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On approximation of Bernstein-Stancu operators in

movable interval

WAGN Feng-feng YU Dan-sheng*

Abstract. In the present paper, we obtain the converse results of approximation of a newly in-
troduced genuine Bernstein-Durrmeyer operators in movable interval. We also get the moments
properties of an auxiliary operator which has its own independent values. The moments of the

auxiliary operators play important roles in establishing the main result (Theorem 4).

81 Introduction

For any given f € Cj 1}, define

n—1 1
Un(f,2) = F(O)pno(x) + F(Dpnn(z) + (0 =1) > pps(x) /0 Pt () f (), (1.1)
k=1

where py, (x) = (7)2z*(1 —2)" %,k =0,1,--- ,n, are the Bernstein fundamental polynomials.
As we know, U, (f, z) are the so-called genuine Bernstein-Durrmeyer operators, which first ap-
peared in the papers of Goodman and Sharma [15] and Chen [7]. The operators Uy, (f) are limits
of the Bernstein-Durrmeyer operators with Jacobi weights. One of the advantages of U, (f, )
compared to the usual Bernstein-Durrmeyer operators is that U, (f,x) can reproduce the linear
functions. Lots of authors have done many excellent works on the degree of approximation,
Voronovskaja’s asymptotic estimate, the eigenstructure of the U, (f,x) and its generalizations
(see [2]-[4], [11]-[14], [16]-[25], [29], [30]).

Recently, we [27] introduced a new type of genuine Bernstein-Durrmeyer operators in mov-

a  nta

able interval A,, := e Eienwcd B Our new operators are defined as follows:

Uéa,ﬂ)(f,x) = <n1_6> f (niﬂ) qn’o(l')'i‘ (nj;ﬁ> f (Zig) Qn,n(x)
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+<n+6> QZQ’” )] aiatts (a5 (- wgsrm))
(1.2)

where 0 < a < 3 are fixed numbers,

n—2 \""' 1
D e
n—24+p n—1

_(n « k n+ « n-k b= 0.1
i () 23] (22 i

For convenience, write T := © — —%~. Then, ¢, r(x) can be rewritten as follows:
’ n+p ? 3

n—k
n n
qn,k(m):(k)xk (TL—FB_x) 7k:07177n

When t € A, _>, we have

nin—2+ ) 20
(n=2)(n+p) (t_n(n—2+ﬂ)) &

So, Ur(fX’B )( fyx) is well defined in A,. We obtained the approximation rate for continuous

functions and Voronovskaja’s asymptotic estimate of the new operators in [27].

For the approximation rate of Uy(la’ﬁ)(f, x) for f € C(Ay), we have
Theorem 1. Let 0 < A < 1 be a fixed number. For any f € C(A,,), there is a positive constant
only depending on A\, @ and g such that

o 1,2 - )] < 00ty (1212, (13)

where () :==4/Z (m - :c)

We also have the following Voronovskaja’s asymptotic estimate of Ur(ta”B )( frx):
Theorem 2. Let f € C(A4,). If f exists at a point z € A,,, then
2
tim n (U(f.2) — (@) = £ pr ),
n—00 2
The main purpose of the present paper is to establish the converse result of approximation
by UlP )( f,x) (see Theorem 4, section 3). To prove the main result, we need the moments

properties of the following auxiliarly operators:

S@B) (£, ) = (n+ﬁ) Zf(fli@ G (), (1.4)

where 0 < a < 3 are fixed numbers. Sleh )( f,x) is a special case of the following general-

ized Bernstein-Stancu operators with four parameters which were introduced by Gadjiev and
Ghorbanalizadeh [10]:

Buoslfiw) = (”“32) Zf (Z-t;i) Qui(@), (L5)

k n—k
where x € [nJrBQ, Zigj} and @, k(x) = (Z) (a: — nf‘r"‘ﬁ2) (Zigg — x) ,k=0,1,--- ,n with
ak, Br, k = 1,2 are positive real numbers satisfying 0 < a3 < 1, 0 < as < . When as =
B2 =0, By o.a(f;x) reduces to the well known Bernstein-Stancu operators, when oy = as =0,
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B1 = B2 = 0, By op(f;) reduces to the classical Bernstein operators. Many authors have
investigated the approximation properties of By, o g(f;x) and its generalizations (see [1], [5],
(9], [17], [21], [26], [28]).

