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Controlled proximal contractions with an application

to a class of integral equations

Mudasir Younis!»?* Haroon Ahmad?

Abstract. In this study, we explore some of the best proximity point results for generalized
proximal contractions in the setting of double-controlled metric-type spaces. A non-trivial ex-
ample is given to elucidate our analysis, and some novel results are derived. The discovered
results generalize previously known results in the context of a double controlled metric type
space environment. This article’s proximity point results are the first of their kind in the realm
of controlled metric spaces. To build on the results achieved in this article, we present an

application demonstrating the usability of the given results.

81 Introduction and preliminaries

Fixed point theory serves as a significant method for solving the equation Tx = z, where
T denotes a mapping defined on a subset of a metric space, a simplified linear space, or a
topological vector space. A mapping T : A — B that does not map elements to themselves
might not possess a fixed point, but it is certain that there always exists an element x closer
to Tx. From this perspective, the best approximation theorem and the best proximity point
are relevant. A classical best approximation theorem, due to Fan [10], claims that if A is a
nonempty compact convex subset of a Hausdorff locally convex topological vector space X with
a semi-norm p and T : A — X is a continuous mapping, then there is an element x in A
satisfying the condition that d(z,Tz) = d(Tx, A). Many subsequent extensions and variations
of Fan’s theorem have occurred including [3-5,11,16].

Although the best approximation theorems are sufficient for the delivery of an approximate
solution to the equation Tx = z, such conclusions exclude an ideal approximate solution.
Moreover, the theorem of the best proximity point specifies adequate criteria for the presence

of an element z to reduce the error d(z,Tz). A best proximity point theorem is concerned
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with the global minimization of the real-valued function © — d(z,Tx) and is an indication of
the error involved in the solution of the approximated operator T'r = z. Since, for a nonself-
mapping T : A — B, d(z,Tx) is at least d(A, B) for all z in A, the best proximity point theorem
establishes a globally optimal solution of error d(x, T'z) by constraining an approximate solution
x of the equation Tz = z to the condition that d(z,Tx) = d(A, B). Such an ideal approximate
solution Tz = x is the best proximity point of nonself-mapping T : A — B. In fact, the best
proximity point theorem can be used as a logical extension of fixed point theorems, since the
best proximity point comes down to a fixed point as the underlying mapping turns out to be a
self-mapping.

The basic theory of the best proximity point results have been demonstrated in [6]. Anurad-
ha and Veeramani have tested the presence of the best proximity point for proximal pointwise
contractions [3]. Generally, several the best proximity point theorems were analyzed for multi-
ple variants of contractions in [1,13,17,19,20,22,24-26]. The best proximity point theorem for
contraction mappings was presented in [7]. Some interesting common best proximity theorems
have been discussed in [29] and [30]. The best proximity point theorems for various forms of
multi-valued mappings have also been obtained in [4,5,12,21].

Moreover, some recent papers deal with complementary aspects of analysis and stability
of approximation theory via fixed-point methods and best approximation theory. The authors
have studied applications of convergence results to solve variational inequalities and fixed point
problems in the setting of real Hilbert spaces (see, e.g., [18,27]). For application part related
to best proximity point see [35-38].

Recently, according to the parameters of the left-hand side of the triangular inequality in
extended b—metric space, the authors in [1] introduced a type of extended b—metric spaces by
substituting the constant s by functions «(z,y) depending on the parameters of the left-hand
side of the triangular inequality. The primary purpose of this article is to include the best
proximity point theorems for generalized and modified proximal contractions in the context
of double-controlled metric type spaces. Thus provide an optimal approximate solution to
the equation Tz = z. It is acknowledged that the previous best proximity point theorems
also include the well-known Banach contraction principle and some of its generalizations and

variations are special cases.

Definition 1.1. (c¢f. Abdeljawad at al. [1]) Let X be a nonempty set and a, pr : X x X — [1, +00)
be two noncomparable functions. Suppose that a function d : X x X — [0, +00) satisfies:

(1) d(z1,22) =0 if and only if v1 = x2,
(2) d(x1,22) = d(z2,21),
(3) d(x1,22) < (w1, 23)d (21, 23) + p (23, x2) d (23, 22) ,
for all x1, 29,23 € X, then (X,d) is called a double controlled metric type space.

Let A and B be two nonempty subsets of a double controlled metric type space (X,d).
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Define
Ag ={x € A:d(z,y) = d(A4, B) for some y € B},
By ={y € B:d(z,y) = d(A, B) for some = € A},

where
d(A, B) = inf{d(z,y) : ® € A,y € B}(distance of a set A to a set B).

Remark 1.1. (¢f. M. Gabeleh [33]) If (A, B) is a nonempty, bounded and closed pair in a

reflexive Banach space X, then its prozimal pair (Ao, Bo) is also nonempty, closed and convez.

Definition 1.2. (¢f. Abdeljawad at al. [1]) Let (X,d) be a double controlled metric type space.
A sequence {x,} converges to some x in X, if for every e > 0, there exists N = N(e¢) € N, such

that d (xn,x) < € for each n > N. In this case, we write

lim z, = x.
n—-+o00

Definition 1.3. (¢f. Abdeljawad at al. [1]) The sequence {z,} in a double controlled metric
type space (X, d) is called a Cauchy sequence, if for every e > 0, d (zp, Tm) < € for allm,n > N,
where N, € N.

Definition 1.4. (¢f. Abdeljawad at al. [1]) A double controlled metric type space (X,d) is

called complete if every Cauchy sequence is convergent in X.

Definition 1.5. (¢f. Raj [22]) Let A and B be the nonempty subsets of a metric space such
that Ao is nonempty. Then a pair (A, B) has the P-property if and only if

d(xla yl) = d(Av B)a

d(x2,y2) = d(A, B),
implies that

d(z1,72) = d(y1,92),
where 1,29 € A and y1,y2 € B.

