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Dynamical study of discrete prey-predator system
incorporating proportional prey refuge with interval

parameters

Prasun K. Santra! Ghanshaym S. Mahapatra?

Abstract. This paper presents the dynamical properties of a discrete-time prey-predator model
with refuge in prey under imprecise biological parameters. We consider the refuge concept of
prey, which is proportional to the density of prey species with interval parameters. The model
develops with natural interval parameters since the uncertainties of parameters of any ecological
system are a widespread phenomenon in nature. The equilibria of the model are obtained,
and the dynamic behaviours of the proposed system are examined. Simulations of the model
are performed for different parameters of the model. Numerical simulations show that the
proposed discrete model exhibits rich dynamics of a chaotic and complex nature. Our study,
through analytical derivation and numerical example, presents the effect of refuge on population

dynamics under imprecise biological parameters.

81 Introduction

In the classical Lotka-Volterra model ([1],[2]), multiple species ecological problem was pre-
sented first time with general interaction. One of the significant interactivities among species
in bio-mathematics is the prey-predator correlation, which has been studied on a large scale
([3]-[14]) for its universal existence. Many factors are affecting the predator-prey dynamics.
The theory of population dynamics is divided into two kinds of mathematical models: con-
tinuous and discrete-time models. The discrete-time models described by difference equations
([15]-[25]), and the discrete-time models are more appropriate when populations have a small
number of population, or non-overlapping generations. In addition, exact numerical simulation
results can be presented for discrete-time models. Furthermore, the numerical simulations of
continuous-time models are derived by discretizing the models. Again, the discrete-time models
([32],[41],[48]) have richer dynamical attributes than the continuous-time models.
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The refuge is an exciting concept in the prey-predator model. It can be defined as the
change in the density of prey attached per unit time per predator as the prey density changes.
Many papers ([4],[12]) in continuous models with refuge exist in the literature, which presented
the effect in the dynamics of prey-predator interaction. Kar [3] presented the stability analysis
of a prey-predator system by incorporating a prey refuge. This paper proposes to study the
discrete-time prey-predator model by considering the fact that prey refuge is proportional to
the density of prey species. The different types of refuge concepts demonstrate the various
prey dynamics for studying the prey-predator system. The effect of different prey refuge has
more importance on the dynamics of discrete-time models than the continuous prey-predator
systems. Some examples of predator and prey are rat and cat, lion and zebra, bear and fish,
and fox and rabbit. Rats have refuges such as tall grass, allowing them to hide from predators

such as owls and cats.

Hu and Cao [47] presented a discrete-time predator-prey system of Holling and Leslie type
functional responses for bifurcation and chaos analysis. Cheng and Cao [44] presented a discrete-
time ratio dependent on the predator-prey model for bifurcation analysis incorporating the
Allee effect. Cui et al. [46] studied the dynamics of a discrete-time prey-predator system with
Holling I functional response. Gdmez et al. [42] presented a discrete-time prey-predator model
for ecological monitoring. Chen and Chen [43] presented a discrete predator-prey model with

stage structure and harvesting to study complex dynamic behaviours.

The discrete-time model in general is developed by researchers ([33],[34],[35]) with the as-
sumption that the biological parameters are fixed and precisely known, however, it is different
in practical situations. All biological parameters may not be fixed in reality, and rather it may
deviate due to various causes ([26],[28],[29],[30],[31]). The biological parameters are sensible
and more appropriate to be treated as imprecise quantity ([36],[40]) instead of a definite real
number. Peixoto et al. [30] studied the predator-prey fuzzy model. First time in the study of
the prey-predator system, Pal et al. [26] proposed the interval biological parameters for optimal
harvesting of prey-predator bio-economic model. Liang and Zhao [38] presented the optimal
harvesting of a Gompertz population model with a marine protected area using interval-value
biological parameters. Pal et al. [39] studied the bifurcation of prey-predator system with time

delay and harvesting using fuzzy parameters.

This paper considers one prey and one predator for the proposed discrete model and then
develops and discusses the dynamical behaviour of the system for equilibrium points, stability,
bifurcation, and chaotic situations, where some of the biological parameters of the system
are interval numbers. The interval parameters of the system are present in the parametric
functional form to study the proposed prey-predator discrete-time model. A parametric prey-
predator mathematical model is formulated to find different system behaviour for different
values of the parameters. The proposed procedure is more effective and exciting since we get
different model behaviour using the functional form of interval parameters. The advantage of
the proposed approach is that this study can present different system characteristics for changes

of the parameters at a time in a single framework. This paper presents a discrete-time model
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of two species with the concept of prey refuge for imprecise biological parameters for dynamical
behaviour.

The rest of the paper is organized as follows: in the second section, we introduce the
prerequisite mathematics which is used in this paper. Section 3 presents the formulation of a
discrete-time prey-predator model under non-overlapping generation incorporating the refuge
under imprecise biological parameters. Section 4 offers the proposed discrete-time prey-predator
system’s equilibrium points and deals with the stability analysis of the proposed model around
the interior equilibrium. We present Neimark-Sacker bifurcation and Filp bifurcation of the
proposed model in section 5. Section 6 gives the chaos control procedure of the proposed
prey-predator system. Section 7 gives a numerical simulation to support the proposed model’s
theoretical and analytical outcomes. Finally, the conclusion is provided in Section 8.

82 Prerequisite Mathematics

An interval number is denoted by closed interval a = [a;, a,] and defined by a = [a;,a,] =
{z:a; <2 <a, € R}, Ris the set of real numbers.

