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Semiparametric expectile regression for high-dimensional

heavy-tailed and heterogeneous data

ZHAO Jun'? YAN Guan-ao® ZHANG Yi%*

Abstract. High-dimensional heterogeneous data have acquired increasing attention and dis-
cussion in the past decade. In the context of heterogeneity, semiparametric regression emerges
as a popular method to model this type of data in statistics. In this paper, we leverage the
benefits of expectile regression for computational efficiency and analytical robustness in hetero-
geneity, and propose a regularized partially linear additive expectile regression model with a
nonconvex penalty, such as SCAD or MCP, for high-dimensional heterogeneous data. We focus
on a more realistic scenario where the regression error exhibits a heavy-tailed distribution with
only finite moments. This scenario challenges the classical sub-gaussian distribution assumption
and is more prevalent in practical applications. Under certain regular conditions, we demon-
strate that with probability tending to one, the oracle estimator is one of the local minima of
the induced optimization problem. Our theoretical analysis suggests that the dimensionality of
linear covariates that our estimation procedure can handle is fundamentally limited by the mo-
ment condition of the regression error. Computationally, given the nonconvex and nonsmooth
nature of the induced optimization problem, we have developed a two-step algorithm. Finally,
our method’s effectiveness is demonstrated through its high estimation accuracy and effective
model selection, as evidenced by Monte Carlo simulation studies and a real-data application.
Furthermore, by taking various expectile weights, our method effectively detects heterogeneity
and explores the complete conditional distribution of the response variable, underscoring its

utility in analyzing high-dimensional heterogeneous data.
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81 Introduction

The past two decades have witnessed the rapid development of high-dimensional statistical
analysis, most of which usually assume homogeneity in the data structure. However, the Nation-
al Research Council (2013) highlights that multi-source data collection technologies and error
accumulation in data preprocessing contribute to an opposing characteristic in high-dimensional
data: heterogeneity. Evidence for heterogeneity in high-dimensional data is substantial. For in-
stance, Daya, Chen and Li (2012) identified heteroscedasticity in eQTLs data, commonly linked
to gene expression variations, underscoring the importance of incorporating heteroscedasticity
in modeling process. Wang, Wu and Li (2012) applied regularized quantile regression to in-
vestigate genetic variations related to human eye disease, also observing heterogeneity in this
genetic data.

Buja et al. (2014) highlighted that the nonlinear effects of certain covariates on the response
can result in misconceptions in data mining when linear approximations are used indiscrimi-
nately. From this perspective, incorporating nonparametric effects into the modeling process
becomes necessary under certain conditions. Semiparametric regression, combining the sim-
plicity of linear models with the flexibility of nonparametric approaches, is widely adopted for
modeling heterogeneous data in statistics and econometrics. Meanwhile, additivity is frequently
assumed in the nonparametric component to avoid the curse of dimensionality, as discussed by
Hastie and Tibshirani (1990). Consequently, a partially linear additive model is commonly em-
ployed as an intermediate strategy, enhancing both the reliability and flexibility of the analysis.
Within this framework, Sherwood and Wang (2016) introduced the regularized partially linear
additive quantile regression for analyzing high-dimensional heterogeneous data.

Expectile regression proposed by Newey and Powell (1987) assigns distinct weights to
squared error loss based on positive and negative errors, and is an alternative approach to

address heterogeneity. Expectile regression uses the asymmetric squares loss function ¢, (),
ar?, r >0,

o(r) =|la—1 0)|r? =
Palr) = lo—I(r <O) (1—a)r?, r<O.

(1.1)

And the a-th expectile of random variable y is denoted by m,(y) = argmin E¢,(y — m).
meR

Note that the 1/2-th expectile corresponds precisely to the mean. Expectile regression exhibits
several advantageous properties over quantile regression. First, its differentiable loss function
reduces the computational burden and facilitates a more manageable theoretical process in
high-dimensional settings. Second, Waltrup et al.(2015) concluded from their simulations that
expectile regression is less susceptible to crossing problems compared to quantile regression,
offering robustness in nonparametric approximations. Owing to these favorable properties, ex-
pectile regression holds significant potential for analyzing heterogeneity within a semiparametric
framework. Sobotka et al. (2013) introduced geoadditive expectile regression with P-spline ap-
proximation and established an asymptotic distribution for constructing confidence intervals
in classical dimension settings. In the literature related to expectile, most studies typically

assume that regression errors conform to Gaussian or sub-Gaussian distributions. For example,
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Gu and Zou (2016), under this assumption, developed a linear expectile regression model to
analyze heteroscedasticity in high-dimensional data. However, this assumption faces growing
skepticism, especially in fields like genetics and finance. Specifically, regression errors in such
analyses usually do not exhibit exponentially decreasing tail rates (Fan, Li, and Wang, 2017),
and may even possess heavy tails with only finite moments (Zhao, Chen, and Zhang, 2018).

This article presents the methodology and theory for partially linear additive expectile re-
gression with a general nonconvex penalty, tailored for high-dimensional heterogeneous data. To
address heterogeneity, we embrace variance heterogeneity from Righy and Stasinopoulos (1996),
accommodating regression errors with either nonconstant or varying covariate effects. Crucial-
ly, our framework diverges from the classical Gaussian or sub-Gaussian error distributions by
adopting a more realistic assumption: regression errors have only finite moments. Theoreti-
cally, we derive the asymptotic oracle properties of the estimator in our proposed framework
and determine how heavy-tailed moment conditions influence the dimensionality of covariates
our model can manage. Unlike Spiegel et al. (2017), our approach involves model selection
and coefficient estimation within a nonconvex regularized framework, as opposed to relying on
selection criteria. Computationally, given the nonconvex and nonsmooth nature of the opti-
mization problem, we exploit the structure of our formulated problem, divide it into penalized
linear and nonparametric segments, and introduce a two-step algorithm.

This article is structured as follows. Section 2 introduces our penalized partially linear
additive expectile regression model with nonconvex penalty functions such as SCAD or MCP,
along with an efficient algorithm for addressing the optimization problem. Section 3 presents
the oracle estimator as a benchmark and establishes its relationship with the optimization
problem we formulated, referred to as the oracle property. Section 4 involves conducting Monte
Carlo simulations to evaluate the performance of our proposed method in a heteroscedasticity
context. Section 5 applies our model to a genetic microarrays dataset, analyzing potential
factors contributing to low infant birth weights. All proofs of theoretical results and necessary

lemmas are provided in the Appendix.

82 Methodology

2.1 Partially linear additive expectile regression

Consider a high-dimensional data sample {Y;, x;,2;}" ; with x; = (2;1,. .. , Lip) represent-
ing independent and identically distributed p-dimensional covariates with a common mean 0
and z; = (z;1,...,2iq4) as d-dimensional covariates. The data conform to the following high-
dimensional partially linear model,

P d
Yi=po+ Y Bizin+ Y g0i(2i5) + & =X B" + go(2:) + €, (2.1)
k=1 j=1

with go(z;) = po + Z?Zl goj(#i;) and {e;}7_; mutually independent. Each go; is assumed zero
. d .
mean, i.e., go(z) belongs to G = {g(z) : g(2) = p+>_5_,9j(%;),Elg;(2;)] =0, j =1,....d}
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For a specific @ where mq,(€;|x;,2;) = 0, the a-th conditional expectile of Y; as per the model
(2.1) is ma (Yi|xi,2;) = xF 8" + go(z;). Thus B* and go(z) minimize the population risk
(8", 90(2)) = argmin E[¢o(Y; — x" 8 — g(2))]. (2.2)
BERP,geG
Considering data heterogeneity, €; can be represented as €; = o(x;, z;)7;, where o(x;, z;) may
vary as nonconstant, linear (Gu and Zou, 2016), or nonparametric (Rigby and Stasinopoulos,
1996). Generally, given data heterogeneity, 8% and go(z)may vary across different expectile
levels. For example, analogous to Gu and Zou’s model, o(x;,z;) can be specified as o(x;,2z;) =
x~,+2zl'~,. This special model is intuitive and for a different level T # «, i.e.,m, (¢;|x;,2;) # 0,
the 7-th expectile m, (Y;|x;,zi) = x! (B + m-(&|Xi,2i) - ¥1) + 90(zi) + 2L vo - mo(€i]xi,2;) =
xI'B7 + go.+(2:), i.e., B7 is different from 3%, and so is go - (2;).

