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Uniform regularity for the Navier-Stokes-Fourier system

in T"

FAN Ji-shan! ZHOU Yong?3

Abstract. In this paper, we prove the uniform regularity estimates for the Navier-Stokes-

Fourier system in T".

81 Introduction

In this paper, we consider the following Navier-Stokes-Fourier system:

Op + div (pu) =0, (1.1)
O(pu) + div (pu @ u) + Vp — pAu — (A + p)Vdivu = 0, (1.2)
O (pe) + div (pue) + pdivu — kAO = (u(Vu + Vu') + Adivul) : Vu, (1.3)
(0,,0)(-0) = (por w0 60) () in T". (1.9

where p denotes the density, u the velocity field and e := Cy/ 6 is the specific internal energy,
p = RpO is the pressure. Cy and R are the physical constants. A and p are two viscosity
constants satisfying
w>0, )Hrzuz(). (1.5)
k > 0 is the heat conductivity coefficient. We willndenote
Q(Vu) = (u(Vu + Vu') + Adivul) : Vau.

10,12-14,16] without vacuum. Cho and

Local well-posedness of classical solutions is known in
Kim [ obtained the local existence and uniqueness of strong solutions with some compatible
conditions and vacuum.

When n = 1, many results on vanishing viscosity limits have been obtained in 68 for the
rarefaction wave, in [!7! for the shock wave, in [ for the contact discontinuity, and in [*3! for
the superposition of two rarefaction waves and a contact discontinuity and the superposition of

one shock and one rarefaction wave cases.
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When n = 2, Li, Wang and Wang [¥! (and references therein) studied the vanishing viscosity
limit of the isentropic Navier-Stokes equations in the case that the corresponding 2D Euler
system has a planar rarefaction wave solution.

The aim of this paper is to prove uniform regularity estimates in (X, u, k). We will prove

Theorem 1.1. Let 0 < p < 1,0 < A+ pu < 1,0 < k < 1,0 < C%) < po,00 < Cy, and
po,uo, 0o € H*(T™) with s > 1+ 5. Let (p,u,0) be the unique local smooth solutions to the
problem (1.1)-(1.4). Then

1(psu, O)|| s < C in [0, (1.6)
holds true for some positive constants C' and To(< T') independent of A\, u and k.
We define
M(t): = 1 + sup {Il(p,u,9)(~,7)|lH5 + [[0eul T)l2 + 10:6(, 7)| 22
<7<t
1 1
e +gen| b 1.7
Hp Lee 9 Lo
We can prove
Theorem 1.2. For any t € [0,Ty) (To < 1), we have that
M(t) < Co(Mo) exp(tC(M)) (1.8)

for some nondecreasing continuous functions Co(-) and C(-).

It follows from (1.8) that [1+3:11];

M(t) <C. (1.9)
In the following proofs, we will use the bilinear commutator and product estimates due to
Kato-Ponce [
1A*(fg) = fA*glle < CUV Lo A glla + llgllzra [A° fll a2 ), (1.10)
IA*(Fo)lle < CUf e [A°gllLa + [|A°fll ez llgll Loz ), (1.11)
1 1 1 1 i 1

with s > 0,A := (—A)2z and — = — + — = — + —.
P 1 @1 P2 Q2
We only need to show Theorem 1.2.

82 Proof of Theorem 1.2

First, testing (1.1) by p?~!, we see that
1d 1
f—/pqu = (1 — ) /pqdivudx < ||div || Lo /pqdac,
qdt q

d
g lPllze < lldivullzelpllze,

and thus

which gives

t
lollze < lloollze exp ( / ||divu|LoodT) . (2.1)
0

Taking ¢ — +00, we get
l[ollze < [P0l Lo exp(tC(M)). (22)
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It follows from (1.1) that
1 1 1
O—+u-V-— — —=divu =0.
p pp

qg—1
Testing (2.3) by (%) , we find that
q

q
li <1> dz = <1+ 1> / (1> divudz < (1+ 1) Hl
qdt p q p qa/) |lp

and therefore

|div || oo,

q
La

d |1 1 1
3= () ] e
dt |[p|lLq a/) llpllLe
which gives
1 1 n [t
= <|—| expl||1+- |div u|| oo dT
PllLa Po || La q 0
and we have )
- <||— exp(tC(M
[7]... <[], oween

by sending g — +oc.
Testing (1.3) by 6971 and using (1.1), we get

d
Cvd pequ+k/v0-vaq4dx
q dt

= /Qeq_ldm—/qu_ldivudx

1oia— . 1
< CDQlLellp70) %" + Clidivul|L=lpa6]%.,
and therefore

d, 1 . 1
— P70 Le < C(M)|Ql|La + Cl|divul|p=lp70|| L,
which, similarly to (2.2), implies

6]l < ColMo) exp(tC(M)).

