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Holder’s inequalities for a class of analytic functions

connected with a certain hybrid-type convolution operator

H. M. Srivastaval»2:3%5,6. Sheza M. El-Deeb’

Abstract. By using a certain hybrid-type convolution operator, we first introduce a new sub-
class of normalized analytic functions in the open unit disk. For members of this analytic
function class, we then derive several properties and characteristics including (for example) the
modified Hadamard products, Hélder’s inequalities and convolution properties as well as some

closure properties under a general family of integral transforms.

81 Introduction, Definitions and Preliminaries

Let A denote the class of functions of the form:
f)=z2+> a; 7, (1.1)
j=2

which are analytic in the open unit disk
U={z:2€C and |z <1}
We denote by S the subclass of all functions in A which are univalent in U and indeed normalized
by
f0)=0=f"(0) -1
Suppose also that S*(7) and C(J) are the subclasses of S consisting of all functions which are,
respectively, starlike and convex of order v (0 £ v < 1) in U. Thus, by definition, we have

S*(y) = {f cfeS and R (?fé?) >y (029<1;z2¢€ U)} (1.2)
and "
C(’y):{f:fGS and %(1+ZJ£((Z§)>>V (0§7<1;26U)}. (1.3)
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The function classes S*(7) and C () were introduced by Reberston [14] and satisfy the following
equivalence relation:

f(z) €Cly) = 2f'(2) € S* () (0S~vy<1; z€). (1.4)

We note also that

§*(0) =:8* and C(0)=:C
for the relatively more familiar classes §* and C of starlike and convex functions in U.
Definition 1. For functions f,g € A, we say that the function f is subordinate to g, written
as f(z) < g(z), if there exists a Schwarz function w, which is analytic in U, with

w(0)=0 and |w(z)|<1 (Vzel),

such that

fz)=g(w(2)) (z€D).

Furthermore, if the function g is univalent in U, then we have the following equivalence (see,
for details, [9]; see also [3]):

f(2) < g(2) <= f(0)=g(0) and f(U)C g(U).

We now let 7 denote the subclass of the univalent function class S consisting of functions
of the form:

f( :szajzj (aj 20; z € U). (1.5)

Recently, Nishiwaki et al. [12] investigated some Holder-type inequalities for a subclass of
uniformly starlike functions in U. We also recall the generalized convolutions, studied by Choi
et al. [6], which are defined for the functions f;(z) € T given by

fe(2) :z—ZaM 2 (aj 0 20; £=1,2,3,---,n). (1.6)
j=2

We define these modified Hadamard products (or convolutions) G, (z) and H,(z) by

Gn(z) =2z — Z (H aﬂ) 2 (1.7)

and

Ho(z) :=2- ) (H(aj,e)m) 2 (pe>0; £=1,2,3,-- ,n), (1.8)
j=2 \e=1
respectively. Clearly, G, (z) denotes the modified Hadamard product (or convolution) of fy(z)

(6=1,2,3,-- ,n) given by (1.6). Therefore, H,,(z) is a generalization of the modified Hadamard
product (or convolution) G, (2).
We note each of the following special cases:
(i) For n = 2, it is easily seen that
Ga(2) = (f1 % f2)(2),
where the functions f1, fo € T are given by (1.6).

(ii) Forp, =1 (( =1,2,3,--- ,n), we have
Hn(z) = Gu(2).
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Next, for functions f,(z) (£ =1,2,3,---,n) given by (1.6), the familiar Holder inequality
assumes the following form (see [7,10,11,15]):

oo

Z <H aj,f) H (aj,0) ) (1.9)
i=2 \£=1 =1 \j=2
<p@1;ez1,2,3,... Z -2 )

The operator £ : U — U, studied by Babalola [1 ], is deﬁned by

)= (073 % ) (), (1.10)
where
z
pUA (Z) = m, g — )\ + 1 > 0, and Po = p0-70.

and p;;\ is given by
_ z
(Pm,\*pavk)(z)zliz (07)\€N;:{172737...})_

If the function f € A is given by (1.1), then (1.10) is equivalent to

(0 +J) (0 — M) ;
Z( I'(o+1) (U+j_)\_1)!> aj = (z € ).