§2 Some properties of the operators S,(f"ﬁ)(f; x)

In this section, we give the moments properties and the approximation rate of ST(La’ﬁ)( f;x)
for f € C(Ay).
Lemma 1. It holds that

n k B n n—1 . )1
2 i) = (n+6> " @1)
Ny n—1 n \"? o 1 n \"" _
k=1 2 ekl = n <”+5> v n (TH‘B) o 22)
n k3 1 _9 n—3 B
ng%k(x) = (n r)Lgn ) ( Zﬁ) 73

n
+3(n71) n n_2_2+i n n—1 _
n2 n+ 3 T n+ 3 s

4
n n3
+7(n—1) n \" j2+i n n71£
n3 n+ B n3 \n+ 3 '

Proof. Direct calculations yield that

St - B (25

k=1 k=1

and

S]]

B Ink—1(n-1\_,( n R & =1\, n  \""
B n kzz:nl(kl)x (n+ﬁ_ ) +nz<kl>$ <n+ﬁ_x>
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Similarly,

k
_ (n=1)(n-2) n nes 5 3(n-1) n ne2 9 1 n neto
- n2 n—i—ﬁ) + n? <n—|—ﬂ v +ﬁ n+3> *
and
s _(n—l)(n—2)(n—3)4"_4(71—4>k_4< n _)”"f
Pt 10u () n3 v —\ k v ntp "
6(n—1)(n—2) 3n73 n—3\ _j_3 n R
2o () ()
7(71—1)72n_2 n—2\_, of n AP s R -1 v n A\F
+ n3 x;(k) (n+5—x> +n3(k)x (n—kﬁ_x)
=0 k=0
_ (n=1)(n—2)(n—3) n n7474 6(n—1)(n—2) n n7373
N n3 (n—!—ﬂ) Tt n3 (n+ﬁ>
Mn—1)( n \" 2, 1/ n \"'_
* n3 (n+ﬁ) * +n3(n+ﬁ> -
O
Lemma 2. It holds that
(i) &7 (1,2) = 1;
(i) 557 (¢, @) = a3
2
(i) S (12, 2) = 2=15? 4 2atly 4 (niﬂ) ;
(iv)
@3 o m=Dn=2) 5 3n-—1(1+a) , 1+3a+30*_ ( o )3.
ST (@) = n2 vt n(n + B) v (n+ B)? v n+p) "’
(v)
(@B 4y (m=1m=2)(n=3) 4, (n-1)(n—2)(6+4a) 4
Sn (t ,.13) - n3 T+ n2(n+ﬁ) xT
(n—1) (T+ 120+ 602) , 14 4a+ 60 +4a® a \*
n(n + ()2 T (n+p3)3 x+<n+5> '

Proof. (i) is obvious. It follows from (2.1) that

n—1 n
S,(la’ﬁ)(t,l’) _ (TL‘Fﬁ) Zk—;aqn,k(x)

n
k=0
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B n+ ﬁ n—1 n n—1 B o n n
N n n+p n\n+p
- «
= I =z
n+ 0 ’

which implies (ii).

By (2.1) and (2.2), we have
n—2 n 2
n+ k+ «a
S I = D M = e
k=0

n n

n ‘|‘ﬁ n—2 n—1 n n—2 L 1 n n—1 B
() (G #aGs)
+2g n n—17+a72 n n
n\n+p8 Tz n+pf

n—1_2+2a+1_+ o?
T T .
n n+p8 (n+p)?

Thus, (iii) is proved.
By (2.1)-(2.3) , we have

n—3 n 3
+ k+
SEA (P 2y = (” 5) ( a)qmum
k

n n
=0

(2] (R () et (e

a? n nl o? n "
135 —) T+ (——
=) () )

 (n=1)(n-2) 53 3n—-1)1+a)_, 1+3a+3a?_ o
- e ) R O (n+6
By (2.1)-(2.4) , we have
Syt x)
B TL+[3 n—4 n k+a 4
R

n3

n n—3 L 7(ﬂ _ 1) n n—2 o 1 n n—1 B
<n+ﬁ> Tt n3 <n+5> v +n3(n+ﬂ) v

pal (M2 (o A S (Y

n

_ (M)n_4((n—l)(n—2)(n—3)< n )n_4x4+6(”‘1)(”‘2)

)

