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Abstract. For the new subclass B of the bi-univalent functions constructed with the help of

the (u, v)-Chebyshev polynomials of the second type, we get estimates for the first two initial

coefficients and upper bounds of the Fekete-Szegő functional.

§1 Introduction

Legendre discovered orthogonal polynomials in 1784 [22], and they have been researched ex-

tensively since then. Orthogonal polynomials are frequently used in the mathematical study of

model problems to discover solutions to ordinary differential equations given particular criteria

imposed by the model. Orthogonal polynomials have unquestionable relevance in modern math-

ematics, as well as a wide range of commercial applications and physics. The relevance of these

polynomials in approximation theory issues is well-known. In differential and integral equations

theory, along with mathematical statistics, they can be found. Quantum physics, signal anal-

ysis, automated control, scattering theory and axially symmetric potential theory [13,16] have

all made use of them. Firstly, bi-univalent functions were introduced by Lewin [23]. However,

this subject attracted the attention of many mathematicians after Srivastava et al. [35] studied

coefficient bounds for certain subclasses of analytic and bi-univalent functions (also see [29]

and [31]). Later, by defining many new subclasses of analytic bi-univalent functions with the

help of some special polynomials, some special functions and some special operators, coefficient

bounds for these classes and Fekete-Szegő functionals were studied. For example, Srivastava

et al. obtained general coefficient bounds for these classes with the help of Faber polynomials

by introducing the new class of analytic and by using bi-univalent functions and by using the

Tremblay fractional derivative operator in [30] and the q-integral operator in [34]. Additionally,

Srivastava et al. [28] studied a new subclass of bi-univalent functions using Horadam polynomi-

als. In recent years, bi-univalent functions and their various applications are among the most

studied topics in geometric function theory (see [33], [36], [37], [38]).
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§2 Definitions and preliminaries

We let U = {z : z ∈ C, |z| < 1} be a unit disk, R = (−∞,∞), N := N0 \ {0} and let A
denote the class of holomorphic functions of the form

µ(z) = z +
∞∑
r=2

τrz
r (z ∈ U) (1)

normalized by the condition µ(0) = µ′(0) − 1 = 0. Let S ⊂ A be the class of holomorphic

and univalent function in U . Lewin [23] presented the class of bi-univalent functions as a

subclass of A and identified certain coefficient bounds for the class. He showed that |τ2| ≤ 1.15.

Furthermore, the Koebe 1/4 theorem (see [17]) states that the range of every function f ∈ S
contains the disc dω = {ω : |ω| < 0.25}, hence, for all µ ∈ S with its inverse µ−1, such that

µ−1(µ(z)) = z (z ∈ U)
and

µ(µ−1(ω)) = ω, (ω : |ω| < r0(µ); r0(µ) ≥ 0.25)

where µ−1(ω) is expressed as

G(ω) = ω − τ2ω
2 + (2τ22 − τ3)ω

3 − (5τ32 − 5τ2τ3 + τ4)ω
4 + · · · . (2)

So, a function µ ∈ A is said to be bi-univalent in U if both µ(z) and G(z) are univalent in U .
Let B denote the class of holomorphic and bi-univalent functions in U .

We know that some familiar functions f ∈ S such as the Koebe function κ(z) = z/(1−z)2, its

rotation function κς(z) = z/(1−eiςz)2, µ(z) = z−z2/2 and µ(z) = z/(1−z2) are not members

of B. Also some functions µ ∈ (S ∩ B) includes µ(z) = z, µ(z) = 1/2 log[(1 − z)/(1 − z)],

z/(1− z). For more details see [6–8,12,27,29,30,32,34,40].

