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New soliton solutions of (2+41)-dimensional
Bogoyavlensky—Konopelchenko equation via two

integration techniques

Khalida Faisal'* Khadija Maqgbool?

Abstract. In this study, we investigate a variety of exact soliton solutions of general (2 4 1)-
dimensional Bogoyavlensky—Konopelchenko equation via the exp(—®(n))-expansion method and
modified Kudryashov method. The exact solutions are characterized in the form of hyperbolic,
trigonometric and rational function solutions using exp(—®(7))-expansion method, whereas the
solution in the form of hyperbolic function expression is obtained by the modified Kudryashov
method. These exact solutions also include kink, bright, dark, singular and periodic soliton
solutions. The graphical interpretation of the exact solutions is addressed for specific choices of

the parameters appearing in the solutions.

81 Introduction

Soliton is a wave packet that repeats itself, maintaining its shape when propagating at a
constant speed. In 1834, Russell discovered the soliton phenomenon when he experienced a
peculiar water wave on the Union Canal and later in 1844, he reported this discovery in a
meeting [28]. In 1895, Korteweg and de Vries [16] presented a mathematical model for the
propagation of waves, known by their name (KdV equation), and it could describe Russell’s
soliton phenomenon. The work of Zabusky and Kruskal [40] was a major milestone in the
development of solitary theory, which correctly identified the nature of the solitary waves.

Soliton theory plays an effective role in fiber light distribution, switching modes of optical
slab waveguides, nonlinear dielectric surface waves, laser physics, optical bistability, plasma
physics and many other fluid dynamics phenomena. Therefore, the dynamics of soliton structure
are an intriguing topic for the nonlinear evolution equations (NLEEs) that are derived from
various physical phenomena of nonlinearity. The soliton theory remains still one of the most

vibrant domains of mathematics and physics.
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During the last few decades, soliton theory gained a lot of interest to attain the exact solitary
wave solutions of NLEEs through different approaches [1-9,14]. Many researchers have spent
considerable effort to study the exact explicit solutions of NLEEs [18-24] and various useful
methods have been utilized, such as Osman [25] applied the unified method and its generalized
form, siddique et al. [29] used the (%, é), é and modified g—;—expansion methods, Srivastava
et al. [30] applied the modified Kudryashov method, Yuan and Liu [39] obtained the analytical
solutions by Hirota method and some more strategies are devised in [32-35].

The objective of this paper is to apply the exp(—®(n))-expansion method and modified
Kudryashov method for obtaining the exact solutions of (2+1)-dimensional Bogoyavlensky—
Konoplechenko (BK) equation, which retrieves the kink, bright, dark, singular soliton solutions
and singular periodic solitary wave solutions.

1.1 Governing model

We consider the Bogoyavlensky—Konoplechenko (BK) equation [13,31] in the form:

Ut + VVazz + V2Vzay + 13000 + ya(v0y + 028, Tvy) = 0, (1)
where v;,4 = 1,...,4 are constants, 9, ! = [ dz and v = v(x, y,t) corresponds to the amplitude
(or elevation) of the Riemann wave.

Using the transformation v(x,y,t) = u.(x,y,t) in Eq.(1) and integrating both sides with respect
to x, it reduces to

Ut + NlUgze + V2lUazy + %uﬁ + Yatzuy =0, (2)
where the integration constants are chosen to be zero.

In [15], considering 71 = «a, 2 = B, 73 = 6,74 = 45, Eq.(1) describes the interaction
of a Riemann wave and a long wave propagating along the y-axis and the x-axis, respectively.
Exact solutions of BK equation are calculated by Prabhakar et al. in [26]. A special case of this
equation developed in [10,11], which is a two-dimensional form of the KdV equation. Mixed
type of N-soliton solutions of BK equation with variable coefficients are obtained in [24] using
the generalized unified method. Some special cases of BK equation to obtain the exact solutions
have been studied by several authors in [5,12,17,27,36-38].

The rest of this paper is organized as follows: In section 2, the main steps of exp(—®(n))-
expansion method and modified Kudryashov method are discussed in details. In sections 3 and
4, two different approaches for evaluating the exact solutions of the BK equations (1) and (2)
are used. In section 5, specific values of the parameters are given to reveal the exact solutions
graphically. Finally, in section 6, a conclusion is drawn for the results that have been obtained.

§2 Description of the methods

We consider a NLEE for u = u(z,y,t) to be in the form:

F(u7uﬁmuy7ut7u$$7uyy7uttauxt7~'~) 207 (3)



Khalida Faisal, Khadija Magbool. New soliton solutions of (2+1)-dimensional... 171

where F is a polynomial of u(x,y,t) and its highest order partial derivatives and in which the

nonlinear terms are involved. Using the wave transformation

u(z,y,t) = u(n), 1N = KT +wy+ v, (4)
where k and w are the soliton frequencies and v is for wave speed and Eq.(3) can be transformed
into the following nonlinear ordinary differential equation

7 7 7 7
2 2

Q(u,mu/,wu/,uu/,ﬁu ,wru L, vtu  kvu ... =0, (5)

where prime denotes the derivatives with respect to 7.

