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Periodic solution of parabolic equations and stochastic

process

WANG Xijao-huan

Abstract. In this short paper, we first establish the existence of periodic solutions to parabolic
equation in the whole space by using the probability method. Then, the periodicity of some

function of stochastic process is also studied.

81 Introduction

From the point of partial differential equations, the long time behavior of the solutions
is an important issue. Maybe the solutions converge to a constant, or a function which is
the solution to corresponding elliptic equations. But there is another important case that the
solutions are time-periodic functions, which have clearly long time behavior. Therefore, the
research of periodic solutions can help us understand the long time behavior of the solutions.

In this short paper, we first consider the existence of periodic solutions of parabolic equations
in the whole space by using the probability method. There is a lot of work about the periodic
solutions of ordinary differential equations and parabolic equations. Here we only recall some
results of parabolic equations. In the book [10], Hess considered the periodic-parabolic boundary
value problems. He first obtained the existence of eigenvalue for linear case, and then established
the relationship between periodic-parabolic eigenvalue problem and the eigenvalue problem of
the corresponding elliptic operator. Lastly, by defining the Poincaré map and using the super-
lower solution method, he obtained the existence of periodic solution of the periodic-parabolic
boundary value problems. See [2] for the related work.

In [9], the author considered the following periodicity problem

{ uy — Au = f(t,z,u, Vu), t>0, zcR? (1)

u(t,z) =u(t +T,x), t>0, ze€R%
where d > 2, f € C(R,RYR,RY), Vu = (ug,,Usg,, - ,Uz,), f is T-periodic function with
respect to the time variable ¢, the period T' > 0 is arbitrary chosen and fixed. They obtained
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the following result.

Proposition 1.1. Let d > 2, n € N be fived, T > 0 be fized, f € C(R,R% R,R?). f is T-
periodic with respect to the time variable t. Also let 0 < ¢;, l;, mi, pi, qi,l; <00, 1 =1,2,--- ,n,
be fized constants, 0 < k;,n; < oo, i = 1,2,-,d, be fixed constants, b;(t) € C(Ry), gi(z) €
C(RY), supg, [bi(t)| < 0o, supga |gi(z)] < oo, i=1,2,--- ,n,

uzs

P +ll\u

'+ milgi()

n d
()] <D (ailbi(t) N+ kilu,
i=1 1=1

for every (t,x,u,u,) € (R,RY R, RY). Then the problem (1) has a solution u € C*(R,,C?(R%))
(CH(R,C%(RY)) will be defined later).

The proof of Proposition 1.1 is complicated. The assumptions of Proposition 1.1 looks very
general but it is hard to generalize it. In this short paper, we will give some interesting examples
which were not covered by Proposition 1.1.

The second aim of the short paper is to consider the periodicity of some function of a
stochastic process. Zhao-Zheng [14] gave a definition of pathwise random periodic solutions for
C'-cocycles. Recently, Feng et al. did some work about the periodic solutions, see [7,8]. Chen
et al. [4] considered the periodic solutions of Fokker-Planck equation, also see [11]. Liu et al.
did a series of work about the almost periodic solution of stochastic differential equations, see
[3,13]. Lin et al. [12] studied the nontrivial periodic solution of a stochastic epidemic model.
About the periodic phenomenon, also see [1]. In this paper, we consider another phenomenon.
For example, the function u(t) = ¢ is clearly not a periodic function, but sin(u(t)) = sint is
a 2m-periodic function. When the function X; becomes a stochastic process, one can use the
results of [3,7,8,13,14] to study the periodicity of function of X, that is to say, the periodicity of
¥(X;) can be studied clearly by the earlier results, where v is some smooth function. However,
the periodicity of E¢(X;) and Ev (¢, X;) is not considered. That is to say, we want to study
that under what assumptions on X; and 1, it holds that

Ep(Xeir) = E(Xy), Bp(t, Xeqr) = Eap(t, Xy).
The first question is what is T' 7 Generally speaking, the periodic T is related to the density
of X;. Since we consider a stochastic process which satisfies a stochastic differential equation
(SDE), the the periodic T is related to the coeflicient of SDE. Note that if the stochastic process
has a density p(¢, x), then