From [17], let s(z), S(z) ∈ A, then s(z) ≺ S(z), z ∈ U , suppose w holomorphic in U , such
that w(0) = 0, |w(z)| < 1 and s(z) = S(w(z)). If the function S(z) is univalent in U then

s(z) ≺ S(z) ⇒ s(0) = S(0) and s(U) ⊂ S(U). The (u, v)-Chebyshev polynomials of the second

class have the following recurrence relations:

Vm(t, a, u, v) = (um + vm)tVm−1(t, a, u, v) + (u, v)m−1aVm−2(t, a, u, v) (3)

where

V0(t, a, u, v) = 1

V1(t, a, u, v) = (u+ v)t

V2(t, a, u, v) = ((u2 + v2)(u+ v)t2 + uva) (m ≥ 2, 0 < v < u ≤ 1)

t is a variable. We shall discuss the following intriguing points in light of this recurrence relation.

(1) The Jacobsthal polynomials denoted by Jm+1(y) are obtained when t = 1/2, a = 2y,

u = 1, v = 1.

(2) The Jacobsthal numbers denoted by Jm+1 are obtained when t = 1/2, a = 2, u = 1,

v = 1.

(3) The Pell polynomials denoted by Pm+1(t) are obtained when a = 1, u = 1, v = 1.

(4) The Pell numbers denoted by Pm+1 are obtained when t = 1, a = 1, u = 1, v = 1.

(5) The Fibonacci polynomials denoted by Fm+1(t) are obtained when t = t
2 , a = 1, u = 1,

v = 1.
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(6) The Fibonacci numbers denoted by Fm+1 are obtained when t = 1
2 , a = 1, u = 1, v = 1.

(7) The (u, v)-Fibonacci polynomials denoted by Fm(t, a, u, v) are obtained when t = t
2 .

(8) The second kind of Chebyshev polynomials denoted by Vn(t) are obtained when a = −1,

u = 1, v = 1.

These recursively defined polynomials over integers have more detailed information about

the phenomenon properties and have been researched a lot. (see [1–5,9–11,14,15,18,19,21,24–

26,39]) and closely related references cited therein. Kizilates et al. [20] recently defined the first

and second kinds of (u, v)-Chebyshev polynomials and these polynomials have precise formulae,

generating functions, and other notable characteristics.

The second-order (u, v)-Chebyshev polynomials have the following generating function:

Gu,v(z) =
1

1− (uvaz2ςu,v + tvzςv + tuzςu)

=
∞∑

m=0

Vm(t, a, u, v)zm (z ∈ U),

where Vm(t, a, u, v) is given by (3). This section begins with the definition of the class JB,β
σ,γ (u, v)

as follows:

Definition 1. For β ≥ 0, σ ≥ 1, |γ| ≤ 1 but γ ̸= 1, a function µ ∈ B is said to be in the class

JB,β
σ,γ (u, v) if the following subordination conditions are fulfilled:

((1− γ)z)1−β(µ′(z))σ

(µ(z)− µ(γz))1−β
≺ Gu,v(z) (4)

and
((1− γ)ω)1−β(G′(ω))σ

(G(ω)−G(γω))1−β
≺ Gu,v(ω). (5)

By choosing special values for β, γ and σ, the class JB,β
σ,γ (u, v) yields some interesting new

classes as remarked below:

Remark 1. For σ = 1, we have the new class JB,β
1,γ (u, v). The class JB,β

1,γ (u, v) consists of the

functions of µ ∈ B fulfilled by

((1− γ)z)1−βµ′(z)

(µ(z)− µ(γz))1−β
≺ Gu,v(z) (6)

and
((1− γ)ω)1−βG′(ω)

(G(ω)−G(γω))1−β
≺ Gu,v(ω). (7)

Remark 2. For β = 0, we have the new class

JB,0
σ,γ (u, v) = JBσ,γ(u, v).

For this class µ ∈ B if

z(1− γ)(µ′(z))σ

µ(z)− µ(γz)
≺ Gu,v(z) (8)

and
ω(1− γ)(G′(ω))σ

G(ω)−G(γω)
≺ Gu,v(ω). (9)

Also,
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(1) Choosing σ = 1 in the class JBσ,γ(u, v) we have a new class

JB1,γ(u, v) = JBγ (u, v).