89

n—2
)
+i n n71j+3 g n—1 n n72f2+l n n—1
nZ \n+p n n n+pA n\n+p
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() ) (B ) Bk ()
n—1 n
+4<%)3 (niﬁ) j+(%)4 (n—?—ﬂ) >

(=D =2)(n=3) 4, (-1n-2)6+40) ;

= 3 T + nQ(n—l—ﬁ) T
(n—1) (7 +12a + 6a?) 2, Ltda+6’ 4o ( a )4
z .
n(n+ B)? (n+pB)3 n+p
Lemma 3. It holds that
8P (t — ) =0;
2
S(a,ﬁ) t— 2 _ Qpn(x),
(¢~ 2)7,2) A
2 n
@n( ) n+p -2z
a,f 3 _ .
S’r(l )((t—l‘) 71")_ n2 )
(725) ¢2(@) + 30~ 26 @)
- n+ n n
S (1~ )t 2) = = ,
where ¢, (z) :=4/Z (# - E) defined as in Theorem 1.

Proof. It is obvious that (2.5) is valid by (ii) of Lemma 2.
By using (i)-(iii) of Lemma 2, we have
SR ((t—x)%x) = SP (2 z) - 208> (t, x) 4 2*

= n_1x2 2atls —|—< 2—2x + 22
n n+p n+pf
«
Jr

(8]
+
a 2 1, _ 9
- ( R x*( 6) Tt (n+ﬂ m>_$

_ 1. n \_ @
_nanrﬁx_n

Similarly, by (i)-(iv) of lemma 2, we can prove (2.7) by the following procedure:
S ((t = ), x)
= Sl (3 x) — 328P (2, 2) + 328 (t, x) — 2®

(n—l)(n—Z)jg 3n—1)(1+a) 5 14+3a+3a?_ (a)3
n? n(n+f) (n+p)? n+p

+
n—1_,5 2a+1
—3x(naj+n+5 < >>—|—3x—m

- el s (o) (1)

which proves (2.6).

I
Kl
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o 2 3a 6ra 3z
+3( ) + 5 — - )x—x3+3m2m
n+p (n+B) n+p n+p3

 ((n-1)(n-2) 3(n—1)\ 4 ) a a \\_

+(—3$+< 1 >2+ 3 )_+3(n—1) 1,
n+ n+ 3 (n+ )2 * n n—l—ﬁx

= n12(n2—3n+2—n2—3n(n—1)—|—3n2)5c3+le<3(n—1)
n 9 1 n 2_

n—l—ﬁ)m +nQ<n+B> v

— 1 273 3 n 2 n 2,

= 3 z° — +B +(n+6) T

e (s — 20)

2

n
n+f

—3n

n

The proof of (2.8) is similar, but is rather complicated. By Lemma 2, we deduce that
SR ((t — )t x) = SLP) (¢4, 2) — 428 (3, ) + 6228 (2, ) — da? + 2

91

B (n—l)(n—2)(n—3)i4 (n—l)(n—?)(6+4a)f3 n—1 ot 6a?) 22
- — + 2t B) +n<n+m2 (7 + 12a + 6a?)
1+4a + 602 + 403 _ a \' S =D(=2) 5 3n-1(+a) ,
(n+ 87 (vt5) ~=("— A

1+ 3a+ 3a? _ o 3) 2<n—12 20+ 1 _ a? > 4 4
+ T+ + 6x T°+ T+ —4x* +x
(n+B)? <n+ﬁ> n n+p (n+B)?

m=1)n—-2)n—-3)_, m—-1)(n—-2) 6 4o _
3 Tt + 2 <n+ﬁ+n+64x>x3

+n—1<6( o )2_12m+6$2_ 120 120 +7< 1 >2>x2
n n+ 8 n+p n+p8  (n+8)>2 n+

((535) +1(55) =) o+ (W) —4x(n+5)2

1 @ a \’ 9 1 _
2xn+ﬁn+612x(n+ﬁ> 607 g 1207 > et
—1 —2 -3 B —1 -2 N\ 1
_ ((n )(nnz), )(n )+1> 4y (n Zbgn )(n+5 433) x3+n(6 2

12 1\ L, L6 1 \*_ 1\
n+5z+7(n+ﬁ) ):c +<4:c +7n+ﬁx 4<n+5> x+(n+ﬁ) ):c

% { ((n —1)(n—2)(n—-3)+n>—4n(n—1)(n—2)+6n*(n—1) — 4n3) o

—12n(n — )TBJan j_ﬂ)f?’Jr(?(nl) <niﬁ

(6(n 1)(n72)nj_5

y
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) n \%\ n \®

(i) )2 () 7]