2.2 The nonconvex regularized framework

The dimensionality of the nonparametric covariates z is held constant in the model (2.1).
Define m(t) = (by(t),...,bx,+1+1(t))T as a vector of normalized B-spline basis functions of
order ! + 1 with k, quasi-uniform internal knots on [0, 1]. Subsequently, go;(-),j = 1,...,d
are approximated by a linear combination of these B-spline basis functions, represented as
I(z) = (1, m(za)7, ..., m(z:0)T)T € RP», where D,, = d(k, + 1+ 1) + 1. For notational
simplicity, the same number of basis functions is used for all nonlinear components in the
model (2.1). However, this is not a necessary restriction in practical applications.

The dimensionality of x, p, is much larger than n and the true parameter 8% = (61,..., 35)
is assumed sparse. Let A = {j: 37 # 0,1 < j < p} be the active index set and ¢ = g(n) = |A].
Without loss of generality, we rewrite 8* = ((8%)7,07)T where 8% € RY and 0 denotes a
(p — q) dimensional vector of zero. Let X = (x1,...,%,)T be the n x p matrix of covariates.
Denote X; the jth column of X and define X 4 the submatrix of X that consists of its first
g columns and denote by X4, the ¢ th row of X 4. With sparsity, the regularized framework
has become pivotal in analyzing high-dimensional data over the past two decades. The L;
penalty or Lasso (Tibshirani, 1996) is favored in penalized estimation as it leads to a convex
optimization problem. However, the L; penalty has drawbacks, such as over-penalizing large
coefficients, introducing bias, and necessitating strong irrepresentable conditions on the design
matrix for selection consistency. In contrast, an appropriate nonconvex penalty function, as
discussed by Fan and Li (2001), can effectively address these issues. Therefore, in this paper,
we assume the regularizer Py (t) to be a general folded concave penalty function, such as the
well-known SCAD (Fan and Li, 2001) or MCP (Zhang, 2010).

To the end, the proposed estimators are obtained by

(B,€) = argmin L(B,§), (2.3)
BERP E€RPn
where the penalized expectile loss function L(3, &) for our model is
1 2
L(B,&) = 2; dayi —x{ B—TI(2:)"€) + Z; P(1851). (24)
i= j=
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Denote by &€ = (&, &, . .. ,éd) then the estimator of go(z;) is §(z;) = 1 + Z;l:l §i(zi;), where
ﬂ:éo-Fn ZZ z” € Gi(ziy) ZW(Zij)Téj _nilzﬂ'(zij)Téj'
i=1 j=1 i=1

The centering above is just the sample analog of the identifiability assumption E[go;(z;)] = 0.

2.3 Algorithm

For the optimization problem (2.3), we derive a two-step algorithm as follows,

Algorithm 1 The iterative two-step algorithm for the nonconvex optimization problem (2.3)

1: Initialize B(*) = ginitial,
2: For k =1,2,..., repeat the following two steps (a) and (b) until convergence

(a) The nonparametric part: At k-th iteration, based on the previous solution ﬁ(k_l),

5( ) _ = argmin— Z¢ o Xg"ﬁ(k—l) . H(ZZ)Té)

geRDPn T

(b) The linear part: Then at k-th iteration, 3% is obtained by the following procedure,
(b.1) Calculate the corresponding weights based on ,B(k_l) = (ﬁ{k_l), ce 51(7k_1))T

w® = (@WF T = (P85, PLBEI)T

(b.2) The local linear approximation of L(/3, £(k)), denoted by L(,8|ﬁ(k_l), é(k)), is

p
L(B|B* Y, W) = Z% yi —xI B - T(z)Te®) + 3" w5,

j=1

(b.3) B¥ = argmin L(B|B% 1, ™).
BERP

In Algorithm 1, instead of taking (3, £) as the whole optimization parameters, we split the
optimization problem into two parts: the fixed-dimensional unpenalized nonparametric part
and the high-dimensional penalized linear part. Specifically, in the first step, we determine the
nonlinear part’s parameters by minimizing an unpenalized objective function in D,, dimension,
using the linear part’s parameters set to their values from the previous iteration. Note by Lem-
ma 6.1, the expectile loss function ¢, (-) is differentiable and strongly convex, thus facilitating
the optimization process via convex analysis. Following the resolution of the nonparametric
part, the second step involves determining the linear part’s parameters by minimizing a pe-
nalized expectile loss function. Given the nonconvex nature of the penalty, this results in a
nonconvex optimization problem in a high-dimensional space. We employ the Local Linear
Approximation (LLA) strategy (Zou and Li, 2008) to transform the penalized optimization
problem into a convex one, leveraging its computational efficiency and favorable statistical
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properties, as discussed in Fan, Xue, and Zou (2014). The initial value ,8(0) can be chosen as

the estimator from the following pseudo-linear penalized expectile regression,
1
Y = argmin_ D baly: — 1 —xiB) + N8l
Hs i=1

In each step, the involved optimization subproblems in the algorithm above are convex after
modification, and taking full advantage of expectile regression with its differentiability, there
are many powerful programs to solve them. For example, to solve the problem (b.3), we can
apply the proximal gradient method, and use CVX, a Matlab package for specifying and solving
convex programs; see Michael and Stephen (2013).

83 Asymptotic theory

3.1 Oracle study

Following Fan and Li (2001), we introduce the oracle estimator, denoted by (B*,é’*) with
3 T

B = (B; ,OZ_Q)T, as a performance benchmark for the partially linear additive model,

Ak 1
(B4, )= argmin — Z baly; — x4 B — (z;)"€). (3.5)
BERY,£€RPn TV
The cardinality ¢, of the index set A is allowed to change with n, which violates the classical
scenario where the cardinality is fixed, for example, Hastie and Tibshirani (1990).
The derivative of ¢4 (r) is Yo (r) = 2|a — I(r < 0)|r. An analog second-order derivative is
defined as @, (r) for ¢; £ min{a, 1 — a} and ¢; £ max{a,1 — a},
2a —I(r < 0)|, r#0,
Pa(r) =
€ 2[ey, 2], r=0.
Let w; = E[pq(€;)|x;, 2], then w; is uniformly bounded away from zero. Denote H, the collec-
tion of functions h(-) on [0, 1] whose ro-th derivative h("0)(.) satisfies the Holder condition of
order v, i.e. |h(T0)(21)—h()(2)| < Clz1—2|Y, ¥ 0 < 21,2 < 1. Consider the weighted projection

from x onto z, h}(-) = arginf Y " E[w; - (zi; — hj(z;))?]. This projection strategy is com-
h;(-)€EGNH,

monly used in the semiparametric analysis, see Robinson (1988). Define m;(z) = Elz;;|z; = 2.

Then, h}(z) is a weighted projection from m;(z) to G N H, under Ly norm. Then we define

H = (h(2:))nxq,, 0ij = xa,; — h}(2i), the vector §; = (01, ...,0iq,)" € R? and the matrix

A, = (81,...,68,)T € R Thus, X4 = H + A,,.

Condition 3.1. E (efk|xi7zi) < C < o for all i and some k > 1, constant C > 0 .

Condition 3.2. There exist constants My and My such that |z;;| < Mq,V1 <i<n,1<j<p,
and E (5;1]-) < My, V1 <i<n,1<j<gq,. There exist finite positive constants C, and Csy such
that with probability one, C1 < Apag (N1 X4X7T) < Co, €1 < Apaz (n71ALAT) < Cs.

Condition 3.3. go(-) € GNH, withr =ro+v > 1.5, and k,, satisfies k, ~n'/r+1),
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Condition 3.4. ¢, = O(n?) for some C5 < 3.