Definition: Interval-valued function: Let the interval is of the form [a;, a,]|, where
ai, ar > 0, the interval-valued function can be defined as h (p) = allfpaf for p € [0, 1].

Here, the arithmetic operations for two interval number a = [a;, a,] and b = [b;, b,] where
ai, by > 0, using the concept of parametric interval valued functions [27] are as follows:

Addition: The sum of the intervals a + b = [a; + b;, a,, + by] in parametric form of the
interval a+b as interval-valued function is h (p) = alL_p ayy, where ay, = a;+b; and ay = ay, +by.

Subtraction: The substraction of the intervals a—b = [a; — b, a,, — ;] , given that a;—b,, >
0, in the form of interval valued function is h (p) = blprb’L), where by, = a; — b, and by, = a, — ;.

Scalar Multiplication: The scalar multiplication with the interval a is given by aAd =

u) ifa>0 . -
alar,a,] = laa, aa,] 1 o= such that a; > 0. The interval oA is given by h(p) =
[aa,, aqr) if <0

where ¢, = aay, ¢, = aay, di = |ala, and dy = |afa;.

c};pch ifa>0
—d; Pd if a <0

83 Modeling of Discrete Prey-Predator System with Interval
Coefficient

The reasonable perception of two species is essential in ecology, where the ambience has di-
versity for species to hide. The Sundarban Tiger Reserve is a mangrove biological system with
31 mammalian species, 14 turtle and tortoises species, seven amphibian species, more than 200
species of fishes, birds, insect, crustaceans, more than 50 species of snake, annelids, protozoa,
reptiles, and 143 molluscs species, 104 nematode species, 40 significant mangrove species, 32
minor mangrove species, 30 back mangroves and associates species, and three mangrove habi-
tat ferns species in West Bengal, India. Here, the topmost predator is the Tiger on land and
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estuarine crocodile in the water. And chital, sambar, barasingha, gaur, water buffalo, nilgai,
serow, wild boar, hog deer, monkeys, rabbits, peafowl, wild pig, flying creatures, household
domesticated animals, people, bison, gaurs, and bats are prey. Mangroves provide a refuge
region for prey, we proposed a mathematical model of discrete-time prey-predator system con-
siders that the densities of prey (x) and predator (y) populations change with time and have no
age structure for both species. We consider populations with the non-overlapping generation,
where all adults die after birth. The general form of the prey-predator system in discrete-time
incorporating logistic growth and refuge on the prey population is described by the following
format:

Tnt1 = [(@n,yn) = azn(l —2n) = b(zn — TR)Yn (1)

Ynt1 = 9(Tn,Yn) = c(@n — TR)Yn — dyn

Where % < 0Oand Ui—i > 0, we consider here x i as a refuge quantity of the prey population.
Here, a,b,c,d and m are the non-negative parameters of the proposed discrete prey-predator
system.

Here, xp is considered based on the point of view zgp = max,, i.e. the quantity of hiding
prey is proportional to the density of the prey species. Based on the assumption that the
prey population as refuge is proportional to the density of the prey, the model (1) should
be changed with the relation xg = mx,. Most of the prey-predator models are studied in
a precise environment, but the data cannot be recorded or collected precisely due to several
reasons in reality. Since the biological background of populations is not entirely predictable, the
biological parameters of modelling the prey-predator system should be considered imprecise [36].
Hence analysis of the system with an uncertain growth rate of prey populations, interspecific
competition rates of prey species [34], predation coefficient, and reduced rates of predator
species is usually considered an effect of environmental fluctuations. The reproduction of the
species depends on various factors, such as temperature, humidity, parasites and pathogens,
and environmental pollution. Let a, 3, ¢ and d be the interval counterparts of a, b, ¢ and d,
respectively. Then the modified prey-predator model of (1) with the situation that the prey
population as refuge is proportional to the density as follows:

Tnp1 = azn(l—a) —b(1 — m)znyn (2)
Yn+1 = E(l - m)znyn - C/l\yn

where @ € [a;, ay], b € [bi,bu], € € [c1,¢cu] and d € [dy, dy]. Also a; > 0, b, > 0, ¢; > 0 and
d; > 0.

Here we present the parametric form of the proposed discrete prey-predator system, which
will be considered for the dynamical study. Based on section 2, the interval parameters can
be presented as interval-valued function, and the prey-predator equations (2) can be written in
the parametric prey-predator model as follows:

Tn+1 = allipaupxn(]- - xn) - bllipbup(]- - m)xnyn (3)
Yn+1 = Cllipcup(l — M) TnYn — dllipdupyn

for p € [0,1].
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84 Dynamics of Proposed Discrete Prey-Predator Model

This section presents the dynamical analysis of the proposed parametric prey-predator sys-

tem.

4.1 Fixed points of discrete prey-predator model

In this section, we present all possible equilibrium points of the proposed discrete prey-
predator system. To study the stability of the fixed points of the model, first we present the

following lemma:

Lemma 1. Let F(r) = 72 — BT + C, assume that F(1) > 0, 71 and 12 are roots of F(1) = 0.
Then

(7) |m1] > 1 and |r2| > 1 if and only if F(—1) > 0 and C > 1;

(#) |m1| < 1 and |m2| > 1, or, |71| > 1 and |r2| < 1, if and only if F(—1) < 0;

(#1) || < 1 and || < 1 if and only if F(—1) >0 and C < 1;

(tv) 1 = —1 and |7»] # 1 if and only if F(—1) =0 and B # 0,2;

(v) 71 and 79 are complex and |71| = |72| = 1 if and only if B? —4C < 0 and C = 1.

