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Hölder’s inequalities for a class of analytic functions

connected with a certain hybrid-type convolution operator

H. M. Srivastava1,2,3,4,5,6,∗ Sheza M. El-Deeb7

Abstract. By using a certain hybrid-type convolution operator, we first introduce a new sub-

class of normalized analytic functions in the open unit disk. For members of this analytic

function class, we then derive several properties and characteristics including (for example) the

modified Hadamard products, Hölder’s inequalities and convolution properties as well as some

closure properties under a general family of integral transforms.

§1 Introduction, Definitions and Preliminaries

Let A denote the class of functions of the form:

f (z) = z +
∞∑
j=2

aj z
j , (1.1)

which are analytic in the open unit disk

U = {z : z ∈ C and |z| < 1}.
We denote by S the subclass of all functions in A which are univalent in U and indeed normalized

by

f(0) = 0 = f ′ (0) − 1.

Suppose also that S∗(γ) and C(δ) are the subclasses of S consisting of all functions which are,

respectively, starlike and convex of order γ (0 5 γ < 1) in U. Thus, by definition, we have

S∗ (γ) :=

{
f : f ∈ S and ℜ

(
zf ′ (z)

f (z)

)
> γ (0 5 γ < 1; z ∈ U)

}
(1.2)

and

C (γ) :=

{
f : f ∈ S and ℜ

(
1 +

zf ′′(z)

f ′(z)

)
> γ (0 5 γ < 1; z ∈ U)

}
. (1.3)
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The function classes S∗(γ) and C (γ) were introduced by Reberston [14] and satisfy the following

equivalence relation:

f(z) ∈ C(γ) ⇐⇒ zf ′(z) ∈ S∗(γ) (0 5 γ < 1; z ∈ U). (1.4)

We note also that

S∗(0) =: S∗ and C(0) =: C
for the relatively more familiar classes S∗ and C of starlike and convex functions in U.

Definition 1. For functions f, g ∈ A, we say that the function f is subordinate to g, written

as f(z) ≺ g(z), if there exists a Schwarz function ϖ, which is analytic in U, with

ϖ(0) = 0 and |ϖ(z)| < 1 (∀ z ∈ U),

such that

f(z) = g
(
ϖ(z)

)
(z ∈ U).

Furthermore, if the function g is univalent in U, then we have the following equivalence (see,

for details, [9]; see also [3]):

f(z) ≺ g(z) ⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

We now let T denote the subclass of the univalent function class S consisting of functions

of the form:

f (z) = z −
∞∑
j=2

ajz
j

(
aj = 0; z ∈ U

)
. (1.5)

Recently, Nishiwaki et al. [12] investigated some Hölder-type inequalities for a subclass of

uniformly starlike functions in U. We also recall the generalized convolutions, studied by Choi

et al. [6], which are defined for the functions fℓ(z) ∈ T given by

fℓ(z) = z −
∞∑
j=2

aj,ℓ zj (aj,ℓ = 0; ℓ = 1, 2, 3, · · · , n) . (1.6)

We define these modified Hadamard products (or convolutions) Gn(z) and Hn(z) by

Gn(z) := z −
∞∑
j=2

(
n∏

ℓ=1

aj,ℓ

)
zj (1.7)

and

Hn(z) := z −
∞∑
j=2

(
n∏

ℓ=1

(aj,ℓ)
pℓ

)
zj

(
pℓ > 0; ℓ = 1, 2, 3, · · · , n

)
, (1.8)

respectively. Clearly, Gn(z) denotes the modified Hadamard product (or convolution) of fℓ(z)

(ℓ = 1, 2, 3, · · · , n) given by (1.6). Therefore, Hn(z) is a generalization of the modified Hadamard

product (or convolution) Gn(z).

We note each of the following special cases:

(i) For n = 2, it is easily seen that

G2(z) = (f1 ∗ f2)(z),

where the functions f1, f2 ∈ T are given by (1.6).

(ii) For pℓ = 1 (ℓ = 1, 2, 3, · · · , n), we have

Hn(z) = Gn(z).