For Further information about P-property researchers can read [31] and [32].

Lemma 1.1. (¢f. M. Gabeleh & O. Olela Otafudu [34]) Let (A, B) be a nonempty, closed and
convez pair in o reflexive and Busemann convex space X so that B is bounded. Then (A, B)

has the P-property.

Definition 1.6. (cf. Jleli & Samet [15]) Let (X,d) be a double controlled metric type space.
GivenT : A— B andn: Ax A — [0,4+00). The mapping T is said to be n-proximal admissible
if

n(xy,r2) > 1,
d(ul,Tml) = d(A, B),
d(UQ,T{,CQ) = d(A, B)7
implies that
n(uhu?) > 1a

for all x1,x9,u1,us € A.
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Definition 1.7. (¢f. Rockafellar & Wet [23]) Let (X,d) be a double-controlled metric-type
space. Let CB(X) represent the closed and bounded subsets of X. Let H be the Pompeiu—
Hausdroff metric induced by metric d defined by

H(A, B) = max{sup D(a, B),sup D(b, A)},
acA beB

for A, B € CB(X), where
D(a, B) = inf{d(a,b) : for all b € B},
and we will denote

D*(a,b) = {D(a,b) — d(A, B), foralla € A and b € B}.

Definition 1.8. Let (X,d) be a double-controlled metric-type space. Let (A, B) be a pair of
nonempty subsets of double controlled metric type space such that Ag is nonempty. An element
x* € A is said to be best prozimity point of the mapping T : A — B if d (x*,Tz*) = d(A, B).

82 Proximal contractions

Within the realm of double controlled metric type space (X, d), certain best proximity point
theorems will be covered for multi-valued mappings in this section.
Define p : X x X — [1,+00) by the following
p(x, B) = inf{a(z,y) : for all y € B},
p(A, B) = inf{a(x,y) : for all z € A and y € B}.
and q: X x X — [1,400) as
q(z, B) = inf{u(z,y) : for all y € B},
q(A, B) = inf{u(x,y) : for all z € A and y € B},
where a, p : X x X — [1,+00) for all z,y € X and (A, B) be a pair of nonempty subsets of
double controlled metric type space (X, d).
From now and onward consider F as the collection of all non-decreasing functions A : [0, +o0) —
[0, 1) where for every bounded sequence {t,, } of positive real numbers, A{¢,,} — 1 implies ¢,, — 0.

Definition 2.1. A mapping T : X — CB(X) is continuous in a double controlled metric type
space (X, d) at x € X if, for all e > 0, there exists 6 > 0 such that
T(K(z,6)) C K(Tz,¢€),
where K(x,€) is given as
K(z,e) ={y € X,d(z,y) < €}.
Clearly, if T is continuous at x, then x, — x implies that Tx, — Tx as n — oo.

Definition 2.2. Let (X,d) be a double-controlled metric-type space. Suppose that (A, B) be
a pair of nonempty subsets of a double controlled metric type space (X,d) such that Ay is
nonempty. Then a pair (A, B) has the P-property if

d(xlayl) = d(AvB)a

d(anyQ) = d(A7 B)a
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implies that

d(z1,22) = d(y1, y2),
where 1,29 € A and y1,y2 € B.

Definition 2.3. Let (X, d) be a double controlled metric type space. A pair of mappings (g,T),
where T : A — CB(B) and g : A — A is said to be (A — n) py—prozimal Geraghty contraction, if
n:AxA—0,+00), satisfying

n(xvy) > 1,
D(gu,Tx) = d(A, B),
D(gv,Ty) = d(A, B),

implies that
n(z, y)H(Tz, Ty) < A(M(u, v, z,y)) M (u,v,z,y),
where
D(gz, Tx) — q(gy, Tx)d(A, B)
p(gz, 9y)
D(gu,Ty) — a(gv, Ty)d(4, B) }
p(gu, gv) ’

)

M (u,v,z,y) = max {d(gﬂc, 9y),

D*(gu, Tx),
for all u,v,x and y € A, where A\ € F.

Definition 2.4. Let (X, d) be a double controlled metric type space. A mappingT : A — CB(B)
is said to be (A — n)p—generalized proximal Geraghty contraction, if n : A x A — [0,400),
satisfying

SV}

y)>1
— d(A, B
D(v, d(A, B)

n(@,y
D(u,Tx)
Ty)

implies that
n(z,y)H(Tz, Ty) < A(M (u,v,z,y)) M (u,v,z,y),

where
M(u,v,z,y) = max {d(m,y), D(z,Tx) —pElx(y?,j“m)d(,él7 B)’
D" (u, Ta), 2 TY) p?@iv’v?y)d(“" 5) } ,

for allu,v,x,y € A, and A € F.

Note that, if we take g = I4 (g as an identity mapping on A), then every (A—n)y; —proximal
Geraghty contraction will reduce to (A — 7))y —generalized proximal Geraghty contraction.

The following theorem provides the coincidence best proximity point for the pair of mapping
(g,T), where T is a multi-valued mapping.