For this class µ ∈ B, if

z(1− γ)µ′(z)

f(z)− f(γz)
≺ Gu,v(z) (10)

and
ω(1− γ)G′(ω)

G(ω)−G(γω)
≺ Gu,v(ω). (11)

(2) Choosing σ = 1 and fixing γ = −1 in the class JBσ,γ(u, v) we have new class

JB1,−1(u, v) = JBS (u, v).

For this class µ ∈ B, if

2zµ′(z)

µ(z)− µ(−z)
≺ Gu,v(z) (12)

and
2ωG′(w)

G(ω)−G(−ω)
≺ Gu,v(ω). (13)

(3) Choosing γ = 0 in the class JBσ (u, v) we have the class

JBσ,0(u, v) = JBσ (u, v).

For this class µ ∈ B, if
z(µ′(z))σ

µ(z)
≺ Gu,v(z) (14)

and
ω(G′(ω))σ

G(ω)
≺ Gu,v(ω). (15)

(4) Choosing σ = 2 in the class JBσ (u, v) we have the class

JB2 (u, v) = JB(u, v).

The class consists of the function µ ∈ B satisfying

µ′(z)
zµ′(z)

µ(z)
≺ Gu,v(z) (16)

and

G′(ω)
ωG′(ω)

G(ω)
≺ Gu,v(ω). (17)

For β = 1, we have the new class JB,1
σ,γ (u, v). The class JB,1

σ,γ (u, v) consists of the functions

of µ ∈ B satisfying

(µ′(z))σ ≺ Gu,v(z) (18)

and

(G′(ω))σ ≺ Gu,v(ω). (19)

Also,

Choosing σ = 1 in the class JB,1
σ (u, v) we have the class

JB,1
1 (u, v).

For this class µ ∈ B, if
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µ′(z) ≺ Gu,v(z) (20)

and

G′(ω) ≺ Gu,v(ω). (21)

Now, we give our main result.

Theorem 1. Let µ(z) ∈ JB,β
σ,γ (u, v). Then

|τ2| ≤
(u+ v)t

√
(u+ v)t√√√√∣∣∣∣∣

[
(β − 1) [G1] + σ(2σ + 1)

]
(u+ v)2t2 −G2

∣∣∣∣∣
, (22)

|τ3| ≤ (u+ v)t

[
(u+ v)t

|[2σ + (β − 1)(1 + γ)]2|
+

1

|3σ + (β − 1)(1 + γ + γ2)|

]
, (23)

and for any real number χ,

∣∣τ3 − χτ22
∣∣ ≤


(u+v)t

|3σ+(β−1)(1+γ+γ2)| , |χ− 1| 5 A

|1−χ|(u+v)3t3

|(u+v)2t2Ω−[2σ+(β−1)(1+γ)]2((u2+v2)(u+v)t2+uva)| , |χ− 1| = A,

where

A =
1

|3σ + (β − 1)(1 + γ + γ2)|

∣∣∣∣∣Ω − [2σ + (β − 1)(1 + γ)]2
(
u2 + v2

u+ v
+

uva

(u+ v)2t2

)∣∣∣∣∣,
Ω = (β − 1)

[
(β − 2)(1 + γ)2

2
+ 2σ(1 + γ) + 1 + γ + γ2

]
+ σ(2σ + 1),

G1 = (β−2)(1+γ)2

2 + 2σ(1 + γ) + (1 + γ + γ2),

G2 = [2σ + (β − 1)(1 + γ)]2((u2 + v2)(u+ v)t2 + uva).