2.1 The exp(—®(n))-expansion method

The main steps of exp(—®(n))-expansion method are summarized as follows:
Step 1: Suppose that the traveling wave solution of Eq.(5) can be expressed as

N
u(n) = a;exp(—®(n))’, (6)

=0
where a; (i =1,2,...,N) are constants to be determined and ®(n) satisfies the auxiliary ODE:
@'(n) = exp(=®(n)) + pexp(P(n)) + . (7)

The auxiliary Eq.(7) has the general solutions that are listed in the following few cases:

Case 1 (Hyperbolic function solutions): When A2 — 4u > 0 and p # 0, then

—v/AZ = 4 tanh (@(7#0)) - A

2u

®(n) =1In
Case 2 (Trigonometric function solutions): If A2 — 4u < 0 and p # 0, then

4p — A2 tan (V%;_v(n + C’)) -

®3(n) =In 2%

Case 3 (Hyperbolic function solutions): If A2 —4x > 0,4 = 0 and A # 0, then

A
D =-1 . 10
3(n) o (cosh()\(n + C)) +sinh(A(n + C)) — 1) (10)
Case 4 (Rational function solutions): If A> — 4y = 0, # 0 and )\ # 0, then
2M(n+C))+2
d =In|——75-—7"""— . 11

Case 5: If A2 — 4y =0, = 0 and \ = 0, then

®5(n) = In(n + C), (12)
where C' is the constant of integration.
Step 2: The value of IV can be determined after balancing the highest order derivative of u and
the highest order nonlinear term in Eq.(5). Substituting Eq.(6) into Eq.(5) yields an algebraic
equation involving exp(—®(n))* (i = 0,1,2,...). After equating the coefficients of each power of
exp(—®(n)) to zero gives us a system of algebraic equations in a; (i =0,1,2,..., N), k, w, v, A
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and p.

Step 3: Substituting a; in Eq.(6), a series of exact solutions of Eq.(3) can be carried out.

2.2 The modified Kudryashov method

The main steps of the modified Kudryashov method are summarized as follows:
Step 1: According to the modified Kudryashov method, the solution of Eq.(5) has the form:

N
u(n) = Z bi P (), (13)
i=0
where b; (i =1,2,..., N) are the constants to be obtained. Moreover,
1
P(n) = 1+ kB (14)
where k and B are nonzero constants with B > 0 and B # 1 and P(n) satisfies the ODE:
P'(n)=Pn) (P —1)nB. (15)

Step 2: Substituting Eq.(13) into Eq.(5) yields an algebraic equation involving Pi(n) (i =
0,1,2,...). After equating the coefficients of each power of P(n) to zero, gives us a system of
algebraic equations in b; (i =0,1,2,...,N), k, w, v, A and p.

Step 3: Substituting b; in Eq.(13), the exact solution of Eq.(3) can be carried out.

§3 Application of the exp(—®(n))-expansion method

The wave transformation u(x,y,t) = u(n) and n = kx + wy + vt, converts Eq.(2) to the

nonlinear ODE as

vu' + (nk® + yartw)u” + (%“2 + Wiw) (u)? =0. (16)

Balancing the highest order derivative term u~ with the nonlinear term (u')? in Eq.(16), leads
to the balancing number as N = 1. The exact traveling wave solutions of the Egs. (1) and (2)
are achieved using the exp(—®(n))-expansion method as follows:

According to exp(—®(n))-expansion method, the solution of Eq.(16) is assumed as

u(n) = ag + a1 exp(—®(n)). (17)
The direct substitution of Eq.(17) into Eq.(16) provides us a polynomial in exp(—®(n)). E-
quating the coefficient of each power of exp(—®(n)) to zero provides a system of algebraic

equations:

exp(—p(n)~*: — %Ch (1272K%w + 127116% — a1k%y3 — 2a1ukw) =0,

exp(—¢(n) % — % a1 (4 a1k w A + 2471 K°A + 24 1ok w A — 2a1k%3\) = 0,
exp(—o(n))~2: — % ax (14 Yok2w A2 — daryarw p+ 16 y9K2w 4+ 16 121 + 2 — a1 k23 \2

—2a17akw A* — 241535 + 14 RPA?) = 0,
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1
exp(—(b(n))_l P =5 ay (2 RN 16y kA + 20 N —daryarw p X+ 16 vox2w A

+ 279K N3 — 2a1K% 30 /\) =0,
1
exp(—¢(n)® : — 5 a1 (= 2a1akw p® +4nE e + 2P A + Ayar’w p? — arksPysp’
+ 2y9k2w A2 + 21/u) =0.
Solving the resulting system, we have
12k (1K 4 yow)

A P v=r 71k + 72w) (41— N?). (18)

agp = aop, ai

(b)

Figure 1. 3D and 2D-plots of u; with y3 =1, v9 =1, y3 =4, 4 =4, A=2.5, u=1, k=—1,
w=—0.2, C:O, CLQ:l.