Theorem 2.1. Let (X,d) be a complete double-controlled metric type space. Suppose that T
:A—=CB(B),g: A— A, andn: Ax A — [0,4+00) are mappings, where A is a closed subset
and the pair (A, B) satisfying the P-property with T(Ag) C By and Ao C g(Ap). If a pair

of continuous mappings (g,T) satisfying (A — n)r—prozimal Geraghty contraction, where T is
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n-proximal admissible then there exist elements xg,x1 € Ao such that D(gx1,Txz) = d(A, B)
and n(xg,x1) > 1. Conceding that {x,} is a sequence in A such that n(z,,xn+1) > 1 and

0T, Tiy0) 1

sup lim ——————u(x;, zm) < —,

mzpl i—too Ty, Tiy1) (@, Tm) k

then the pair of mapping (g,T) has a unique coincidence best prozimity point ©* € A.

where k € (0, 1),

Proof. From the given condition there exist xg,x; € Ag such that D(gx1, Txo) = d(A, B) and
w(xo, 1) > 1. As T(Ag) C By, there exists xo € Ag such that D(gze, Tz1) = d(A, B). Since T
is n-proximal admissible, and n(zg,z1) > 1

D(g'rlv TJ?()) = d(Aa B)a

D(gl'g, T.T,‘1> = d(A, B)7
making use of the P-property, we acquire

d(gz1, gz2) = H(Txo, Tx1).
Since the pair of mapping (g, T") satisfy (A—n) s —proximal Geraghty contraction with n(z1, z2) >

1, we have
d(gx1, gr2) < MM (0, 21, 1, 22)) M (20, 21, 1, 72), (2.1)
where
D Txo) — Txzo)d(A, B
M(x07xlax1ax2) S max{d(gxo,gml), (gx(% :L‘O) q(gxh ];0) ( : )7
p(g:L'O?gl'l)
D Tx,) — Tx,)d(A, B
D (i i), DAz T1) = lomn o). B,
p(gl‘l,gl’z)
< max{d(gxo,gxl), p(gz0, gz1)d(90, 971) + (921, T0)D(971, T20)
p(gzo, gz1)

q(gz1, Txo)d(A, B)
- ,D(gx1,Txo) — d(A, B),
p(gz0,g21) (g1, Tzo) = d(4, B)

n q(gz2, Tx1)D(g9z2, Tx1) — q(gxe, T21)d(A, B) }

p(gxlang)d(gxla gIQ)
p(9r1, gx2)

p(gz1, g22)
< max{d(gzo, 921), d(gx0, gz1), 0, d(gz1, g22)}.
More precisely, we can write
M (xo, x1, 21, 22) < max{d(gzo, gz1),d(gx1,gx2)}.
If max{d(gxo, gx1),d(gx1, gx2)} = d(gz1, gz2), then (2.1) becomes

d(gr1, gz2) < Md(gr1, g22))d(921, g22),
which is a contradiction. So we conclude that

d(gr1, gr2) < Md(gzo, gz1))d(920, g1).
Further, by the fact that T(Ay) C By, there exists x5 € Ay such that D(gzs, Tza) = d(A, B).
As T is p-proximal admissible where n(xq, 23) > 1,

D(ng,Txl) = d(Aa B)a
D(gx37 TJUQ) = d(A’ B)a
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utilizing P—Property, we arrive at
d(gza, grs) = H(Tx1, Txs).
Since the pair of mapping (g,T") satisfying (A — 1)y —proximal Geraghty contraction with
n(xa, x3) > 1, we have
d(gxa, grs) < M(M (2,23, 21, 22)) M (22, T3, 21, T2), (2.2)
where

D Txi) — Tx)d(A, B
M(m25x3ax17x2)émax{d(gxl,ng)v (gxl’ xl) q(gx27 xl) ( : )

p(gxhg'rQ) ’
D(gxo, Txs) — q(gxs, Txo)d(A, B
'D*(gscg,Txl), (g 2 2) q(g 3 2) ( )}7
p(9x2, g3)
< max{d(gz1, gz2), p(gz1, gr2)d(91, 972) + q(g22, T21)D(g22, T71)
p(gz1, gx2)
_ q(ng’Twl)d(A’B),D(ng,Txl) (A, B), p(gz2, gr3)d(gz2, gx3)
p(gx1, ga2) p(gz2, gr3)
q(gxs, Txa)D(grs, Txs) — q(gxs, Tx2)d(A, B)

+

2

p(g22, gz3)
< max{d(gz1, gx2),d(gx1, gx2),0,d (922, gx3)},
hence, we have
M (22,23, 21,22) < max{d(gx1, gx2), d(gz2, g23)}.
If max{d(gx1, gx2),d(gx2, gx3)} = d(gza, gx3), then (2.2) becomes
d(gxa, gr3) < Md(gz2, 973))d(972, g23),
which is a contradiction. So we conclude that
d(gz2, gr3) < A(d(gz1, gr2))d(gz1, go2).
Similarly, we can construct a sequence {x,} C Ag, where pu(x,,z,4+1) > 1 for all n € NU {0}
D(gitn, Tnr) = d(A, B),
D(gxp+1, Tx,) = d(A, B),
using P—property, d(gzn, 9tn+1) = H(Txzy,, Tx,—1). Since the pair of mapping (g, T) satisfying
(A — n)ar— proximal Geraghty contraction with n(z,, 2,41) > 1, then
A(gxny gTny1) < AM (T, Tnt1, Tne1, Tn) ) M (Zn, Tng1, Tn-1,Tn), (2.3)

where
D(gzn-1,Txn-1) — 4(92n, TTn_1)d(A, B)

p(9Tn—1,97n)

p(gxna ggjn-’rl)

M(mna Tn41yTn—1, xn) S max{d(gxnflygl'n)a

)

