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Intuitionistic fuzzy projective modules and intuitionistic

fuzzy homomorphisms

Behnam Talaee Mehrnoosh Sobhani Oskooie

Abstract. In this paper, we discuss the structure of intuitionistic fuzzy (IF ) homomorphisms,

exact sequences and some other concepts in category of IF modules. We study on IF exact

sequences and IF Hom functors in IFR−Mod and obtain some results about them. If R is a

commutative ring and 0̄ −→ A
f̃−→ B

g̃−→ C is an exact sequence in IFR − Mod, where f̃ is

IF split homomorphism, then we show that HomIF−R(D,−) preserves the sequence for every

D ∈ IFR−Mod. Also IF projective modules will be introduced and investigated in this paper.

Finally we define product and coproduct of IF modules and show that if M is an R-module,

A = (µA , νA) ≤IF M and ei ∈ E(R) for any i ∈ I, then

Hom(
⨿
i∈I

0IF
Re

i
, A) ∼=

∏
i∈I

Hom(0IFRei , A).

§1 Introduction

After the definition of fuzzy sets by Zadeh [28], a number of applications of this fundamental

concept have come up. Rosenfeld [23] was the first one who defined the concept of fuzzy

subgroups of a group. Negoita and Ralescu [18] applied this concept to modules and defined

fuzzy submodules of a module.

A category C is given by a collection C0 of objects and a collection C1 of morphisms which

have the following structure:

(i) Each arrow has a domain and a codomain which are objects; one writes f : X −→ Y if X

is the domain of the morphism f , and Y its codomain.

(ii) Given two morphisms f and g such that cod(f) = dom(g), the composition of f and g,

written gf , is defined and has domain dom(f) and codomain cod(g): X
f−→ Y

g−→ Z
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such that X
gf−→ Z.

(iii) Composition is associative, that is given f : X −→ Y , g : Y −→ Z and h : Z −→ W ,

h(gf) = (hg)f .

(iv) For every object X there is an identity morphism idX : X −→ X, satisfying idXg = g for

every g : Y −→ X and fidX = f for every f : X −→ Y .

For example the category of (fuzzy) R−modules has objects R−modules and morphisms (fuzzy)

R−homomorphisms. We denote the categories ofR-modules, fuzzyR-modules and intuitionistic

fuzzy R-modules by R−Mod, FR−Mod and IFR−Mod, respectively.

As a generalization of fuzzy sets, the concept of fuzzy intuitionistic sets was introduced by

K T Atanassov in [2]. Using this idea, B Davvaz [10] established the intuitionistic fuzzification

of the concept of submodules of a module.

[3–5, 9, 22] are some other researches about intuitionistic fuzzy groups and modules and

[6, 7, 11, 15, 17, 24–27] are some recent researches and applications of intuitionistic fuzzy sets,

graphs and modules.

Pan [19, 21] made the Hom(µA, νB) into a fuzzy module and investigated the properties

of the functors Hom(µA,−) : FR −Mod −→ FR −Mod and Hom(−, νB) : FR −Mod −→
FR −Mod. Isaac [12] gave an alternate definition for projective L-modules and investigated

these fuzzy modules. Chen [7] studied the relation between projective S-acts and Hom functors

in the category of S-acts and Liu [14] studied the Hom functors and tensor product functors

in the category of fuzzy S-acts. In this paper, we study the properties of Hom functor in

intuitionistic fuzzy modules category. We obtain some properties about IF modules category

and Hom functors in this category. IF projective modules and their relationship with exact

sequences in this category will be introduced and investigated.

Definition 1.1. [28] By a fuzzy set (or fuzzy subset) of a module M , we mean the map µ from

M to [0, 1]. By [0, 1]M we will denote the set of all fuzzy subsets of M .

For each fuzzy subset µ ofM and any α ∈ [0, 1], we define two sets U(µ, α) = {x ∈M |µ(x) ≥
α}, L(µ, α) = {x ∈ M |µ(x) ≤ α}, which are called an upper level cut and a lower level cut

of µ, respectively. The complement of µ, denoted by µc, is the fuzzy set on M defined by

µc(x) = 1− µ(x).

Definition 1.2. [20] If N ⊆M and α ∈ [0, 1] then αN is defined as,

αN (x) =

{
α, x ∈ N,

0, otherwise.

If N = {x} then αx is often called a fuzzy point and is denoted by xα. When α = 1 then

1N is known as the characteristic function of N. We will denote the characteristic function of

N as χN .

Now let X ⊆M and µ, σ ∈ [0, 1]X , then

(1) µ ⊆ σ if and only if µ(x) ≤ σ(x), for every x ∈ X;
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(2) (µ ∪ σ)(x) = max{µ(x), σ(x)} = µ(x) ∨ σ(x), for every x ∈ X;

(3) (µ ∩ σ)(x) = min{µ(x), σ(x)} = µ(x) ∧ σ(x), for every x ∈ X;

(4) µ× σ(x, y) = min{µ(x), σ(y)} = µ(x) ∧ σ(y), for every x, y ∈ X;

For any family {µi|i ∈ I} of fuzzy subsets of M , where I is any nonempty index set,

(5) (
∪
i∈I

µi)(x) = supi∈Iµi(x) =
∨
i∈I

µi(x), for every x ∈M ;

(6) (
∩
i∈I

µi)(x) = infi∈Iµi(x) =
∧
i∈I

µi(x), for every x ∈M .

Definition 1.3. [18] Let M be a left R-module. The µ ∈ [0, 1]M is called a fuzzy (left)

R-module (fuzzy R-submodule of M) if

1)µ(x+ y) ≥ µ(x) ∧ µ(y), for every x, y ∈M ;

2) µ(rx) ≥ µ(x) for every x ∈M, r ∈ R;

3) µ(0) = 1.