E[i(Xpar) — B (X,)] = /R $(@)p(t + T, 2) — p(t, 2))d,

which implies that p(t+7, z) = p(t, z) for any € R. And thus it need not study the periodicity
of E¢(X;) because if p(t+ T, z) = p(t, ), then for any bounded continuous function v, it holds
that E¢(X¢yr) = E(X:). But for Ey(t, X;), we have

E(t, Xoor) — Ei(t, X,) = / Wt + Toa)plt + T ) — (t,2)p(t, 2)) e

Hence if p(t + T, x) # p(t, z), we can choose special function ¢ such that Ey(t + T, X y1) =
Ey(t, X;). We only study the periodicity of Eu (¢, X;).
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In the next section, we will state the main results and give some examples to illustrate them.

82 Main Results

For simplicity, we only consider the one-dimensional case. It is well known that the solutions

of the following equations
% +b(t,x)g—z + %Jz(t,x)% —v(t,x)u+ f(t,z) =0, 0<t < T, z € R,
u(T,z) =9y(z), z€R,

can be represented as

T
u(t,x) = E9 / e I EXDT £ X dr 4 e I PTXDIT (X X = 2|

t

where X, is a stochastic process and satisfies
dXs =b(s,Xs)ds + o(s, Xs)dW,, t<s<T,
{ X =ux.
Here we need to assume that o(t,z) > 0 for all ¢t > 0, z € R, see [6]. We aim to get
u(0,z) = uw(T, x).
That is to say, we will prove u(0,z) = ¥ (z) for some 1. Meanwhile, we note that

u(0,z) = E®
0

T
/ e~ 5 XN £ X Y 4 e o VXD (X X = z] '
We first consider a special case, i.e., v = 0. In this case, we have

u(0,z) = E® A fr, Xo)dr +¢(X7)[Xo = $‘| .

By It6 formula, we have

T
W(Xr) = b@)+ / & (X)b(t, X, )dt

+3 [ vrxae X0 0 X+ [ et xoaw
which implies that
BY(Xr) = ¥(o) +E | ) (w%xt)b(t, X))+ ;w'%Xt)o(t’Xt)oT(uxo) dt.
Therefore, if we assume that
B [ (100 + #0000, X0 + 07 (0ot X" 0,%0) )i =0,
then we will get the desired result
u(T,x) = P(z) = u(0,x).
A strong sufficient condition is

£t 2) + ¥ (2)b(t, ) + %w”(x)a(t,x)aT(t,x) —0, VzcRVte 0Tl

(1)

(2)

Note that equation (2) is an ordinary differential equation with parameter ¢t € [0,7], and
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o?(t,x) > 0, equation (2) is equivalent to

& (@) + f_zi’zgm) + i{g g —0, 6=/, ¥z € R,V € [0,T].
By using the results of ODEs we get
() = ef Pi@i ( / Qu(w)e I P gy c) , 3)
where C' is a constant and
Pe) = 200 Qi) = 202

Consequently,

Y(z) = /(b(x)da: = / [ef Pe(w)dz (/ Qi(x)e= I D@z gy 4 C)} dx. (4)
Tt is easy to check that if we take ¥ (x) as in (4), then it holds that
1
ft,z) + ¢ (2)b(t, x) + 5z//'(gr,=)a(1t,gc)aT(m) =0, VxeR,Vtel0,T].
However, on the left-hand side of (4) does not depend on the variable ¢, but on the right-hand
side of (4) maybe depend on the variable ¢. Thus in order to assure that (4) makes sense, we
need to give some assumptions on b(t, x),o(t, z) and f(¢, ).

Summing up the above discussions, we arrive at the main result.

Theorem 2.1. Assume that the functions b(t,x),o(t,x) and f(t,z) are T-periodic functions
in time satisfying

20(t,x) 2f(t,x)
m—a(t)‘i‘lh(fﬂ)a m—ﬁ@% (5)

where a(t + T) = a(t), bi(z) and f1(x) are continuous functions. Then equation (1) has a

periodic solution with periodic T and v = 0.