Here mjand 75 are the eigenvalues of the fixed point (x,y). We recall some definitions of
topological types for a fixed point (x,y).

A fixed point (x,y) is called

(7) a sink if |71] < 1 and |m2| < 1, hence the sink is locally asymptotically stable.

(#) a source if |71| > 1 and |m2| > 1, so the source is locally unstable.

(74i) a saddle if |71| > 1 and |m2| < 1, or, 71| < 1 and || > 1.

(tv) non-hyperbolic if either |71| =1 or |ra| = 1.

Fixed points of the system are determined by solving the following non-linear system of
equations:

T = al1 Paba(l —x) — b "Pb2(1 — m)xy

y=c (1 —m)ry —d Pdly

Simple calculation gives the following three non-negative fixed points:

(i) Po = (0,0), (ii) Py = (%0) al"Pa? > 1, (iii) Py = (2*,y*) where z* =

dl Pdb 41 % cllfpcp(lfm) (allfpapfl)fall PaP (dllfpderl) 1—p
_ u u u u i1
T (1—m) and y* = T r— , where m < 1 and ¢; "¢ (1
m) (al PP — 1) > all_pag (dll_pdfb + 1)
da* d]7PdP+1 . . . . .
Now <& = m > 0, then z* is strictly increasing function of parameter m. So
1 EAN

increasing the amount of prey refuge leads to the increasing density of the prey species.
dy* cllfpcﬁ(l—m)(allfpap 1) 2al17paﬁ(dl17pdﬁ+l)
dam bl PpPc 1 PcP(1—m)3

2al 7paﬁ (dllfpdﬁ-‘rl)

llfp p(allﬂ’ P 1)
1-p p(gl—P4r
dy* 2a al (d dt +1)
And 42 <0 whenm > 1— Cll pcp( jr—y then y* is a strictly decreasing function of m.

Here >0 whenm < 1— then y* is a strictly increasing function of m.
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If y* is a strictly increasing (decreasing) function of parameter m, then increasing the amount
of prey refuge leads to the increasing (decreasing) density of the predator species.
The above fixed points of the prey-predator system will be considered for dynamical study

in the following sections for each of the equilibrium points.

4.2 Dynamics of prey-predator model with proportion prey refuge

Now we study the local behavior of the discrete-time prey-predator system at each equilib-
rium point. The map given by equation (3) is a non-invertible map of the plane. The study of
the dynamical properties of the above map provides information about the long-run behavior
of prey-predator populations. Starting from the initial condition (zg,yo), the iteration of (3)
uniquely determines a trajectory of the states of the population output. The stability of the
imprecise system (3) is carried out by computing the Jacobian Matrix corresponding to each
equilibrium point. The Jacobian matrix J for the system (3) is

J all_paﬁﬂ:?x) — b, PO (1 —m)y —b, P (1 — m)x 1

¢ Pb(1—m)y ¢, P (1 —m)x —d; Pd,

The characteristic equation of matrix J is 72 — T (J) 7 + Det (J) = 0 where

Tr (J) = Trace of matrix J = a, Pa?, —d, PdP, + [cll_pcg(l —m) — 2a}‘pag} x—b P (1
m)y.

Det(J) = Determinant of matrix J = a; "a? [cll_pc{j(l —m)+ Qd}_pdﬁ] x+b; PR d) AP (1-
m)y — 2a; Pale; Pek (1 —m)x? — a; Pald; Pdb.

Hence, the model (3) is a dissipative dynamical system if

‘a}*”ag (c}*pcga —m)+ Qd}*”d{;) o+ b PO P (1 — m)y

— allfpaﬁ (20117’70{;(1 —m)x? + dllfpdﬁ> } < 1.

The model (3) is a conservative dynamical one, if and only if

‘a}‘f’ag {c}‘l’cgu —m)+ Qd}_pdﬂ o+ b PbEd PAR (1 — m)y

—a, Pa?, (2011_pcﬁ(1 —m)z? + dll_pdﬁ) ) =1.

The model (3) is an un-dissipated dynamical system if not dissipative neither conservative.

4.2.1 Stability and dynamic behavior of P

The dynamical behavior is discussed here using the Jacobian matrix at fixed point Py =
1-p »p
a; “akb 0

. The trivial ilib-
0 —dll_pdﬁ e trivial equili

(0,0) . The Jacobian matrix at Pig = (0,0) is J = [

rium point Pyg = (0,0) is
(i) sink if a; PaP < 1 and d; Pd?, < 1,
(ii) source if a; Pa? > 1 and d; PdP, > 1,
(iii) saddle if a; Pa? > 1 and d; Pd-, < 1, or, a; Pa?, < 1 and d; PdP, > 1,
(

iv) non-hyperbolic if a; Pa? =1 or d; Pd?, = 1.
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4.2.2 Stability and dynamic behavior of Pj;

a

1—p _
The Jacobian matrix at Pj; = <alal,7pip1, O) to discuss the dynamical behavior is
1 u

9 _ gl Pgp b}*”bﬁ(1—a;*”ag)(1—m)

J= l u al Pob

- 0 (1—7}'L)Cl Pl (al Pal —1) dl—pdp

al1 Pal l u
The equilibrium point Py is
— 1-p jp

coie 1-p p _a; Pab(d;Pdb+1) . a; Pab(d,"Pdb—1)
sink if a, Pa? € (1,3) and m € (1 S @ et 1),1 T