In Condition 3.1, the imposed moment condition on the error sequences is more relaxed
than the classical Gaussian or sub-Gaussian tail condition. This condition is also used in Kim,
Choi and Oh (2008). Condition 3.3 is required for the B-splines approximation accuracy and
convergence rate of G(-). As Stone (1985) and Schumaker (2007) pointed out, if go;(-) € Hr,
and r > 1.5, there exists &, = (§00,&015- - -, €oa) € RP" such that sup, [TI(z;)T€&; — go(z;)| =
O(k;").

n

Theorem 3.1. Suppose conditions 3.1-3.4 hold. Then the oracle estimator satisfies

1 B4 — B lI= O0p(v/n—1qn), *129 — 90(2:))? = Op(n™(gn + k). (3.6)

3.2 Differencing convex procedure

Note that L(3,&) is nonconvex, and ¢,(r) is not smooth due to the non-existence of its
second order derivative at r = 0. So the KKT condition appears not applicable to the opti-
mization problem (2.3). Suppose SCAD penalty is used, then L(3, &) can be decomposed into
the difference of two convex functions, L(3, &) = k(8, S) —1(B, &), with

n p
= L3 baly—xTB— TH(2)") +AZ|5] 18.6) = " H(B)),
i=1 j=1

Hy\(0) = [(6* = 260] + 3*)/(2(a — D)JI(A < |0] < a/\) (O] — (a+1)/2]1(|6] > aN).
Tao and An (1997) provided sufficient conditions for such type of non-convex optimization
problem, see Lemma 6.10 for detail. The unpenalized empirical loss function L, (3, &) is differ-
entiable with respect to 3 and &.

1 n
€)== dalyi—x/B—T(z)"¢). (3.7)
i=1
Denote II(z;) = (1,111 (241), - HL" (2iq)) the basis function at z;, for j =1,...,p

5;(8, aﬁj Z}é —x{ 8- 1(z)"¢€))
- —%Zam XEB — T2 "1 - X7 — TT(a)"€ > 0)

_,Z (1 — a)xij(y; — xI'B — T(z;) T &)(y; — xI'B — T(z;) "€ < 0),
andforj:p+l,lf1,...,Dn,

(8.6 = 52> bl ~xI B - TM(z) ")
i=1

= 7% ZaHl(Zi)(yi —xI'B —TI(z:)TEI(y; —xI'B — T(z;)T€ > 0)
i=1
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_% Z(l — )T (z) (yi — x! B — T(z:) &) I(y; — xi B —TI(z;) € < 0).

Lemma 6.12 shows that under the Conditions 3.1-3.4 and the following so-called Beta-min

condition, for the oracle estimator (ﬁ*, é*),
s;i(B,€) = 0, j=1,....guorj=p+1,...,p+Dn, (3.8)
;B €N < X j=aqut+1l,....p. (3.9)

Condition 3.5 (Beta-min condition). There exist positive constants Cy and Cs such that for

1 n(1=C/2 min 185 > C-.
Cy3<Cy<l1,n 1§H]11Sr;n|ﬂ]|_6'5

Theorem 3.2. Assume Conditions 3.1-8.5 are satisfied. Denote E(N) be the set of local minima
of L(B,&) with the tuning parameter . If the tuning parameter \ = o(n_(l_c4)/2), qn =
o(nA?), ky, = o(nA?) and p = o((nA?)¥) , then we have that with probability tending to one, the
oracle estimator (B*,é*) lies in the set E(N) consisting of local minima of L(B3,€), i.e.,

P((B,8) € &) = 1,as n — . (3.10)

By the constraints on A, we can infer that p = o(n“**). So the moment condition and the
signal strength directly influence the dimensionality our proposed method can manage. Note
that if the regression error has only finite moments, p can be at most a certain polynomial
power of n. If ¢; has all the moments, this asymptotic result holds when p = O(n7™) for any
7 > 0 since E(e?*|x;) < oo for all k > 0. What’s more, if the error € follows a gaussian or
sub-gaussian distribution, it can be shown that our method can be applied to an ultra-high

dimension.

84 Simulation

This section evaluates the finite sample performance of the proposed regularized expectile
regression. We utilize the SCAD penalty as an example for the general folded concave penalty
function Py (t). We refer to the penalized partially linear additive expectile regression with the
SCAD penalty as E-SCAD. This approach is also applicable with the MCP penalty or other
general folded nonconvex penalty functions, though further details are omitted for brevity.

We employ a high-dimensional partially linear additive model from Sherwood and Wang
(2016). In the data generation process, quasi-covariates X = (Z1,...,Zp12)’ are generated from
a multivariate normal distribution Nj42(0, ) with ¥ = (03;)(p42)x (p+2) and o;; = 0.5/ for
i,7=1,...,p+2. Then weset x; = v/12®(Z;) where ®(-) represents the cumulative distribution

function of the standard normal distribution and v/12 ensures that z; has a standard deviation

of 1. Addltlonally, we set z; = @(525) and Z9 = (I)(JNIQG), Ty = )21 for i = 2, ceey 24 and xXr; = .fl'_;,_g
for ¢+ = 25,...,p. The response variable y is then generated from the following sparse model,
y = x6B6 + 12512 + L1515 + T20B20 + Sin(2721) + 25 + €, (4.11)

with 8; =1 for j = 6,12,15,20 and e independent of the covariates x. To figure out how the
proposed method performs when the error € shares heavy-tailed distributions, we consider two
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scenarios: (1) N(0,1) and (2) Standard t-distribution with degrees of freedom 5, ¢5.

We focus on the heteroscedastic scenario where € = 0.70x1¢ with ¢ independent of z; and
following the previously mentioned distributions. The data generation procedure reveals that
the true coefficients 3" are sparse, comprising four informative variables. Additionally, z;
should be considered significant due to its pivotal role in the conditional distribution of y and
its contribution to heteroscedasticity. For comparative purposes, this simulation also examines
the performance of Lasso-type regularized expectile regression, abbreviated as E-Lasso,

n P
argmin — 3 galys — X7 — W(z)7€) + 2> 5. (4.12)
=1

BERP £€RPn TV 5T j=1

Additionally, we introduce the oracle estimator (3.5) as the benchmark of estimation accuracy.

5 - - - -
— % — Expectile Level 0.50
L — Expectile Level 0.10| |
0 *ﬁz — Expectile Level 0.90
st % 1
* Rk
% D‘>§N+
— — 10k i 1
= =10 && B
= . = % i
| | * *++k
< 3 151 ’X& e,
= = e
w &0 .
= < 20f * (S P,
By .
&& o
=25 ¥* n\h\ 4
* >,
* ] && &D‘& *
** \hﬂﬂ -30 1 . ]
35 il s s e 4 . *%*%&*%ﬁ%s
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
outer iteration count k outer iteration count k
(a) € follows N(0,1) (b) € follows ts5

Figure 1. Convergence Rate of Algorithm 1 with n = 300 and p = 600.

Table 1. Simulation results when n = 300, p = 400.

Criteri N(0,1) ts
riteria
E-SCAD E-Lasso Oracle E-SCAD E-Lasso Oracle
AE 0.76 (0.27) 1.94 (0.42) 0.83 (0.17)  1.21 (0.77) 3.01 (1.22) 1.13 (0.33)
SE 0.47 (0.20) 0.59 (0.11) 0.56 (0.11)  0.62 (0.32) 0.83 (0.21) 0.72 (0.18)
a=0.10 ADE 0.54 (0.10) 0.67 (0.10) 0.26 (0.08) 0.62 (0.10) 0.73 (0.15) 0.36 (0.13)
Size 6.79 (1.73)  24.05 (5.51) - 8.46 (3.63) 28.25 (8.82) -
F.F1 100, 87 100, 97 - 100, 73 100, 94 -
AE  0.31(0.14) 1.26 (0.30) 0.28 (0.11) 0.47 (0.16)  1.49 (0.23)  0.41 (0.13)
SE 0.18 (0.08)  0.41 (0.09)  0.16 (0.06)  0.25 (0.10)  0.50 (0.09)  0.22 (0.07)
a = 0.50 ADE 0.38 (0.24) 0.37 (0.24) 0.18 (0.05) 0.44 (0.18) 0.43 (0.18) 0.32 (0.12)
Size 4.64 (0.78) 21.78 (4.86) - 6.49 (1.42) 20.43 (3.01) -
F,F1 100, 0 100, 8 - 100, 0 100, 8 -
AE 0.74 (0.27) 1.76 (0.36) 0.82 (0.16) 1.07 (0.52) 2.94 (1.23) 1.12 (0.31)
SE 0.47 (0.20) 0.59 (0.09) 0.56 (0.11)  0.59 (0.26) 0.84 (0.19) 0.71 (0.18)
a = 0.90 ADE 0.49 (0.14) 0.76 (0.22) 0.25 (0.09) 0.52 (0.37) 0.68 (0.13) 0.38 (0.13)
Size  6.21 (1.39) 19.54 (4.91) - 7.74 (3.19)  26.06 (9.19) -
F.,F1 100, 88 100, 96 - 100, 76 100, 87 -
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The sample size is set at n = 300 with p being either 400 or 600. To detect heteroscedasticity
more effectively, we consider three expectile weight levels: o« = 0.10, 0.50, 0.90. For the tuning
parameter A\, we create an additional tuning data set of size 10n and select the optimal A that
minimizes the prediction expectile loss error on this data set. Regarding the nonparametric
components, we utilize cubic B-splines with 3 basis functions for each nonparametric function.
Figure 1 depicts log([|@* —||2) (where 6 represents the entire parameter set and 6 the solution)
against iteration count k£ in one single solution process under our simulation setting, which
demonstrates that the proposed Algorithm 1 converges fast.