D*(gxn7T$n71)7 }

< max{d(gzp—1, 9zn),

p(g-rnfh gwn)d<gl’n71a ngn) + q(gxn; Txnfl)D(gx'ru Txnfl)
p(g«rn—lygxn)

q(gmnaTxn—l)d(AaB)
— ,D(gxyn, Tx,_1) — d(A, B),
2(gTm 1. 00) (9 1) —d(A, B)
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P90, 9Tn11)d(9Tn, 9Tny1) + A(gTn11, Tn)D(gTn i1, Tp)
p(gxna gmn+1)
q(ganrlv Txn)d(A» B)

p(gx'rmgxn-l-l)
< max{d(g:cn_l, gzn), d(gzn—l ) gl"n)7 07 d(ngw gxn+1)}7

S0 we can write
M(Q?n, Tn+4+1yTn—1, xn) S max{d(gwn,l, gxn)v d(ngn, gxn+1)}~

If max{d(gzn—1, 92n), d(gZn, gTn+1)} = d(9Tn, gTn+1), then (2.3) becomes

d(gzna gzn-‘rl) < /\(d(gxn; gxn,—i—l))d(gzna gz7l+1);
which is a contradiction. This amounts to say that

d(92n, 9Tn41) < Nd(9Zn—1, 9%n))d(9Tn—1, 9T (2.4)
Further, we can write

d(gxnagxn+1) < )‘(d(gzn—lvg‘rn))d(gazn—lagxn) < d(gxn—l;gzn)a (25)
which shows {d(gz,, gxn+1)} is a decreasing sequence. Since A € F, from (2.5), we have
A(d<g$n7gaj’nﬁl’l)) S )\(d(gxnfhg'rn))a

and

)‘(d(gxn—lagxn)) < )‘(d(gzn—%g‘rn—l))'
Continuing on the same lines, we can write

)\(d(gxn,l,gacn)) < )‘<d(g$nf2ag$n71>) <...< )‘(d<g-r07gxl))'

Using inequality (2.4), we obtain

d(gTn-1,925) < Nd(9Tn-2, 92n-1))d(9Tn-2, 9Tn-1) (2.6)
From inequalities (2.4) and (2.6), we have

d(gn, grni1) < Md(gTn—1,92n))d(gTn—1, gTn),
< Md(gzn-1, 920)) M d(gTn—2, 9Tn—1))d(gTn—2, gTn—1)-
Continuing in the same way as above, we have
d(gzn, grn+1) < Md(gxn-1,92n)) M d(9Tn-2,92n-1)) ... Ad(gzo, gx1))d(gz0, gT1)

= \"*(d(gwo, gx1))d(gwo, g21),

ie.,
d(92n, gTnt1) < A" (d(g20, g71))d(920, 921).

Suppose that d(gz,—1, gz,) > 0, from (2.5) we obtain

d(gTn, 9Tn+1)

d(grn-1,97n)
Let p= ngrfm d(gxn—1, 9%, ). Using equation (2.5) and letting n — +o00, we acquire

< Md(grp—1,9x,)) <1 for all n > 1.

=1< lim Md(gz_1,97,)) < 1.

n—-+4oo

hSHS]
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Thus lim A(d(gzn—1,92n)) = 1. Using the definition of the A, we conclude that

n——+00

lim d(gxn—1,9z,) =0.

n—+o00
Now, we have to show that {gz,} is+a Cauchy sequence. Since (X, d) is a double controlled
metric type space for all natural numbers n,m € N with n < m, we have
A(9Tn, 9Tm)
< (g, 9Tni1)d(gTn, 9Tnt1) + 1(gTn11, 92m)A(GTn 11, 9Tm)
< a(92n, 9Tn+1)d(9Zn, 9Tni1) + a(9Tn+1, 9Tn12) 1H(9Tn+1, 9Tm)A(9Tn41, GTn+2)
)
)

+ (9% 011, 9Tm) (9T 012, 9Tm )d(9Tn 12, GTm)
< a(9%n, 9Tn+1 d(gﬂ«“mgl‘nﬂ) + a(9$n+1’9$n+2)u(9$n+1’gfﬂm)d(gﬂ?n+179$n+2)
gmn+2>ganrS):u(ganrhgxm):u(ganr%gmm)d(gmn+27g$n+3)

o
/J'(gxn+17 gxm)/i(ganr% gxm)ﬂ(gxn+37 gmm)d(gxn+3a gxm)
m—2 %

< agrn, grni1)d(grn, grni) + Y | [T oz 92m) | algri, gzic1)d(gri, gzisr)
i=n+1 \j=n+1

+ +

m—1
+ H ,M(g.Tk, gmm)d(gl"m—lv g'rm)a
k=n-+1
m—2

K3
< a(gan, grn1) N d(gzo, gz1) + Y | [T wl9zs, gzm) | algri, grip)Nd(gzo, gz1)
i=n+1 \j=n+1

m—1
+ I gz, gzm) X" d(go, gan),
1=n+1
m—2 3
< a(gan, grng1) N d(gzo, gz1) + Y | [T wl9zs. gzm) | algri, grip)Nd(gzo, gz1)
i=n+1 \j=n+1
m—1
+ I wlgwi, gzm)a(gem 1, gzm) X" d(gzo, gz1),
1=n+1
m—1 1
= (g, grni1) N d(gzo, gx1) + > | [ wlgzs 92m) | algzi, grip) Nd(gao, go1),
i=n+1 \j=n+1
m—1 i
< a(grp, grpnt1)A"d(gx0, gT1) + I #(gz) 92m) | algzi, gripr)Nd(gao, go1),
i=n+1 \j=n+1
m—1 %
< algan, grng1) N d(gzo, gz1) + Y | [ wloz, g2m) | (g, gaip1) N d(gao, gan).
i=n+1 \j=0

Assume that
P 7

Z Hﬂ(gﬂﬂj,gzm) a(gzi, griv1) A d(gzo, gz1).
i=0 \j=0

Sp
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The above inequality reduces to

d(9%n, gTm) < d(gzo, g21) A" (d(g70, 921)) (9T 0, 9Tni1) + (Sm—1 — Sn)]. (2.7)

Using ratio test, we have

A;4+1
i+ <

: , 1
@i = H ,u(gl"j,gxm) a(ga:i,ga:i_‘_l)/\l(d(gxo,gasl)), where a; %a

3=0
and taking limit n,m — 400, (2.7) becomes

lim  d(gxn, gzm) = 0.

n,m—+00
This implies that {gz,} is a Cauchy sequence in a complete double controlled metric type space
(X, d), hence it is convergent and suppose that it converges to some z* in Ay C A (as set A
is closed), which assures that the sequence {x,} C Ay since z, — x*. As (g,T) is a pair of
continuous mapping, which shows that

D(gx™,Tx™) = d(A, B).
Therefore, z* is a coincidence best proximity point of the pair of mapping (g, 7T).