*P:Ddl PP 41 pdl Pap 1
source if a] Pak, € (3,00) ande(Ol—%)Uo—%l)
e 1—p a 7pap(d1 Pdb41) a) ap(d1 Pdb—1)
saddle if a; "a?, € (3, 00) andme( ’1 P (ol et 1),1— — Pt (@ Pat 1)

aP D a ap 1—pp
or al” pap€(1,3)andm€(0,lfM> (1*M,1),
! P P R P

P 1—
non-hyperbolic if ; pa{i =1or3,
_ 1— — 1—
al Pab (d, "PdP+1) or 1 — all :a:(d Pdb—1)

OtherWiSe m=1—-4—w1 —u -2 T o, 1= » v
’ cll P p(all Pal—1) I (al Pab—1)

4.2.3 Stability and dynamic behavior at the interior fixed point P

The dynamical behavior of the system (3) at fixed point Pjy is studied here. From the
Jacobian matrix J for the interior equilibrium point Pis (*,y*), we have

1—Tr(J)+ Det(J) =

1- [(al ab — dlfpdp) + (clfpcp(l —m) — 2a;7pap) x— b PbE(1 — m)y} +

a, PaP, {cl (1 —m)+2d,~ pdp}x—l—bl Popd, PdR (1 —m)y — 24, Pake; Peb (1 —m)a? —
a, Pabd; "Pde,

1+Tr(J)+ Det(J) =

1+ [(afat — i 7an) + (e} Peb(t = m) — 20} ab) @ — b PoL(1 - m)y] +

ol Pl el Pl (1 —m) + 20l ] B0 )y 2l a1 e
all papdl1 Pap.

Det (J) = ) Pa, (e Peh(1— m) +2d} 73 ) w-+b) Pbhd}Pdn(1-m)y—2a} Pae} Peb(1-
m)z? —a; Pabd, Pdv,

At Py = (z*,y*) if 1 — Tr (J) + Det (J) > 0 then interior equilibrium point is

sink if 1 4+ T'r (J) 4+ Det (J) > 0 and Det (J) < 1,

source if 1 +Tr (J) + Det (J) > 0 and Det (J) > 1,

saddle if 1+ Tr (J) + Det (J) <

non hyperbolic if 1 + T (J) + Det (J) =0 and Tr (J) #0,2 or [Tr (J)]* — 4Det (J)
< 0 and Det (J) =1.

The proposed parametric discrete prey-predator model (3) experiences bifurcation at the
positive interior equilibrium point (z*,y*). The dynamic matrix of the prey-predator system

undergoes different bifurcations, which arises for the following conditions:
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At Po = (2*,y*) if 1 —=Tr(J)+ Det(J) >0, 1+ Tr(J)+ Det(J) =0, and Tr (J) # 0,2
then (z*,y*) can undergo flip bifurcation.
At Py = (a*,y*) if 1 —Tr (J) + Det (J) > 0, (Tr (J))> — 4Det (J) < 0 and Det (J) = 1

then (z*,y*) can undergo Neimark-Sacker bifurcation.

85 Bifurcation Analysis

In this section, we discuss the Neimark-Sacker bifurcation and Filp bifurcation of the model.

5.1 Neimark-Sacker bifurcation of proposed model

In this section, we discuss the Neimark-Sacker bifurcation of the model (3) at P (x*,y*)
when parameters are located in the following set A = {(a;, ay, by, by, ¢, cu, di, dy,p,m) @ 1 —
Tr (J) + Det (J) > 0, (T'r (J))? — 4Det (J) < 0, Det (J) =1 and p € [0,1].}

The Neimark-Sacker bifurcation is analyzed for p as the bifurcation parameter. Further p*

is the perturbation of p, we consider a perturbation of the model as follows:

Oy p+p by p+p*
Tn+l = Q (al> xn(l - xn) - bl (bl) (1 - m)xnyn = f(xnvynvp*) (4)
ey p+p* d, p+p*
Yny1 = (1—m)g <Cl) TpYn — di <dz> Yn = 9(Tns Yn, D)

where |p*| <« 1

Let uw, = x, — *,v, = y, — y*, then the fixed point Pj5 (z*,y*) is transformed into the
origin, and further expanding f and g as a Taylor series about the point (u,,v,) = (0,0) to
the third order, the model (4) becomes

Upt1 = Uy + QoUp + Q11UL + Q12U + Q2V2 + Q111US + Q112U vy,
+  a120Unv2 + @003 + O((Jun| + o)) (5)
Unt1 = Piup + Pavy, + 511%21 + Br2unv, + 5220721 + 511111% + 5112%21%

+  Braatavy + Ba2ovl + O((Jun] + |val)*)
Where a; = fo(2*,y",0), oo = fy(z*,97,0), an1 = faa(2",y",0), a1z = fay (2", y",0),
a2 = fyy(x*,y*,0), 111 = foaa(2*,y%,0), 112 = foay(z®,y*,0),
122 = fayy (2%, y%,0), oo = fyyy(z*,y",0); B1 = gu(2™,y",0),
B2 = gy(2",y",0), Bi1 = gaa(@™,y",0), Pr2 = gay(x",y",0), B2z = gyy(z”,y",0),
Bi11 = guaa (2, ¥™,0), Br12 = Gaay (2,47, 0), Bro2 = gayy(z™,y",0), Pazz = gyyy(z*,y",0).
Note that the characteristic equation associated with the linearization of the model (5) at
(tn,vn) = (0,0) is given by 72 — Tr (J1(p*)) 7 + Det (J1(p*)) = 0. Therefore, the roots of the

characteristic equation are
_ Tr(Ji(p"))%iy/4Det(J1(p*)) = (Tr(J1(p*)))?
- 2

71,2(p*)

From |71 2(p*)| = 1, when p* = 0 we have |1 2(p*)| = [Det (Jl(p*))]%
d 1= [d\n,z(*p*)l} 0

an o o *
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It is required that when p* = 0,7'1{2 # 1,4 =1,2,3,4, which is equivalent to Tr (J1(0)) #
2. -1,1,2.