H. M. Srivastava, Sheza M. El-Deeb. Hölder’s inequalities for a class of analytic functions... 445

Next, for functions fℓ(z) (ℓ = 1, 2, 3, · · · , n) given by (1.6), the familiar Hölder inequality

assumes the following form (see [7, 10,11,15]):

∞∑
j=2

(
n∏

ℓ=1

aj,ℓ

)
5

n∏
ℓ=1

 ∞∑
j=2

(aj,ℓ)
pℓ

 1
pℓ

(1.9)

(
pℓ = 1; ℓ = 1, 2, 3, · · · , n;

n∑
ℓ=1

1

pℓ
= 1

)
.

The operator Lσ
λ : U → U, studied by Babalola [1], is defined by

Lσ
λf (z) :=

(
ρσ ∗ ρ−1

σ,λ ∗ f
)

(z) , (1.10)

where

ρσ,λ (z) =
z

(1 − z)
σ−λ+1

, σ − λ + 1 > 0, and ρσ = ρσ,0.

and ρ−1
σ,λ is given by(

ρσ,λ ∗ ρ−1
σ,λ

)
(z) =

z

1 − z
(σ, λ ∈ N := {1, 2, 3, · · · }) .

If the function f ∈ A is given by (1.1), then (1.10) is equivalent to

Lσ
λf (z) = z +

∞∑
j=2

(
Γ(σ + j)

Γ(σ + 1)
· (σ − λ)!

(σ + j − λ− 1)!

)
aj zj (z ∈ U).

Making use the binomial series:

(1 − δ)
n

=
n∑

ℓ=0

(
n

ℓ

)
(−δ)ℓ (n ∈ N0 := N ∪ {0} = {0, 1, 2, · · · }) ,

for f ∈ A, we introduce the linear derivative operator defined successively as follows:

Dσ,0
n,δ,λf (z) = f (z) ,

Dσ,1
n,δ,λf (z) = Dσ

n,δ,λf (z)

= (1 − δ)
n Lσ

λf (z) + [1 − (1 − δ)
n
] z (Lσ

λf)
′
(z)

= z +

∞∑
j=2

[
1 + (j − 1) cδn

](Γ(σ + j)

Γ(σ + 1)
· (σ − λ)!

(σ + j − λ− 1)!

)
aj zj ,

and, in general,

Dσ,m
n,δ,λf (z) = Dσ

n,δ,λ

(
Dσ,m−1

n,δ,λ f (z)
)

= (1 − δ)
n Dσ,m−1

n,δ,λ f (z) + [1 − (1 − δ)
n
] z
(
Dσ,m−1

n,δ,λ f (z)
)′

= z +

∞∑
j=2

[
1 + (j − 1) cδn

]m(Γ(σ + j)

Γ(σ + 1)
· (σ − λ)!

(σ + j − λ− 1)!

)
aj zj

= z +
∞∑
j=2

φj aj zj (δ > 0; n, σ, λ ∈ N; m ∈ N0 := N ∪ {0}) , (1.11)

where

φj =
[
1 + (j − 1) cδn

]m(Γ(σ + j)

Γ(σ + 1)
· (σ − λ)!

(σ + j − λ− 1)!

)
(1.12)
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and (for convenience)

cδn := −
n∑

ℓ=1

(
n

ℓ

)
(−δ)ℓ = 1 − (1 − δ)n (n ∈ N) .

It follows from (1.11) that

cδn z
(
Dσ,m

n,δ,λf (z)
)′

= Dσ,m+1
n,δ,λ f (z) −

(
1 − cδn

)
Dσ,m

n,δ,λf (z) . (1.13)

By using the hybrid-type convolution operator Dσ,m
n,δ,λ, we define a subclass

Hσ,m,κ
n,δ,λ (β, α, η,A,B)

of the class T as follows.

Definition 2. For δ > 0, n, σ, λ ∈ N, m ∈ N0, 0 5 κ 5 1, 0 < α 5 1, 0 5 β < 1, −1 5 B <

A 5 1 and 0 5 η 5 1, let Hσ,m,κ
n,δ,λ (β, α, η,A,B) denote the subclass of the class T consisting of

functions of the form (1.5) and satisfying the following condition:∣∣∣∣∣∣ Fσ,m,κ
n,δ,λ (z) − 1

η (B −A)
(
Fσ,m,κ

n,δ,λ (z) − β
)
−B

(
Fσ,m,κ

n,δ,f (z) − 1
)
∣∣∣∣∣∣ < α (1.14)

where

Fσ,m,κ
n,δ,λ (z) =

z
(
Dσ,m

n,δ,λf(z)
)′

+ κz2
(
Dσ,m

n,δ,λf(z)
)′′

(1 − κ)Dσ,m
n,δ,λf(z) + κz

(
Dσ,m

n,δ,λf(z)
)′ (0 5 ρ 5 1). (1.15)

The constants A and B (−1 5 B < A 5 1) were indeed used in defining the Janowski-type

analytic functions by means of the principle of subordination (see Definition 1).