For uniqueness, suppose that there are two distinct coincidence best proximity points of
(g,T) such that z* # y*. Thus ¢ = d(z*,y*) > 0. Since d(gz*,Tz*) = d(gy*, Ty*) = d(A, B),
using the P—property, we conclude that ¢ = H(Tz*, Ty*). Moreover, the pair of mapping (g,T)
satisfies (A — 1)y — proximal Geraghty contraction, we obtain ¢ < A(g)q. Thus, A(¢q) > 1. Since
A(g) <1, we conclude that A(¢) = 1 and therefore ¢ = 0, which is contradiction. Hence, z* is
a unique coincidence best proximity point of the pair of mapping (g, 7). O
Corollary 2.1. Let (X,d) be a complete double controlled metric type space. Suppose that
T:A—=CB(B),n: Ax A—[0,+00) be mappings and (A, B) be a pair of nonempty subsets
of a double controlled metric type space (X,d) satisfying the P-property with T(Ap) C By.
Assuming that a continuous mapping T satisfying (A — 1)y —generalized proximal Geraghty
contraction, where T is n-proximal admissible, then there exist elements xg,x1 € Ay such that
D(z1,Txzo) = d(A, B) and n(zg,x1) > 1. If {x,} is a sequence in A such that n(x,, Tpi1) > 1

and ( )
o(xiy1, T,
sup lim ——tbit2)
m>1 1—+00 O[(ZL’Z'7 $i+1)
then T' has a unique best proximity point x* € A.

1
(@, ) < o where k € (0,1),

Proof. If we take identity mapping g = I4 (g is identity on A), the remaining proof is same as
in Theorem 2.1.
Definition 2.5. Let (X, d) be a double controlled metric type space. Suppose that T : A — B]
g:A—= Aandn: Ax A— [0,+00) be mappings. Then a pair of mapping (g,T) is said to be
(A — n)s—modified proximal Geraghty contraction, if
"7(3373/) > 1,

d(gu,Tx) = d(A, B),

d(gv,Ty) = d(A, B),
implies that

n(@,y)d(Tz,Ty) < AM(M(u,v,z,y))M(u,v,2,y),
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where
= d(gz, Tz) — algy, Tz)d(A, B
M(u,v,x,y) max{d(g%gy)’ (9 ) (gigzy) )d( )’
* d(gu, Ty) — a(gv, Ty)d(A, B
d*(gu,Tx), ( ) (972 p )d( ) 7

for all w,v,x and y € A, where A € F.

Definition 2.6. Let (X,d) be a double controlled metric type space. Assume that T : A — B
and n : Ax A — [0,400) be mappings. Then, mapping T is said to be (A — n)s—prozimal
Geraghty contraction, if
n(z,y) =1,

d(u,Tx) = d(A, B),

d(v,Ty) = d(A, B),
implies that

n(z,y)d(Tz,Ty) < A(M(u, v, z,y)) M (u,v,z,y),

where
M (u,v,z,y) = max {d(%y), d(z,Tx) —QO(éiy,y?m)d(A,B)’
&*(u, Tw), 2 1Y) _aczivlfy)d("l’ B) } ,

for allu,v,x,y € A, where A € F. Note that, if we take g = I4 (g as an identity mapping on A),
then every (A —n)s—modified proxzimal Geraghty contraction will reduce to (A — n)s—proximal

Geraghty contraction.

The following result guarantees the existence of unique coincidence best proximity point for
single valued pair of mapping (g,T).
Theorem 2.2. Let (X,d) be a complete double controlled metric type space. Suppose that
T :A—>B,g:A—= A p: Ax A—[0,+00) be mappings and (A, B) be a pair of nonempty
subsets of a double controlled metric type space (X,d) satisfying the P-property, where A is
closed subset with T(Ag) C By and Ag C g(Ap). If a pair of continuous mappings (g,T) satisfy
(A —n)s—modified prozimal Geraghty contraction, where T is n-prozimal admissible then there
exist elements xo,x1 € Ag such that d(gx1,Txg) = d(A, B) and n(zg,2z1) > 1. Conceding that,
{zn} is a sequence in A such that n(zy,Tn41) > 1 and
(T, Tiy2) 1
,Snuzplz—lg-iqloo X, Tip1) i Tm) < k'

then the pair of mapping (g,T) has a unique coincidence best prozimity point z* € A.

where k € (0,1),

Proof. From the given condition there exists xg,z1 € Ag such that d(gx1,Tx) = d(A, B) and
n(xo,x1) > 1. As T(Ag) C By, there exists xo € Ag such that d(gxe,Tz1) = d(A4,B). As T is
n-proximal admissible n(zg,z1) > 1

d(g'rlaTxO) = d(Aa B);
d(gxe,Tx1) = d(A, B),
using the P-property d(gx1,gx2) = d(Txo,Tx1). Since the pair of mapping (g,T) satisfy
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(A = n)s—modified proximal Geraghty contraction with n(z1,22) > 1, then
d(gz1, gr2) < M(M (20,1, 71, 22)) M (T0, 71, 21, T2), (2.8)

where
d(gxo, Txo) — u(gay, Txg)d(A, B)