0 1
To study the normal form, let v = Im(m2) and § = Re(y,2). We define T' = 5 ]
v
and using the transformation =T fn ] , the model (5) becomes
Un Yn
f”H’l = 6fn - ’yyn + fl(fnvyn% and yn+1 = ’an + 5?71 + gl(fnvgn) (6)

where the functions f; and g1 denote the terms in the model (6) in variables (Z,,7,,) with
the order at least two.

It is required that the following discriminatory quantity €2 be non zero in order to undergo
Hopf Bifurcation:

Q= —Re [%511&0} — L 1&11|* — léo2]? + Re(7€21)

where T is complex conjugate of 7 and

a0 = £6 (2822 — davag — a1z + dyain) + Y02 + 30 (dyane — 20z — 260122)

2 2
+%Z (4’7B22 + 2,}/20422 _ 2011) + éﬁlQ + 504114;2511 + 5 0¢224—’y5 B2z _ 6 ali;5ﬂ127

_ 52 2, <3
&11 = 217(B22 — dag) + Li(v2 a2 + on1 + Sz + 6% ago) + ﬂllgja“ + 613122;5 oz 8 52276 =

. _ _ 52
o2 = 17(20a22 + 1o + Paz) 4+ Li(Brz + 2682 — 20012 — an1) — 61143011 — 55”4,‘3 42 4
Tagoi(y? — 36%) + 752[322;75%22’
o1 = 2P0 (V2 +6%) + £ 112+ Foau12+ 108122 + 122 (377 + 267 — 16) + 11 + Sanmi(y? +
262) + 3109700 — LBronyi — 2Ponaydi — Bn=3oun;  3001>—38ania;  38Hrae—300ana
8 8 8

8 L 8y (e 8y (e
38°B222—38%an00 i
8y

Finally, from the above analysis , we have the following result:

Theorem 2. If Q # 0, then the model (3) undergoes Neimark-Sacker bifurcation at Pys (z*,y*)
when the parameter p* varies in a small neighborhood of the origin. Moreover, if Q < 0 (or,
Q > 0), then an attracting (or, repelling) invariant closed curve bifurcates from Pio (x*,y*) for
p* >0 (or, p* <0).

5.2 Flip bifurcation analysis of interior fixed point

This section investigates the possibility of filp bifurcation of interior fixed point Pjo (x*, y*)
by taking the parametric parameter p as bifurcation parameter. One can observe that one
of the eigenvalues of the positive fixed point Pig (z*,y*) is Ay = —1 and the other (\q) is
neither 1 nor —1, provided the parameters of the model are obtained within the following set
A = {(a1, @y, by, by, 1y cyy diy dyyp,m): 1 —Tr (J) + Det(J) > 0, 1+ Tr(J) + Det(J) = 0,
Tr(J)#0,2 and p € [0,1]}.

Here we discuss flip bifurcation of the model (3) at Ps (z*,y*) when the parameters vary
in a small neighborhood of A. In analyzing the flip bifurcation, p is used as the bifurcation
parameter. Further p*(|p*| << 1) is the perturbation of p, a perturbation of the model can be
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considered as follows:

a p+p b p+p
Tpny1 = Q ((;;) xn(l - xn) —b (l;;) (1 - m)mnyn = f($n>ynap*) (7)
Cu p+p* d, p+p*
Yn+1 = (1 - m)cl (Cl) TnYn — dl (dl> Yn = g(xnaynvp*)

Let up, = x, — 2%, v, = yn — y*, then equilibrium point Py (*,y*) is transformed into the
origin, and further expanding f and g as a Taylor series at (un,v,,p*) = (0,0,0) to the third
order, the model (7) becomes

Ung1 = Q1Up + QaUp + Q11U + 012U U, + A13URD" + Q30 p™ + (8)
0l111ui + 04112%21% + 04113%2117* + 123U p" 4 O((|tn| + |vn| + |P*|)4)

Vpp1 = Bitn + Bavn + Br1ud + Brotn vy + Bagv2 + Braunp® + Bozvap® + Briiud +
Brizuzvn + Brisunp” + Brastnvnp” + Baazvap™ 4+ O(([un| + va| + [p*])*)

Where o1 = fm(f*,y*»0)7 Qo = fy(x*vy*vo)a 11 = fmz(x*vy*ao)a 12 = f:ry(x*vy*ao)v
13 = fzp* (x*ay*a())v Q23 = fyp* (90*71/*70), 111 = fa:ww(-r*ay*a())v 112 = fwwy(x*ay*a0)7
x113 = fmxp*(x*ay*70)7 123 = facyp*(x*ay*ao)v ﬁl = gw(x*ay*70)7 ﬁ2 - gy(x*ay*ao)v ﬁll =
grz(x*vy*50)7 /612 = gzy(x*vy*70)7 /822 = gyy(x*vy*a0)7 /813 = YGzxp* (x*ay*70)7 BQB = Gyp* (:E*7y*
70)7 5111 = gzmm(x*a y*, 0)7 5112 = gzmy(x*; y*v 0)7 6113 = Gzap* (CL'*, y*7 0)7 5123 = Gzyp* (:L'*v y*a O),
ﬂ223 = Gyyp* (.T*, Z/*, O)

(65)] (65)

We define T =

, the invertible nature of T' is evident. Using the
—1- (05} )\2 —

transformation [ nl = f” the model (8) becomes

Un Yn
Tpy1 = —Tp+ fl(unavnap*) (9)
?n-ﬁ-l = )‘Qyn + g1 (Un, Un7p*)

where the functions f; and g; denote the terms in the model (9) in variables (uy, vn,p*)
with order at least two.