For functions f in the subclass Hσ,m,κ
n,δ,λ (β, α, η,A,B) of the function class T , which is defined

above (see Definition 2) by using the hybrid-type convolution operator in (1.11), we propose

to derive several properties and characteristics including (for example) the modified Hadamard

products, Hölder’s inequalities and convolution properties as well as some closure properties

under a general family of integral transforms.

§2 A Set of Coefficient Estimates

Unless otherwise mentioned, we shall assume in the remainder of this paper that δ > 0,

n, σ, λ ∈ N, m ∈ N0, 0 5 κ 5 1, 0 < α 5 1, 0 5 β < 1, −1 5 B < A 5 1, 0 5 η 5 1 and z ∈ U,

and the powers are understood to be the principle values.

In the following theorem, we obtain the necessary and sufficient conditions for functions f

in the class ∈ Hσ,m,κ
n,δ,λ (β, α, η,A,B).

Theorem 1. Let the function f be defined by (1.5). Then the function f is in the class

Hσ,m,κ
n,δ,λ (β, α, η,A,B) if and only if

∞∑
j=2

Cj aj 5 α (B −A) η (1 − β) , (2.1)

where

Cj := (1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj (j ∈ N \ {1}) (2.2)
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and φj is given by (1.12).

Proof. We first assume that the inequality (2.1) holds true. Then we find from (1.5) and (1.14)

that ∣∣∣Fσ,m,κ
n,δ,λ (z) − 1

∣∣∣− α
∣∣∣η (B −A)

(
Fσ,m,κ

n,δ,λ (z) − β
)
−B

(
Fσ,m,κ

n,δ,λ (z) − 1
)∣∣∣

=

∣∣∣∣∣∣
∞∑
j=2

(1 + jκ− κ) (j − 1)φjajz
j

∣∣∣∣∣∣
−

∣∣∣∣∣α (B −A) η (1 − β) z

+
∞∑
j=2

α(1 + jκ− κ) [η (B −A) (j − β) −B (j − 1)]φjajz
j

∣∣∣∣∣∣ ,
that is, that ∣∣∣Fσ,m,κ

n,δ,λ (z) − 1
∣∣∣− α

∣∣∣η (B −A)
(
Fσ,m,κ

n,δ,λ (z) − β
)
−B

(
Fσ,m,κ

n,δ,λ (z) − 1
)∣∣∣

5
∞∑
j=2

(1 + jκ− κ) (j − 1)φjaj zj−1rk − α (B −A) |η| (1 − β) r

+

∞∑
j=2

α(1 + jκ− κ) [η (B −A) (j − β) −B (j − 1)]φjaj rj

5
∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) |η|α (j − β)]φjaj

− α (B −A) |η| (1 − β) 5 0 (z ∈ U) .

Hence, by the Maximum Modulus Theorem, we have f(z) ∈ Hσ,m,κ
n,δ,λ (β, α, η,A,B).

Conversely, we suppose that∣∣∣∣∣∣ Fσ,m,κ
n,δ,λ (z) − 1

η (B −A)
(
Fσ,m,κ

n,δ,λ (z) − β
)
−B

(
Fσ,m,κ

n,δ,λ (z) − 1
)
∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣
∞∑
j=2

(1 + jκ− κ) (j − 1)φjz
j

(B −A) η (1 − β) z −
∞∑
j=2

(1 + jκ− κ) [η (B −A) (j − β) −B (j − 1)]φjajzj

∣∣∣∣∣∣∣∣
< α (z ∈ U) .