M(.’L'()7.’171,"L'1, (EQ) S max{d(gmo,gml),

a(gro, gz1) ’
d(gxy,Txy) — xo, Tx1)d(A, B
0 (g1, To), (971, Tx1) — p(gze, Tr1)d( )}7
a(gry, gr2)
§ max{d(gxo,gxl), a(ngagxl)d(gx()vgxl) + u(gml,Txo)d(gxl,Txo)
a(gxo, gr1)
B u(gwl,Txo)d(AB)7d(gx17TxO) _d(A,B), a(gr1, gr)d(gr, gT2)
a(gzo, g1) a(gry, gr2)
+ H’(g'x%Txl)d(ngvT'rl) — H(g$27T$1)d(A,B)}
a(gri, gra2) ’

< max{d(gzo, g21), d(gx0, gz1),0,d(g21, g22)},
we can write
M (zo, x1, 21, 22) < max{d(gzo, gx1),d(gx1,gx2)}.
If max{d(gzo, gz1),d(g9x1, gz2)} = d(gx1, gx2), then (2.8) becomes
d(gz1, gz2) < Md(ga1, g2))d(gar, gr2),
which is a contradiction. So we conclude that
d(gz1, gr2) < A(d(g20, g21))d(920, g71).-
Further, by the fact that T'(Ag) C By, there exists zg € Ay such that d(gzs, Tz2) = d(A, B).
As T is n-proximal admissible where 7(xq, 23) > 1,
d(gxe,Tx1) = d(A, B),
d(gxs, Txe) = d(A, B),
using the P—Property d(gza, gxs) = d(Tx1,Txz2). Since the pair of mapping (g,7) satisfy
(A = n)s—modified proximal Geraghty contraction with n(zs,z3) > 1, then
d(gza, grs) < MM (29, x3, 21, 22)) M (29, 23, Z1, T2), (2.9)
where

T — T A, B
M(J?Q,l‘g,l‘l,l‘g) < max{d(gajl,gxg), d(gxla .131) /,L(g$2, xl)d( y )

a(gxy, gr2) ’
d(gxoe, Txo) — x3, Txo)d(A, B
d*(gxg,TI1)7 (g 2 2) N’(g 3 2) ( )}7
a(gxa, gr3)
d Txzq)d T
gmax{d(gxl,gacz),a(gml’gxz) (971, g72) + p(gre, Tx1)d(gr2, T21)
a(gzy, gra)
T A B
_ M(gﬂ?g, xl)d( ) ),d(gxg,Tacl) _ d(A, B), a(garg,gxg,)d(gxg,gmg)
afgr1, gra) a(gza, gr3)
n w(gzs, Txo)d(grs, Txe) — u(gxg,Ta:Q)d(A,B)}
a(gxa, grs) ’

S max{d(gxla gl‘g), d(gxla gl‘g), 07 d(ng; 91'3)};
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so we can say that
M (xo, x3,x1,22) < max{d(gz1, gxs),d(gx2,gx3)}.
If max{d(gz1, gz2),d(gx2, gx3)} = d(gx2, gx3), then (2.9) becomes
(g2, gxs) < Md(gw2, gr3))d(gz2, gas),
which is a contradiction. So we concluded that
d(gz2, grs) < Md(ga1, gas))d(gz1, g2).
Similarly, we can construct a sequence {z,} C Ao, where n(x,, xp41) > 1 for alln € NU {0}
d(gxn, Txn—1) = d(A, B),
d(gan+1, Tan) = d(A, B),
using the P—property d(92n, g¥n+1) = d(Txp, T2yn—1). Since the pair of mapping (g, T') satisfy
(A = n)s—modified proximal Geraghty contraction with 7(z,, z,+1) > 1, then
d(gzn, gni1) < MM (Tn, T, Tr-1,Tn)) M(Tp, Tpt1, Tn-1, Tn), (2.10)

where
d(gxn—la Txn—l) - M(gl‘ny Tmn—l)d(Aa B)

O‘(gxn—l y gxn)
d(grn, Trn) — p(9rn i1, T2n)d(A, B)
(gTn, 9Tnt1)

b

M(.’L'»,“ Tn+1,Tn—1, xn) g max{d(gmnflvgxn)a

d*(gxanxn—1)7 }7

< max{d(gzn—_1,9Tn)

(gTn—1,9%n)d(gTn—1, 9Tn) + p(gTn, TTn—1)d(gTn, TTp-1)
a(gxnflvgxn)
I o JALE) g, 7, )~ d(4, B),
(gTn—1,9%n)
(gTn, 9Tn+1)d(gTn, 9Tnt1) + p(gTnt1, TTn)d(gTns1, T'Ty)
a(gzn, g$n+1)
(g1, Ty )d(A, B)}

a(g2n, 9Tni1)

S max{d(gl‘nfl ) gxn)7 d(gxnfla gmn)7 07 d(gﬂ?n, g$n+1)}-

Consequently, we can write
M(xp, Tpg1, Tn—1, Tn) < max{d(gz,—1,9%n), d(gTn, gTn+1)}

If max{d(gzn—1,9%n), d(9Zn, 9Tn+1)} = d(gZn, gTn+1), then (2.10) becomes

(g, grnt1) < Md(92n, g2n+1))d(gTn, gTni1),
which is a contradiction. Hence, we conclude that

d(gn, 9Tn+1) < Md(9xn-1,92,))d(gTn—1, gT,), (2.11)
further, we can write

A(9Zn, 9Tnt1) < Md(9Zn—1, 9%n))d(9Tn-1,9%5) < d(9Tn—1,9%n), (2.12)

which shows {d(gx,, gxn+1)} is a decreasing sequence. Since A € F then, from (2.12), we have

