(X,Y) and F € F;(X,Y);
(1i) T+ F € ®2(X,Y) whenever T € ®5(X,Y) and F € F£(X,Y).

Lemma 5.1. Let X; and X5 be two Banach spaces. Let

F F;
F_ i)
Fyy Iy
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where F;; € L(X;,X;), with ¢, j = 1,2. Then
(Z) F e EE(Xl X XQ) if and only if Fij € Es(Xi,Xj), with 1,7 =1,2;
(13) F € F5(X1 x Xp) if and only if Fj; € F2(X;, X;) with 4,5 =1,2.

Proof. (i) Suppose that F;; € F;(X;, X;) with 4,j = 1,2 and we will prove that F €
Fi (X1 x Xa).

P, P
Let P = ( Pll P12 ) € L(X;1 x X5) such that |P|| < e. First, let us consider the following
b1 Pao

decomposition

F P 0 0 F; P 0 0 0 0
Faip— 11 + 11 n 12 + 12 n n .
0 0 0 0 o1 +P O 0 Fo+ P

It is sufficient to prove that F;; € F7(X;, X;) with 4,j = 1,2, then each operator in the right
side of the previous equality is e-pseudo Fredholm perturbation on X; x X,. For example, we

will prove the result for the first operator. The proof for the other operators will be similarly
. A B ~ Fii+P5 0
achieved. Let £ = C D € ®(X; x X5) and let us denote F' := 0 o | From

Atkinson Theorem [20] , it follows that there exist

Ay B
£0:< 0 0>€£(X1XX2)

Co Dy

and

K K

K= TR e (X x Xy),

Ky Koo

such that
Eo,C:I—IConXl XX2.

Then

ColL+ F) =T — K+ LoF = < I — K+ Ao(Fin + Pui) Kz + Bo(Fii + P) )

—Ko I— Ko
Since F11 € Ff(X1), then Fi1 4+ P11 € Fi(X1). Using the fact that F;(X1) is two-sided ideal of
L(Xy), we have
Idx, — K11 + Ao(F11 + P11) € (X1).
So, there exist an operator S € £(X;) and Ky € K(X7) such that
S(Idx, — K11 + Ao(F11 + P11)) = Idx, — K.

Therefore,

S 0 ~ Ky Kio 0 S(Fi1+ Pu1)
L+F)y=1— .
(0 IdX1>(+)° (Km K22>+<0 0

0 S(F P,
Using Remark 2.1, Proposition 2.1 and Theorem 2.4 in [1], we deduce that < 0 ( 110+ 1) ) €

0

F(X1 x X3), and so, S
0 Idx,

) (L+F)Ly € ®(X; x X,), then there exist S € L£(X; x X)
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and K € K(X; x X5) such that

S 0 - _
S L+F)o=1-K,
(0 IdX1>( +F)Lo

which implies £ + F € ®;(X; x Xa).
Py Pio

Py P
L(X xY) such that ||P|| < ¢ and we will prove that Fi1 + P11 € F(X1). Let A € &(X) and let

define the operator
A —Fy—P
L= 12 12 )
0 Idx,

From Proposition 2.1 (i) in [1], it follows that
L€ q)(Xl X XQ)

Conversely, assume that F € F¢(X1xX3),s0 F + P € F(X1xXs) forall P :=

Hence,

A+ F P 0
F+P+ L= Tt € B(X; x X»).
Fo; + Py Idx, + Fao + Pao

Using Proposition 2.2 (4i%) in [1], we have
A+ Fy1+ Py E(I)_(Xl). (8)

In the same way, we may consider the Fredholm operator

A 0
S q)(Xl X XQ).
—Fy — Py Idx,

Using Proposition 2.1 and 2.2 in [1], it is easy to deduce that

A+ Fi1+ P € @0(Xy). 9)
From Egs. (8) and (9), it follows that A + Fy; + P13 € ®(X;) C ®;(X1) and consequently,
Fi1 + Py € F(X7). In the same way, we can prove that

FQQ c .F.ZE(XQ)
Now, we have to prove that Fio € F¢(X2, X;) and Fy € F°(X1, X5). For this, let us consider
Ae CI)(Xg,Xl) and B € (I)(Xl,Xg). Then,