Since ℜ(z) 5 |z| for all z, we find that

ℜ


∞∑
j=2

(1 + jκ− κ) (j − 1)φjz
j

(B −A) η (1 − β) z −
∞∑
j=2

(1 + jκ− κ) [η (B −A) (j − β) −B (j − 1)]φjajzj


< α. (2.3)

We now choose values of z on the real axis in the complex z-plane so that f ′(z) is real. Then,
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upon clearing the denominator in (2.3) and letting z → 1− through real values, we have
∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φjaj

− α (B −A) η (1 − β) 5 0.

This completes the proof of Theorem 1.

Upon setting κ = 0 and κ = 1 in Theorem 1, we get the following corollaries.

Corollary 1. Let the function f be defined by (1.5). Then the function f is in the class

Hσ,m,0
n,δ,λ (β, α, η,A,B) if and only if

∞∑
j=2

[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φjaj 5 α (B −A) η (1 − β) .

Corollary 2. Let the function f be defined by (1.5). Then the function f is in the class

Hσ,m,1
n,δ,λ (β, α, η,A,B) if and only if

∞∑
j=2

j[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φjaj 5 α (B −A) η (1 − β) .

§3 Convolution Properties for Functions in the Class

Hσ,m,κ
n,δ,λ (β, α, η, A,B)

In this section, by using the techniques of Schild and Silverman [13], we obtain some con-

volution properties for functions f in the class Hσ,m,κ
n,δ,λ (β, α, η,A,B).

Theorem 2. Let the function f1 defined by (1.6) be in the class Hσ,m,κ
n,δ,λ (β1, α, η, A,B) and let

the function f2 defined by (1.6) be in the class Hσ,m,κ
n,δ,λ (β2, α, η, A,B). If the coefficient sequence

{Cj}∞j=2 given by (2.2) is non-decreasing, then f1 ∗ f2 ∈ Hσ,m,κ
n,δ,λ (β∗, α, η, A,B), where

β∗ = 1 − αη (B −A) (1 − β1) (1 − β2) [1 −Bα + ηα (B −A)]

(1 + κ)
√

Θ2(β1, α, η, A,B)
√

Θ2(β2, α, η, A,B) φ2 − [αη (B −A)]
2

(1 − β1) (1 − β2)
,

(3.1)

where

Θ2(β1, α, η, A,B) = [(1 −Bα) + (B −A) ηα (2 − β1)] (3.2)

and

Θ2(β2, α, η, A,B) = [(1 −Bα) + (B −A) ηα (2 − β2)], (3.3)

and φ2 is given by (1.12) for j = 2.

Proof. In order to demonstrate Theorem 2, it is sufficient to show that
∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β∗)]φj aj,1aj,2
αη (B −A) (1 − β∗)

5 1, (3.4)

where β∗ is defined by (3.1). Since f1 ∈ Hσ,m,κ
n,δ,λ (β1, α, η, A,B), we have

∞∑
j=2

(1 + jκ− κ)λ(β1, α, η, A,B)φj aj,1
αη (B −A) (1 − β1)

5 1. (3.5)
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Furthermore, since f2 ∈ Hσ,m,κ
n,δ,λ (β2, α, η, A,B), we have
∞∑
j=2

(1 + jκ− κ)λ(β2, α, η, A,B)φjaj,2
αη (B −A) (1 − β2)

5 1. (3.6)

In view of (3.5) and (3.6), we observe that

Θj(β1, α, η, A,B) = [(1 −Bα) (j − 1) + (B −A) ηα (j − β1)]

and

Θj(β2, α, η, A,B) = [(1 −Bα) (j − 1) + (B −A) ηα (j − β2)].

On the other hand, under the hypotheses of Theorem 2, and by the Cauchy-Schwarz in-

equality, we get
∞∑
j=2

(1 + jκ− κ)
√

Θj(β1, α, η, A,B)
√

Θj(β2, α, η, A,B)

αη (B −A)
√

(1 − β1) (1 − β2)
φj

√
aj,1aj,2 5 1. (3.7)

Thus, clearly, we find from (3.5) and (3.6) that
∞∑
k=2

(1 + jκ− κ)2 Θj(β1, α, η, A,B) Θj(β2, α, η, A,B) φ2
jaj,1aj,2

[αη (B −A)]
2

(1 − β1) (1 − β2)
5 1. (3.8)

We now turn toward finding the largest β∗ such that
∞∑
k=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β∗)]φj aj,1aj,2
αη (B −A) (1 − β∗)

5
∞∑
k=2

(1 + jκ− κ)
√

Θj(β1, α, η, A,B)
√

Θj(β2, α, η, A,B)

αη (B −A)
√

(1 − β1) (1 − β2)
φj

√
aj,1aj,2.