Similarly, we can define fuzzy right R-modules.

Definition 1.4. [18] Let A,B be two R-modules. For two fuzzy R-modules µA of A and

νB of B, a function f̃ : µA −→ νB is called a fuzzy R-homomorphism, if f : A −→ B is an

R-homomorphism and satisfies ν(f(a)) ≥ µ(a) for every a ∈ A.

For simplicity, denote by Hom(µA, νB) the set of all fuzzy R-homomorphisms from µA to

νB.

Definition 1.5. [16] If µ and σ are two fuzzy submodules of a module M , then define (µ +

σ)(x) = ∨{µ(y) ∧ σ(z) | y, z ∈ M,y + z = x}, for every x ∈ M . It is not difficult to see that if

µ and σ are two fuzzy submodules of M , then µ+ σ is a fuzzy submodule of M .

§2 Intuitionistic fuzzy modules, basic notions and properties

Throughout this article R means an associative ring with unity and M denotes a unitary

left R-module while R-Mod denotes the category of all left R-modules.

Definition 2.1. [2] An intuitionistic fuzzy set (briefly as IFS) A of a non-void set X is an

object having the form A = {(x, µ
A
(x), ν

A
(x));x ∈ X}, where the maps µ

A
: X −→ [0, 1]

and νA : X −→ [0, 1], are fuzzy subsets of X, denote respectively the degree of membership

(namely µ
A
(x)) and the degree of non-membership (namely ν

A
(x)) of each element x ∈ X, and

0 ≤ µA(x) + νA(x) ≤ 1 for every x ∈ X.

For the sake of simplicity, we denote an IFS, A = {(x, µ
A
(x), ν

A
(x));x ∈ X} of the set X by

A = (µA , νA) or briefly A, and the set of all IFS of X by IFS(X).

If X is a nonempty set and A = (µ
A
, ν

A
), B = (µ

B
, ν

B
) are two IFS of X, then

A ⊆ B, if and only if µ
A
(x) ≤ µ

B
(x) and ν

A
(x) ≥ ν

B
(x), for every x ∈ X;

A = B if and only if µ
A
(x) = µ

B
(x) and ν

A
(x) = ν

B
(x), for every x ∈ X;
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Ac = (ν
A
, µ

A
);

A ∩B = {(x, µ
A
(x) ∧ µ

B
(x), ν

A
(x) ∨ ν

B
(x));x ∈ X};

A ∪B = {(x, µ
A
(x) ∨ µ

B
(x), ν

A
(x) ∧ ν

B
(x));x ∈ X}.

Let {Ai = (µ
Ai
, ν

Ai
)}i∈I be a family of IFS of X. Then∩

i∈I Ai = (µ
(∩i∈IAi)

, ν
(∩i∈IAi)

) = {(x,
∧

i∈I µAi
(x),

∨
i∈I νAi

(x));x ∈ X} and∪
i∈I Ai = (µ

(∪i∈IAi)
, ν

(∪i∈IAi)
) = {(x,

∨
i∈I µAi

(x),
∧

i∈I νAi
(x));x ∈ X}.

Definition 2.2. [5] Let G be a group. An IFS A = (µA, νA
) of G is called an intuitionistic

fuzzy subgroup of G if the following conditions hold for every x, y ∈ G

(1) µA(xy) ≥ µA(x) ∧ µA(y);

(2) ν
A
(xy) ≤ ν

A
(x) ∨ ν

A
(y);

(3) µA(x
−1) ≥ µA(x) (consequently µA(x

−1) = µA(x));

(4) ν
A
(x−1) ≥ ν

A
(x) (consequently ν

A
(x−1) = ν

A
(x)).

Definition 2.3. [13] Let M be an R−module and A = (µ
A
, ν

A
) an IFS of M . Then A is

called an intuitionistic fuzzy submodule of M if A satisfies the following conditions:

(1) µA(0) = 1, νA(0) = 0,

(2) µ
A
(x+ y) ≥ µ

A
(x) ∧ µ

A
(y), for every x, y ∈M ,

νA(x+ y) ≤ νA(x) ∨ νA(y), for every x, y ∈M .

(3) µ
A
(rx) ≥ µ

A
(x), for every x ∈M and r ∈ R,

νA(rx) ≤ νA(x), for every x ∈M and r ∈ R.

If A = (µA, νA) is an intuitionistic fuzzy submodule of an R-module M , we write A is an

IFM of M and denote by A ≤
IF

M . In this case we say A is an intuitionistic fuzzy module

too.

We use by IFS(M), the set of all IFM ofM and IFR−Mod, the category of all IF R-modules.

Definition 2.4. [13] Let A = (µ
A
, ν

A
) and B = (µ

B
, ν

B
) be two IFM ’s of M . Then the

IFM , A+B of M is A+B = {(x, µA+B (x), νA+B (x);x ∈M} defined as

µ
A+B

(x) =
∨

{µ
A
(y) ∧ µ

B
(z) | x = y + z; y, z ∈M},

ν
A+B

(x) =
∧

{ν
A
(y) ∨ ν

B
(z) | x = y + z; y, z ∈M}.

For an IFM , A = (µ
A
, ν

A
) of M and for any r ∈ R, define the IFS, rA = (µ

rA
, ν

rA
) such

that for every x ∈M

µ
rA
(x) =

∨
{µ

A
(y) | x = ry ; y ∈M},

and

ν
rA
(x) =

∧
{ν

A
(y) | x = ry ; y ∈M}.