Proof. Let µ(z) ∈ JB,β
σ,γ (u, v). Then, from (4) and (5), we have

((1− γ)z)1−β(µ′(z))σ

(µ(z)− µ(γz))1−β
= Gu,v(Φ(z))

and
((1− γ)ω)1−β(G′(ω))σ

(G(ω)−G(γω))1−β
= Gu,v(Υ(ω)),

for some holomorphic functions Φ, Υ such that Φ(0) = Υ(0) = 0, |Φ(z)| < 1, |Υ(ω)| < 1,

z, ω ∈ U , we can state

|Φ(z)| = |ϱ1z + ϱ2z
2 + ϱ3z

3 + · · · | < 1 (z ∈ U)
|Υ(ω)| = |µ1ω + µ2ω

2 + µ3ω
3 + · · · | < 1 (ω ∈ U)

by equivalence

((1− γ)z)1−β(µ′(z))σ

(µ(z)− µ(γz))1−β
= V0(t, a, u, v) + V1(t, a, u, v)Φ(z) + V2(t, a, u, v)Φ

2(z) + · · · (24)

and
((1− γ)ω)1−β(G′(ω))σ

(G(ω)−G(γω))1−β
= V0(t, a, u, v) + V1(t, a, u, v)Υ(ω) + V2(t, a, u, v)Υ

2(ω) + · · · . (25)
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From (24) and (25), yields

((1− γ)z)1−β(µ′(z))σ

(µ(z)− µ(γz))1−β
= 1 + V1(t, a, u, v)ϱ1z

+

[
V1(t, a, u, v)ϱ2 + V2(t, a, u, v)ϱ

2
1

]
z2 + · · · (26)

and
((1− γ)ω)1−β(G′(ω))σ

(G(ω)−G(γω))1−β
= 1 + V1(t, a, u, v)µ1ω

+

[
V1(t, a, u, v)µ2 + V2(t, a, u, v)µ

2
1

]
ω2 + · · · . (27)

When the corresponding coefficients in (26) and (27) are compared, we get

[2σ + (β − 1)(1 + γ)]τ2 = V1(t, a, u, v)ϱ1, (28)

[3σ + (β − 1)(1 + γ + γ2)]τ3 +

[
(β − 1)(β − 2)

2
(1 + γ)2 + 2σ(σ − 1 + (β − 1)(1 + γ))

]
τ22

= V1(t, a, u, v)ϱ2 + V2(t, a, u, v)ϱ
2
1, (29)

−[2σ + (β − 1)(1 + γ)]τ2 = V1(t, a, u, v)µ1, (30)[
2(β − 1)(1 + γ + γ2) +

(β − 1)(β − 2)

2
(1 + γ)2 + 2σ(σ + 2 + (β − 1)(1 + γ))

]
τ22

− [3σ + (β − 1)(1 + γ + γ2)]τ3 = V1(t, a, u, v)µ2 + V2(t, a, u, v)µ
2
1. (31)

From (28) and (30)

ϱ1 = −µ1, (32)

2[2σ + (β − 1)(1 + γ)]2τ22 = V 2
1 (t, a, u, v)(ϱ

2
1 + µ2

1) or

(ϱ21 + µ2
1) =

2[2σ + (β − 1)(1 + γ)]2τ22
V 2
1 (t, a, u, v)

or τ22 =
V 2
1 (t, a, u, v)(ϱ

2
1 + µ2

1)

2[2σ + (β − 1)(1 + γ)]2
. (33)

Summation of (29) and (31) gives[
2(β − 1)

[
(β − 2)(1 + γ)2

2
+ 2σ(1 + γ) + (1 + γ + γ2)

]
+ 2σ(2σ + 1)

]
τ22

= V1(t, a, u, v)(ϱ2 + µ2) + V2(t, a, u, v)(ϱ
2
1 + µ2

1) = V1(t, a, u, v)(ϱ2 + µ2)

+ V2(t, a, u, v)

[
2[2σ + (β − 1)(1 + γ)]2τ22

V 2
1 (t, a, u, v)

]
. (34)

Applying (33) in (34), yields[
V 2
1 (t, a, u, v)

[
2(β − 1)

[
(β − 2)(1 + γ)2

2
+ 2σ(1 + γ) + (1 + γ + γ2)

]

+ 2σ(2σ + 1)

]
− 2V2(t, a, u, v)[2σ + (β − 1)(1 + γ)]2

]
τ22 = V 3

1 (t, a, u, v)(ϱ2 + µ2) (35)
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which gives

|τ2| ≤
(u+ v)t

√
(u+ v)t√√√√∣∣∣∣∣

[
(β − 1) [G1] + σ(2σ + 1)

]
(u+ v)2t2 −G2

∣∣∣∣∣
.