Indeed we have

√
ak,1ak,2 5 (1 − β∗)

√
Θj(β1, α, η, A,B)

√
Θj(β2, α, η, A,B)√

(1 − β1) (1 − β2) [(1 −Bα) (j − 1) + (B −A) ηα (j − β∗)]
.

By applying (3.7), it is sufficient to find the largest β∗ such that

αη (B −A)
√

(1 − β1) (1 − β2)

(1 + jκ− κ)
√

Θj(β1, α, η, A,B)
√

Θj(β2, α, η, A,B) φj

5 (1 − β∗)
√

Θj(β1, α, η, A,B)
√

Θj(β2, α, η, A,B)√
(1 − β1) (1 − β2)[(1 −Bα) (j − 1) + (B −A) ηα (j − β∗)]

,

which leads us to

β∗ 5 1−
αη (B −A) (1 − β1) (1 − β2) (j − 1) [1 −Bα + ηα (B −A)]

(1 + jκ− κ)
√

Θj(β1, α, η, A,B)
√

Θj(β2, α, η, A,B)φj − [αη (B −A)]
2

(1 − β1) (1 − β2)
.

Let us now put

Φ(j) :=

αη (B −A) (1 − β1) (1 − β2) (j − 1) [1 −Bα + ηα (B −A)]

(1 + jκ− κ)
√

Θj(β1, α, η, A,B)
√

Θj(β2, α, η, A,B)φj − [αη (B −A)]
2

(1 − β1) (1 − β2)
.

Since Φ(j) is a non-decreasing function of j (j = 2), we have β∗ 5 1 − Φ(j), that is,

β∗ 5 1 − αη (B −A) (1 − β1) (1 − β2) [1 −Bα + ηα (B −A)]

(1 + κ)
√

Θ2(β1, α, η, A,B)
√

Θ2(β2, α, η, A,B)φ2 − [αη (B −A)]
2

(1 − β1) (1 − β2)
.
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This completes the proof of Theorem 2.

Theorem 3. Let the function fℓ (ℓ = 1, 2) defined by (1.6) be in the class Hσ,m,κ
n,δ,λ (β, α, η,A,B).

If the coefficient sequence {Cj}∞j=2 given by (2.2) is non-decreasing, then the function h(z) given

by

h(z) = z −
∞∑
j=2

(
a2j,1 + a2j,2

)
zj (3.9)

belongs to the class Hσ,m,κ
n,δ,λ (χ, α, η,A,B), where

χ = 1 − 2ηα (B −A) (1 − β)
2

[1 −Bα + ηα (B −A)]

(1 + κ)[1 −Bα + ηα (B −A) (2 − β)]2φ2 − 2 [ηα (B −A) (1 − β)]
2 (3.10)

and φ2 is given by (1.12).

Proof. From Theorem 1, it is sufficient to prove that
∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − χ)]φj

α (B −A) η (1 − χ)

(
a2j,1 + a2j,2

)
5 1.

Since the functions fℓ (ℓ = 1, 2) are in the class Hσ,m,κ
n,δ,λ (β, α, η,A,B), we have

∞∑
j=2

{
(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (B −A) η (1 − β)

}2

a2j,1

5
∞∑
j=2

{
(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (B −A) η (1 − β)
aj,1

}2

5 1 (3.11)

and
∞∑
j=2

{
(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (B −A) η (1 − β)

}2

a2j,2

5
∞∑
j=2

{
(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (B −A) η (1 − β)
aj,2

}2

5 1, (3.12)

It follows from (3.11) and (3.12) that

1

2

∞∑
j=2

(
(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (B −A) η (1 − β)

)2 (
a2j,1 + a2j,2

)
5 1.

Therefore, we need to find the largest χ such that

(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − χ)]φj

α (B −A) η (1 − χ)

5 1

2

(
(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (B −A) η (1 − β)

)2

(j = 2) ,

that is, that

χ = 1 − 2ηα (B −A) (1 − β)
2

(j − 1) [1 −Bα + ηα (B −A)]

(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]2φj − 2 [ηα (B −A) (1 − β)]
2 .