From the center manifold theorem, we know that there exists a center manifold W¢(0, 0, 0)
of the model (9) at (0,0) in a small neighborhood of p* = 0, which can be approximately
described as follows:

We(0,0,0) = {(Zn, U, ) €R® : Gy = QT3 + WaTnp™ + O((|Tn| + [p*])*) }

—  _ oag[(I4ai)ari+azfii] B22(1+a1)? (4o a2 (I+ar)+azBig]
where o = T2 + 1232 12 )
&y = (tan)lass(Itan)tasfas]  (Itaa)oastasfis]

2= az(1+A2)2 (14+X2)?

We obtain the model (9), which is restricted to the center manifold W¢(0,0,0), has the
following form

Tnil = —Tn + MT2 + hoTnp* + h3T2p* + haTpp*? + hsTo + O((|Tn| + [p*))?) = F(Tp, p*)
hy = aa[(Ae—a)oni—azB11] _ Ba2(I+@1)®  (L4+o)[(A2—on)aiz—d2Bi2]

1+Xo 1+X2 1+Xo ?
ho — (A2—ar)agz—@fiz  (1+a1)[(A2—a1)asz —asBa3]
2 = T+ X2 @z (1+A2) ’

ha — (A2—a)@iaiz—azfBis + [(A2—a1)azz—azBe3](A2—a1)a;
3= 14+X2 az(l-'r}\g)
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_(+a)[(Ae—a1)aizz—azBi23] + az[(M2—a1)ariz—a2Biis]  Paas(l+ai1)?

1+Xo 14+ 142
_,'_204252[()\2—&1)011—@2511] 2P22a2(1+a1)(A2—a1) + az[(A2—ar)arz—asfiz](A2—1— 2011)
142 14+ Ao 14+ X2
hy = as[(A2—ai1)aiz—asfis] + [A2—a1)asz—asfBaz](Aa—a1)ao + 2ap@z[(A2—ar)ars —aafii]
= T+ az(1+As) Tt Az
+2ﬁ22062(1+011)()\2 ay) + az[(A2— 061)0412 a2ﬁ12]()\2 1-2a;)
142 ’
hs = 2aa1 [(A2—ar)arr —azfi1] + 2f2201 (A2 — al)(1+(¥1) + [(A2—ai)arr—azB11](A2—1-2a1 )y
- 14Xz 142 142
_;'_0‘2[()\2 al)ainn—azfi] _a@(lta)[(Ae—ar)aria— 02,3112]
1+ Ao 14+ A2

For flip bifurcation, we require the two discriminatory quantities £; and £ be non-zero,

2
_ (.2°F 1 0F 9°F _(10°F 19°F
Sh (azap* t 35 or ) 0,0 and &2 = <6613 + (2 7 ) ) l0.0)

Finally, from the above analysis, we have the following result.

Theorem 3. If&; # 0 and & # 0 then the model (3) undergoes flip bifurcation at Py = (z*,y*)
when the parameter p varies. If & > 0 and & < 0, then the period-2 points that bifurcation

from Pio = (z*,y*) are stable and unstable, respectively.

86 Chaos Control

The controlling chaos in discrete-time models is a topic of great interest for many researcher-
s, however, it is intended that chaos be avoided. For chaos control, many practical methods
can be used in many fields such as communications, ecological systems, physics laboratories,
turbulence, and cardiology, etc. Chaos control of discrete-time models can be obtained using
various methods. We present a hybrid control technique and feedback control method to sta-
bilize chaotic orbits at an unstable fixed point of the proposed discrete prey-predator model

(3).

6.1 Hybrid control technique

The corresponding controlled system of (3) can be written as:
Tpi1 = Tap(a; Pab(l—x,) — b (L — m)y,) + (1 — )z (10)
Ynt+1 = Tyn(cl P (1 —m)w, — dll Pdl) + (1= 7)yn
where 0 < 7 < 1 denotes the control parameter, and in (10), the controlled strategy is a
combination of both parameter perturbation and feedback control. Chaos for the controlled
system (10) can be delayed, advanced, or even completely eliminated by a suitable choice of

controlled parameter 7.

6.2 Feedback control method

Consider the following controlled form of model (3):

Tpty1l = ll papxn(l - l'n) - bllipbﬁ(l - m)xnyn +S5 (11)
Yn+1 = Cll ;Dcp(l - m)xnyn - dll_pdzyn

with the following feedback control law as the control force:
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S=—-q(zn—2") —q2(yn —y")
where ¢; and ¢y are the feedback gain and (z*,y*) is a positive fixed point of model.
The Jacobian Matrix J for the system (11) at (z*,y*) is
a11 —q1 @12 — Q2

a21 a22

J =

where a1y = a; Pal (1—2x) —b; "W (1—m)y, ara = —b} "W (1—m)z, ag = ¢; Pl(1—m)y,
aga = ¢; Pl (1 —m)x — d; "Pdp.