Proof. The existence of periodic solution of equation (1) is equivalent to the existence of

1. It suffices to prove the existence of ¢. Using the assumptions (5) and (4), we have

P(x) = /(efPf,(r)dz/Qt(x)e—fpt(z)dzdx) di
= / (ef lat) o (o)) / [y (2)]e~ S (O b (@))ds dx) "

= / (ef b (z)da /[fl(w)]efbl(w)dwdx> dz,

where we take C' = 0 in (4). Due to the continuous of b; and fi, the existence of ) is obtained.
The proof is complete. [J
In Theorem 2.1, we consider the case that v = 0. In the following, we consider another case:
v(t+T) = v(t). Assume that 3(t) = [v(t)dt, then (2) will be written as
PID=BO) f(t ) 4+ o' (2)b(t, ) + %w”(x)a(t,x)aT(Lx) =0, VzeR,Vtel0,T]
Then one can give similar assumptions to those of Theorem 2.1 to assure the existence of

periodic solution of equation (1).
Example 1: Let v(t,x) = 0, f(t,z) = (2 +sint) x 22, b(t,r) = (2 +sint) x z, o?(¢t,x) =
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(2 +sint). We have
2b(t, x)
o?(t, x)

2f(t,x)

UQ(t,.T) =22% = fl(x)v

=2z = a(t) + by (x),

and
3 2

Y(z) = / <ef by (z)dz /[fl(x)}efbl($)d$dm> dx = 7% - % + g

Theorem 2.1 shows that equation (1) with the above f,b,0 admits a periodic solution. It
is remarked that f does not satisfy the assumption of Proposition 1.1. More precisely, in
Proposition 1.1, the function g(z) is a bounded function but in Example 1, g(z) = x2.
Example 2: Let v(t,z) = Ziossirtlt’ then 8(t) = [v(t)dt = In(2 + sint). Assume that

2b(t, ) 2f(t,x)(2+sinT)
= t b b . = b)
o?(t,x) a(t) + bi(2) o2(t,x)(2 + sint) hiw)

where by and f; are continuous functions. Then we can take

Y(x) = / (ef bi(w)dz /[fl(z)]efbl(‘”)dmd:c> dz.

Theorem 2.1 shows that equation (1) with the above f,b,0 admits a periodic solution. It is

remarked that f does not satisfy the assumption of Proposition 1.1.

By It6 formula, we have

T
ST, Xr) = (0,2)+ / [0 (t, X2) + (8, X0)b(t, X,))dt

1 /7 T
+§/ ’ll)//(t, Xt)O'(t, Xt)O'T(t, Xt)dt+/ 'l)/)I(t,Xt)U(t,Xt)th,
0 0
which implies that
T
BT, Xr) = 0(00) + 8 [ (00000, X0) + 0/ X)be, X0 + 50" (1. Xi)a (6, X0 (0. X)) .
0
Thus if
T 1
E/ (@MLX0+¢%uXQMuXQ+Qw%uxgduxgdﬂuxg>mzo, (6)
0
we have E(T, X1) = ¢¥(0,z). It is easy to see that if
. (a”"“’ X0) (6 X0)b(t, X) + 306 Xo)o(t, Xo)o (1, XJ) = a(t)
with a(t) = §'(¢) and B(t + T) = B(t), then we have

T
]E/ <3t¢(t,Xt) + ' (t, X¢)b(t, Xy) + ;W/(tth)U(t;Xt)UT(taXt)) dt
0

T
= [ atar= 5y - 50 =0,

Next, we give another sufficient condition to ensure that (6) holds. If the following second
order different equation
{ Db(t, x) + b(t, 2) (1, 2) + Tt 2) =0, te[0,T], x €R,
Y(T,x) =¢r(z), z€R
admits a continuous bounded solution on [0,7] x R, then (6) holds.

(7)
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Theorem 2.2. Assume that (7) admits a continuous bounded solution on [0,T] x R, then
E[y(t, Xt)] is a T-periodic function.

Note that the time periodic T is related to the solvability of (7). We give a special case,
where T is any positive constant. Assume that b(t,z) = B(t)b1(x), o%(t,x) = B(t)o1(x). Set
lt,2) = o] KOs (). 1f

o1(z
U 1) 4 n (@) (2) + 6(2) =0 0
admit a continuous bounded solution, then (6) holds, where T' is any positive constant. In
particular, if o1 (x) = 2, by(x) = —2, we can solve (8). That is to say, we can take ¢(x) = e”.
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