0 A+ P P P
TR ) cpyx ), forall P = T2 ) € £(XxY) such that ||P] < <.
B+ Py 0 Py Py
Using the fact that Fy; + Py € F(X1) and Fas + Pay € F(X3), we can deduce that
—F11 — P 0
F+P+ € F(X, x X3).
( 0 —Fy — Poo ) % 2)
Hence,
0 A+ F P
TPt ) Cpix xoxy).
B+ Foy + Py 0
So,

A+ Fip € (I)E(XQ,Xl) C (plE(X27X1)
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and

B+ Fy; € $°(X4,X2) C BF (X2, X1). |

Theorem 5.2. Let X be a Banach space, e >0and A: X — X, B: X — X, C: X — X

A B
and D: X — X are four bounded linear operators. Let L := ( c D > .

(i) If CA € F£(X),CB € F£(X) and C € F(X) then,
Ue6,e(L)\{O} - [UeG,E(A) U O—eG,E(D)}\{O};

(ii) If CA € F£(X),CB € F5(X) and C € F.(X) then,
0e7.e(L)\{0} C [0e7.c(A) U ger,.(D)\{0}-

Proof. (i) Let A € C\{0}. Then, we have
NI — A—-A -—-B
-C X-=D

1 0 0 N Idx 0 A-A -B
A\ -cA -CB = Idx 0 A-D )’
Suppose A & [0e6.c(A) Uoes e (D)]\{0}, then by Lemma 2.1,

~A -B
A € 5(X x X).
0 A-D

Id 0
Since B g is invertible then the operator matrix
o ldx

= Idx

Moreover by hypothesis and by applying Theorem 2.4 in [1], we get

1d 0 1d 0 0 O
. o =\ =c € Fi(X).
0 Idx =C Jdy =¢

Consequently, by using Lemma 2.3, we get

Id A-A -B
o 0 € P5(X x X).
On the other hand, since CA € F7(X),CB € F;(X), it follows from the Lemma 5.1 that

( Tdx 0 ) is left Fredholm inverse.

0 0
—-CA —-CB
So, applying Theorem 5.1, we get

) € FF(X x X).

A—L e dj(X x X).
Thus,

A & 0esc(L)\{0}.
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Hence,

0e6,e(L)\{0} C [0e6,e(A) Uoes(D)\{0}.
The proof of (i7) may be checked in the same way as the proof of (i). O
Theorem 5.3. Let X,Y be two Banach spaces, ¢ > 0 and A:X — X, B:' Y — X, C:
X — Y and D: Y — Y are four bounded operators. Let L := < g g ) .
(1) If C € F{(X,Y) then,

0e6,e(L)\{0} C [0e6,(A) U oes o (D)\{0};
(i) If C € FE(X,Y) then,

0e6,e(L)\{0} C [0e6,e(A) Uoes,c(D)\{0}-

P, P
Proof. (i) Let P = ( Pl P2 ) € L(X x Y) such that |P|| < . Then, for all A € C\{0},
3 4
we have
N[ p_[rA-P -B-P
—-C—-P; A-D-P
! 0 0
A —(C+P)A+P) —(C+P) B+ PR)
. Idx 0 A—A-P -B-P,
~(CFP)  1dy 0 A-D-P, )

Suppose A & [0e6.c(A) Uoes e (D)]\{0}, then by Lemma 2.1,

A—A-P —-B - P
! 2 ) eq (X xY).
0 A—D—- P,
Since _ Ldx 0 is invertible then _ Tdx 0 A-A-h 5P
(c;rps) Idy (C)—\O—Ps) Idy 0 A\-D_P,

is a left Fredholm inverse matrix.
On the other hand, it follows from the hypothesis that (C' 4+ P3)(B + P,) € F,(Y) and
(C+ P3)(A+ P) € Fi(X,Y) and so, by using Lemma 5.1
0 0
S ]:l(X X Y)

—(C+P3)(A+P) —(C+P3)(B+ P)

So, A= L—P € ®(X xY). Thus, A & 0e6,:(L)\{0}. Hence,
e, (L)\{0} C [0e6,6(A) U 0eg,e (D)\{0}.

(i) The proof of (i7) may be checked in the same way as the proof of (7). O
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