[

il
/f/

L

Sl 5
|
BL

B
-

(a) (b)

Figure 2. 3D and 2D-plots of ug with vy =1, o =1, 3 =4, =4, A=1, pu=1, Kk = —1,
w=12 y=0, C=0, ag = 1.

The exact solutions of BK equations (1) and (2) are obtained as the following different cases:

Case 1: (Hyperbolic function solutions): When A2 — 4u > 0 and u # 0, then
24k (Mkty2w)p

(v3k+2 yaw) (— VA2—4 ptanh (*”2{4“ (rc 24w y+r2 (Y1 R+72w) (4 p—A2 )t+C) > —>\> (19)

ul(x7y7t) =ap +
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and
2
2_
2 (y1htr2w)?p (A2 =4 p) (sec h <7”24“ (k@ y+r? (yawtyir) (4 M—/\2)t+C)> )

.
(vak+2yaw) (—\/ A2—4 ptanh <7“‘2)2WL (n 4w y+r2 (yawty1 k) (4 M—Az)t+C’)) —>\>

Case 2: (Trigonometric function solutions): When A% — 4y < 0 and u # 0,
24k (MmKty2w)p

(v3K+2 yaw) (\/ —A2+4 ptan <7v4‘;7A2 (n 4w y+r2 (y1h+72w) (4 M—AZ)H-C)) —>\> (21)

vy (z,y,t) = (20)

ug(w,y,t) = ag +

and

—12 (nrtew)sp (4 =A%) <sec< VAUZ (g y+r2 (v mbyaw) (4 p—>\2)t+c))>2

—
(v3r+2 yaw) <\/—)\2+4u tan( Y 4‘;_)‘2 (/-c 4w y+r2(y1k+y2w) (4 ;A—A2)t+C)> —A)

UQ(mvyat) = (22)

Case 3: (Hyperbolic function solutions): When A2 — 4u > 0, = 0 and X # 0, then

(a) (a) (b)
Figure 3. 3D and 2D-plots of ug with vy =1, o =1, y3=4, y4a=4, A=1, p=0, k = —1,
w=-2 C=0, ag=1.

Figure 4. 3D and 2D-plots of uy with 1 =1, 2o =1, y3=4, 4y =4, A=2, u=1, k=2,
UJ:L CZO, 0,0:1.

_ 12 (y16+72w)k A
U3 (.’E, Y t) =ao+ (v3x+2 yaw)(cosh(A (k 24w y—o’—yll/l:+g'2)‘;+zmh()\ (k z+wy+vt+C))—1) (23)

and
12 (y1 p+Hy2w)K? A2 ( sinh(X (k z4w y+v t4+C))+cosh(X (k z4+w y+v t+C)))
- p)
(v3k+2 yaw) ( cosh(A (k 24w y+v t4+C))+sinh(A (k 24w y+v t+C))—1) ’

03($7yat) =
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where v = —£2A\2 (715 + yow).
Case 4: (Rational function solutions): When A2 — 4u = 0, 1 # 0 and A # 0, then

_ 6 5 A% (y1E+72w) (k24w y+C)
U4(£L', Y, t) = Qo — (v3k+2 ’y’zt))()’\yi er)\wary)\ C+2) (25)
and
va(,y,1) = kvt vt (26)

- (v3k+2vaw) A K z+A W y+A C+2)2 ’

Figure 5. 3D and 2D-plots of v; withy; =1, 72 =1, y3 =6, v4= -4, A =25, u=1, k = —1,
w=-02, C=0, ag = 1.

Figure 6. 3D and 2D-plots of vy with vy =1, 7o =1, v3=6, y=—-4, =1, u=1, k=—1,
w=12 y=0, C=0, ag=1.

Case 5: When A2 — 4 =0, =0 and A = 0, then

12k K+vyaw
us (1‘, y’ t) = ag + (7354_2 74(3;(,4 m’Yj_w)erC) (27)
and
_ 12 52 (2 -4 ypw)
U@ Y1) = iz ot 3O (28)

where C' is the integration constant.

Note that the wave speed v of traveling wave solutions for BK equations becomes zero in cases



176 Appl. Math. J. Chinese Univ. Vol. 40, No. 1

4 and 5, whenever A2 — 4y = 0.

Figure 7. 3D and 2D-plots of v3 with vy =1, %o =1, v3=6, y=—-4,A=1, u=0, k= -1,
w=-12 C=0, ag =1.