The corresponding characteristic equation of matrix J is

72 — (a11 4 a2 — q1) T + azz (11 — q1) — az1 (a12 — ¢2) =0

Let 7 and 7 are the eigenvalues of the matrix J then we have

Ty + To = a1 +aze — q1 and 7172 = as (a11 — q1) — a1 (a12 — G2) (12)

The lines of marginal stability are determined by solving the equation 7y = £1 and 775 = 1.
These conditions guarantee that the eigenvalues 7 and 7 have modulus less than 1.

Suppose 1175 = 1, then from (12) we have line [; as:

a22q1 — A21G2 = G22a11 — Az1a12 — 1

Suppose 71 = £1 then from (12) we have line I and I3 as:

(1 —a2)q1 + a2q2 = (a11 — 1) (1 — az2) + azia12, and

(14 a22) q1 — az21q2 = (a1 + 1) (1 + azz) — az1a12.

The stable eigenvalues lie within a triangular region by the lines I, 1> and 3.

87 Numerical Example and Simulations

This section presents numerical examples with different parameter values to investigate and
illustrate the analytical result of the previous section for the proposed model. Since the values
of the proposed model parameters are not taken from real world observations as no case study
performs on the species. For the simulation experiments, we mainly use the software MATLAB
R2018a. We present the time plots and phase portraits to illustrate the theoretical analysis
and show the discrete prey-predator system’s fascinating, complex dynamical behaviour.

We consider the parameters of the prey-predator model as a € [a;,a,] = [3.8,4.2], b e
[b,by] = [2.8,3.2], € € [c1,¢u] = [3.8,4.2], d e [di,dy] = [0.1,0.2], m = 0.3 to calculate
equilibrium points, eigenvalues, and stability of equilibrium points as shown in table 1.

We observe from table 1 that the equilibrium point (0,0) is a saddle point for all values
of p. It is also noted that the predator free equilibrium points are unstable for all value of p.
Interior equilibrium points are stable spiral for p = 0.0,0.2,0.4, 0.6, but it changes its stability
when p = 0.8 and 1, which implies that for the upper limit of some interval parameters, the

prey-predator system changes its stability nature.
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Table 1. Equilibrium points, eigenvalues and stability of equilibrium points.

P Equilibrium points Eigenvalues Stability
(0,0) —0.1, 3.8 Saddle point
p=0.0 (0.74,0) —1.82, 1.87 Unstable point
(0.41,0.63) 0.22 4+ 0.877, 0.22 — 0.87: Stable point
(0,0) —0.11, 3.88 Saddle point
p=02 (0.74,0) —1.86,1.89 Unstable point
(0.41,0.64) 0.20 4 0.90z, 0.20 — 0.90: Stable point
(0,0) —0.13, 3.96 Saddle point
p=04 (0.75,0) —1.98,1.94 Unstable point
(0.41,0.65) 0.18 4+ 0.927, 0.18 — 0.92: Stable point
(0,0) —0.15, 4.04 Saddle point
p=0.6 (0.75,0) -2.02, 1.97 Unstable point
(0.41,0.65) 0.18 + 0.95¢, 0.18 — 0.95¢ Stable point
(0,0) —0.17, 4.12 Saddle point
p=0.8 (0.76,0) —2.14, 2.02 Unstable point
(0.41,0.66) 0.15+ 0.997, 0.15 — 0.997  Unstable point
(0,0) —0.20, 4.20 Saddle point
p=10 (0.76,0) —2.18, 2.03 Unstable point
(0.41,0.66) 0.14 + 1.024, 0.14 — 1.02:  Unstable point

We present the time plots for the given parameters in figure 1 for initial value (xg,yo) =
(0.6,0.5) for different values of p in sub-figure as (a) p = 0.5, (b) p = 0.7, (¢) p = 0.75, (d)
p = 0.8.

Population

Population
Population

Figure 1. Time plot of the population with different values of p.

From the sub-plots of figure 1, we observe a damped oscillation, where the oscillations be-
come smaller with time. We observe here interesting feature for different values of p, population
take long time to stabilize the system after value of p = 0.5. The population does not stabilize
and it oscillates in a systematic manner for the values of p = 0.8.

The phase portrait of the model for the given value of parameters and initial value (zg, yo) =
(0.6,0.5) is shown in figure 2 for different values of p in sub-figure as (a) p = 0.5, (b) p = 0.7,
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(¢) p=0.75, (d) p = 0.8. Figure 2 shows that the coexistence steady state is globally stable for
lower values of p.

: //

Figure 2. Phase portrait of the model with different values of p.

Figure 2 shows that all trajectories are spiral to the stable fixed point, and trajectories are
attracted to a limit cycle about interior equilibrium points. Hence, there exists a bifurcation
for p, and it is super critical - after the fixed point loses stability, it is surrounded by a stable
limit cycle.

This paper projected the effect of prey refuge on the proposed prey- predator system, and the
theoretical discussion of the prey refuge has been verified through the numerical demonstration.
Figure 3 shows the effect of prey refuge in the population model for different ratios on the density
of the prey species. Figure 3 is drawn with respect to the given interval valued parameters and
p = 0.4 and for different prey ratios as (a) m = 0.1, (b) m = 0.2, (¢) m = 0.28, (d) m = 0.3

= rnnn
tn \“\ i /h I \ ‘AM/ M‘PHH‘A‘\\‘\\N‘\““MM‘\‘“\“‘\ ““\H \“\
TP e RN
ol “) ‘u\ \/‘\‘ “‘\ Ll HH w‘mu I
2H WY W f At
‘”A“‘\MAcm == =m
5. U“u’ u‘v VAWM 5| [

Figure 3. Effect of m in population system with time.