Making use the binomial series:

n
1-6)"= n) —5)* n€Nyg:=NU{0}={0,1,2,---}),
=30 ()i eto=Nugo) = 9
for f € A, we introduce the linear derivative operator defined successively as follows:

DI (2)=F(2),

Dysof (2) = DG 501 (2)
(1—8)" L3f (2) + [1— (1= )" =(L3f) (=)

a3 -nd) (Rerd) e s

I'c+1) (c+j5j—-A—-1)!
and, in general,
DI (2) = Do (D51 (2)
= <1—6>"7>51Z?;1f<z>+[1—<1—6> 2 (D755 ' ()
e+ Y- nd)” (Rer e e
j=2

IFoe+1) (c+j—A—-1)!

:z-i-Zgojaj 2 (0>0; nyo,AeN; me Ny :=NU{0}), (1.11)

where

(o +7) (e —A)! ) (1.12)

e = [1+G-1e] (F(a+1) ot A-1)
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and (for convenience)

It follows from (1.11) that

¢ = (DIES () =DEgs f(2) = (1= &) DIEs S (2). (1.13)
By using the hybrid-type convolution operator DU’:;")\, we define a subclass
Hy 55 (B, a.n, A, B)
of the class T as follows.
Definition 2. For § > 0, n,c,A e N, me Ny, 0k <1,0<a<1,058<1, -1<B<

A<Tand 07 <1, let HOT"(6,a,n, A, B) denote the subclass of the class T consisting of
functions of the form (1.5) and satisfying the following condition:

Frssi(z) —1

<o (1.14)
n(B—A) (fg;gfg”(z) - ﬁ) -B (]—‘g;;f}“(z) - 1)
where ( )/ 2( )//
— 2(Drsnf(2)) + k2% (D5 f(2)
FIEsr(z) = - DAL (0= pS ). (1.15)

(1= R)Dy 5 f(2) + k2(Dy 5 f(2)
The constants A and B (-1 £ B < A £ 1) were indeed used in defining the Janowski-type

analytic functions by means of the principle of subordination (see Definition 1).

For functions f in the subclass #,"5"{" (83, &, 1, A, B) of the function class 7', which is defined
above (see Definition 2) by using the hybrid-type convolution operator in (1.11), we propose
to derive several properties and characteristics including (for example) the modified Hadamard
products, Holder’s inequalities and convolution properties as well as some closure properties
under a general family of integral transforms.

82 A Set of Coefficient Estimates

Unless otherwise mentioned, we shall assume in the remainder of this paper that § > 0,
n,o, AEN MeN), 0Sk<1,0<as1,088<1,-1£B<A<1,08np<1and 2 €T,
and the powers are understood to be the principle values.

In the following theorem, we obtain the necessary and sufficient conditions for functions f
in the class € H; 5"\ (8, a,m, A, B).

Theorem 1. Let the function f be defined by (1.5). Then the function f is in the class
Hy's5 (B, a,m, A, B) if and only if

Zc a; Sa(B—A)n(l-4), (2.1)

where
Cji=(1+jr—m[1-Ba)(i—1)+(B-AnaGi-Ale, GeNVY (22
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and p; is given by (1.12).

Proof. We first assume that the inequality (2.1) holds true. Then we find from (1.5) and (1.14)
that

FTEs ) 1] —aln (B - 4) (FIi () - 8) = B(FT5 () - 1),

=) (A +jr—r) (G —1)pja;2
j=2

—la(B-=A)n(1-p)=z

+Y a(l+jr—r)[n(B=A)(j—B) — B(j — D]pja;2 |,

j=2
that is, that
Fr ) = 1| = aln (B - 4) (FLixte) - 8) - B (FI555() - 1)

<Y (U+ir—r) (G- Dpja; 27 P —a(B=A)n|(1-6)r
+ZO‘ 1+jk—k)[n(B—A)(j—B8)—B({—1pa;r

S ) (+jr=r)(1=Ba)(j—1)+(B—A)nla(j-H)leja,

‘M8

~
||
N

—a(B-A)m@1-8)=0 (2€0).
Hence, by the Mazimum Modulus Theorem, we have f(z) € ’HZ gl/\ﬁ(ﬁ,a,n, A, B).