1 1
Multiplying (1.3) by 7 oo e deduce
%
ko1

1 1

- Vo + — - =Af
p8t6+pu 9+CV 0
R divu Q

— <
o' T eec, S oy

1
pgdiv u.

0

1d 1 1 R 1 4
— _ < - _ 1
q P p<9> dz C p(o) div udz

R . 1\
S a/||leU|Lw/p(0> dx,

1!
Similarly to (2.5), testing (2.6) by () , we compute

and thus

. S CO(MO) exp(tC(M)).

1
0
It is easy to verify that
d
T / lu|?dz = 2/u3tudx < 2l|ul|pz||Oul| 2 < C(M),
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(2.5)

(2.6)

(2.7)



504 Appl. Math. J. Chinese Univ. Vol. 40, No. 2

which implies

lul| L2 < Co(Mp) exp(tC(M)). (2.8)
The equations (1.1)-(1.3) can be rewritten in the following symmetric form:
%athr %u-Vp—i—@divu =0, (2.9)
pOu + pu - Vu + pVO + 0Vp — pAu — (A + p)Vdivu = 0, (2.10)
p P k . 1
P Pu.vo—_ A _ 2 2.11
96t9+0u Vo 7 0 + pdivu QQ’ (2.11)

where we have taken R = Cy =1 for simplicity.
Taking A® to (2.9), testing by A®p, using (1.1), (1.3), (1.10) and (1.11), we obtain

1d (6
A®p) A? A®
oY ( 2da + / OAN*divul®pde

—/ [AS (&p) — aAsatp} A®pdx
P p
0 0
7/ [AS <u . Vp> - —u- VASp] A pdx
P p

- /(As(ﬁdiv u) — OA°div u)A°pdx

o G (o) o

< o(|9Y 1wt ot |42 Yiacolie
P 2
, sOu s
e (Hv IA%alie + 10l 222 ) ol
Lo L2
+C([[VO| L [|[Aull L2 + [Vul Lo A0 2) [ Aol 2
0 s 9u s
+c‘ a2 ATz +C 1A%l
Pllpe L=
_ 0
< CONIA Apllus + el )+ €01) + ) o2
LOO
k 1 s+1\2
< +5 [ 510, (2.12)
Here we have used the estimate [15]:
1
wd| <conia. < con.
Pllr2
It is obvious that
t
/ /|3tu|2dxd7' < tsup/ |0yul?dx < tC(M). (2.13)
0
Applying A*~! to (1.2), testing by A*~19,u, using (1.10) and (1.11), we obtain

A d
2dt/|AS |*dz + gudt (Asfldivu)QdJ:—|—/p|A5718tu|2dac

= —/Alep AT 9uda — /Asfl(pu - Vu) - A¥ 1 0uda
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— /[As_l(patu) — pA* T O AT Ouda

IN

C||Ap|| 2 [|A* sl 2 + C|lp]

s [[ull e 1A By 2

+C(IVpll o [A* 72 Opull 2 + ([ Oyl Loe [|A*" pll 2) [ A* Dy | 2

IN

IN

IN

C(

oM
oM
+OM

)||A5713tu||L2 +C(M
)||As_1<9tu||L2

)(Hatull
M)||A*~0pul| 12 + C(M

1
< §/p|AS_18tu|2dx+C(M),

which gives

t

5t ||<9tUHL2 + 10l =
)(IIAS_latUII AT 9] 2T A By o

V(A0 L2 + [|Opull Lo ) [ A* 7 Opull 2

s— 1—7

/|AS_18tu| dzdr < Co(My) exp(tC(M)).

