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A convergent flow in warped product spaces

XTA Shu-can

Abstract. In this paper, we study a kind of curvature flow in warped product spaces. We
obtain convergence results under barrier conditions and restrictions on prescribed function. We

also obtain the asymptotic behavior of a kind of inverse curvature flow in Schwarzschild manifold.

81 Introduction

Define N = [a, b] x E™ with warped product metric

9= dp* + ¢(p)°g0,
where (E™, go) is a compact Riemannian manifold and ¢ > 0 is a smooth convex function of
p. Let M be a closed hypersurface in N and v be the unit outer normal. As in [2], we call
function u = <¢>a%, v) the generalized support function of the hypersurface. If N is replaced by
Euclidean space R™*!, then u is the usual support function.

In this paper, we considered the prescribed curvature problem in N. The approach to the
existence of solutions of the prescribed curvature problem is twofold: one is to study the very
elliptic equation directly, c.f.[9, 10, 16, 12] and the reference therein, another is to solve the
problem with the help of curvature flows in the smooth category, see [13, 3, 18, 1, 17], for
examples.

In [13], Li, Sheng and Wang studied a contracting flow of closed, convex hypersurfaces in
the Euclidean space and resolved the dual Minkowski problem by parabolic approach. In [3],
Bryan et al. employed curvature flows to seek strictly convex, spacelike solutions of a broad
class of prescribed curvature problems in simply connected Riemannian space forms and the
Lorentzian de Sitter space, respectively, where the prescribed function may depend on the
position and the normal vector. As for [17], Sheng and Yi considered a more general curvature
flow with variational structure compared to the flow in [13]. In [2], Brendle et al. introduced an
inverse curvature type hypersurface flow in space forms which is related to quermassintegrals
in space forms. While in general warped product spaces, their method may fail due to that the
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second fundamental form is not a Codazzi tensor. Still, we can find a convergent flow without
variational structure, which is inspired by [3].

Let Kk = (K1, -, kn) be the vector of n principal curvatures of the hypersurface M and we
denote the k-th elementary symmetric function of « by o (). Consider the following parabolic
evolution equation of a family of smooth embeddings X : E™ x [0,T) — (N, g) satisfying

0X = (575 — S (X)) 1)

where X is the position vector, F' is a curvature function defined by &, v is the unit outer normal,
f : TN — Rt is a smooth function defined on the tangent bundle of N. More precisely, let
(z,€) be a point in TN, i.e. z € N and £ € T, N, then f maps (z,€) to R*. In the following,
we denote the second partial derivatives of f with respect to z(resp. &) as fyo(resp. fee).
Furthermore, assume F' satisfies the following conditions:

e F(Ky,ka,-+,ky) is concave, monotonically increasing, 1-homogeneous symmetric func-
tion defined on the positive cone I'y := {(x1, 29, -+ ,z,) € R"|z; > 0,Vi=1,2,--- ;n}.

° > . %H% < CyFoq for some constant Cj.

o F|ap+ =0.

Special curvature functions satisfying the above conditions include 07% and aﬁ%‘ 0’13% for1<k<
n—1.

Gerhardt in [6] introduced the following barrier hypersurface to (1) as an analogue of subso-
lutions or supersolutions to partial differential equations. We say that a closed, strictly convex
hypersurface M C N is a lower barrier for the pair (F, f) if

(- fX)| 20,
and an upper barrier if

(- fxw)| <o

To explain the barrier condition more clearly, we take a planar curve for example. Suppose

x(t) is a convex closed curve on the plane and the curvature is k(¢). Let F(k) = k. If z(¢) is
a lower barrier for the pair (F, f) which means the curve should satisty ﬁ — f(z(t),v(t)) >0
where v(t) is the unit normal vector at z(t). If a circle of radius r is a lower barrier for (k, f),
then equivalently we have a restriction on f, i.e.

r> f(r6,0), V€S

Our first result is the following:

Theorem 1. Suppose M, = {a} x E™ C N is a lower barrier and My = {b} x E™ C N is an
upper barrier for the pair (F, f), respectively. Let X (-,0) = M, in the flow (1). Assume the
Riemannian curvature of N, denoted as Rm, satisfies

|Rm| < K, |VRm|<K.
If feo < —(Ife]l +C)g , and fee < —(|fe| + C)go, where C is a constant depending only on C,
K, |f| and |fe|, then there exists a time-dependent family of embeddings X : E™ x [0,T) - N
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satisfying (1). Ast — T, the embeddings X (-,t) converge to a strictly convex solution of the
generalized Minkowski problem
F(r) = f"1(X,v). (2)

Remark 1.1. This theorem can be viewed as a generalisation of the result in [3] where Bryan et
al. solved the Minkowski problem in spaceforms under the similar assumption. Li and Sheng
solved a wide range of prescribing curvature problems in [12] including prescribed Gaussian
curvature problem where the prescribed function is independent of normal direction and the
assumption is quite different.

If f = 0 and drop the upper barrier in (1), then we get an expanding curvature flow.
Gerhardt [5], Urbas [18] proved that the inverse mean curvature flow starting from mean-
convex star-shaped smooth hypersurfaces of Euclidean space converges to an infinite large
sphere. Gerhardt [7] also proved a convergence result in hyperbolic space. Huisken and Ilmanen
[11] studied the inverse mean curvature flow in asymptotically flat 3-manifold and proved the
Riemannian Penrose inequality. Guan and Li [8] studied the inverse mean curvature flow and
proved the Alexandrov-Fenchel inequalities of quermassintegrals.

Given a hypersurface X in (N, g), we say that it is strictly k-convex if its principal curvature
vector is in the k-th Garding cone T'y, everywhere, and I'y, := {k € R"|o1(k) > 0,--- ,0%(k) >
0}. We say that ¥ is star-shaped if it can be represented as a radial graph over the sphere
S™. Let F = 0(’;—:1(5) The inverse F-curvature flow of ¥ is a family of smooth embeddings
X : X x[0,T) — (N, g) satisfying

Xy = —v, (3)
where v is the unit outward normal vector of ¥, = X (X, ¢).

We will obtain the following long-time existence and convergence result of the inverse F-
curvature flow (3) for strictly (k+ 1)-convex and star-shaped hypersurface in the Schwarzschild
manifold. The metric of Schwarzschild manifold is a special warped product metric, where ¢(p)
satisfies an ODE, see Section 4 for more details.

Theorem 2. The inverse F-curvature flow (3) starting from a strictly (k + 1)-conver and
star-shaped hypersurface in the Schwarzschild manifold (N, g) exists for all time. The flow
hypersurface ¥y converges to infinity while preserving (k + 1)-convexity and star-shapedness.
Denote the radial function of ¥y as p(-,t), then there exist two positive constants co and ¢ such
that e=tp(p) — ¢ in C>®-catagory as t — +oo. The flow ¥; converges to a large coordinate
sphere as t — +00.

Remark 1.2. If Kk = 0, then F' = H is the mean curvature. Theorem 2 is a generalisation of
[14]. Above theorem holds for all k =0,1,2,--- ,n — 1.

The rest of the paper is organized as follows. In section 2, we list some basic facts for
hypersurfaces in N. In section 3 we prove the a priori estimates and prove Theorem 1. In
section 4 we give some examples to the prescribed curvature problems in Schwarzschild manifold.
In section 5 we show the asymptotic behavior of the inverse F-curvature flow and conclude
Theorem 2.

The author thanks Sheng Weimin and Wang Feng for helpful conversations and much advice.
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§2 Preliminaries

Let the ambient space N = [a,b] x E™ with warped product metric
g = dp* + 6(p)* 0.

go is a Riemannian metric on closed manifold E. ¢ > 0 is a smooth convex function of p. Let

(p) = [ $(s)ds.

Lemma 1. Let M C N be a closed hypersurface with induced metric g. Then ®|ys satisfies
ViV;® = ¢'(p)gij — hiju, (4)
where V is the covariant derivative with respect to g, hqj; is the second fundamental form of the

hypersurface.