Figure 8. 3D and 2D-plots of vy with 1 =1, 9 =1, 73 =6, y=—-4,A=2, u=1, k=2,
wzl, C:O, a():l.

84 Application of the modified Kudryashov method

According to the modified Kudryashov method, the solution of Eq.(16) has the form:
u(n) = bo + b1 P(n), (29)

where by and b; are the constants.
By the direct substitution of Eq.(29) along with Eq.(15) into Eq.(16), and equating the coeffi-
cients of each power of P(n) to zero, we can obtain a system of algebraic equations:

(P(n)* %blﬁ (In B)* (1272kwln B+ bikys + 1271k In B + 2byy4w) = 0,
(P()?: —bik (InB)? (12v2kwn B + bikys + 12916 In B + 2b1yaw) =0,
(Pm)*: - %b1 In B(14v2k%w (In B)® + bix%y3In B + 144,#% (In B)®
+2biy4skwin B —|—21/) =0,
Pn) : —bilnB (V +72r%w (In B)® + 716% (In B)2> =0.
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Figure 9. 3D plots of w and v with 3 =1, o =1, v3=6, y=—-4, k=1, w=1, B=2,
k=1,by=1.

Solving the resulting system, we obtain

12k (116 + yow)In B 9 2 3 2
bop=0 by = — =— In B)" — InB)~. 30
0 05 1 K3 + 272w y vV Yerw (In B) 71£° (In B) (30)
In view of Egs. (29), (14) and (30), we have the exact solution of Eq.(2),
Ly, t) = by — 12 k (y1k+v2w) In B
U(m Y ) 0 (kv34+2vaw) (1+k(sinh[(ﬁ z+w y+vt) In Bl4-cosh[(k z4+w y+v t) In B])) (31)
and the exact solution of Eq.(1),
oz, yot) = 12 kr? (71 5+72w) (In B)? (sinh[(k 2+w y-+v ¢) In Bl+cosh[(x a+w y+v ¢) In B]) (32)

(kv34+2yaw) (1+k(sinh[(n z+w y+vt)In Bl4+cosh[(k z+w y+v t) In B])) :
where v = —y,k%w (In B)? — 411 (In B)?.

85 Results and discussion

In this section, we give the physical interpretation of different analytical or singular exact
solutions of the considered BK equations (1) and (2). Here we represent the 3D and 2D plots
of the solutions for y = 0.

Selecting v1 = 1, 72 = 1, 3 = 4, v4 = 4, the solutions u;—u4 are revealed in Figs. 1-4.
We reveal the solutions u;—u4 given by Eqs. (19), (21), (23), (25) with the proper selections of
other involving parameters A, u, x and w. Fig. 1 represents the solution u; and we observe the
propagation of kink type waves along the x-axis. Fig. 2 represents the solution us and in this
case, we reveal the propagation of singular periodic solitary waves along the x-axis. We obtain
the propagation of singular soliton solution w3 in Fig. 3 along the x-axis. Fig. 4 represents the
singular soliton solution us. We observe the wave profile remains the same at each instant of
time, which also indicates the fact that the wave speed v is zero for the solution uy.

Selecting the parameters 73 = 1, 72 = 1, 73 = 6, 74 = —4, we reveal the solutions v;—vy
provided by Egs. (20),(22),(24),(26) in Figs. 5-8. The propagation of solutions v;—v4 along
the x-axis are shown with the proper selections of other involving parameters A, p, x and w.
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They represent the bright soliton solution in Fig. 5, singular periodic solitary wave solution in
Fig. 6 and singular soliton solutions in Figs. 7 and 8. We observe for the solution vy in Fig. 8
that the wave motion remains constant at each instant of time.

Choosing the parameters 73 = 1, 72 = 1, 73 = 6, 74 = —4, with the proper selection of
other parameters, we reveal the solutions u and v given by Egs. (31) and (32) in Figs. 9 (a)
and (b), respectively. They represent kink and dark soliton solutions in Figs. 9 (a) and (b),

respectively.

86 Conclusion

In this paper, we retrieved the exact solutions for the two general forms of BK equations
using two effective approaches. In addition to providing a standardized formulation for the ex-
act solutions of NLEESs, the exp(—®(n))-expansion method and modified Kudryashov method
provide a complete framework for classifying the forms of these solutions. The adopted tech-
niques are quite impressive, efficient and offer several new exact solutions in the form of kink,
bright, dark, singular soliton solutions and singular periodic solitary wave solutions for the con-
sidered BK equations. The findings of this study are novel and can be a valuable contribution
to the fields of applied mathematics, mathematical physics and fluid dynamics. In addition to
the solutions described, the process utilized in this paper can be applied to address compara-
ble challenges. However, the study of the fractional form of BK equation employing various
methods will be an interesting topic to be done in our future work.
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