Hence, (29) minus (31) gives us

2[3σ + (β − 1)(1 + γ + γ2)](τ3 − τ22 ) = V1(t, a, u, v)(ϱ2 − µ2) + V2(t, a, u, v)(ϱ
2
1 − µ2

1). (36)

Then, by using (32) and (33) in (36), we get

τ3 = τ22 +
V1(t, a, u, v)(ϱ2 − µ2)

2[3σ + (β − 1)(1 + γ + γ2)]
(37)

=
V 2
1 (t, a, u, v)(ϱ

2
1 + µ2

1)

2[2σ + (β − 1)(1 + γ)]2
+

V1(t, a, u, v)(ϱ2 − µ2)

2[3σ + (β − 1)(1 + γ + γ2)]
. (38)

Applying (3), we have

|τ3| ≤ (u+ v)t

[
(u+ v)t

|[2σ + (β − 1)(1 + γ)]2|
+

1

|3σ + (β − 1)(1 + γ + γ2)|

]
.

Furthermore, From (35) and (36), we get

τ3 − χτ22 = V1(t, a, u, v)

[(
ζ(χ) +

1

2[3σ + (β − 1)(1 + γ + γ2)]

)
ϱ2

+

(
ζ(χ)− 1

2[3σ + (β − 1)(1 + γ + γ2)]

)
µ2

]
where

ζ(χ) =
V 2
1 (t, a, u, v)(1− χ)

V 2
1 (t, a, u, v)[G3]− V2(t, a, u, v)[2σ + (β − 1)(1 + γ)]2

.

where

G3 =

[
(β − 1)

(
(β − 2)(1 + γ)2

2
+ σ(1 + γ) + (1 + γ + γ2)

)
+ σ(2σ + 1)

]
.

Thus, according to (3), we have

∣∣τ3 − χτ22
∣∣ ≤


(u+v)t

|3σ+(β−1)(1+γ+γ2)| , 0 5 |ζ(χ)| 5 1
|2[3σ+(β−1)(1+γ+γ2)]|

2|ζ(χ)|(u+ v)t, |ζ(χ)| = 1
|2[3σ+(β−1)(1+γ+γ2)]|

where

ζ(χ) =
V 2
1 (t, a, u, v)(1− χ)

V 2
1 (t, a, u, v)[G3]− V2(t, a, u, v)[2σ + (β − 1)(1 + γ)]2

.

Hence,

∣∣τ3 − χτ22
∣∣ ≤


(u+v)t

|3σ+(β−1)(1+γ+γ2)| , |χ− 1| 5 A

|1−χ|(u+v)3t3

|(u+v)2t2Ω−[2σ+(β−1)(1+γ)]2((u2+v2)(u+v)t2+uva)| , |χ− 1| = A.

§3 Corollaries

We get the following results by specializing the parameters γ, β, σ, in Theorem 1.
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Corollary 1. For σ = 1, let µ ∈ JB,β
1,γ (u, v). Then

|τ2| ≤
(u+ v)t

√
(u+ v)t√√√√∣∣∣∣∣G4

∣∣∣∣∣
, (39)

|τ3| ≤ (u+ v)t

[
(u+ v)t

|[2 + (β − 1)(1 + γ)]2|
+

1

|3 + (β − 1)(1 + γ + γ2)|

]
, (40)

and for any real number χ,

∣∣τ3 − χτ22
∣∣ ≤ {

(u+v)t
|3+(β−1)(1+γ+γ2)| , |χ− 1| 5 A1

|1−χ|(u+v)3t3

|(u+v)2t2Ω1−[2+(β−1)(1+γ)]2((u2+v2)(u+v)t2+uva)| , |χ− 1| = A1,

where

A1 =
1

|3 + (β − 1)(1 + γ + γ2)|

∣∣∣∣∣Ω1 − [2 + (β − 1)(1 + γ)]2
(
u2 + v2

u+ v
+

uva

(u+ v)2t2

)∣∣∣∣∣
Ω1 = (β − 1)