Proof. Let V = d)a%. It is well-known that V' is a conformal Killing vector field, i.e. Ly g = 2¢'g
where Ly is the Lie derivative. Let X,Y be smooth vector fields on M, and f be a smooth
function on N, then we have
Hessar f(X,Y) = Y(X(f)) = (VxY)f = Hessy f(X,Y) + (VxY — VxY)f,
where V is the Levi-Civita connection on TN. Let {e;}(1 < i < n) be an orthonormal frame
on M. Since V& =V,
Ve Ve, ®lar = (Ve,Viej) — hij(V,v) = & gij — hiju.
O

Next, we derive the gradient and Hessian of the support function u under the induced metric
g on M. The main difference between the following equations and those in [2] is that the second
fundamental form of M is not a Codazzi tensor in general warped product spaces.

Lemma 2. The support function u satisfies
Viu=g"hy.V,®,
ViVju= g"VihiiVi® + ¢'hij — (B?)iju + Ryjii Vi ®,
where (hg)ij = gklhikhjl.

Proof. Choose an orthonormal frame, then g¢;; = d;; and Vyu = Vi(V,v) = (VO, V) =
hix Vi ®. Thus the first identity holds.
Differentiating Vu again and applying (4), we have
ViViju= V;hjrVi® + h;, V; V@
= VihijVi® 4 RyjriVie® + hjr(¢' gix — hiru)
= VihiVi® + RyjriVi® + ¢'hij — (h?)iju,
where we use the Codazzi equation:
Vihjr — Vihi; = R,,jki = R(v, €5, €k, €;).
O

Let M; be a smooth family of closed hypersurfaces in N. Let X(¢,-) denote a point on M;.
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Lemma 3. Under flow 0;: X = Gv on the hypersurface in a Riemannian manifold, we have the
following evolution equations
Oegiz = 2Ghy;,
Ohij = —ViV;G+ G(h?)i; — GRuivj, (6)
Ol = —g""ViV,G — ¢7*G(h*)r — Gg7* Ry

These equations are well-known, so we omit the proof.

Let (M, g) be a hypersurface in (IV,g) with induced metric g. Suppose M is a graph of a
smooth, positive function p(z) on E™. We have the following local expressions of the support
function, induced metric, second fundamental form, Weingarten curvatures [15].

2
V ¢2ﬁ\Vp\2’
g9ij = Peij+pipj, 97 = galeV — Zhlm), (7)
hij = (VG + VpP) " (=0ViV,p + 2 pip; + $°'eyj),
hy= (0*V? +[Vp?) " (e™ — hm ) (—=0ViVip + 20 pupj + ¢ ¢ er;).

where all the covariant derivatives V and p; are taken with respect to gg. For the sake of

u =

simplicity, we denote V the covariant derivative with respect to gq if no confusion arises.

We now consider the flow (1) of radial graphs over E™ in N. It is known that if a family
of closed hypersurfaces defined by radial graphs and satisfies X; = Gv, then the evolution of
the scalar function p(t, z) satisfies p; = Gw, where w = /1 + ¢=2|Vp|2. Thus we only need to
consider following scalar equation on E™,

8tp = (l - f)w7
{ ~'F ®)

Recall u = ¢(-Z, v). Thus

Op
Ut = ¢/pt<aip7y>+¢<aip7yt> (9)
G¢' — Vo - VG.
For convenience, we introduce a new variable v satisfying
dy 1
dp ¢
Then the equation for 7 is
L |
o= Fow (10)
7(07 ) = 7o

where F' = ¢w?F. The induced metric and the second fundamental forms in (7) can be rewritten
in terms of v as:
g9ij = Qi +7v)s 97 =705 — 1957):

hij = ————=gij — ——2—"ij-
¢V 1+ V2 VIHIVA?
Let
i Lo
by = w*(@'ei; — vig + vimgm)- (13)
oF oF

By 1-homogeneity of F', we have &= = 5.
J J
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83 A priori estimates

Since we have barrier conditions, it is easy to see that the flow remains between the two
barriers (c.f. Theorem 2.7.10 in [6] ). In the following, we turn to prove the C'! and C? estimates.