Conversely, we suppose that

fa’gni”(z) -1

n

n(B - A) (F35 () - B) - B (Fog5 () -1)
ioj(lﬂﬁ—ﬂ)(J—l)%Z]

Jj=2

(B—A)n(1—p)z— i(lﬂﬁs—%)[n(B—A)(j—ﬁ)—B(j—l)]wjajzj

<a (z €U).
Since R(z) < |z| for all z, we find that

S (14 i — ) (G — 1) 520

R =2
(B=A)n(1-p)z— EZ(HM—%) (B—A)(j—B)—B(j—1)]pja;2
< Q. (23)

We now choose values of z on the real axis in the complex z-plane so that f’(z) is real. Then,
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upon clearing the denominator in (2.3) and letting z — 1— through real values, we have
oo

> (1 +jr—r)[(1=Ba) (j— 1) + (B = A)na (j — B)lp;a
j=2
—a(B—A)n(1—pg) 0.
This completes the proof of Theorem 1. O

Upon setting k = 0 and x = 1 in Theorem 1, we get the following corollaries.

Corollary 1. Let the function f be defined by (1.5). Then the function f is in the class
Z:snxo(ﬁva n, A, B) if and only if

oo

Y1 =Ba)(j—1)+(B-A)na(j-Bea; <a(B—A)n(l-p).

j=2
Corollary 2. Let the function f be defined by (1.5). Then the function f is in the class
Z?Al(ﬁ’a n, A, B) if and only if

Zj[(l—Ba)(j—1)+(B—A)?7a(j—5)]s0jaj Sa(B-A)n(1-p).

83 Convolution Properties for Functions in the Class
Zgn)\ﬁ(ﬁ>a 777A B)

In this section, by using the techniques of Schild and Silverman [13], we obtain some con-
volution properties for functions f in the class H;'5\"(8, a,n, A, B).

Theorem 2. Let the function fi defined by (1.6) be in the class H,'s"\" (81, . n, A, B) and let
the function fo defined by (1.6) be in the class HZ’?}\H(BQ, a,n, A, B). If the coefficient sequence
{C;}52, given by (2.2) is non-decreasing, then fi * fa € ”HZ ?f(ﬂ*,a,n,A,B), where

an(B—A)(1—p1)(1—p2)[1 — Ba+na(B— A)

/B* = 1 — 2 )
(1 + H)\/®2(61’ «, 777147 B)\/(—)Q(BQa «, 7]7A7B) Y2 — [0477 (B - A)] (1 - /81) (1 - 6(2) )
3.1
where
O (1, ,m, A, B) = [(1 - Ba) + (B — A)na (2 - 41)] (3.2)
and
O3(B2,,m, A, B) = [(1— Ba) + (B = A)na (2 — o)), (33)
and @2 is given by (1.12) for j = 2.
Proof. In order to demonstrate Theorem 2, it is sufficient to show that
o~ (L+jk = w)[(1 = Ba) (j = 1) + (B = A)na (j = B*)pj ajaaje
> <1, (3.4)
2 an (B —A) (1= 57)
where 3* is defined by (3.1). Since fi € ;73" (B1,a,n, A, B), we have
S (]‘+]K’7K‘) (/617a77?AB)S0] aj,1 <1 (35)

an (B —A) (1= p1)

=2
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Furthermore, since fo € H'W'3 (B2, a,m, A, B), we have

oo

(]' +]’€ — li))\(ﬂg,()&,’ﬁ, Av B)Spjajﬂ <1
L mm-AG g St
In view of (3.5) and (3.6), we observe that

and
©;(B2,a,m, A, B) = [(1 = Ba) (j = 1) + (B = A)na (j — B2)]-
On the other hand, under the hypotheses of Theorem 2, and by the Cauchy-Schwarz in-
equality, we get
i (1+jk — K)\/O,(B1,a,n, A, B)\/0;(B2, a,n, A, B)
= an (B —A)\/(1 - 1) (1 - Be)
Thus, clearly, we find from (3.5) and (3.6) that
i (14 jk — k)% ©;(B1,a,n, A, B) ©,(B2,a,n, A, B) Lp?a“aj’g
= [an (B = A)]* (1= B1) (1 - B2)
We now turn toward finding the largest 5* such that

©j\/aj1a52 = 1. (3.7)

<1. (3.8)

i (L+jk—w)[(1 = Ba) (j —1) + (B~ A)na (j — B)]¢; ajaa;2
2 an (B —A) (1 5")
(14 jrx — K)/0,;(B1,a,m, A, B)\/©;(B2, ,n, A, B)
< i aj5,1052.
> an (B — A) /(L= B) (1 Ba) AR