[
(β − 2)(1 + γ)2

2
+ γ2 + 3γ + 3

]
+ 3,

G4 =

[
(β − 1)

[
(β − 2)(1 + γ)2

2
+ 3(1 + γ) + γ2

]
+ 3

]
(u+ v)2t2

− [2 + (β − 1)(1 + γ)]2((u2 + v2)(u+ v)t2 + uva).

Corollary 2. For β = 0, let µ ∈ JB,0
σ,γ (u, v). Then

|τ2| ≤
(u+ v)t

√
(u+ v)t√√√√∣∣∣∣∣(γ − σ)(1− 2σ)(u+ v)2t2 − [2σ − (1 + γ)]2((u2 + v2)(u+ v)t2 + uva)

∣∣∣∣∣
, (41)

|τ3| ≤ (u+ v)t

[
(u+ v)t

|[2σ − (1 + γ)]2|
+

1

|3σ − (1 + γ + γ2)|

]
, (42)

and for any real number χ,

∣∣τ3 − χτ22
∣∣ ≤


(u+v)t

|3σ−(1+γ+γ2)| , |χ− 1| 5 A2

|1−χ|(u+v)3t3

|(u+v)2t2Ω2−[2σ−(1+γ)]2((u2+v2)(u+v)t2+uva)| , |χ− 1| = A2,

where

A2 =
1

|3σ − (1 + γ + γ2)|

∣∣∣∣∣Ω2 − [2σ − (1 + γ)]2
(
u2 + v2

u+ v
+

uva

(u+ v)2t2

)∣∣∣∣∣
Ω2 = (γ − σ)(1− 2σ).

Corollary 3. For σ = 1, β = 0, let µ ∈ JB,0
1,γ (u, v). Then
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|τ2| ≤
(u+ v)t

√
(u+ v)t√√√√∣∣∣∣∣(1− γ)(u+ v)2t2 − [1− γ)]2((u2 + v2)(u+ v)t2 + uva)

∣∣∣∣∣
, (43)

|τ3| ≤ (u+ v)t

[
(u+ v)t

|[1− γ]2|
+

1

|2− (γ + γ2)|

]
, (44)

and for any real number χ,

∣∣τ3 − χτ22
∣∣ ≤


(u+v)t

|2−(γ+γ2)| , |χ− 1| 5 A3

|1−χ|(u+v)3t3

|(u+v)2t2Ω3−[1−γ]2((u2+v2)(u+v)t2+uva)| , |χ− 1| = A3,

where

A3 =
1

|2− (γ + γ2)|

∣∣∣∣∣Ω3 − [1− γ]2
(
u2 + v2

u+ v
+

uva

(u+ v)2t2

)∣∣∣∣∣
Ω3 = (1− γ).

Corollary 4. For β = 0 and γ = 0, let µ ∈ JB,0
σ,0 (u, v). Then

|τ2| ≤
(u+ v)t

√
(u+ v)t√√√√∣∣∣∣∣σ(2σ − 1)(u+ v)2t2 − [2σ − 1]2((u2 + v2)(u+ v)t2 + uva)

∣∣∣∣∣
, (45)

|τ3| ≤ (u+ v)t

[
(u+ v)t

|[2σ − 1]2|
+

1

|3σ − 1|

]
, (46)

and for any real number χ,

∣∣τ3 − χτ22
∣∣ ≤


(u+v)t
|3σ−1| , |χ− 1| 5 A4

|1−χ|(u+v)3t3

|(u+v)2t2Ω4−[2σ−1]2((u2+v2)(u+v)t2+uva)| , |χ− 1| = A4,

where

A4 =
1

|3σ − 1|

∣∣∣∣∣Ω4 − [2σ − 1]2
(
u2 + v2

u+ v
+

uva

(u+ v)2t2

)∣∣∣∣∣
Ω4 = σ(2σ − 1).