We observe from figure 3 that the effect on the system is more acceptable with increasing
value of m. Refuge has a stabilizing effect in the proposed model, which is generally observed in
the real world. We observe the chaotic behavior of the prey-predator system for m = 0.1,0.2.
We observe the damped oscillation of the species for m = 0.28 and m = 0.3.

Figure 4 is drawn for the different values of m in sub-plots on the basis of initial value
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(z0,90) = (0.6,0.5), p = 0.4, and the given interval parameter values of @, E, c, d. This is the
phase portrait of the model for some specific value of parameters.

55555

aaaaa

1530482105

Figure 4. Phase portrait of the proposed system for different value of m.

Figure 5, 6 and 7 are drawn for the interval parameter values @ € [a;,a,] = [3.8,4.2],
be [b,by] =[28,32], ¢ € [, e = [38,4.2], d € [d,dy] = [0.1,0.2],m = 0.3 and initial value
(0.6,0.5).

Figure 5. Bifurcation diagram with varing p.

Figure 5 depicts a smooth invariant circle bifurcates from a stable equilibrium. It is noticed
that if p exceeds 0.75, there appears a circular curve enclosing equilibrium and its radius become
larger with the increasing value of p.

Lyapunov exponents tell us the rate of divergence of nearby trajectories—a key component
of chaotic dynamics. Negative Lyapunov exponents are characteristic of dissipative or non-
conservative systems, and exhibit asymptotic stability; the more negative the exponent, the
greater the stability. For positive Lyapunov, the orbit is unstable and chaotic, and will diverge
at any arbitrary separation. In figure 6, The largest Lyapunov exponent L1 is greater than zero
when p > 0.95, which implies that the system is chaotic. The phase portraits corresponding to
figure 5 are presented in figure 7, which clearly depict the process of how a smooth invariant
closed curve bifurcates from a stable fixed point.

The bifurcation analysis for the ratio of prey refuge, the Lyapunov exponents and phase
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Figure 7. The phase portraits for various p corresponding to figure 5.

portraits with varying m for the proposed system are presented in figure 8, 9 and 10, which
are drawn on the basis of parameter values a € [a;,a,] = [4.0,4.2], be [bi,by] = [3.0,3.2],
C€ o, cu] = [3.2,3.4), d € [dy,dy] = [0.1,0.2], and p = 0.1.

Figure 8. Bifurcation diagram of the system for m.

Figure 8 depicts the change of the system to a stable equilibrium from smooth invariant
circle bifurcation. There appears a circular curve enclosing the equilibrium, and its radius
becomes smaller with the increasing value of m and when the value of m exceeds 0.14, there
appears an equilibrium point.

In figure 9, the largest Lyapunov exponent L1 is greater than zero when m < 0.13 except
in periodic windows, which implies that the system is chaotic.

The phase portraits corresponding to figure 8 are presented in Figure 10, which clearly
depict the process of how a stable fixed point bifurcates from chaos.
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Figure 9. Lyapunov exponents of system for m.

® Q'\ =] - -
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Figure 10. The phase portraits for various m corresponding to figure 8.

Figure 11 and 12, which are drawn on the basis of parameter values @ € [a;, a,] = [3.8,4.2],
b e [bby] = [28,32], € € [e1,cu] = [3.8,4.2], d € [d;,dy] = [0.1,0.2], p = 0.4,m = 0.1 and
initial value (zo,yo) = (0.6,0.5).

IANAAAAAAN AN L’;
‘M\‘\\‘\\w\u\e\c\‘\w\\w‘\w‘“\‘c\(\‘c

Figure 11. Hybrid control technique.

Hybrid control technique presented in figure 11, we observe the chaotic behaviour of the
model in figure 11(A) and chaos control for different 7 in (B) 7 = 0.4, (C) 7 = 0.6, (D) 7 = 0.8

We observe the chaotic behaviour of prey-predator shown in figure 12(A). In this case fixed
point (0.3007,0.6371) is unstable. In the feedback control method for feedback gain ¢; = —0.6
and g2 = —0.6, we observe the fixed point (0.3007,0.6371) that is stable as shown in figure
12(B).
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Figure 12. Feedback control method.

88 Conclusion

We have studied the dynamical analysis of the proposed discrete prey-predator system with
refuge proportion to prey density. In the Sundarban Tiger Reserve ecosystem, mangroves
provide a refuge region for prey. This study has presented the qualitative behaviour of a
discrete-time predator-prey system with imprecise biological parameters. We have found that
the fixed points of the system incorporating the refuge concept on prey are proportional to the
density of prey, and the stability has been discussed analytically. We have presented phase
diagrams and time plots of the system for different values of the parameter, which exhibit the
effects of prey refuge on the system. We have introduced a new concept in bifurcation analysis.
The codimension of a bifurcation is the number of parameters that must be varied for the
bifurcation to occur. When we have considered p as a bifurcation parameter, and ultimately we
have presented here four bifurcation parameters in a particular range. Therefore, the interesting
fact is that our technique in converting the four codimension bifurcations to one codimension.
We have found different model reactions for different values of the parameters for prey refuge.
This study will be beneficial for modelling and analysis of large-scale problems of predator-prey
interactions. The mangrove is the controller in the Sundarban reserve ecosystem. If we destroy
the mangrove, then we observe prey-predators imbalance that implies bifurcation and lastly
chaos. A standard refuge is suitable for this ecosystem, more shelter is dangerous for predator
species, and no sanctuary is difficult for prey. Our model is ideal for analysing this area’s
ecosystem. Also, the study of imprecise biological parameters for the predator-prey system will

focus on the new dimensions of further research.
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