So the IFM , −A = (µ−A
, ν−A

) will be defined as µ−A
(x) = µ

A
(−x) and ν−A

(x) = ν
A
(−x) for

every x ∈M .
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Proposition 2.5. Let A, B be two IFM ’s of an R-module M . Then A+B and rA for every

r ∈ R, are IFM ’s of M .

Proof. It is straightforward and follows from definitions.

Definition 2.6. Let M be an R-module, N ⊆ M and α, β ∈ [0, 1] such that α + β ≤ 1. We

define the IFS αN = (µ
αN
, ν

αN
) of M as follows

µαN
(x) =

{
α, x ∈ N,

0, otherwise,
and ναN

(x) =

{
β, x ∈ N,

1, otherwise,

for every x ∈M .

If α = 1, then µαN
= χN and ναN

= χc
N
, where χN denotes the characteristic function of

N . In this case we write αN = χIF
N

= (χ
N
, χc

N
).

We denote χIF
0

by 0̄ or 0IFN and χIF
N

by 1IFN , too. If A ≤IF M , then χIF
0

≤IF A ≤IF χIF
M

.

Proposition 2.7. LetM be an R-module and N ⊆M . Then N ≤M if and only if χIF
N

≤
IF
M .

Proof. Suppose that N is a submodule of M . Then 0 ∈ N and hence

χ
N
(0) = 1 and χc

N
(0) = 0.

Now let x, y ∈ M . If x, y ∈ N , then x + y ∈ N , so 1 = χ
N
(x + y) ≥ χ

N
(x) ∧ χ

N
(y) and

0 = χc
N
(x+ y) ≤ χc

N
(x) ∨ χv

N (y).

If x ̸∈ N , then

χ
N
(x+ y) ≥ χ

N
(x) ∧ χ

N
(y) = 0 and χc

N
(x+ y) ≤ χc

N
(x) ∨ χc

N
(y) = 1.

Similar to this case we get if y ̸∈ N .

Now let x ∈M and r ∈ R. If x ∈ N , then rx ∈ N and so we have

1 = χ
N
(rx) ≥ χ

N
(x) and 0 = χc

N
(x) ≤ χc

N
(rx).

If x ̸∈ N , then 0 = χ
N
(x) ≤ χ

N
(rx) and also 1 = χc

N
(x) ≥ χc

N
(rx).

Therefore χIF
N

is an IFM of M .

Conversely suppose that χIF
N

is an IFM of M . So χ
N
(0) = 1 and hence 0 ∈ N . Now let

x, y ∈ N and r ∈ R, then χ
N
(rx+ y) ≥ χ

N
(rx) ∧ χ

N
(y) ≥ χ

N
(x) ∧ χ

N
(y) = 1. So rx+ y ∈ N .

That is N is a submodule of M .

Example 2.8.

(1) Since nZ ≤ Z so χIF
nZ

= (χ
nZ , χ

c
nZ
) is IFM of Z for every n ∈ Z.

(2) Z ≤ Q and hence χIF
Z

is an IF submodule of Q.

(3) Z∞
p ≤ Q

Z and hence χIF
Z∝
P
is an IF submodule of Q

Z .

Definition 2.9. Let M, N be two R-modules and f : M −→ N an R-homomorphism. Let

A = (µ
A
, ν

A
) ≤

IF
M and B = (µ

B
, ν

B
) ≤

IF
N . Then we define f(A) = (µ

f(A)
, ν

f(A)
) and
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f−1(B) = (µ
f−1(B)

, ν
f−1(B)

) by

(µ
f(A)

)(y) =

{ ∨
{µ

A
(x)| y = f(x)}, y ∈ Im(f),

0, y ̸∈ Im(f),

and

(ν
f(A)

)(y) =

{ ∧
{ν

A
(x)| y = f(x)}, y ∈ Im(f),

1, y ̸∈ Im(f),

and for every x ∈M

(µ
f−1(B)

)(x) = µ
B
(f(x)) and (ν

f−1(B)
)(x) = ν

B
(f(x)).

Proposition 2.10. If A ≤IF M , B ≤IF N and f : M −→ N be an R-homomorphism. Then

f(A) ≤IF N and f−1(B) ≤IF M .

Proof. It is clear.

§3 Intuitionistic fuzzy homomorphisms

In this section we introduce intuitionistic fuzzy R-homomorphisms and investigate various

properties of them.

Definition 3.1. Let R be a ring and M, N be R-modules such that A = (µA, νA) ≤IF
M and

B = (µB , νB) ≤IF N . We call the function f̃ : A→ B an intuitionistic fuzzy R-homomorphism,

if f :M −→ N is an R-homomorphism and µB(f(x)) ≥ µA(x) and νB(f(x)) ≤ νA(x) for every

x ∈M .

For simplicity, we denote byHomIF−R(A,B) the set of all intuitionistic fuzzyR-homomorphisms

from A to B .

Example 3.2.

(1) The identity map id : M −→ M is an IF homomorphism (f̃ : A −→ A) for every IF

submodule A of M .

(2) Let A,B be two IF submodules of Z defined by

µA(x) =

{
1, x ∈ 2Z
1
2 , x ̸∈ 2Z

,

ν
A
(x) =

{
0, x ∈ 2Z
1
3 , x ̸∈ 2Z

,

and

µ
B
(x) =

{
1, x ∈ 3Z
1
5 , x ̸∈ 3Z

,

νB (x) =

{
0, x ∈ 3Z
1
5 , x ̸∈ 3Z

.