Lemma 4. Along flow (8), |Vp| < C.

Proof. We consider the test function log Vo2 ‘

be determined later. Note that at the crltlcal points of log WP‘ , we have V|Vp|? = %|Vp|2Vp.

to obtain a gradient estimate. Here ¢ = ¢(p) to

We may assume |Vp| = p1, p1; =0 for j > 2, and p1; = §?|Vp|2. Since the computations are
done at one point, we take an orthonormal frame so that eij = 0ij.

Bl = (6% + Vo) - ( 5y 200+ 0%).

Set ¢ = ¢°, by convexity we have |Vp|? = C’ O

Remark 3.1. The convexity of the flow holds as long as the flow exists, since if there is tg > 0,
principal curvature vector k — 9I'y as t — tg, then % — +o00 and the flow will blow up at
t = tg. In the following, we will prove that principal curvatures are bounded away from 0, so
that the flow is strictly convex.

For simplicity we denote G = + — f(X,v), L = 8, — 2 FV;V. Direct computation shows
that . o
FY (h )ij + GF”RViVj

LG =G—rs =

- (V@) + fx(v)G

Lemma 5. G(t,-) >0 for allt > 0 as long as X(t,-) exists.

Proof. Suppose the flow (1) exists on [0,7) and 0 < ¢ty < T. The curvatures of M(¢) on [0, ¢o]
are all bounded. Thus

LG = c- G + gradient terms. (14)
where ¢ is bounded. By the weak maximum principle (c.f. Lemma 2.7.2 in [6] ), min G(¢,-) >0
on [0,t0]. Since tg is arbitrary, G > 0 as long as the flow exists. O

Lemma 6. F' > Cy > 0 for all t.

Proof. The evolution of the radial function p is (8). We calculate at a critical point P of the

function 7;. At P, Vy; = 0 and 0;w? = 0. Differentiate (10), we have
wt - f
Oy = ——F, — (=)y.
t YVt = t (u)f
At P,

Fy = FI8,(w*(—vij + ¢'8i5) + vivin)
= Fij(WQ(—(’)/t)ij + ¢¢"16:i5) + vivein)
= —F (w61 — i) (ve)ig + 60" (O F*)w .
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Putting the above equations together, we have

w4Fij ) w6¢¢//Fii ft fut
Oyt — 72 (W0u — vivi)(ye)j1 = _T% . + 2 (15)
and f; = fe(Vu)y + fo(v)uy, + gradient terms,u; = (u¢’ — V& - Vu)y, + gradient terms. Thus
w4FZj w6¢<{)”F”

Dy — 72 (w261 — vim) (V)i = F2— %+ % + gradient terms.
where ¢ = 1Tf2 (u¢! — VOVu) — @ — fz(v) is bounded above by C° and C! estimates. If
1

v+ — 00, then = — 00, while 94yt < 0. Thus ; is bounded and % is also bounded above. [

Lemma 7. The principal curvatures are bounded, i.e.

O<%SH¢§C, V1.

Proof. Without loss of generality, we may choose an orthonormal frame locally on the flow at
time t. We need some equalities about Weingarten matrix first.

(h;)t = —Gij — G(hQ)” — GRViVj' (16)
Recall that G = % — f(X,v). Take derivatives on both sides,

2F1F Fkl,pqhk“h i 1
Gij = 15" ~ Fo = g P i — fij- (17)
Using Ricci identity and the Codazzi equation, we have

hiiij = hijel + Ruikji + Rukiij + Rpijhor + Rpgiihpi + () kihi;
— (h?)kjhit + (W*)ithk; — (*)ijhar. (18)
Combining (16),(17),(18) with £ = 9, — 2 FV,;V, we have