1 P n 72 62 n 72 n 272 n 37

B n?’[m <n+ﬂ_x> - (n+ﬂ_x> _<n+5> ! +<n+5> 4
2

3
O
Lemma 4. Foranyt,xE(ﬁ,%),Og)\SL it holds that
t
1 [t — x|
du| < . 2.9
/z@é(U) ~ () (29)
Proof. Direct calculations yield that
t
1
——du
/zw%(U) ‘
" A
1 _
/7du it — o
\ A
t
_ 1 1
< <n—|—[3> It — x| ’\/ + du
n _ _« n+o
* \/u n+3 \/n+ﬁ_u
A
n+p [t —a|" 2]/t — Y (S
n n+ n+ 3
A
n—+ o n—+o
+2 —t— —x
Virs -t vis )
\ A
1 1
< QA(HB) t - 2| +
n N _ o nta nta
\/t n+ﬁ+\/x EEy: \/m_tJr\/m_x
A
n+p\" 1 1
< ZA( ) |t — x| +
n _ o n+o
\/”3 n+B \/m*x
o lieal
T o)
O

From Lemma 2, we see that Slh )( f,x) keeps the linear functions. Generally speaking,
By, o,5(f, ) defined in (1.5) has no such preserving properties. For the approximation rate of
Slees )( fyx) for f € C(A,), we have the following direct results including both the pointwise
estimates and global estimates:

Theorem 3. Let 0 < A < 1 be a fixed number. For any f € C(A,), there is a positive constant
only depending on A, @ and g such that
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o on M(x)
S0 - 1) < cw2y (1210, (2.10)
Proof. 1t is obvious that
ISP NI < 1l (2.11)

where || f|| is the uniform norm of f in A,.
Set D3 :={f € C(An), ' € ACl.ioc, |2 f"|| < +00} . Define
Ko\ (f.1%) = nf {Ilf gl +#leitg" 1}

It is well known that (see [8]) K (f, t2) ~ wso* (f,t). Therefore, for any fixed n, A and z, we
may choose a g A (f) € D?\ such that

1-X(
I gl < cw?y (1227, (2.12)
2(1—\) 1-A
Pn ( ) " Pn (1‘)
TH‘P”\ gl < CW <f, \/ﬁ) . (2.13)

By (2.11) and (2.12), we have
S5 (f @) = f(@)]
<ISYP(f = g.0) + If (@) = g(@)| + 155 (g, 2) — g(2)]

<2[|f = gll + 55 (g, 2) — g(x))| (2.14)
1-X
<y (1.2 4 569 g, 0) - g(o).

By using Taylor’s expansion

o(t) = g(@) + g/ ()(t — ) + / (t — u)g" (u)du,

and the following inequality (see [9]):
[t — ul [t — z]
< b
M) — pPM(=)

1S (g, ) — g(z)|

_ |ste®) ( / 't — u)g (w)du, a:) ’

for any u between x and ¢,

we have

21 11y @, B) (t =)

< Clley 9" ISy (% () (2.15)
2(1—N)

< C@n - ( )”902)\ //”

where in the last inequality, (2.13) is used.
By combining (2.14) and (2.15), we obtain Theorem 3. O
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83 Converse results of approximation by Ules )( f,x)

Lemma 5. Let f € C(4,,). Then

‘(Ué‘)"ﬁ)(f,x)) \ @ﬁ”) A1l

Proof. With the notation
RO =1 (555) B =1 (255).

i 05 (G g (1~ ) )@ LSk

ULR (f,a) = (””3) S E (Fani (o).

It is easy to deduce that

Flgn)(f) = A;;/

An -2
we have

2
n(k+a n(k+a n a
§ ((nTJrﬁ)—nx) —np2(z) — ((n%ﬁ)—nm) (m—2<x—m>>
T () = qn k() :

Thus,
(e )"

- |(”Zﬁ>nZF‘"><f> (@)

k=0

<A () S (-0 | (-0 (@ =2bmat))|

By Cauchy-Schwarz’s inequality, we have

(ves0)]

2
5 | (i) (o2
TL”fH S},La’ﬁ) n (n+ﬁ x 1 n+38 x n+p3 z g ST(La’ﬁ)(l;fﬂ)
o5 ()

n| £l [ n
@2 () [pp(2)

S (= ) -

+2(m_2< T%))S,(la’ﬁ)(t—m,x)r.
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Therefore, by Lemma 3,

(v5.2))

nllf] | n? (#B)Qwi(x)%(n%)wi(x)
er(z) | en(@) n?