We now let

Ψ(j) :=
2ηα (B −A) (1 − β)

2
(j − 1) [1 −Bα + ηα (B −A)]

(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − β)]2φj − 2 [ηα (B −A) (1 − β)]
2 .



H. M. Srivastava, Sheza M. El-Deeb. Hölder’s inequalities for a class of analytic functions... 451

Since Ψ(j) is a non-decreasing function of j (j = 2), we have χ 5 1 − Ψ(j), that is,

χ 5 1 − 2ηα (B −A) (1 − β)
2

[1 −Bα + ηα (B −A)]

(1 + κ)[1 −Bα + ηα (B −A) (2 − β)]2φ2 − 2 [ηα (B −A) (1 − β)]
2 .

This completes the proof of Theorem 3.

§4 Hölder’s Inequalities

Our main result on Hölder’s Inequalities is given by Theorem 4 below.

Theorem 4. Let the functions fℓ (ℓ = 1, 2, 3, · · · , n) defined by (1.6) be in the class

Hσ,m,κ
n,δ,λ (βℓ, α, η, A,B). Then Hn(z) is in the class Hσ,m,κ

n,δ,λ (χ, α, η,A,B) such that

χ 5 1 −
[ηα (B −A)]r−1 [1 −Bα + ηα (B −A)]

n∏
ℓ=1

(1 − βℓ)
pℓ

[(1 + κ)φ2]
r−1

n∏
ℓ=1

[(1 −Bα) + ηα (B −A) (2 − βℓ)]
pℓ − [ηα (B −A)]

r
n∏

ℓ=1

[(1 − βℓ)]pℓ

,

(4.1)

where

r =

n∑
ℓ=1

pℓ = 1, pℓ =
1

qℓ
,

n∑
ℓ=1

1

qℓ
= 1 and qℓ > 1 (ℓ = 1, 2, 3, · · · , n)

and φ2 is given by (1.12).

Proof. For fℓ(z) ∈ Hσ,m,κ
n,δ,λ (βℓ, α, η, A,B) (ℓ = 1, 2, 3, · · · , n), we have

∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − βℓ)]φj

ηα (B −A) (1 − βℓ)
aj,ℓ 5 1, (4.2)

which implies that ∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − βℓ)]φj

ηα (B −A) (1 − βℓ)
aj,ℓ

 1
qℓ

5 1, (4.3)

with

qℓ > 1 (ℓ = 1, 2, 3, · · · , n) and
n∑

ℓ=1

1

qℓ
= 1.

From (4.3), we have

n∏
ℓ=1

 ∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − βℓ)]φj

ηα (B −A) (1 − βℓ)
aj,ℓ

 1
qj

5 1.

Thus, by applying Hölder’s inequality (1.9), we find that

∞∑
j=2

[
n∏

ℓ=1

(
(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − βℓ)]φj

ηα (B −A) (1 − βℓ)

) 1
qi

a
1
qℓ

j,ℓ

]
5 1.

We now have to determine the largest χ such that
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∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − χ)]φj

ηα (B −A) (1 − χ)

(
n∏

ℓ=1

apℓ

j,ℓ

)
5 1,

that is, that
∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − χ)]φj

ηα (B −A) (1 − χ)

(
n∏

ℓ=1

apℓ

j,ℓ

)

5
∞∑
j=2

[
n∏

ℓ=1

(
(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − βℓ)]φj

ηα (B −A) (1 − βℓ)

) 1
qℓ

a
1
qℓ

j,ℓ

]
.