)‘(d(gxna gxn+l)) S )‘(d(gmn—la gxn))a
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and
Ad(gzn-1,92n)) < Md(gTn—2,9Tn-1))-
Continuing on the same lines, we can write
Ad(gzn—1,92n)) < Md(gTn—2,92n-1)) < ... < Md(gzo, g1)).
Using inequality (2.11), we can write
d(grn—1,92n) < Md(gTn—2, 9Tn—1))d(gTn—2,9Tn_1). (2.13)
From inequalities (2.11) and (2.13), we have
d(97n, 9Tni1) < Md(gTn—1,97n))d(gTn -1, 9Tn)
S )‘(d(gxn—l ) gxn))A(d(gxn—Qa gxn—l))d(gxn—% gxn—l)-
In the same way as before, we have
d(92n, gTnt1) < Md(gzn-1, 92n))A(d(92n—2, gTn-1)) . . . Md(gz0, g1))d(920, g21)
= )\n(d(g.’ﬂo,g.’El))d(gl'(),gl'l),
ie.,

d(gzn, grni1) < A" (d(gzo, g21))d(g0, g21)-
From (2.12) suppose that d(gz,—1,92,) > 0, so we conclude

d(gx'ru 933n+1)

d(gzn—1,97s)
Let p = ngrfw d(gzn—1,9x,). Using equation (2.12) and letting n — +o0, we obtain

< Ad(gzpn—1,9z,)) <1 foralln>1.

% =1s nBI:IFlOO )\(d(gzn—hgx")) <L

Thus lim A(d(g9xn—1,9z,)) = 1. Using the definition of A, we obtain

n—-+o0o

lim d(gxn_1,9x,) =0.

n—-+oo

The next part of the proof is similar to the proof of the Theorem 2.1. O

Corollary 2.2. Let (A, B) be a pair of nonempty subsets of a complete double controlled metric
type space (X,d) satisfying the P-property. Suppose that T : A — B andn: Ax A — [0,+00)
be mappings, where A is closed subset with T(Ag) C By. If a continuous mapping T satisfies
(A = n)s—prozimal Geraghty contraction, where T is n-proximal admissible then there exist
elements xo,x1 € Ao such that d(gx1,Txo) = d(A, B) and n(xo,x1) > 1. Conceding that {x,}
is a sequence in A such that n(z,,Tn+1) > 1 and

7snuzp1 l_lgpoo mu(m,xm) < %, where k € (0,1),

then the pair of mapping (g,T) has a unique best proximity point x* € A.

Proof. If we take g = I4 (g is identity on A), proof will remain same as in Theorem 2.2. O

Example 2.1. Let X = {0,1,2,3,4,5} and suppose that the function d given as d(z,y) =
d(y,x) and d(z,z) =0, where
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d| 0 1 2 3 4 5
U U T O 2 -
11301315 |5/3
215130135 ]5 |
31|32 055
415 %8204
T O O

Take a, pp: X x X — [1,400) to be symmetric defined as a(x,y) = 162+ 18y + 1 and u(x,y) =
20x + 22y + 2. It is easy to see that (X,d) is double controlled metric type space. Suppose
A ={0,1,2} and B = {3,4,5} are nonempty subsets of double controlled metric type space
(X,d). After simple calculation d(A,B) = 1, satisfying the P—property and Ag = A and
By = B,

Ty — 3, ifx =2
7Y 3.4}, ife=1{0,1)

and
0, ifx=0
gr = 1, ife=2
2, ifzx=1

and clearly T(Ao) C By, 4o C g(Ap). Now, we have to show that the pair (g,T) salisfies
(A = n)pr—proxzimal Geraghty contraction
n(@,y)H(Tx, Ty) < MM (u,v,2,y))M(u,v,2,y),

where
D(ng Tx) _ q(gya Tx)d(Av B)
p(9z, gy)
D(gua Ty) - q(gv, Ty)d(Aa B) }
p(gu, gv) ’
for all u,v,z and y € A and for function n: A x A — [0,+00) defined as:

n(x,y) =d(z,y) + 1.

)

M (u,v,x,y) = max {d(gmngy),

D*(gu,Tx),

Since

D(g0,T2) = d(A, B)
D(g0,7T1) = d(A, B)
D(g2,70) = d(A, B)

D(g2,T1) = d(A, B).
Case (i): If D(g0,T72) = D(g0,T1) = d(A,B), thenu=v =0, x =2 and y = 1. After simple
calculations, H(Tx,Ty) = H(3,{3,4}) = 0 and n(z,y) = d(3,{3,4}) + 1 = 1. Now, we have to

)

b
)
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show that the pair (g, T) satisfying (A — n) p—prozimal Geraghty contraction
(1)(0) < A(2M(0,0,2,1))M(0,0,2,1)

0.< AM(0,0,2,1))(7).
Case (ii): If D(90,T2) = D(92,T0) = d(A, B), then u =0, v =2 =2 and y = 0. Subsequen-
tially, H(Tx,Ty) = H(3,{3,4}) = 0 and n(z,y) = d(3,{3,4}) + 1 = 1. Since, the pair (g,T)
fulfilling (A — n) pr—prozimal Geraghty contraction
(1)(0) < A(M(0,2,2,0))M(0,2,2,0)

0< )\(M(O,2,2,0))(%).
Case (iii): If D(g0,T2) =D(g2,T1) = d(A, B), thenu=0,v =2 = 2 and y = 1. We inquire,
H(Tz,Ty) = H(3,{3,4}) = 0 and n(z,y) = d(3,{3,4}) + 1 = 1. From the fact that the pair
(9,T) adequating (A —n)p—prozimal Geraghty contraction
(1)(0) < A(M(0,2,2,1))M(0,2,2,1)

0.< AM(0,2,2,1))(7).
Case (iv): If D(¢90,T1) = D(g2,70) = d(A,B), then u=0,v =2, 2 =1 and y = 0. After
that, H(Tx,Ty) = H({3,4},{3,4}) = 0 and n(z,y) = d({3,4},{3,4}) +1 = 1. Though we know
that the pair (g,T) achieving (A — n)pr—proxzimal Geraghty contraction
(1)(0) < A(M(0,2,1,0))M(0,2,1,0)

0< /\(M(0,2,1,0))(%).