"

n(2) no o gh() n
_2n (W—Q(x ﬁ)) 02 (z) (nJrﬁ Zm) :
i () n?

ol [ 2
= 2wV W

(e )| < f(”) 171

which means that

Lemma 6. Let f € D3 with A € [0,1]. Then,

Proof. For convenience, we use the following notations:

. n=2+0) (t_2a>7

Qon (a B H | 2)\f/lH (31)

 (n—=2)(n+p) n(n —2+ B)
AFM (1) = FI (1) = F(), AEM () = AYATEM (1)),

Obviously,

() S 225
s (x_ n%)k (ZIZ ‘f”>n : 1)

B n+ B8\ e /n-—1 (n) o it a ok n+B\"
() Bho)m o) (s ()

k=1
n—1 n—1 (n) a k n+a n—k—1
,;( k )F’“ (f)<x_n+ﬁ) (n+6_$>

0
B ’I’L+ﬁ nn—1 L) n—1 o k n+a n—k—1
- (57) R () (i) ()
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From the above representation, we see that

(U (.0))" = 2 =) <n+5>n

n

n—2 n—k—2
Z 2 (n) n—=2\_,(nta (3.2)
Xk:OA & (f)< k >x (n—i-ﬁ x> .

Now we shall prove that

o), o1 (=248 ) 1
A (f)A”2<(n—2)(n+6)> n(n 1)

k+1 n—k—1
-2 .
S ) (i) () e ©F
A, \E+1 n—2+p n—2+p
for 0 <k <n—2. When 1 <k <n — 3, noting that

n ; o ket n—2+a« tn_k_l !
<k+1>(_n2+ﬁ) (n2+ﬁ_)

=n(n—1) (gn-2k+1(t) = 2¢n—21(t) + gn—2.k-1(t)) ,

and by using integration by parts, we obtain

AQF/SH)(f) = Ayﬁg/ (gn—2.k+1(t) — 2¢n—2k(t) + qn-2,k—1(t)) f(t")dt

n—2

e f s () (i) (359 ) e
=248\ 1
AnZa ((n - 2)(n+6)) n(n—1)

n o k+1 n—24+a« n—k—1 o
) /A (k+1> (t_ ng+5> (W —t> S (t)dt,

which proves (3.3) in this case. In the case when k = 0, we have

AFM() = Ak /A N (Qn2,1(t)—2qnz,o(t))f(t*)dt—f—f(ni)

vt (0 ) (32— e
+f <ni5>
- 2 n o
= )\7:£2 ((n(— 2)(2n+_|_ﬂl[;)> n(nl— 1) /Anz <1> <t - 71—2—&—,3)

n—2+a« n-t .

Thus, (3.3) also holds when k& = 0. The case when k = n — 2 can be proved in a way similar to
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the case k = 0.
By (3.2) and (3.3), we have the representation

(a,8) " _ n+p n n(n—2—|—ﬁ) >2n 2<n_2> (’I’L—I—Oé_ >n—k—2
(Un B (f,x)) N ( n ) ((n?)(nJrﬂ) - k zF s x
k+1 n—k—1
—1 n le% n__2*_a o
o[ () (ams) Gt rewe

Direct calculation yields that

?@
Il

2%\ _ n(n —2+ B) ? 2
0= (gt A 9

For any A € (0, 1), by using Holder’s inequality, we get

Ap k()
k+1 n—k—1
- " a n-2+a —2)
= o« n-2+a ,
>\n—2 /Anz (k+ 1) (t n—2+ﬁ) (n—2+ﬁ ) QDn—Q(t)dt

) ) ()

X <An12 /A <ki 1> <t B n—gW)kH (72:;1; - t) o %%(t)dt)
(Anlz (k :L— 1> <ni;-|2-/5)nﬂ /01 u’“+1(1 _ U)”kldt> 1-X\