Define f̃ : A −→ B such that (f : Z −→ Z) f(x) = 2x for every x ∈ Z. Then f is an

R-homomorphism but f̃ is not an IF homomorphism ( See that 1
5 = µB(f(2)) < µA(2) = 1).
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Definition 3.3. We call an intuitionistic fuzzy R-homomorphism f̃ ∈ Hom
IF−R

(A,B), fuzzy

split, if there is an intuitionistic fuzzy R-homomorphism t̄ ∈ Hom
IF−R

(B,A) such that the

composition t̃f̃ = id .

Definition 3.4. We call an intuitionistic fuzzy R-homomorphism f̃ ∈ Hom
IF−R

(A,B), intu-

itionistic fuzzy quasi-isomorphism, if f is an isomorphism.

If f̃ : A→ B is an IF R-homomorphism, define ker f̃ =

{
a ∈ A |

µB(f̃(a)) = 1,

νB(f̃(a)) = 0,

}
and Imf̃ = {f̃(a)|a ∈ A}.

Definition 3.5. We call an intuitionistic fuzzy R-homomorphism f̃ ∈ Hom
IF−R

(A,B), intu-

itionistic fuzzy isomorphism, if f is an isomorphism and µB (f̄(a)) = µA(a) , νB (f̄(a)) = νA(a)

for every a ∈M .

Note that ker f̃ = ker f is not true in general, but ker f ⊆ ker f̃ .

If ker f̃ = {0} then f̃ is monomorphism as

f(x) = f(y) ⇒ f(x− y) = 0 ⇒

{
µ

N
(f̃(x− y)) = 1;

ν
N
(f̃(x− y)) = 0.

⇒ x− y ∈ ker f̃ = {0} ⇒ x = y.

But the reverse is not true, it means if f̃ is a monomorphism then it need not that ker f̃ =

{0}.

Example 3.6. IfB = 1IF
M

, then ker f̃ =M , for everyA ∈ IFR−Mod and f̃ ∈ Hom
IF−R

(A,B).

Especially letM = N = Z, A = B = 1IF
M

and f̃ : A→ B be the identity map. Then ker f = {0}
but ker f̃ = Z.

Proposition 3.7. Let R be a ring. If f̃ ∈ Hom
IF−R

(A,B), where A and B are two IF R-

modules, such that A = (µA , νA) ≤IF M and B = (µB , νB ) ≤IF N , then

(1) ker f̃ is a submodule of M .

(2) Define µ′ |ker f̃ : ker f̃ → [0, 1] , ν′ |ker f̃ : ker f̃ → [0, 1] by

{
µ′(k) = µ(k);

ν′(k) = ν(k).
for every

k ∈ ker f̃ .

Then A′ = (µ′|ker f̃ , ν′|ker f̃ ) is an IF submodule of A.

Proof. (1) Let 0 be the zero element of M . Obviously, we have 0 ∈ ker f̃ . Given a ∈ ker f̃ and

r ∈ R, then

µ
B
(f̃(ra)) = µ

B
(rf̃(a)) ≥ µ

B
(f̃(a)) = 1,

ν
B
(f̃(ra)) = ν

B
(rf̃(a)) ≤ ν

B
(f̃(a)) = 0.

So we get ra ∈ ker f̃ . Particularly we have −a ∈ ker f̃ . If a, b ∈ ker f̃ , we can easily get

a+ b ∈ ker f̃ . This proves that ker f̃ is a submodule of A.

(2) The proof is obvious.
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§4 IF exact sequences and IF Hom functors in IFR-Mod

In the following, we will define a function from HomIF−R(A,B) to [0, 1] and make

Hom
IF−R

(A,B) into an intuitionistic fuzzy R-module.

In R-Mod, the sequence 0 −→ M
f−→ N

g−→ K −→ 0 is called a short exact sequence if f

is a monomorphism, g is an epimorphism and Imf = ker g. We know that f is monomorphism

iff ker f = {0}. We denote by 0̄ the IF zero module.

Definition 4.1. Let A, B and C be IF R-modules of M , N and K respectively. A short exact

sequence is a sequence of the form 0̄−→A
f̃−→ B

g̃−→ C −→ 0̄, where f̃ is a monomorphism, g̃

is an epimorphism and Imf̃ = ker g̃.

Note that ker f̃ is usually larger than {0} by Definition 3.5. Hence, the crisp case of the definition

is different from the well-known notion of short exact sequence in the category IFR-mod.

If C = 1K , we get Imf̃ = ker g̃ = N . As f̃ is monic, so we conclude that f̃ is quasi-

isomorphism.

Definition 4.2. An IF R-module P = (µP , νP ) is called projective if for every surjective IF

R-homomorphism f̃ : A −→ B and for every IF R-homomorphism g̃ : P −→ B , there exists

an IFR-homomorphism h̃ : P −→ A such that f̃ h̃ = g̃.

Remark 4.3. If P is a projective IF R-module, then P = 0̄.

Proof. Let P = (µ
P
, ν

P
) ≤

IF
M be a projective IF R-module and

A = 0̄ ≤IF M , B = P ≤IF M . Let f̃ = g̃ = idM . Then there exists h̃ = id : P −→ A, since

P is projective. We must have µA(h(x)) ≥ µP (x) and νA(h(x)) ≤ νP (x) for every x ∈ P . This

implies P ⊆ A = 0̄.

Theorem 4.4. Let R be a commutative ring and A = (µA, νA) ≤IF M ,

B = (µB , νB) ≤IF N be two intuitionistic fuzzy R- modules. Then

Hom
IF−R

(A,B) = (α, β) is an IF R-module with membership function α : Hom
IF−R

(A,B) −→
[0, 1] and non-membership function β : Hom

IF−R
(A,B) −→ [0, 1] defined by

α(f̃) =
∧

{µB(f̃(x)) | x ∈M} and β(f̃) =
∨

{νB(f̃(x)) | x ∈M}.