Applying A® to (2. 10) testing by A®u, using (1.1), (1.10) and (1.11), we have
p|ASul?dx + u/ |AST ul2da + (N + ) /(Asdivu)de

IN

IN

<

IN

IN

1d
2 dt

Jr/pASVG - Audx + /QVASp - Audx

- /(As(pﬁtu) — pA°Ou) N udz — /(As(pu -Vu) — pu - VA u)Audx

- /(AS(pVH) — pVA*O)Audx — /(AS(GVp) — OVA°p)Audx

C(IVpllz= A~ pull 2 + | Opull oo |A° pl| L2 )| A" | 2
+C([IVullLe< |A*(pu) ([ 2 + IV (pu)l| oo [A%ul| £2) [ A% ul| L2
CIVollpee A0l L2 + [[VO] o< A pl £2) | A% ul| 22

(
+C(

C(M) + C(M

C(M) + ||A°~" pu 2.
Applying A*~! to (1.3), testing by A*~19,6, using (1.10) and (1.11), we have
(Aso)de+/p|AS*1at9|igdm

kd

2dt

VO]l L l[A®pll L2 + [Vl Loe [A°0] 2) [ A®u] L2
Y(IA* " Opull 2 + (| Oyl L)

f/Asfl(pdivu)Agflatde - /Asfl(pu~V9)A5718t9dx

- / [AS™1(p0,0) — pA*~10,0)A° 10,0

oM

(where we took Cy =1)
A= (pdivw) |2 [ A" 00 L2 + A (pu - VO) |2 A7 00 2
+O(IVpl L IA*720:0 L2 + [10:0]| L A" pll£2) [ A>T ;0] 12

AT 00 2 + C(M

Y([A728,6]| 12 + [10:6] =) | A° 10,8 2
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(2.14)

(2.15)
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C(M)IIAS_13t9IIL2 +C(M)([10:0] 72T 1A 00| 12" + (1026 2

+||8t9||L2 IIAS 13t9||2“ DNA10,0] 2
1
< 5 [ olra0Pds + cn)
which leads to

IN

t
/ / A" 10,02dzdr < Co(Mo) exp(tC(M)). (2.16)
0
Taking A® to (2.11), testing by A®6, using (1.10) and (1.11), we have

;;t P (av0)%dx + k / é(AS“H)de + / pA*divuA®odz

= /—ASOVASde—k k/ [AS (;AH) . ;AASQ} Afdx

_/ [AS (gate) - gAsate} A*0da + % /@ (g) (A*0)2dz

_/ [AS (%w) —%vma} Asodx—/ﬁmso-modx

—/(A (pdiv u) — pA® dlvu)Asedx—&—/As ( >A39dm
k

5 [ G102 s+ OO A0l

Vo
wie (||
L

+C (|72, 18 aubllee + ] o |

IA

o1

IA=20]l 2 + | A0 L~ ||A

) 1A% 2
L2

sB s 5
A2l ) el

+c‘

o] iaceiz. + o (|V5 1A%l +1vel~ |

A% ) Aol

+C |[VE| 18013 + CITpl 4wl + v ul e 1A% plL22) 4°6] 1

”(He .

kE [1
7 [ GOT02de + M) + CONIA 2822 +06]=)

o1

01lL

[A°Qllz> + QI ||A

) Iatls

IN

5
+L AT ) + 2R

k

1
< 7 / HIS IR HAs—lateuLQ F O+ B A, + 2

Summing up (2.12), (2.15) and (2.17), we arrive at
1d 0
<(A )2+ plA%u)? + (AS ) )dz+g/|AS+1u|2dm

| A*div |32

A
+ H [IA®div u||L2 (2.17)

2dt
+)\+7N (Asdivu)zderE/*(ASJAG)de
2 2/ 0
= f/HASdivuAspdxf/pASV9~Asudxf/OASVpAsudscf/pASdivuASde

HATT 0T + AT 002 + C(M)
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[1]

2]

/ASuASpVQda: + /AsuASHVpdx + | A opu| 72 + [|[AST1 00|72 + C(M)

IN

C(M) + A~ Opull72 + [A°710,0]72. (2.18)
Using (2.14) and (2.16), we have
1A (o, u, ) )l 22 + VAEIA  ul L20,1:22)
VA + pl|Adivul e,z + VEIA T 1200.422)
< Co(My) exp(tC(M)). (2.19)
On the other hand, it follows from (1.2) that

1
O]z = ‘ ;(pAu + A+ p)Vdivu — Vp — pu - Vu)
L2
< Co(Mo) exp(tC(M)). (2.20)
Similarly, we have
10:0]| 2 < Co(Mp) exp(tC(M)). (2.21)

Combining (2.4), (2.7), (2.8), (2.19), (2.20), and (2.21), we conclude that (1.8) holds true.
This completes the proof.
O
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