Indeed we have \/ \/
(1=5") VO, (B, ,n, A, B)\/O,;(B2, 0, n, A, B)
VAR S =G T A (1 - Ba) G~ 1) + (B~ A)a i~ 3]
By applying (3.7), it is sufficient to find the largest * such that
an(B—A)\/(1 = B1) (1 - p)
(1+jk — K)\/©;(Br, a1, A, B)\/©;(B2, ,n, A, B) ¢
< (1-8*)v/0,(B1,,1,A, B)\/O; (B2, 2,1, A, B)
T V=80 =5)(1-Ba) (i — 1)+ (B = A)na(j—B*)]

which leads us to
pr=1-
an(B—A)(1=p5)(1—-p2)((—1)[1 - Ba+na(B—A)
(14 jk — £)\/0,(Br, a,n, A, B)\/6;(Ba, ., A, B)p; — [am (B — A)* (1= B1) (1= Ba)
Let us now put
®(j) =

an(B—A)(1—-B1)(1—=p52) (G —1)[1 — Ba+na(B—A)]
(1 +jK - “)\/GJ(ﬂl»a»ﬂaAB)\/93'(527@»777/173)% - [0”7 (B - A)]2 (1 - Bl) (1 - 52)
Since ®(j5) is a non-decreasing function of j (j = 2), we have §* < 1 — ®(j), that is,
an(B—A)(1—p1)(1—B2)[1 - Ba+na(B—A)
(1+ 1)y/©2(B1, 0,0, A, B)\/Oa(B2, 0,1, A, B)ga — [am (B — A)] (1= 1) (1 - Ba)

B <1-
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This completes the proof of Theorem 2. O

Theorem 3. Let the function f; (¢ =1,2) defined by (1.6) be in the class H; 53" (8, a,m, A, B).
If the coefficient sequence {C;}32,5 given by (2.2) is non-decreasing, then the function h(z) given

by

oo

h(z) =z — Z (ail + a?’z) P2 (3.9)

j=2
belongs to the class H, 55" (x, o, n, A, B), where

2na (B —A)(1—B)*[1 — Ba+na (B — A)]

(1+£K)[1 = Ba+na(B—A)(2-B)Pp2 —2[na(B - A)(1-p5)]
and 2 is given by (1.12).
Proof. From Theorem 1, it is sufficient to prove that
—~ (1+jr—rK)[(1-Ba)(j—1)+(B—A j — ;
5 eI B 6D (B Al 3 ) <1
j=2
Since the functions f; (¢ = 1,2) are in the class H; 53" (8, @, 1, A, B), we have
3 { (14— m)[(1 = Ba) (j = 1) + (B~ A na(j ~ Hle; }
2 (BB
00 . . . 2

and

[ (A +jr—w)[1=Ba) (-1 +(B-Anaj-Ble > »
Z{ a(B—A)n(1-B) }

> 1+jk—kr)[1—Ba)(j—1)+(B—-A)na(j— i 2
<§{< =BG+ B w6 =Bl N gy
It follows from (3.11) and (3.12) that
Lo (A4 gs =Rl =Ba)(j = 1) + (B~ A)na (G —Hle; )’
22_:( (B~ A)n(1-p) )
Therefore, we need to find the largest x such that
(1+jk—r)[(1—Ba) (i —1)+ (B - A)na(j — x)]e;
a(B—-A)n(l-Xx)
Sl((1+jﬁ—ﬂ)[(1—Ba)(j—1)+(B—A)na(j—ﬂ)]@j>2
T2 a(B—-A)n(l-p)
that is, that

Jj=2

2 2
ajJ + a/leQ) § 1.

(122),

2na (B —A) (1-B)(j — 1) [1 — Ba +na (B — A)]

(1+jk—R)[(1 = Ba) (j = 1) + (B — A)na (j — B)|2p; — 2[na (B — A) (1 - B)]*
We now let

x=1-

2na (B~ A) (1= )" (j — 1) [L - Ba+na(B - A) '
(1+jr = ®)[(1 = Ba) (j = 1) +na (B = A) (j = B)]*¢; — 2[na (B — A) (1 - B))*

U(j) ==
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Since ¥(j) is a non-decreasing function of j (j = 2), we have x < 1 — ¥(j), that is,
na (B — A)(1—B)*[1 — Ba+na (B — A)]
(L4 ML~ Ba+na(B— A) (2 - B)Pps—2[na (B A)(1-B)°
This completes the proof of Theorem 3. O

XS1-—

84 Holder’s Inequalities

Our main result on Holder’s Inequalities is given by Theorem 4 below.