Therefore, we need to find the largest χ such that

(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − χ)]φj

ηα (B −A) (1 − χ)

(
n∏

ℓ=1

a
pℓ− 1

qℓ

j,ℓ

)

5
n∏

ℓ=1

(
(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − βℓ)]φj

α (B −A) η (1 − βℓ)

) 1
qℓ

,

for j = 2. Since
n∏

ℓ=1

(
(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − χ)]φj

ηα (B −A) (1 − χ)

)pℓ− 1
qℓ

a
pℓ− 1

qℓ

j,ℓ 5 1(
pℓ −

1

qℓ
= 0 (ℓ = 1, 2, 3, · · · , n)

)
,

we see that
n∏

ℓ=1

a
pℓ− 1

qℓ

j,ℓ

5 1

n∏
ℓ=1

(
(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − βℓ)]φj

ηα (B −A) (1 − βℓ)

)pℓ− 1
qℓ

,

which leads us to the following inequality:

(1 + jκ− κ)[(1 −Bα) (j − 1) + ηα (B −A) (j − χ)]φj

ηα (B −A) (1 − χ)

5

n∏
ℓ=1

[(1 + jκ− κ) ((1 −Bα) (j − 1) + ηα (B −A) (j − βℓ))φj ]
pℓ

n∏
ℓ=1

[ηα (B −A) (1 − βℓ)]pℓ

(4.4)

or, equivalently,

χ 5

1 − (j − 1) Λℓ [1 −Bα + ηα (B −A)]

ηα (B −A)

[
n∏

ℓ=1

[(1 + jκ− κ)φj ]
pℓ−1

[(1 −Bα) (j − 1) + ηα (B −A) (j − βℓ)]
pℓ − Λℓ

] ,
(4.5)

where

Λℓ :=

n∏
ℓ=1

[ηα (B −A) (1 − βℓ)]
pℓ (ℓ = 1, 2, 3, · · · , n).
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Let

Ξ(j) := 1

− (j − 1) Λℓ [1 −Bα + ηα (B −A)]

ηα (B −A)

[
n∏

ℓ=1

[(1 + jκ− κ)φj ]
pℓ−1

[(1 −Bα) (j − 1) + ηα (B −A) (j − βℓ)]
pℓ − Λℓ

] ,
(4.6)

which is an increasing function in j = 2. Hence we have

χ 5 Ξ(2) = 1

−
[ηα (B −A)]r−1 [1 −Bα + ηα (B −A)]

n∏
ℓ=1

(1 − βℓ)
pℓ[

[(1 + κ)φ2]
r−1

n∏
ℓ=1

[(1 −Bα) + ηα (B −A) (2 − βℓ)]
pℓ − [ηα (B −A)]

r
n∏

ℓ=1

[(1 − βℓ)]pℓ

] .
(4.7)

This completes the proof of Theorem 4.

If we set pℓ = 1 (ℓ = 1, 2, 3, · · · ,m) in Theorem 4, we obtain of the following corollary:

Corollary 3. Let the functions fℓ (ℓ = 1, 2, 3, · · · ,m) defined by (1.6) be in the class

Hσ,m,κ
n,δ,λ (βℓ, α, η, A,B). Then Gm(z) is in the class Hσ,m,κ

n,δ,λ (κ, α, η, A,B) for

κ 5 1 −
[ηα (B −A)]m−1 [1 −Bα + ηα (B −A)]

m∏
ℓ=1

(1 − βℓ)

[(1 + κ)φ2]
m−1

m∏
ℓ=1

[(1 −Bα) + ηα (B −A) (2 − βℓ)] − [ηα (B −A)]
m

m∏
ℓ=1

(1 − βℓ)
.

(4.8)

§5 Closure Properties Under Integral Transforms

In this section, we first recall the following integral transform (see [11]):

Iω(f)(z) :=

∫ 1

0

ω(t)
f(zt)

t
dt, (5.1)

where ω is a real-valued and non-negative weight function which is normalized such that∫ 1

0

ω(t) dt = 1,

for which Iω is known as the Bernardi operator (see [2]). Moreover, when

ω(t) =
(µ + 1)

σ

Γ (σ)
tµ
[
log

(
1

t

)]σ−1

(µ > −1; σ = 0), (5.2)

we are led to the Komatu operator (see [8]).