We evaluate the performance in terms of the following criteria based on 100 repetitions:

e AE: the average absolute estimation error defined by > 7 | Bj - B3]

e SE: the average square estimation error defined by (/> 7 | Bj - Bi %

e ADE: the average of the average absolute deviation defined by % Yo la(zi) — go(z:)|

e Size: given the role of z1, the true size of our data generation model is supposed to be 5.

F: the frequency that xg, 12, x15, T2o are selected during the 100 repetitions.

e F1: the frequency that x; is selected during the 100 repetitions.

Table 2. Simulation results when n = 300, p = 600.

N(0,1) t5
E-SCAD E-Lasso Oracle E-SCAD E-Lasso Oracle

AE 0.97 (0.27)  2.11 (0.44)  0.86 (0.17)  1.36 (0.85)  3.74 (1.16)  1.14 (0.25)
SE 0.54 (0.14)  0.64 (0.10)  0.57 (0.10)  0.66 (0.29)  0.86 (0.17)  0.72 (0.15)
@=0.10 ADE 0.0 (0.27) 0.62 (0.07) 0.24 (0.07) 0.81 (0.51)  0.95 (0.29)  0.38 (0.12)

Criteria

Size  9.68 (2.78)  26.55 (5.60) 10.67 (4.71)  42.53 (9.50) -
F,F1 100, 96 100, 97 100, 77 100, 86 -

AE 0.31 (0.13)  1.50 (0.36)  0.35 (0.11)  0.63 (0.27)  1.85 (0.52)  0.43 (0.13)
SE 0.17 (0.07)  0.43 (0.09)  0.18 (0.06)  0.32 (0.12)  0.55 (0.10)  0.23 (0.07)
a=050 ADE  0.38 (0.23) 0.50 (0.19) 0.18 (0.04)  0.18 (0.02)  0.20 (0.06)  0.23 (0.06)
Size  5.61 (1.55) 29.16 (6.05) - 7.36 (3.16)  26.74 (7.11) -
F,F1 100, 1 100, 10 - 100, 3 100, 5 -
AE 0.82 (0.27)  1.80 (0.39) 0.83 (0.15) 1.12 (0.53)  3.18 (1.64)  1.16 (0.28)
SE 0.49 (0.19)  0.64 (0.10)  0.56 (0.10)  0.60 (0.28)  0.88 (0.23)  0.72 (0.15)
@=090 ADE 040 (0.21) 0.58 (0.10)  0.24 (0.09)  0.33 (0.04)  1.09 (0.54)  0.40 (0.22)
Size  7.72 (2.14)  17.60 (4.67) - 8.32 (3.36)  28.80 (10.98) -
F,F1 100, 88 100, 94 - 99, 79 100, 83 -

Table 1 and Table 2 present the simulation results for p = 400 and p = 600 respectively.
Generally, E-SCAD demonstrates superior estimation accuracy compared to E-Lasso, tends to
select smaller models, and its performance is closer to that of the oracle estimator. Regarding E-
SCAD’s further performances, note that in our simulation setting ma—o.5(€|x,2) = 0. According
to Theorem 3.2, at o = 0.5, E-SCAD outperforms other weight levels (o = 0.1 or 0.9), in
terms of estimation accuracy and model selection, justified by the AE, ADE and SE results

in Table 1 and Table 2. However, variance heterogeneity is not evident in mq,—o.50(y|x,2) so
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in this situation E-SCAD can not pick x;, the active variable resulting in heteroscedasticity.
Expectile regression with different weights can address this issue effectively. It is observed that
at a = 0.1 and 0.9, x; is frequently identified as the active variable. Additionally, as seen from
Table 1 to Table 2, an increase in p slightly worsens E-SCAD’s performance, with this effect
being more pronounced in the t5 case. It must be noted that the dimensionality our proposed

method can handle is influenced by the heavy-tailed characteristics of the error.

85 Real Data Application

For public health interventions, significant research has been conducted on the determinants
of low birth weight. Turan (2012) identified genes associated with low birth weight by analyzing
gene promoter-specific DNA methylation levels, with cord blood and placenta samples collected
from each newborn. Votavova et al. (2011) gathered peripheral blood, placenta, and cord
blood samples from pregnant smokers and non-smokers , aiming to pinpoint tobacco smoke-
related defects, particularly the transcriptomic alterations in genes affected by smoke exposure.
We chose this dataset to investigate the potential factors for low infant birth weights since
it provides a comprehensive measurements of infants, including birth weights, maternal age,
gestational age, parity, maternal blood cotinine level, and BMI. This genetic dataset comprises
n = 65 observations. Gene expression profiles for 24,526 gene transcripts were assayed using
the Illumina Expression Beadchip v3.

We include normalized genetic data and clinical variables such as parity, gestational age,
maternal blood cotinine level, and BMI as linear covariates in the proposed partially linear
additive model. Additionally, following the approach of Votavova et al. (2011), we incorporate
maternal age as a nonparametric component to address nonlinear effects. To dissect the cause
of low infant birth weight, the analysis is carried out under three different expectile levels
a =0.1,0.3 and 0.5. In each scenario, feature screening methods are utilized to select the top
200 relevant gene probes, as per Fan and Lv (2008). For comparative analysis, we apply the two
methods, E-SCAD and E-Lasso in our data analysis. Regarding the tuning parameter A, we

use a five-fold cross-validation strategy to determine its value for both E-SCAD and E-Lasso.

Table 3. Numeric results at three expectile levels.

. . a =0.1 a=0.3 a = 0.5.
Criteria
E-SCAD E-LASSO E-SCAD E-LASSO E-SCAD E-LASSO
Ly 0.66 0.67 0.60 0.53 0.38 0.34
Lo 0.12 0.11 0.10 0.09 0.06 0.05
All Data Aq 7.00 8.00 9.00 19.00 14.00 20.00
AaNAos 1 1 3 3 - -
Ly 0.90 (0.21) 0.74 (0.17)  0.81 (0.17)  0.59 (0.13)  0.89 (0.20)  0.41 (0.08)
. Lo 0.30 (0.07) 0.26 (0.06)  0.27 (0.06)  0.19 (0.04)  0.30 (0.06)  0.13 (0.02)
Partit ~
Random Partition Aq 5.72 (1.91) 8.19 (2.74)  9.00 (2.72)  13.94 (3.03)  4.72 (1.83)  20.25 (2.67)

AaNAos 3.86(1.6433)  1.16 (0.39)  2.27 (1.13)  3.25 (1.18) - -

Initially, we apply the E-SCAD method to the entire data set at three distinct expectile lev-
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Table 4. Top 6 Covariates Selected at Three Expectile Weight Levels among 100 Partitions.