Proof. Assume r ∈ R and f̃ ∈ HomIF−R(A,B). Define a function

r.f̃ : A −→ B by r.f̃(x) = rf̃(x) for every x ∈M .

Then we have

µB(r.f̃(x)) = µB(rf̃(x)) ≥ µB(f̃(x)) ≥ µA(x)

νB(r.f̃(x)) = νB(rf̃(x)) ≤ νB(f̃(x)) ≤ νA(x)

This concludes that r.f̃ ∈ Hom
IF−R

(A,B). Hence we show that Hom
IF−R

(A,B) is an R-

module.

We now have to prove that Hom
IF−R

(A,B) is an IF R-module. Suppose that

r ∈ R, f̃ ∈ Hom
IF−R

(A,B) and x ∈M . By

µB(r.f̃(x)) = µB(rf̃(x)) ≥ µB(f̃(x)),
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νB(r.f̃(x)) = νB(rf̃(x)) ≤ νB(f̃(x)),

we have,
∧
{µB(r.f̃(x)) | x ∈ M} ≥

∧
{µB(f̃(x)) | x ∈ M} and

∨
{νB(r.f̃(x)) | x ∈ M} ≤∨

{νB(f̃(x)) | x ∈M}. This implies that α(r.f̃) ≥ α(f̃) and β(r.f̃) ≤ β(f̃).

If f̃ , g̃ ∈ Hom
IF−R

(A,B), then

α(f̃ + g̃) =
∧

{µB(f̃(x) + g̃(x)) | x ∈M} ≥
∧

{
∧

(µB(f̃(x)), µB(g̃(x))) | x ∈M}

≥
∧

{{
∧

(µB(f̃(x)) | x ∈M}, {
∧

(µB(g̃(x)) | x ∈M}} =
∧

{α(f̃), α(g̃)},

β(f̃ + g̃) =
∨

{νB(f̃(x) + g̃(x)) | x ∈M} ≤
∨

{
∨

(νB(f̃(x)), νB(g̃(x))) | x ∈M}

≤
∨

{{
∨

(νB(f̃(x)) | x ∈M}, {
∨

(νB(g̃(x)) | x ∈M}} =
∨

{β(f̃), β(g̃)}.

We obviously have that

{
α(0) = 1;

β(0) = 0.
. Therefore HomIF−R(A,B) is an IF R-module.

LetM be anR-module andA IF submodules ofM . Then we define the functorHomIF−R(A,-

) from IFR-Mod to IFR-Mod such that for every two IF submodules B and C of M and IF

homomorphism f̃ : B −→ C, HomIF−R(A,−)
(
B
)
= HomIF−R(A,B) and

HomIF−R(A,−)
(
f̃
)
= HomIF−R(A, f̃) : HomIF−R(A,B) −→ HomIF−R(A,C)

such that HomIF−R(A, f̃)
(
f
)
= f̃of . Similarly the functor HomIF−R(-,A) can be defined. We

call these two functors, the Hom functors from IFR−Mod to IFR−Mod.

Example 4.5. Let Z be the set of integers and M = 4Z. Define B = (µB , νB ) ≤IF Z such that

µ : Z −→ [0, 1], ν : Z −→ [0, 1] by

µ
B
(n) =

{
1
10 , if n ̸= 0;

1, if x = 0.

ν
B
(n) =

{
4
10 , if n ̸= 0;

0, if x = 0.

C = (µC , νC ) ≤IF Z

µ
C
(k̄) =

{
1
2 , if k̄ ̸= 0̄;

1, if k̄ = 0̄.

ν
C
(k̄) =

{
1
3 , if k̄ ̸= 0̃;

1, if k̄ = 0̄.

Then both B and C are IF Z−modules. Also, we have a short exact sequence

0̄ −→ 0
M

f̃−→ B
g̃−→ C −→ 0̄

where f̃ is the inclusion homomorphism and g̃ is the natural epimorphism. Let F =

Hom
IF−R

(B,−). We claim that the sequence

0̄ −→ Hom
IF−R

(B, 0
M
)

F f̃−→ Hom
IF−R

(B,B)
F g̃−→ Hom

IF−R
(B,C)

is not exact. Define h̃
1
: Z −→ Z by putting h̃

1
(n) = 6n and define h̃

2
: Z −→ Z by putting

h̃2(n) = 12n. We can check that both h̃1 and h̃2 are in ker fg̃. Hence | ker fg̃ |≥ 2. Since
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Hom(B, 0
M
) contains only zero morphism, we have ImF f̃ ̸= ker fg̃. So Hom

IF−R
(B,−) is not

exact.

Theorem 4.6. Let R be a commutative ring and let 0̄ −→ A
f̃−→ B

g̃−→ C be an exact sequence

in IFR-Mod, where f̃ is IF split homomorphism. Then HomIF−R(D,-) preserves the sequence,

for every D ∈ IFR−Mod.

Proof. Let F = HomIF−R(D,−) such that A = (µA , νA) ≤IF M, B = (µB , νB ) ≤IF N, C =

(µc , νc) ≤IF
K and D = (µ

D
, ν

D
) ≤

IF
H. We will show that the sequence

0̄ −→ Hom
IF−R

(D,A)
F f̃−→ Hom

IF−R
(D,B)

F g̃−→ Hom
IF−R

(D,C)

is exact. Put F f̃ = f∗ and F g̃ = g∗. HomIF−R(D,−) is left exact, so it is clear that f∗ is

monic.