Theorem 4. Let the functions fi (£ =1,2,3,---,n) defined by (1.6) be in the class

Hy 53 (Besaym, A, B). Then My (2) is in the class Hy 53" (x, a,n, A, B) such that

10 (B~ A)~ [1— Ba o (B~ A)] [T (1- 50"

X é 1- n n )
K1+~Wﬂpzﬂ[O—BQ%HW(B—ANQ—&H”—UW(B—Aﬂunﬁl—&]
=1 =1
(4.1)
where
n 1 n 1
r= pe =1, pp=—, — 21 and q >1 £=1,2,3,---,n
Z ¢ 0z ; ” : ( )
and @y is given by (1.12).
Proof. For fe(z) € Hy s\ (Be,,m, A, B) (£ =1,2,3,--- ,n), we have
o~ (L+jrk=&)[(1 = Ba) (j —1) +na(B-A) (G —Ble;
ajg S 1, 4.2
2, n(B—A) (- ) = "2
which implies that
> (1 —K)[(1=Ba)(j -1 B—A)(j— ; "
Z ik R1=B0) =D+ B-AG =B, V"o gy
2 na (B~ A) (L A1)
with
g>1 (£=1,2,3,---,n) and lzl
.

From (4.3), we have

- (A+jr=r)[1=Ba)(G—1) +na(B-A4) (G- B)lg;
1;[ Z na (B — A) (1 — By) ot

Thus, by applying Holder’s inequality (1.9), we find that

[ (L 4k —®)[(1— Ba) (j — 1) +na (B — A) (j — B)lg; \ *
Z;DI< no (B —A) (1 —3) ) ]<L

We now have to determine the largest x such that

Jj=2
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oo

(1+jk—R)(1=Ba) (= 1) +1a(B—A) G = e (17 v
Z na(B—A)(1—-x) (Haj,£> =1,

=2
that is, that

= (14 = R)[(1 = Ba) (= 1) +ma(B— A) (= Wles (1] o
2 na (B—4) (1 =) (H““>

Jj=2

A (s = R)I(L= Ba) (= 1)+ na (B 4) (G = B)le; \ ™ &
H( na(B=A)(1-B) ) ]

Therefore, we need to find the largest x such that

(1+jrk=r)[(1=Ba)(j—1)+na(B-A4) [ —x)e, ﬁa?f—i
na (B —A)(1-x)

T ((L+jr—k)[(1—Ba)(j—1) +na (B —A) (5 — Be)le; | *
I ( )"

<3|

=2

A

a(B—A)n(l-5)
for j = 2. Since

ﬁ ((1 +j5—)(1=Ba)(j=1) + (B~ A)na(j —xﬂwa’)“_” S

na (B —A)(1-x)

1
(pe—go (€=1,2.3, 7’”)7
qe

we see that

1
S 1
= ., (1+jk—r)(1—-Ba)(j—1)+na(B-A) (j_ﬁf)]SDj Pe—75;
121;11( na (B — A) (1 - 8y) >

which leads us to the following inequality:
(1+jr—r)(1=Ba)([i -1 +na(B-A4) [ —x)]e;
no(B—A)(1-x)

[T+ gk — k) (1= Ba) (G — 1) + 5o (B — A) (j — B)) o]
< =1 . (4.4)
T (B = 4) (1= )
or, equivalently,
X =
- (=D A L= Ba+na(B-A)

)

no (B — A) Llf[l (14 jk = m)p T [(1 = Ba) (j — 1) +na (B = A) (j = Bl — A
(4.5)

where
n

Ac=][laB - -gP  (€=1,23- ).

(=1
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(J—1A; [ — Ba+na(B—A)]
[(1+jr — k)@ "1 [(1 = Ba) (j — 1) + na (B — A) (j — Bo)I”* — Ae
(4.6)

s

a(B - A)
£

1

which is an increasing function in j = 2. Hence we have
YEE@) =1
[na (B — A)""! 1 — Ba+na (B — A)] H (1= Bo)™

(14 R)eal” ™ TLI( = Bo) 40 (B = 4) (2= B — [ne (B — A [T1(1 = B
(4.7)
This completes the proof of Theorem 4. O

Ifweset pp=1 ((=1,2,3,---,m) in Theorem 4, we obtain of the following corollary:

Corollary 3. Let the functions f; (£ = 1,2,3,---,m) defined by (1.6) be in the class

ag,m,k

Hy'sx (Be,a,m, A, B). Then G, (2) is in the class Hm;/\ (s¢,a,m, A, B) for
[na (B _ A)]mfl [1 — Ba + na (B — A)]}:[l (]- - ﬂf)

»<1-—

(1— B0
(4.8)

sz

: [(1 = Ba) +na (B —A) (2= p)] = [no (B - A)]me

:ls

[(1+ r)pa]™

Il
—

4

85 Closure Properties Under Integral Transforms

In this section, we first recall the following integral transform (see [11]):

L.(f)(z) = / o) 1 (5.1)

where w is a real-valued and non-negative weight function which is normalized such that

/Olw(t) dt =1,

for which Z,, is known as the Bernardi operator (see [2]). Moreover, when
1 o 1 o—1
w(t) = i+ 1)” t' |log | = (u>-1; 0 20), (5.2)
I' (o) t

we are led to the Komatu operator (see [8]).

Theorem 5. Let the function f, which is defined by (1.5), belong to the class HZ g";(ﬁ, a,n, A,
B). Then L,(f) is in the class Hy 53" (8, a,m, A, B).
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Proof. From (5.1) and (5.2), we have

o—1 o
r(ne) = D gy <z_za - ) a

. j:: (W)Uajzj. (5.3)

H+
Now, in order to prove that Z,(f) € H,’ g”;(ﬁ, a,n, A, B), it is sufficient to show that

= (14— w1 Ba) (G~ )+ (B—A)pa(G - Bloy (n+1)
2 a(B- A1) (455) w=r 6o

Since, in view of Theorem 1, f € 7{2 gn/\n(ﬂ, a,n, A, B) if and only if

S~ (Lbin = (= Ba) = 1)+ (B Awa = Dl 655
2 a(B- A (1B
the assertion (5.4) holds true because
p+1 ,
— <1 j=2).
e (G122
This completes the proof of Theorem 5. O

Theorem 6. Let the function f, which is defined by (1.5), belong to the class H; 53" (8, a, m, A,
B). Then Z,(f) is starlike of order n (0 <n < 1) in |z| < Ry, where

p+3\°
R f
' m{(u“)

(1=n)(1+jr=rK)1=Ba) -1+ B-A)na(i-B)e; |
a(j—mn)(B—A)n(l-p) ’

in which @; is given by (1.12).

Proof. 1t is sufficient to prove that
2(Z.(f)(2))
L(f)(2)
where R, is given by (5.6). It is easily observed that

: S G-1) (““) o

—1l<1l—n (lz]| < R1),

(e |2 PEY
7)) = TES T
TR o
so that ,
2 (Z.()(2)) )
RGO
if

—(j—n p+1\7 i1 <
E — —_— ; <1. 5.7
<1—n) <u+j> o= 6.7
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Since f € H, 53" (8, ,n, A, B), we find from (5.5) and (5.7) that

(=) G =

(1+jr=R)[(1=Ba)(j=1) + (B = A)na(j—b)lg;
a(B-A)n1-7) '

Thus we have
1

p+i\ L=n)(1+jr—r)[1=Ba)(j—1)+B—-Ana(i—Ble; |7
'zlg{(uﬂ) a(—m(B-An1-5 } - (58)
This completes the proof of Theorem 6. =

Finally, we present Theorem 7 below.

Theorem 7. Suppose that the function f, which is defined by (1.5), belongs to the class

Z?Aﬁ(ﬁva 777A B)
Then Z,(f) is convex of ordern (0 =n < 1) in |z| < Ra, where

+ . g
Ro := 1nf{ (Z-l—i)

1

= tie =R =Ba)G-D+B-AmG=0, oo
aj(j—n)(B-A)n(l-7) ’
in which ¢; is given by (1.12).
Proof. The proof is similar to the proof of theorem 6, so it is being omitted here. O

86 Concluding Remarks and Observations

In our present investigation, we have made use of a certain hybrid-type convolution operator
with a view to introducing a new subclass of normalized analytic functions in the open unit
disk. For functions belonging to this newly-defined analytic function class, we have derived
a number of properties and characteristics including (for example) the modified Hadamard
products, Holder’s inequalities and convolution properties as well as some closure properties
under a general family of integral transforms. The interested reader will find some recent
developments on Holder’s inequalities in [4] and [5].
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