E-SCAD a =0.1 E-SCAD a=0.3 E-SCAD a=0.5
Variables Frequency Variables Frequency Variables Frequency
PTPN3 34 GPR50 46 PTPN3 33
FXR1 40 FXR1 49 GPR50 40
GPR50 43 EPHA3 50 FXR1 41
LEO1 43 LEO1 59 LEO1 44
SLCO1A2 63 LOC388886 65 SLCO1A2 65
Gestational age 79 Gestational age 97 Gestational age 83

els. For each level, the set of variables selected in the linear component of our model is denoted
as Ao, with its cardinality represented by \fla|. Acknowledging potential heteroscedastici-
ty, we also present the number of variables selected at multiple expectile levels, indicated by
|fio_1 n flo,5| and |fl0,3 N fio_5|. The quantities of selected and overlapped variables are detailed
in Table 3. Subsequently, the data set is randomly partitioned into a training set of 50 ob-
servations and a test set of 15 observations. E-SCAD is then applied to the training set to
derive regression coefficients [:L which are subsequently used to predict responses for the 15
individuals in the test set. This random splitting process is repeated 100 times. Variable selec-
tion results from the random partitioning scenario are also displayed in Table 3. Additionally,

_ 1 _T7
we report the mean absolute error, Ly = 55 ;0 cotlyi — 77 B, and the mean squared error,

Ly = 2%1 \/ Y ictest set(Yi — sz,B)Q for predictions. Table 3 demonstrates that the models selected
at expectile levels a« = 0.1,0.3,0.5 all result in relatively small prediction errors.

Table 3 reveals that different genes are selected at various weight levels, suggesting that
diverse genetic factors influence different levels of birth weight, indicative of data heterogeneity.
Table 4 provides further insights into this observation. Gestational age, consistently selected
across all scenarios, corroborates the established understanding that premature birth often
correlates with low birth weight. Interestingly, the scenarios @ = 0.1 and o = 0.5 show similar
performance, whereas a = 0.3 exhibits distinct characteristics. SLCO1A2 is more frequently
selected at o = 0.1. SLCO1A2 is associated with drug resistance, and Votavova et al. (2011)
link exposure to toxic compounds in tobacco smoke to low birth weight, a potential role for
this gene. EPHA3 is notably more frequently selected in the o = 0.3 scenario compared to the
other two. Kudo et al. (2005) found that EPHAS3 expression at the mRNA and protein levels is
crucial during the development of the mammalian newborn forebrain. These findings support
our analysis across different expectile levels and draw particular attention to the o = 0.3 case,
due to its unique results and potential biomedical significance.

86 Appendix

6.1 Notation

B-spline basis functions b;(-) can be centered as Bj(zix) = bjy1(zik) — Wbl(zik%

j =1,....k, + 1, satistying E[B;(z)] = 0. Denote w(zy) = (Bl(zik),...,Ban(zik))T,
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the .J,-dimensional vector W (z;) = (kn /%, w(zi1)T, ... w(za)T))T, where J,, = d(k, + 1) + 1

and the n x J, matrix W = (W(z1),..., W(z,))?. Define a new pair of minimizer (€4,%)
as (¢%,9) = afg mi)n% S balyi — x4,ca — W(z)Ty). Denote v = (70,77 ,...,v5)" with
cAY

Y € R and v; € RF»* for j =1,...,d. Thus, the estimator for go(z;) is g(z;) = W (z;)"4 =
[H—Zj:l Gi(zi) = k;1/2%+2j:1 w(zi;)" ;. Note that &% = B; Also, the original estimator
of nonparametric functions can be derived from the new ones as ji = i + % > Z;l=1 9;(2i5)
and §;(zi;) = g;(2i;) — £ X1 §j(2i5). Thus, §(z;) = §(z;). Throughout the proofs, we denote
C' a positive constant which does not depend on n and may vary from line to line. For a vector
8, ||6]| refers to its Ly norm. For a matrix X, ||X|| = v/Amaxz(XTX) denotes its spectral norm.
Furthermore, we have following notations throughout the appendix,

B, = diag(wy,...,w,) € R™" W, =n"" Zwidiégf e R™*™,

P=WW"'B,W)'W'B, e R™",  Wg=W"'B,W e R"*/n,

X*=(x5,...,x)T =(I, - P)X, e R %, =n~Y2x € RI",

W(z) = W5'W(z;) e R7, 5 = %I W(z)")T e R0,y = Wi(zi) Ty — go(zi)
0, = Vn(ca—B4) ER™, 0y =Wg(y —7,) + W' W'B,Xa(ca — B%) € R?.

Under the new notation system, the objective loss function can be displayed as
1 n 1 n B -
=3 alyi — xhica — W(2:)Ty) = = Gale; — uni — %] 61 — W(z:)"02),
i i

and the minimizers are (él, 92) = arg min% Yo Paler — upi — xrg; — W(Zi)TBQ).
(61,02)

6.2 Lemmas and theoretical proof of theorems

Lemma 6.1 (Properties of Loss Function). For the asymmetric squares loss function ¢q(-),
the deriwative of ¢o (1) as 1o (1), the second-order derivative of ¢o(r) as ©u(r),
(1) ¢o(-) is continuous differentiable. Moreover, for any r,ro € R, we have

1+ (r=70)* < Galr) — dalro) — valro) - (r —ro) < ca- (r—ro)? (6.1)
(2) ¥a(-) is Lipschitz continuous, which means for any r,ro € R, we have
2¢q|r — 1ol < e (r) — ¥a(ro)| < 2eq|r — rol. (6.2)

(3) pa(r) < 2¢y for any r.
Proof. (1) and (2) can be found in Gu and Zou (2016), (3) is from the definition of ¢, (u). O

Lemma 6.2. Properties of centered spline basis functions:
(1) max; E||W (z;)|| < mq, for some positive constant my for a sufficiently large n;
(2) There exists positive constants mo and m'2 such that for n sufficiently large
okt < Edmin (W (2)) W (2:) )] < EAmar (W ()W (20) )] < moky
(8) There exists positive constant mg such that for n sufficiently large E||[W5'|| < mavEk,n~1;
(4) max; [[W (z:)|| = Op(y/kn/n).
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Proof.  The proof for (1) and (2) can be found in Sherwood and Wang (2016). For (3),
we need to show that E[Anin(W2)] > Cnk; ! since [[W5Y|| = Amae(W5') = A 2(W2) .
Through the definition of Wg, we have

Amin(WE) = )‘min(ZE[@a(ei)]W(ZJ Z min ( W(z;)") > Ck,'n.

i=1
For (4), ||W(z)[]> = W(z:)" W5 W(z;) < ||W(z)|]* - maz( 5)=0,(%). N

Lemma 6.3. Properties of the after-projection design matriz X*:
(1) )\maz(nilX*TX*) < C with probability one, where C is a positive constant;
(2) n~Y2X* = nil/zA;’; +0,(1). Also, n"'X* B, X* = W, + 0,(1);
(3) Simy wixiW(z;)" =0.
Proof. Denote v; = arg}gin S Elpa(e)](Xaij — W(z:)Tv)?, then
veR/n

{h;(2)Ynxq, = WWIB, W) *WTB, X 4.

Recall ﬁ f(l P)X4 = 1nAn + ﬁ(H — PX,), and

1 1

—Amaz (H — PXa)T(H — PX4)) < —trace((H — PXa)" (H — PX4))

n n

1 oS 7 —2r/(2r
= =3 (@) = hy(2)? = Oplqun™7 1) = 0, (1),
i=1j=1

where the second last equality follows from Stone (1985). Then the following proof is similar
to Lemma 3 in Sherwood and Wang (2016). O
Lemma 6.4 (Bernstein Inequality). Let &1,&a,...,&, be independent mean-zero random vari-

ables, with uniform bounds |&;| < M and v > Var(}_;_, &). Then for every positive t,

P <|21§1| > t> < 2exp (Q(U‘FM) .