Let HomIF−R(D,A) = (α1 , α2) that α1 : HomIF−R(D,A) −→ [0, 1], α2 : HomIF−R(D,A) −→
[0, 1] are membership and non-membership functions, respectively, such that

α1(ψ̃) =
∧
{µA(ψ(x)) | x ∈ H}, α2(ψ̃) =

∨
{νA(ψ(x)) | x ∈ H} . Also let HomIF−R(D,C) =

(δ1 , δ2).

Now is λ̃ ∈ Imf∗ then δ2(g̃of̃oψ̃) =
∨
{ν

C
((g̃of̃oψ̃)(x)) | x ∈ H} =

∨
{ν

C
((g̃of̃(ψ̃))(x)) |

x ∈ H} =
∨
{0} = 0. So ImF f̃ ⊆ kerF g̃.

Now we will show that ImF f̃ ⊇ kerF g̃.

Assume λ̃ ∈ ker g∗. Hence we have

(1) 1 = δ1(g∗(λ̃)) =
∧
{µ

C
(goλ(x)) | x ∈ H}, hence µ

C
(goλ(x)) = 1, for every x ∈ H.

(2) 0 = δ2(g∗(λ̃)) =
∨
{νC (goλ(x)) | x ∈ H}, hence νC (goλ(x)) = 0, for every x ∈ H.

From (1), (2) we conclude that Imλ̃ ∈ ker g̃ = Imf̃ .

Now define ρ̃ : D −→ A by ρ̃(x) = m for every x ∈ H, where λ̃(x) = f̃(m).

It is not difficult to see that f̃oρ̃ = λ̃( i.e, λ̃ ∈ Imf∗), which completes the proof.

Theorem 4.7. Let R be a commutative ring and A
f̃−→ B

g̃−→ C −→ 0̄ be an exact sequence

of IF R-modules, where f̃ is IF split.

Let G = Hom
IF−R

(−, D), then the following sequence is exact

0̄ −→ HomIF−R(C,D)
Gg̃−→ HomIF−R(B,D)

Gf̃−→ HomIF−R(A,D).

Proof. It is similar to the proof of Theorem 4.6.

Let E(R) be the set of all idempotent members of the ring R.

Now, we study the functor Hom
IF−R

(M,−), where M = 0IFRe for e ∈ E(R). First suppose

that A ≤
IF−R

M and e ∈ E(R). Then the IF R-module eA ≤
IF

eM is defined by eA =

(µ
eA
, ν

eA
) such that

{
µeA(em) = µA(em)

νeA(em) = νA(em)
.

Lemma 4.8. Let R be a commutative ring and A ∈ IFR−Mod. Then Γ
A
: Hom(0IFRe , A) −→

eA defined by f̃ 7−→ f̃(e), is an IF R-module isomorphism.
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Proof. Assume em ∈ eM where A = (µ
A
, ν

A
) ≤IF M . Define a map f̃ : 0IF

Re
−→ eA by putting

f̃(re) = rem. We can easily check that f̃ ∈ Hom
IF−R

(0IF
Re
, A) and Γ

A
(f̃) = em. It follows that

Γ
A
is a surjective map. If f̃ ∈ Hom

IF−R
(0IF

Re
, A), we can see that f̃ is determined by f̃(e). This

shows that Γ
A

is an injective map. Let f̃ ∈ Hom
IF−R

(0IF
Re
, A). We have α1(f̃) = µ

A
(f̃(e)) ,

α2(f̃) = ν
A
(f̃(e)) where Hom

IF−R
(0IF

Re
, A) = (α1, α2). This shows ΓA

is an intuitionistic fuzzy

isomorphism.

Proposition 4.9. Let R be a ring and the following diagram of IF R-modules is commutative:

0̄ −→ A
f̃−→ B

g̃−→ C −→ 0̄

↓α̃
yβ̃ ↓γ̃

0̄ −→ D
h̃−→ E

p̃−→ F −→ 0̄

where α̃, γ̃ are IF isomorphisms and β̃ is an IF quasi-isomorphism. Then the bottom row is a

short exact sequence if and only if so is the top row.

Proof. Let A ≤IF M , B ≤IF N , C ≤IF K, D ≤IF H, E ≤IF X and F ≤IF Y .

Suppose that the bottom row is exact. First we prove that f̃ is monomorphism. Assume

f(m1) = f(m2) (m1,m2 ∈ M). We have h̃α̃(m1) = β̃f̃(m1) = β̃f̃(m2) = h̃α̃(m2). So

m1 = m2, as h̃α̃ is monomorphism. So f̃ is monic.

Let k ∈ K and γ̃(k) = y. Since p̃ is epimorphism, so there exists x ∈ X such that p̃(x) = y.

Suppose that x = β̃(n) for some n ∈ N . Now y = p̃(x) = p̃β̃(n) = γ̃g̃(n) i.e., γ̃(x) = γ̃g̃(x)

and hence x = g̃(x) as γ̃ is monic. This implies g̃ is an epimorphism.

Now let m ∈ M . We will show that f̃(m) ∈ ker g̃. For this first we have h̃α̃(m) ∈ Imh̃ =

ker p̃. Therefore

{
µ

F
(p̃(h̃α̃(m))) = 1;

νF (p̃(h̃α̃(m))) = 0;
and so{

µF (γ̃(g̃f̃(m))) = 1;

ν
F
(γ̃(g̃f̃(m))) = 0

. Then since γ̃ is isomorphism, hence{
µ

C
(g̃(f̃(m))) = µ

F
(γ̃(g̃f̃(m))) = 1;

νC (g̃(f̃(m))) = νF (γ̃(g̃f̃(m))) = 0;
and this implies f̃(m) ∈ ker g̃. So Imf̃ ⊆ ker g̃.