Theorem 5. Let the function f, which is defined by (1.5), belong to the class Hσ,m,κ
n,δ,λ (β, α, η,A,

B). Then Iω(f) is in the class Hσ,m,κ
n,δ,λ (β, α, η,A,B).
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Proof. From (5.1) and (5.2), we have

Iω(f)(z) =
(−1)

σ−1
(µ + 1)

σ

Γ (σ)

∫ 1

0

tµ (log t)
σ−1

z −
∞∑
j=2

aj zjtj−1

 dt

= z −
∞∑
j=2

(
µ + 1

µ + j

)σ

ajz
j . (5.3)

Now, in order to prove that Iω(f) ∈ Hσ,m,κ
n,δ,λ (β, α, η,A,B), it is sufficient to show that

∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (B −A) η (1 − β)

(
µ + 1

µ + j

)σ

aj 5 1. (5.4)

Since, in view of Theorem 1, f ∈ Hσ,m,κ
n,δ,λ (β, α, η,A,B) if and only if

∞∑
j=2

(1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (B −A) η (1 − β)
aj 5 1, (5.5)

the assertion (5.4) holds true because
µ + 1

µ + j
< 1 (j = 2).

This completes the proof of Theorem 5.

Theorem 6. Let the function f, which is defined by (1.5), belong to the class Hσ,m,κ
n,δ,λ (β, α, η,A,

B). Then Iω(f) is starlike of order η (0 5 η < 1) in |z| < R1, where

R1 := inf
j

{(
µ + j

µ + 1

)σ

· (1 − η) (1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (j − η) (B −A) η (1 − β)

} 1
j−1

, (5.6)

in which φj is given by (1.12).

Proof. It is sufficient to prove that∣∣∣∣∣z (Iω(f)(z))
′

Iω(f)(z)
− 1

∣∣∣∣∣ < 1 − η (|z| < R1),

where R1 is given by (5.6). It is easily observed that∣∣∣∣∣z (Iω(f)(z))
′

Iω(f)(z)
− 1

∣∣∣∣∣ 5
∞∑
j=2

(j − 1)

(
µ + 1

µ + j

)σ

aj |z|j−1

1 −
∞∑
j=2

(
µ + 1

µ + j

)σ

aj |z|j−1

,

so that ∣∣∣∣∣z (Iω(f)(z))
′

Iω(f)(z)
− 1

∣∣∣∣∣ < 1 − η,

if
∞∑
j=2

(
j − η

1 − η

)(
µ + 1

µ + j

)σ

aj |z|j−1 5 1. (5.7)
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Since f ∈ Hσ,m,κ
n,δ,λ (β, α, η,A,B), we find from (5.5) and (5.7) that(
j − η

1 − η

)(
µ + 1

µ + j

)σ

|z|j−1

5 (1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (B −A) η (1 − β)
.

Thus we have

|z| 5
{(

µ + j

µ + 1

)σ
(1 − η) (1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

α (j − η) (B −A) η (1 − β)

} 1
j−1

. (5.8)

This completes the proof of Theorem 6.

Finally, we present Theorem 7 below.

Theorem 7. Suppose that the function f, which is defined by (1.5), belongs to the class

Hσ,m,κ
n,δ,λ (β, α, η,A,B).

Then Iω(f) is convex of order η (0 5 η < 1) in |z| < R2, where

R2 := inf
j

{(
µ + j

µ + 1

)σ

· (1 − η) (1 + jκ− κ)[(1 −Bα) (j − 1) + (B −A) ηα (j − β)]φj

αj (j − η) (B −A) η (1 − β)

} 1
j−1

, (5.9)

in which φj is given by (1.12).

Proof. The proof is similar to the proof of theorem 6, so it is being omitted here.

§6 Concluding Remarks and Observations

In our present investigation, we have made use of a certain hybrid-type convolution operator

with a view to introducing a new subclass of normalized analytic functions in the open unit

disk. For functions belonging to this newly-defined analytic function class, we have derived

a number of properties and characteristics including (for example) the modified Hadamard

products, Hölder’s inequalities and convolution properties as well as some closure properties

under a general family of integral transforms. The interested reader will find some recent

developments on Hölder’s inequalities in [4] and [5].
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[7] S M El-Deeb, G Murugusundarmoorthy. Hölder’s inequalities for a class of analytic func-

tions connected with q-confluent hypergeometric distribution, Jordan J Math Stat, 2022,

15: 65-88.

[8] Y C Kim, F Rønning. Integral transforms of certain subclasses of analytic functions, J

Math Anal Appl, 2001, 258: 466-489.

[9] S S Miller, P T Mocanu. Differential Subordination: Theory and Applications (1st ed.),

CRC Press, 2000, DOI: 10.1201/9781482289817.
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