Lemma 6.5. Let d, = q, + k,, and if Conditions 3.1-3.4 hold, then
dy,
Z — g0(2:))* = 0p(—").

n

Proof. Define ®;(a,) £ ®;(a,01,a,02) = ¢po(e; — anXl 6y — anW(Zi)T92 — Up;). Here we first
show that ¥n > 0, there exists an L > 0 such that

1 n
P(llaiﬁlde—Z(@i(\/dn)—@(O)) >0) >1-n, (6.3)

U=
which implies with probability at least 1 — n that there exists a local minimizer in the ball

{\/d,6 : ||0]] < L}, that means the local minimizer § satisfies ||6)]| = 0,(Vdy).
Denote 6 = (67,627)7 and by Taylor expansion, we have

éz(an) = ¢a(6i - angfe - unz) = (ba(ei - Unz) - wa(ei - unz)angfe + ri(an)
where 7;(a,) = %(pa (€ — Uni — &an310)(a,570)? for some 0 < §; < 1. By Lemma 6.1,
[Va(€i — uni) — Yal€r)| < 2¢a|uni| = Op(k,") = 0p(1).
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Notify Es[-] £ E[:|z;, 2;]. Thus, we have that di" Yo ®(Vdy) — ©;(0) equals

di D El[®i(V/dy) — 2:(0)] + di > (cpi(\/cTn) — ;(0) — E[®;(1/dy) — <I>i(0)})

n

For X3, define D;(ay,) = ri(an)—Es[ri(ay)], then sup d,' >0 |Di(Vdy,)| = 0p(1). Set Fy
[o]1<L

as the event {max; [|3;|| < a11/d,/n}. By Lemma 6.2 and the fact max; ||%;|| = O(y/¢n/n),
it implies that P(F,1) — 1. Set F,o as the event {max; |u,;| < ask, "}, then according to
Schumaker (2007), P(F,2) — 1. Simplify D;(v/d,) as D; and are independent random variables
satisfying E[D;] = 0 and max; |D;|I(Fy () F2) < max; Cdn|§T9|2I[(F1 NF:) < CL%. Thus,

VaT(Di]I nlﬂFn2 |xuzz) SES’[ i n nlﬂFnQ
1
< Ey[50ale = uni = Gans; 0)(ansl )’ < Ca|I57 110" < Cdp /n®.

Applying Bernstein Inequality in Lemma 6.4, for any positive constant e,

- —d?e? n
P(| 2 Di| > dne, For (| Fuzlzi, 2i) < zexp(2(0d4 Cd%LE)) < Cexp(—g) -0,
1= n n
which implies that sup d;' > " | |Di(v/d)| = op(1).
lel<r

For any € > 0, P(|oa(€; — uni) — @al€)] > €) = max{P(u,; < ¢ < 0),P(0 < €; < up;)},
max{P(u,; < ¢ <0),P0 <€ <upi)} <C-|upi| =0p(k;") =0

which implies |pq(€; — uni) — @a(€)| = 0p(1). Then, for ¥y, through Taylor expansion,
1 n
. ZES [@:(v/dn) = :(0))]

= LY Bl VAT S 0 (5702014 o(1)]

n
i=1

= ZIE [ Dal€)(X]01)2(1 4 0,(1) }JFZE [ ©Yal€;) WZT02)2(1+O{)(1)):|

+ZE (5060201 + 0,(1)

= C- 91TWn91(1 +0p(1)) + C - [162][P(1 + 0,(1)) = Op([1611%),
where C' > 0 is some constant and the last second equation from Lemma 6.2 and 6.3.
As for By, Eq[t0a(€:)3:6] = 0 and E[tha(€;)]? = E[2¢;|a—1(e; < O)|]2 < C-E[¢)? < C. Thus,

dn,
Var(va(€;)3:0]i, z:) = Ela(e:)]*(5:0)° < C]6]1%,
n
which means Var(Xs|z;, ;) < d%z;l:l Var(a(€:)si0)|z:i, zi) = O(]|0]]?), ie., |S2] = O,(]|6]])-
Hence, X5 is dominated by 3, for sufficiently large L, thus (6.3) holds.

From [|0]] = O,(v/d,) and the definition of 6, ||[W5(5 — ~0)|| = Op(Vd,). Notice that
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E[¢a(€;)] is uniformly bounded away from zero,then

=S Blpa()(:0) — 90())? < 2O = 90) WA —70) + Oplls™) = Op(*2).

Lemma 6.6. Set 1 = nV2(X* By X*) X*" o) where ta(e) = (baler)s. ., balen))
Assume Conditions 3.1-3.4 hold, then ||51|| = Op(\/qn)-

Proof. From the definition of §; and Lemma 6.3,

6 = %(Wn+op<1>>-1<A£+op<1>>wa<e>=

1 n
= Z Wn_l(siwa(ei) =
v
And D,,; are independent random variables satisfying E[él] =0 and
E[]|6 %] ZEHDMH Z]EW ei) (0] W, 26:)] <*ZE 16:1I*] = Op(gn),

where the second last inequality follows from the fact
E[v(e:)] = El2|lo = I(e; < 0)]ei]* < CE[ef] = O(1).
Thus, we have ||0]] = Op(,/gn)-

W (AL a(e)(1 + 0p(1))

i

Dy

)

WM:
n

Lemma 6.7. Assume Condition 8.1-3.4 hold, then for any positive constant C,

1 — -
sup = > [I(&; < tni + W(z:)"02) = I(e; < 0)] = 0,(1).
ll6zl|<Cva T i

Proof. Partition the left side of the equation into two parts. For ||0z]] < Cv/d,

1 — -
sup-— z (e < tns + W (2z;)T02) —I(e; < 0)]

=1

IA

1 — - -
sup -~ Z T(e; < un; + W(Zi)Teg) —I(e; <0) — P& < upy + W(Zi)TGQ) + P(e; < 0)]

=1

1 & ~
+sup D IP(ei < uni + Wi(z:)"02) = Ple; < 0)| £ 11 + I,
i=1
1 & ~
ILh= sup ~— Z |F (uni + W (z:)705) — F;(0)]
loz]|<Cvd, i

C - .
< sup =y funi+ W(z) 02 < Csup  max fung| + max [W(zi) || - [102]

lozl1<Cvd, ™ i [162]|<vVdy *
77" kndy,
= Ok +1/ %) = 0,(1)
where the second last equation follows from Lemma 6.2 and max; |un;| = O(k,").

As for I, v; = I(e; < up; + W(zi)TGQ) —I(e; < 0) — P(e; < un; + W( )T02) +P(e; <0),
which are independent mean-zero random variables satisfying |v;| < 2. Note that Var(v;) =
E[l(€; < tni + W(2;)T62) —I(e; < 0)]? and I(e; < upn; + W(z;)T02) — I(e; < 0) is nonzero
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only when 0 < €; < Un; + W(Zi)Teg or 0 > ¢ > Up; + V~V(zi)T92, depending on the sign of
Uni + W(z;)T6,. Thus, under the set {65 : ||62]| < CV/d,,},

n n
ZVar(vi) < Z]P’(O <€ < Up; + V~V(zi)T92) + ]P’(O > € > Up; + W(Zi)Teg)
i=1 i=1

< ZP(|Q| < i + V~V(zi)T92|) <3 Clugi + W(z:) 02| = Op(nk;,” + \/nknd,),
=1 i=1

Then apply Bernstein Inequality in Lemma 6.4, for any € > 0,

n 2.2
n’e
sup P(] E v;| > ne) < 2exp(— — ) < 2exp(—ne) — 0.
[162]|<CVdr i1 2(nkn —+ ndnk’n + 2n€/3)

Lemma 6.8. Assume Condition 3.1-3.4 hold, then for any finite positive constants M and C,

U5 (Wl — i~ Wz 62) — thale)) KT (01— 1)

sup . = o0p(1)
i=1

[161=6111<M.||62]|<CVd,

3 (ales = s = W) 02) = pale) (K027 — (K:)?)

sup - = 0,(1).
=1

[161—61]|<M,||62]|<CVdy,

Proof. For the first part, notice that for ||6; — 01]] < M, ||62]| < CV/d,,

n

sup % ; (%(éi — uni — W(z;)"02) — %(%))i?(@l —601)
< supmax Yo (€ — Un; — W(2:)"6) — ta(e) ~max |37 || - |6y — Al
< supmaxC- |up; +W(Zi)T92‘ -miax||5<ZT|| |16y — 61]]
< Op(ky” + Vdnkn/n) - Op(v/an /1) = 0,(1),

where the last inequality follows from the fact max; ||X;|| = O(y/¢n/n).