Case (v): If D(g0,T1) = D(¢g2,T1) = d(A, B), then u =0, v =2 and z = y = 1. Calculating
the terms we get, H(Txz,Ty) = H({3,4},{3,4}) = 0 and n(x,y) = d({3,4},{3,4}) + 1 = 1.
Given that the pair (g,T) efficiently (A — n) p—proxzimal Geraghty contraction

(1)(0) < A(M(0,2,1,1))M(0,2,1,1)

0 < A(M(0,2,1,1))(0).

Case (vi): If D(g2,7T0) = D(g2,T1) = d(A,B), thenu=v =2, v =0 and y = 1. We infer,
H(Tz, Ty) = H({3,4},{3,4}) = 0 and n(x,y) = d({3,4},{3,4}) + 1 = 1. As previously stated,
that the pair (g, T) accomplishing (A — n) pr—proximal Geraghty contraction

(1)(0) < AN(M(2,2,0,1))M(2,2,0,1)

< A(M(2,2,0,1))(3).
for every A : [0, +00) — [0,1) the pair (g,T) satisfied (A —n) pr—prozimal Geraghty contraction.
Hence, all the conditions of the Theorem 2.1 is satisfied and 0 is the unique coincidence point
of the pair of the mapping (g,T).
Corollary 2.3. Let (X,d) be a complete double controlled metric type space and T : A — A

a(Tit1,Tiq2)
a(@i,Tit1) K

be a self mapping. If sup lim

m>1 1——+o00

and there exists a real number X\ € [0,1) such that the following As—modified proximal type

(zi, ) < %,where k € (0,1), T is continuous

contraction is satisfied
d(Tz, Ty) < AM(u,v,2,y),
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where
d(Tx,Tz) — a(Ty, Tx)d(z,
M(u,v,z,y) = max{d(T%Ty), ( )a(Tac( ng) it y)7
. d(Tu, Ty) — a(Tv, Ty)d(z,y)
d*(Tu,Tx), (T, T) ,

for all u,v,x,y € A. Then there exists a unique fized point of the mapping T.

Remark 2.1. Applying the example 2.1 to the proximal conditions enunciated in [2, 14], we
can see that (g, T) does not satisfy the respective contractions. Hence the results of [2, 14] can

not be applied on (g,T).

83 Application to operators of integral type

As an application of the proximal results proved in the previous section, a specific non-
linear integral equation is examined for the existence of a solution in this section. See notable
publications [8,9] for more analysis on the applications of generalized contractions.

Let X = Cla, b] be a set of all real valued continuous functions on [a, b]. Define the mappings
d: X x X —[0,400) by

d(z,y) = sup |z(c) —y(o)]”,

c€la,b]

forall z,y € X and a(x,y) = x4+ Ty +5, u(x,y) = 5z +y+2. Then, (X, d) is a complete double
controlled metric type space. Consider the Fredholm integral equation given by

b
t) —1—5/ Z(t,s,x(s))ds, (3.1)
where t € [a,b],|¢] > 0and 7 : [a,b] x [a,b] x X — R and f : [a,b] — R are continuous functions.
Let T': X — X be an integral operator defined by

Tx(t t)+¢& / (t,s,z( (3.2)

Then z(t) is a fixed point of T if and only it is a solution of the Fredholm integral equation
(3.1).

To demonstrate the existence of a solution to the Fredholm integral equation, we now propose

the following subsequent theorem.

Theorem 3.1. LetT : X — X be an integral operator defined in 3.2. Suppose that the following
assumptions hold.

For any x,y € X,z £y, T : [a,b] X [a,b] Xx X = R satisfying
|Z(t, s, 2(s)) — Z(t, s, y(s))| < &(t,s) [ 2(s) —y(s) |,

where (s,t) € [a,b] X [a,b] and & : [a,b] X [a,b] = R is a continuous function such that
1
Sup / &P (t, s)lz ds < —_M t,s,1,y), 3.3
tefa,b] s)le(s) = y(s)l 2[¢[P(b— a)p—1 ( ) (3.3)

where M(t,s,xz,y) is defined as in Corollary 2.3, then, the integral operator T has a unique

solution in X.
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Proof. Let 2y € X and define a sequence {z,} in X by x, = T"x¢,n > 1. From 3.2, we obtain

b
s = T () = (1) +g/ T(t, 5,2n(s)) ds. (3.4)
Let ¢ > 1 be a constant with % + % = 1. By the Holder’s inequality, we speculate that

[ Ta(t) = Ty(t)[”

b b P
= ‘5/ I(t,s,x(s))ds—g/ I(t,S,y(s))ds
</ I€||Z(¢, s, z(s)) I(t,s,y(s))|ds>

2 1\ P
b a b P
< </ |§|qu> (/ |Z(t,s,2(s)) —I(t,s,y(s))pds>
= g7 (b (/ 1Z(t, s, x( I(t787y(8))|”d8>
<Py [ et lets) —vio)as,
and we deduce that
d(Tz, Ty) = sup [Tx(t) — Ty(t)”
t€la,b]
< [€l7(b—ap" sup / (¢, )|a(s) — y(s)"ds
te(a,b]
< L M(t
= 27 ( , S, T, y)
Setting A\ = 2%, < 1, we obtain that
d(Tz, Ty) < AM(t,s,x,y). (3.5)
Thus, all the conditions of Corollary 2.3 are contended, and hence T possesses a unique fixed
point in X. O

Future scope.

e Can the results presented in this article be extended to the framework of Controlled-metric

type spaces endowed with graphs or in graphical metric spaces?

e Can the findings shown in this article be used to generate a solution to the following
semi-linear operator system of the form:
{ U, B) = a,
V(e, B) = B,

where U,V : P x P — P are nonlinear operators defined on a Banach space (P, ||.||)?
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