Corollary 5. For σ = 2, let µ ∈ JB,0
2,0 (u, v). Then

|τ2| ≤
(u+ v)t

√
(u+ v)t√√√√∣∣∣∣∣6(u+ v)2t2 − 3((u2 + v2)(u+ v)t2 + uva)

∣∣∣∣∣
, (47)

|τ3| ≤ (u+ v)t

[
(u+ v)t

9
+

1

5

]
, (48)

and for any real number χ,
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∣∣τ3 − χτ22
∣∣ ≤


(u+v)t

5 , |χ− 1| 5 A5

|1−χ|(u+v)3t3

|6(u+v)2t2−9((u2+v2)(u+v)t2+uva)| , |χ− 1| = A5,

where

A5 =
1

5

∣∣∣∣∣6− 9

(
u2 + v2

u+ v
+

uva

(u+ v)2t2

)∣∣∣∣∣.
Corollary 6. For σ = 1, let µ ∈ JB,0

1,0 (u, v). Then

|τ2| ≤
(u+ v)t

√
(u+ v)t√√√√∣∣∣∣∣(u+ v)2t2 − ((u2 + v2)(u+ v)t2 + uva)

∣∣∣∣∣
, (49)

|τ3| ≤ (u+ v)t

[
(u+ v)t+

1

2

]
, (50)

and for any real number χ,

∣∣τ3 − χτ22
∣∣ ≤


(u+v)t

2 , |χ− 1| 5 A6

|1−χ|(u+v)3t3

|(u+v)2t2−((u2+v2)(u+v)t2+uva)| , |χ− 1| = A6,

where

A6 =
1

2

∣∣∣∣∣1−
(
u2 + v2

u+ v
+

uva

(u+ v)2t2

)∣∣∣∣∣.
Corollary 7. For β = 1, let µ ∈ JB,1

σ (u, v). Then

|τ2| ≤
(u+ v)t

√
(u+ v)t√√√√∣∣∣∣∣σ(2σ + 1)(u+ v)2t2 − 4σ2((u2 + v2)(u+ v)t2 + uva)

∣∣∣∣∣
, (51)

|τ3| ≤ (u+ v)t

[
(u+ v)t

|4σ2|
+

1

|3σ|

]
, (52)

and for any real number χ,

∣∣τ3 − χτ22
∣∣ ≤


(u+v)t
|3σ| , |χ− 1| 5 A7

|1−χ|(u+v)3t3

|(u+v)2t2Ω7−4σ2((u2+v2)(u+v)t2+uva)| , |χ− 1| = A7,

where

A7 =
1

3σ

∣∣∣∣∣Ω7 − 4σ2

(
u2 + v2

u+ v
+

uva

(u+ v)2t2

)∣∣∣∣∣
Ω7 = σ(2σ + 1).

Corollary 8. For σ = 1, β = 1, let µ ∈ JB,1
1 (u, v). Then
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|τ2| ≤
(u+ v)t

√
(u+ v)t√√√√∣∣∣∣∣3(u+ v)2t2 − 4((u2 + v2)(u+ v)t2 + uva)

∣∣∣∣∣
, (53)

|τ3| ≤ (u+ v)t

[
(u+ v)t

4
+

1

3

]
, (54)

and for any real number χ,

∣∣τ3 − χτ22
∣∣ ≤


(u+v)t
|3σ| , |χ− 1| 5 A8

|1−χ|(u+v)3t3

|3(u+v)2t2−4((u2+v2)(u+v)t2+uva)| , |χ− 1| = A8,

where

A8 =
1

3

∣∣∣∣∣3− 4

(
u2 + v2

u+ v
+

uva

(u+ v)2t2

)∣∣∣∣∣.
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