Consider the second part, for ||0; — 01|| < M, ||02]| < CVd,,
1 & - 3 s
=3 (Pales = uni = W(z)702) = @ales) ) (KT01) = (%701)?)

i=1

sup

< sup% > [es < s + Wze)702) = Tes < 0)] - max | (%7 02)% — (%762)?).
i=1

Notice that max; ||X;|| = O(1/¢n/n) and use Lemma 6.6,
max ‘((if&l)Q - (ife})Q)] — max \(91 +0) 57 (0, — 9})\
3/2

< max |&|2- 160 = 61| - (1161 = Gl| +2/161]]) < € T = 0,(1)

Thus, apply Lemma 6.7, we have for ||y — 61|| < M, ||62|| < Cv/d,

=3 (s — s = W) "02) = aled) ) (K027 — (51:)?)

i=1

sup = 0,(1).

Lemma 6.9. Assume Condition 3.1-3.4 hold, then ||fy — 6:|| = op(1).
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Proof. Define Qi(el, él, 92) = ¢a (ei—um—ifel—VV(zi)Tﬁg)—qba (Gi—uni—i?él—W(Zi)Teg).
We first show that for any positive constants C' and M,

P ( inf 1 > Qi(01,01,02) > 0) — 1. (6.4)

[161=011>M,]|62]|[<CVA, T ]

Notice Q;(01,01,02) = (Qi(01,01,602) — E[Q;(01,01,62)]) + E[Q;(61,01,02)]. Now we prove that
1o~ ~ - 1 - -
~sup |~ ZE[Qi(alael;gﬁ} - 7(91TWn91 - 91TWn91)| = 0p(1).
1016, | <M,]105 ]| <OV ™ 5= "
Through Taylor Expansion,

% ZE[Ql(el, 51, 92)] - ZE[ — ¢a(€i — Upi — VNV(Zi)Teg))N(iT(91 — él)
i=1 i=1

SRS

1 - ~ s
+5¢aler — tni — W(z:)"02) (%7 61)° — (] 61)*)(1 + 0(1))}
Then applying Lemma 6.8, we have

S BIQOL 0 0)) = S Y E[Jealed (R0 — K37 (1 +0p(1)

under the set {(61,605) : ||61 — 01]| < M, ||0s|| < CV/d,,}, for any positive constants M and C,
where the last equation follows the fact that E[¢,(e;)] =0, Vi=1,...,n. And this implies

SN ~
sup |7 E[Q? (017 015 92)}

1616 [|<M, |62 | <OV, T i
Next we introduce

Rm(ﬁl) = ¢a(€i — Up; — )~(;T91 — W(Zi)THQ) — ¢o¢(6i — Upi — W(Zi)Teg)
1o (€ — tni — W (z5)T02)%] 6;.
Through Taylor Expansion, there exits 0 < &; o, , &g, <1 satisfying

1 - _
-5 (01TWn91 . 01TWn01)| = 0,(1).

1 - ~ -
Ri,n(91) = 590&(61' — Upj — fiﬁlxlrgl - W(Zi)T92)(X;’F91)2
_ 1 s~ .
Riyn(ﬁl) = iﬁpa(ﬁi — Up; — 527§X?9 — W(zi)THQ)(xfﬁl)z.
Notice %(pa(ei — Up; — &9, X101 — W(zi)Teg) < 1, thus
1 — ~ ~
_ sup ‘* Z Rin(0h) — Rin(01) — E[R; (01) — Rin(61)]
101 =011 <M, [|62]|<CVA, T 521
1, . .
< sw 2|~ Y00 - (=T 81)%)
0101 [|<M,[|02]|[ <OV, T i
R . q3/2
< sup C’Ini‘chI\fi\IQ'||91*(91||~||91||SC 7; = op(1)

[161=01|<M,||62]|<CVdn
where last inequality follows from the fact max; ||%X;|| = O(1/¢,/n) and Lemma 6.6.

Hence, under the set {(61,02) : ||01 — 01]| < M, ||62]| < CV/d,,}, by Lemma 6.8 and the fact
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E[Ya(e;)] =0, Vi=1,...,n, we have
i=1

i(61,01,05) — %Z]E[@(@héh%)]
— Yo (€ — Un; — VNV(Zi)T92)>~<ZT(91 - 91) + Rin(601) — Rin(61)

[M]= ||3P‘1: ||

i

3=

Q
1
]

+E o (€ — uni — W(z:)T02)%F (01 — 01) — E[R;n(61) — Rzn(él)]>

7

= Z ( Yal€)X] (01 = 01)(1 + 0p(1)) + Rin(61) = Rin(61) — E[Rip(61) — Rm(él)}).
And this shows

n

sup lz (Qi(el,él,eg) —E[Qi(ﬁl,él,ﬁg)] —|—1/)a(61) (91 —91)>| ZOp(l).

o1 =B || <M |62 | <OV, | T =
Notice the definition of #; and Lemma 6.3, it follows that

Zwa 6Z 61 - 91) (91 — él)Tn_l/QX*Twa(G) = (61 — gl)TWnél(l + Op(l)).

Then, by using the result
I = - 1 o
sup ’* > E[Qi(61,61,6,)] — o (91TWn91 - 91TW7L91)‘ = op(1),
16201 |<M,[02]|[<CVa ' T 5 "
we have for ||6, — 61]| < M, ||62|| < Cv/d,

1 - ~ - 1 ~ . 1 - -
sup‘ﬁ > Qu(01,01,0) — o (67 Wb — BT W) + — (61 02)" Wl | = 0,(1)
=1
which means

1 -
sup ZQZ(el,el,eg - —(91 — 1) W (81— 1)) = 0,(1)
116181 [|<M,||62]|<CV, T

Thus from Condition 3.2, for any 91 satisfying |61 — 61]| > M > 0, we have
1 - -
— (61— 01)" W, (61— 6
5, (01 = 01)" Wi (01 — 01) > 0,

which implies (6.4) holds. Thus, the result follows. O
Proof of Theorem 3.1.

(1) For the first part of (3.4), from the results of Lemma 6.6 and Lemma 6.9, ||¢% — 8% =
Op(\/gn/n). Hence through the fact that & = ,BA, our first result can be proved.

(2) For the second part of (3.4), §(z;) = §(z;), thus by Lemma 6.5, the second result holds. [

Lemma 6.10 (Tao and An, 1997). Suppose the objective function L(0) can be decomposed as the
difference of two convex functions k(0) and 1(0), i.e., L(0) = k(0)—1(0), with the corresponding
subdifferential functions 0k(0) and 0l(0) respectively. Let dom(k) = {0 : k(0) < oo} be the
effective domain of k(0) and 0 be a point that has neighbourhood U such that O1(0)NOk(60™) # 0,
vV 8 € UNdom(k). Then 0" is a local minimizer of f(6).
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Lemma 6.11 (Chung, 2008). Denote {X;}" , a sequence of independent real valued random
variables with E[X;] = 0 and S, = >_"_ | X;. Then for r > 2, the following inequality holds:

n
B[|S,I"] < G/~ S B[]
i=1
where C.. is some constant only depending on 7.

Lemma 6.12. Assume Conditions 3.1-3.5p are satisfied. The parameter A = o (n_(l_c4)/2),
Gn = 0(nA?), ky = 0o(nA?) and p = o((nA?)¥). For the oracle estimator (B*, é*), with probability
tending to one,

si(B,€) = 0, j=1....qp0rj=p+1...,p+Dy, (6.5)
Bi1 > (a+1/2\ j=1,....q,
|5](B ,é < A d=a+1l....p (6.7)

Proof.

(1) Proof for (6.5). For j = 1,...,q, or j = p+1,...,p+ D,, by the first order necessary
condition of the optimal solution,

Sj (,@*7 A* 8ﬁ ( Z¢a Yi x?ﬁ—ﬂ(zi)Té)) l.e)=5" &= 0-
j

(2) It’s sufficient for Inequality (6.6) that ]P’< mm |B | > (a+1/2)A )) — l,as n — oo.