Now suppose that n ∈ ker g̃, so

{
µC (g̃(n)) = 1;

ν
C
(g̃(n)) = 0;

and hence{
µ

F
(γ̃g̃(n)) = 1;

νF (γ̃g̃(n)) = 0
. Now by commutativity we can obtain

{
µ

F
(p̃β̃(n)) = 1;

νF (p̃β̃(n)) = 0
. This implies

β̃(n) ∈ ker p̃ = Imh̃ and so there exists t ∈ H such that h̃(t) = β̃(n). Also there exists

m ∈M such that α̃(m) = t.

Now β̃f̃(m) = h̃α̃(m) = h̃(t) = β̃(n) and hence n = f̃(m), as β̃ is isomorphism. Thus

ker g̃ ⊆ Imf̃ .

Similarly the converse can be shown.

Definition 4.10. Let M,N be two R−modules and A ≤IF M , B ≤IF N . If f̃ : A −→ B is

an IF homomorphism and e ∈ E(R), we define ẽf : eA −→ eB by ẽf(em) = f̃(em) = ef̃(m),



796 Appl. Math. J. Chinese Univ. Vol. 40, No. 4

for every m ∈M .

Proposition 4.11. Let R be a commutative ring and 0̄ −→ A
f̃−→ B

g̃−→ C −→ 0̄ be a short

exact sequence of IF R-module. Let e ∈ E(R), ẽf = f̃ |
eA

and ẽg = g̃|
eB
. Then the sequence

0̄ −→ eA
ẽf−→ eB

ẽg−→ eC −→ 0̄ is exact.

Proof. Suppose that A ≤
IF
M, B ≤

IF
N, C ≤

IF
K. Let ek ∈ eK. Since g̃ is an epimorphism,

there exists n ∈ N satisfying g̃(n) = ek. We have en ∈ eN and ẽg(en) = eg̃(n) = ek, since e is

an idempotent.

This proves that ẽg is an epimorphism. Since Imf̃ ⊆ ker g̃, it is clear that Im(ẽf) ⊆ ker(ẽg).

Suppose that en ∈ ker(ẽg). We have an element m ∈ M satisfying f̃(m) = en, because

ker(ẽg) ⊆ ker g̃. Hence em ∈ eM and ẽf(em) = f̃(em) = ef̃(m) = en, i.e., ker(ẽg) ⊆ Im(ẽf),

as desired.

Proposition 4.12. Let R be a commutative ring and Let e ∈ E(R). The functor Hom(0IF
Re
,−)

preserves the sequence 0̄ −→ A
f̃−→ B

g̃−→ C −→ 0̄ of IF R-modules.

Proof. The sequence 0̄ −→ eA
ẽf−→ eB

ẽg−→ eC −→ 0̄ is a short exact sequence by Proposition

4.11. Consider the following commutative diagram of IF R-modules

0̄ −→ Hom(0IF
Re
, A)

f̃−→ Hom(0IF
Re
, B)

g̃−→ Hom(0IF
Re
, C) −→ 0̄yη

A

yη
B

yη
C

0̄ −→ eA
h̃−→ eB

p̃−→ eC −→ 0̄

.

Where ηA , ηB , ηC are IF isomorphisms by Lemma 4.8. Now by Proposition 4.9, the top

row is exact.

§5 Product and coproduct in IFR-Mod

In this section we will introduce the operations product and coproduct in category IFR-Mod

and present some equivalence for them. We investigate the functor Hom for these operations

in IF case and crisp case and present some isomorphisms between them.

Definition 5.1. Let {Ai = (µAi , νAi) | i ∈ I} be a family of IF R-modules. Then we

define
⨿

i∈I Ai = (µ, ν) is the coproduct of {Ai = (µAi , νAi) | i ∈ I} such that the maps

(µ, ν) :
⨿

i∈I Ai → [0, 1] are defined by putting

µ((ai)i∈I) = ∧{µi(ai) | i ∈ I} and ν((ai)i∈I) = ∨{νi(ai) | i ∈ I}.

Similarly, the product of {Ai = (µAi , νAi) | i ∈ I} denoted by
∏

i∈I Ai = (µ, ν), where

(µ, ν) :
∏

i∈I Ai → [0, 1] are defined by

µ((ai)i∈I) = ∧ {µi(ai) | i ∈ I} , ν((ai)i∈I) = ∨ {νi(ai) | i ∈ I}.

If {Ai | i ∈ I} is a family of IF R-modules such that Ai ≤IF Mi for every i ∈ I, then it

is not difficult to see that
∏

i∈I Ai and
⨿

i∈I Ai are IF submodules of
∏

i∈I Mi and
⨿

i∈I Mi,

respectively.
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Proposition 5.2. Let M be an R-module, A = (µ
A
, ν

A
) ≤IF M and ei ∈ E(R) for any i ∈ I.

Then

Hom(
⨿
i∈I

0IF
Re

i
, A) ∼=

∏
i∈I

Hom(0IFRei , A).

Proof. Let

κ : Hom(
⨿
i∈I

Rei , M) −→
∏
i∈I

Hom(Rei, M)

given by

f 7−→ (fλi = fi)i∈I

be the isomorphism, where λj is the injection Rej −→
⨿
i∈I

Rei, for every j ∈ I.