() (25 o)

n=24B8y _ _a_ Therefore,
n—2 n—2

IN

A

where in the last inequality, we used the transformation u =

Ank(r) < (Azlz <k Z 1) (n f ;i ﬁ)”ﬂ — }L(i)i(?;)_ k)> -
n—1 A
N L
5 1-A
- nﬁ;—&-ﬁ Z;l k‘—i—Tll)nni—k:—l A
((Z5) ) ()

: ((“’f)(?n‘_l;_ 1>)A'

Now, we are in a position to prove (3.1). We only prove the case when X\ € (0,1), the cases
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when A = 0 and A = 1 can be proved similarly and more simpler. From (3.2)-(3.6), by using

Holder’s inequality, we get

@ (U()

: (nﬁ)n((Z(ﬁ;)?niﬁ;))zﬁ(x): ( ) <n+ﬁ x) e
k—

n « k1 2+« n—k=l .
X/A”(kﬂ) <t_n—2+ﬂ> <n—2+6 t) ()l (@)1 ()l
n n—2
< 1 (MY e S () ()
k=0
o (mEBY" oy 22 e (n+ta n-k=2 n(n —1) A
< 1er(%0) “”“”)kzo( ) () <k+1>< 1)
B n n—2 n—29 B n+ o —k— 1—X
< e (M22) (X (") ( —) )
n — k n+p
X n-2 . (n+a k2 n(n —1) g
X(;( k )x <n+ﬁ ’ (k+D(n—k—1)
(n—2)(1—=X)
< 2| ”Z

s

3

A //”

= ok

( >k<n—|—o¢ )”—k A

n 2 1 /\ n—1)\ 2
MR gy (n8
n n

+
=y

3

3|+
=

\_/\_/v\_/

5

G

&
(SNVE
£ |
/~

> 3
~— i s
/~

n
< e (

< @B e .

Lemma 6 is proved. 0

Lemma 7. Let ¢ : [a,b] — R, ¢ # 0, be a function with ¢? concave. Then for all z € [a, ], h >
0, with  + h € [a, ], the inequality

dsdt h?
3.7
/ /h Pz +s+t) ~ C¢2($)’ (0
holds true.
Theorem 4. Let f € C(A4,) and 0 < 0 < 2. then

_ 6
Uff"ﬁ)(f, z) — f(x)‘ <C ((‘01”\/%(36)) = wii(f’ t) < ct?,t>0.
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Proof. The proof of sufficiency is easily obtained by the direct theorem (Theorem 1). Now
prove the necessity. Let z,h € A,,, such that x =+ h € A,,. Obviously,

(a25) @) < [a2 (£@) - UeD(1,2)) | + a2 (UED(1,2)]
We estimate the values of the two terms on the right of the above inequality respectively. Use

the convexity of 5, 2(1- )(917)7 we have
Pr N (@ = h) < 20207V (@), p N (@ + ) < 20007V (@),
By the assumption of the theorem, we have
|82 (@)~ ULP(f2)| < o 02 (50D (@ = ) + 2000V (@) + 0V @+ )

()

By using K (f, t2) ~ w?pk (f,t) again, for any fixed J, we can choose a gs € A.C.j,. such that
17 = gsll < Cwls(f,0), ll** 95| < C52w2 (F,5)-

By Lemma 5 and Lemma 6, we have
" "
(0 - 9.) ‘*(Uyﬁk%xv

(U2 (7,2))”
\/in . (1 + ﬁ)z 2N\ 11

n

\/ﬁn 1 9
C(ﬁ@ﬁ$%%@>%ﬂﬁ&

"
/ / UWB) (fix+s+ t)) dsdt
h h

2

Culy (£, /_/_(gonx—ks—i-t) 20 (x+s+t)>d8dt

V2nh? h?
C(ﬁ@fwwwm%@“@'

IN

IN

IN

By Lemma 7, we have

a2 (Ui (1))

IN

Replacing h with hp) (),

a2, (U (10))| < (f”:;zg() Zi) (f,0)

Thus,
A2, (f,2)] < ((W) (ﬁm? 20-D) )+Z§>)wiﬁ(f,5).

choosing n such that

Then



100

Appl. Math. J. Chinese Univ. Vol. 40, No. 1

which implies that

2
"Jii(f’t) SC((SQJFZQw?Pﬁ(f,(S)), 0<t<o.

Therefore, the assertion of the theorem is proved by the well-known Berens and Lorentz Lemma

([6])-

O
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