Notice that lgjugr}]mﬂ 1<rr11n 1871 — o max |ﬂ* 5j|. By Theorem 3.1 and Condition

34, 18} — Bl = 0p(y/T) = Oyln~1-C/3) then, e |8} — 3] = O,(n0-C)12) =
op(n~(1=C4)/2)_ Also, Condition 3.5 shows n(!=¢+)/2 min |B| > Cs. Thus, inequality (24)

1<j<qn
can hold by setting A = o(n~(1-C4)/2),
(3) Proof for Inequality (6.7). For j = ¢, +1,...,p, recall the definition of s; (B*, é*) as
(B, ( Z Galys =270 = H(zi)%) =&

- -2 zmw —af B - T() )1 — 2T B - TM()TE < 0) - al

- Tn me xAlﬁA (Zi)Té*)m(yi - 3351',@2 - H(Zi)Té* <0) —al,

Ak Ak

where the last equality follows by the definition of oracle estimator (3 ,& ).

To prove the result, first we need to show that for ¢, +1 < 5 < p,

P (m]ax‘iz:xij(yi . x;‘FB* — H(ZZ)TE*)HI(yZ - x;f,é* — H(zi)Té* <0)— a|’ > A) — 0,
i=1
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which is equivalent to show that
9 n . X . R
¥ (m?X\n > wilyi - ol B = W) )My — ol B~ W(z)5 <0)—al| > A) 0
i=1
Set
€(Ba,Y) =y —2hiBa—W(z) v, € =y — 2,84 — go(2:)
€ = Gi(BA,’?) =Yi— xgiﬁA - W(Zz) Y=yi— xAzﬂA 9(zi).
We also set I; = %Z? 1€l (€ < 0) — a| = Ij1 + 12, with
I =— Zx” —€)|I(é <0)—al, Ijs=— Zx”z\]lel§0)—a|
1=1

Let’s first consider P ( max_ | L1 > /\/2> — 0. It follows from the proof of Lemma 6.5

Gn4+1<J<

that||yy — ¥ll2 = O (\/k"—d"). Note that

*Zlez—e | == Z\xm = B3) + W(z)" (% = ¥o) + tnil

< o Z(|x£i(BA - B+ W ()" (A = o)l + lunil)
- 1 — R 2
< Zm B+ (5 D IW TG =702 + sup ful
i=1 Sien
. e 1, . .
< NRGXAXR)B: — Bl (7 =70 WHE —90) 2+ sup [

= Op(Van/n+dn/n+k,")

where the second inequality follows Jensen inequality and the last inequality applies Con-
dition 3.2. Thus, by using Condition 3.2 again and Condition 3.3 and 3.4,

1 n
max [[;| < 2 max |yl =Y |& — €
qn+1<J<p Gn+1<J<p n “

1 n R . .,
< Coo Y e = €l = Op(an/n+ Vdu/n 4 k) = 0,(N),
1=1

WhichmeansP( max | 1|>)\/2)—>O. As for I,

In+1
szulﬂﬁz<0)—l( <0)[+— Zmljz‘a I(e; < 0)| = Lja1 + Ljoa.

To evaluate Ijgl, note that

[I(&; <0)—1(ef <0)| =|I(ef <e€f —é&)—1(ef <0)| <I(Jef| < |ef — &l).



74 Appl. Math. J. Chinese Univ. Vol. 40, No. 1

So, we have for j = gn41,...,D,
n

1
max |I < max 2><f§:9c--><e’-k x I(lef| < |eF — ¢
qn+1§j<p‘ J21| dni1<j<p nz 1| ZJ| |7,‘ (|7,‘—‘1 Z|)

< max foZ\e — & = 0,(Vqn/n + Vdn/n+E;7) = 0,(N).

Gn+1<J<p

Thus, we can show that P ( max_ | o] > )\/4> =0

n4+1<
Now Consider Ijo2, we define n; = €f[I(ef < 0) — «f, which is independent and satis-
fies E[n;|z;] = 0. By Condition 3.1 we have E [n?*|z;] < oo. Also, z;; is bounded
because of Condition 3.2, thus by Lemma 6.11, we have E[Iféﬂz] = O(n=%). Therefore,

2k
by Markov Inequality, we have P (|Ij22] > A) < ]E([;%ii] = O((n\?)~*), which contains

P (q max |Lj22| > )\/4> >t 1P (a2l > A/4) = O(p (nA?)~%) — 0. Overall,

IP’( max |Ij|>)\>§IP’< rnax |I]1|>)\/2) ( JIrnax I]2|>/\/2>

gn+1<j<p qn+1

qn+1<

< IP( max |I]1>/\/2> ( max_ | 22|>/\/4)+IP’( max_ \ 21|>)\/4)

— 0.

we calculate the derivative of Hy(#) and define the subdifferential of k(8) introduced in

Section 3.2 is needed in the proof of Theorem 3.2. Notice that Hj(0) is differentiable everywhere,
H{(0) = [(6 — Asgn(0))/(a — D)I(A < |0] < aX) + Asgn(0)I(|0] > al).

Define the subdifferential of k(0) at 8 = 6 as follows: 0k(6y) = {t : k(0) > k(8y) +t'(0 —

60),V0}. Therefore, 0k(8,&) = {K = (K1,...,kiptD, )L € RP+D"} has the following expression,

5;(B,€) + A, j=1,2,...,p,
5;(B. €), j=p+1l...,p+ Dn;
where [; = sgn(B;) if 5; # 0 or I; takes value in [-1,1] if 5, = 0. Similarly, 0I(3,£) =
{u = (1, ppin,) T € RP+D"} has the following expression,
H\(Bj), j=1.2,....p,
0, j=p+1,...,p+ Dy,.
Proof of Theorem 3.2. We make use of Lemma 6.10 to prove our theorem. Consider any
(BT,¢M)T in a ball B()\) with the center (B*,é*) and radius A/2. It is sufficient to show that
for any (BT, ST)T € B()), with probability tending to one,
oU(B.€) NOK(B"E) #0.
Define the event & = {|B;| > (a+1/2)\, 1 <j < gy}. Then by Lemma 6.12, P(&;) — 1
asn — oo. For j =1,...,qn, on the event &, for any (87,17 e B()),
min |Bj|> mln |ﬂ | — max |ﬂ — Bl > (a+1/2)A = X/2 =al.

1<5<q, 1<5<qn

So Hi(B;) = Asgn(B;), i.e., p; = %’gf) = Asgn(B;). kj = sj(,é*,é*)—i—)\lj, forj=1,2,...,q,

Hj
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By convex optimization theory or Lemma 6.12, sj(ﬁ*,é*) = 0. Then on the event &, if
sgn(B;‘) = sgn(pf;), we have that k; = %{;é*) = p;. In fact, if sgn(B;) # sgn(B;), then
on the event &, |BJ* - Bl = |ﬂAj*| +18;] > (a+ 1/2)A, which causes contradition with that
(B7,€1)" e BO.

Define the event & = {|sJ(B*,é*)\ <\ gn+1<j<p}. Forj=gq,+1,...,p, by the
construction of the oracle estimator, we have Bj = 0. Then for any (,BT, éT)T € B(\),

| < 3* 3 — B < A/2.
qngz{éz)lﬂ]' - qnﬂz{é?'ﬁ]' + qnfi?y{éplﬁ] le =M

So in this situation, p; = %gf) = 0. On the other hand, x; = sj(,f")'*,é*)—i—)\lj with ; € [-1,1].
On the event & = {|sJ(B*,é*)| <A qn+1<j <p}, there exists [}, j =g, +1,...,p such
that sj(B*,é*)—&-)\l;:O:uj. L
For j =p+l, 1 =1,...,D,, by convex optimization theory or Lemma 6.12, k; = s,;,(8 ,§ ) =
0. Note that u; = 6l((9[;"£) =0.Soforj=p+1, 1=1,...,Dy, k; = pj.
Combined with all results above, on the event £ N &, we have for any (87,&7)T € B()),

oUB.&) N KB &) #0.
Note that P(£; N &) > 1 —P(&;) — P(E) — 1, as n — oo. The proof has been completed. [
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