By the proof of Lemma 4.8, for every i ∈ I, when Hom(0IFRei
, A) = (αi, βi),

Hom(
⨿
i∈I

0IF
Re

i
, A) = (α, β), we have αi(fi) = µA(fi(ei)), βi(fi) = νA(fi(ei)). Note that

µA(
∑
i∈I

fi(riei)) =
∧
i∈I

µA(fi(riei),

νA(
∑
i∈I

fi(riei)) =
∨
i∈I

νA(fi(riei)) and µA(fi(riei)) = µA(rifi(ei)) ≥ µA(fi(ei)), νA(fi(riei))

= νA(rifi(ei)) ≤ νA(fi(ei)), where ri ∈ R forevery i ∈ I. For every f ∈ Hom(
⨿
i∈I

0IFRei
, A), we

have

α(f) =
∧

{µA(f((riei)i∈I)) | (riei)i∈I ∈
⨿
i∈I

Rei}

=
∧

{µA(
∑
i∈I

fi(riei)) | riei ∈ Rei}

=
∧

{µA(fi(ei))i∈I | i ∈ I} =
∧

{αi(fi) | i ∈ I}

= (
∏
i∈I

αi)((fi)i∈I) = (
∏
i∈I

αi)(x(f))

and

β(f) =
∨

{µB(f((riei)i∈I)) | (riei)i∈I ∈
⨿
i∈I

Rei}

=
∨

{µB(
∑
i∈I

fi(riei)) | riei ∈ Rei}

=
∨

{µB(fi(ei))i∈I | i ∈ I} =
∨

{βi(fi) | i ∈ I}

= (
∏
i∈I

βi)((fi)i∈I) = (
∏
i∈I

βi)(x(f)).

Similarly, note that {fi(ei) | ei ∈ Rei} ⊆ {
∑
i∈I

fi(riei) | riei ∈ Rei}. So κ is an IF isomorphism,

that is

Hom(
⨿
i∈I

0IFRei , A)
∼=

∏
i∈I

Hom(0IFRei , A).

Proposition 5.3. If eiA = (µeiA, νeiA) ≤IF
e
i
M , where e

i
∈ E(R) for i ∈ I, then

Hom(
⨿
i∈I

0IF
Re

i
, A) ∼=

∏
i∈I

eiA.
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Proof. By Lemma 4.8 and Proposition 5.2.

Let R be a ring and I an ideal of R. Then we say idempotents lift modulo I if for every

idempotent e+ I in R/I, there exists an idempotent e′ of R such that e+ I = e′ + I.

A ring R is called semiperfect if R/J(R) is semisimple and idempotents lift modulo J(R), where

J(R) is the Jacobson radical of R.

Proposition 5.4. Let R be a semiperfect ring and P a projective R-module. Then P ∼=
⨿i∈IRei, for some ei ∈ E(R).

Proof. See [1, Theorem 27.11].

By Proposition 5.4, for any semiperfect ring R and projective IF R-module P , we have

P ∼=
⨿
i∈I

0IFRei
, for some ei ∈ E(R) (Since every projective IF R-module is zero IF R-module).

Proposition 5.5. Let R be a commutative semiperfect ring. Then Hom(P,−) preserves the

short exact sequence 0̄ −→ A
f̃−→ B

g̃−→ C −→ 0̄ of IF R-modules if and only if P is an IF

projective R-module.

Proof. Suppose that Hom(P ,-) reserves that exact sequence. Let B ≤IF M and C ≤IF N

and g̃ : B −→ C be an If epimorphism. Let

K = ker g̃ =

{
x ∈M |

µc(g(x)) = 1;

νc(g(x)) = 0

}
and B′ = (µB , νB)|K . Then B′ is an IF submodule of B. So we obtain the short exact sequence

0̄ −→ K
ĩ−→ B

g̃−→ C −→ 0̄ where ĩ is the inclusion map. Since Hom(P,−) preserves the

sequence, Hom(P,−) preserves the epimorphism g̃. By this we can conclude that P is an IF

projective R-module.

Conversely since P is an IF projective R-module, we have P ∼=
⨿
i∈I

0IFRei
where ei ∈ E(R).

Let 0̄ −→ A
h̃−→ B

g̃−→ C −→ 0̄ be a short exact sequence of IF R-modules. Then the sequence

0̄ −→
∏
i∈I

eiA −→
∏
i∈I

eiB −→
∏
i∈I

eiC −→ 0̄

is also a short exact sequences by Proposition 4.11. Using Proposition 5.3 we have the following

commutative diagram

0̄ −→ Hom(
⨿
i∈I

0IFRei
, A) −→ Hom(

⨿
i∈I

0IFRei
, B) −→ Hom(

⨿
i∈I

0IFRei
, C)

↓ ↓ ↓
0̄ −→

∏
i∈I

eiA −→
∏
i∈I

eiB −→
∏
i∈I

eiC

−→ 0̄

−→ 0̄
Now since the bottom row is a short exact sequence, so the top row is also a short exact

sequence, by Proposition 4.9. This completes the proof.
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Example 5.6. Let M be a Zn-module for some natural number n > 1. Let P = 0̄ be an IF

submodule of M . Then Hom(0̄,−) preserves the short exact sequence 0̄ −→ A
f̃−→ B

g̃−→
C −→ 0̄ of IF Zn-modules, by Proposition 5.5.

§6 Conclusion

The conclusion of this paper is that under the concepts of homomorphisms, exact sequences,

Hom functors, product and coproduct in modules theory, we use these concepts on the intu-

itionistic fuzzy case of modules theory and get some interesting results about them. Reader can

use this paper to get some other results for intuitionistic fuzzy modules such as tensor product.

Also we would like to notice several open questions on the topic of this paper as below

(1) Are the functors Hom(D,−) and Hom(−, D) right exact?

(2) Are the Theorems 4.4, 4.6, 4.7, Lemma 4.8, Proposition 4.11 and Proposition 4.12 true,

when R is not commutative?

(3) Is Theorem 5.5 true, when R is not semiperfect?
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