Fkl,pqhklihqu 2FZFJ 2 1 =

Lh; = 72 = g 1= (5 = D0 = (5 = DR
Fk'l Fkl _ _ B B
+ ﬁ(hQ)klhij + E(Rm‘km + Rukiij + Rpitjhpr + Rprijhpi).  (19)
Consequently,
Fkl’rshklihrsi 2Fi2 2 9 1 — Fkl(hQ)kl
5H—7F2 T s +fii_(F_f)|A| _(f—f)RW—i-in H
Fkl _ _ _ _
+ E(Rm‘ki,l + Rukiiyi + Rpitihpk + Rpkiihpi)- (20)

Recall the Hessian of u in (5),
ij = hiji®s + ¢'hij — (h?)iju+ Ryji®y.
By Weingarten equations and Codazzi equation, we have
vij = hijier + Ryigjer — (B?)iv.
Direct computation shows that
fij =feevivi + fevig + 2fue(€)vj + fou(ei ;) — fo(V)hij
=fee(ex, et)hinhg — fe()(W?)ij + fe(en)hijr + 2fae (e, ex)
— fo(Whij + foa(€irej) + feler)Ruin;- (21)
Let @ = log H + BF, where 8 > 0 to be determined. Compute at the spatial maximum
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point of @, then H;/H + SF; = 0.

Fii _ _ _
7"Shpqihrsj - ﬁFkl(Rmkj,l + Rvkli,j + Rpiljhpk

LF =F49Lh;; —

+ Rynijhpi + (B*)rihij — (h*)ijha + (B)ithig — (B)isha)
FZ T8 Fl] D D

2 P hpqthSJ - ﬁFkl(RVikj,l + Rukli,j)-
By the second Bianchi identity, Rm‘kj,l = —R,,”l E— Rm—lk_’j, we have

F/L s
)2 FPOT hpgibrs;. (22)

=FLh;; —

LF =F9Lh;; —

Using (19) again, we compute
2F F; F; . 2

. F
FYLh;; = ﬁF“quhklihm — 7

Plugging (23) into (22), we have

r= 200 gy (- DEIR)y (- DF9 R (20)
Note that F*(h2)y < CoFH. By (20), (24), (21), we have

com 8y ep F 10

S e 2 Ly (2 pBE Bl

+ Fklgf)kl + FZ?}];IJ + §§2 (Ruikig + Rukiii + Rpiihpr + Rpkiihyp:)

2R | pagy (L PR, - (s~ NP Ruy)

fz

; C y g
i Cu +gt CO_F")+ (B - 2§)F”FiFj

+ BFf; - /3(1 - N po - (SR,
Since F' is bounded, we first choose 3, s. t. 0 < f < min % By (21),
fij < (mastg(euei) + [ fe)(h?)ij + Chij + maXfm(enei) + | fel + fe(ew)hijr.-
If fee < —(|fel + C)go and frr < —(|fe] + C)g, where C is depends on K, n, f, then

LQ < —elAl + CH™! + C. Therefore H as well as Q is bounded above. Since Flor, =0, all
principal curvatures are bounded away from 0. O

Proof of Theorem 1. Since we have shown that the principal curvatures are bounded above, by
Evans-Krylov’s theorem,

lolleze < C.
Note that the flow (1) is monotone and {p(¢)} is bounded above. Therefore {p(t)} converges in
C? with a unique limit, say ps. Since we have ||[VFp|| < C, there exists a subsequence {p(tx)}
converges in C*-category. Since the limit p., is unique, {p(¢)} also converges in C*, for every
k>1. O
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84 Applications

In this section, we show a concrete example. Consider the prescribed Gaussian curvature
problem in Schwarzschild manifold for a kind of function f. The Schwarzschild manifold is an
(n+1)-dimensional (n > 2) Riemannian manifold N = [sg, +00) x S equipped with the metric
1= 2mst—n " +8Tgsn (25)

where m > 0 is a constant which is the mass of the black hole centered at s = 0, and gsn

g:

the standard metric on the unit sphere S™. Denote so = (2m)Y/ ("1 which is called as
Schwarzschild radius. We only consider the case s > sy. By a change of variables, g can be
rewritten as
g = dp* + ¢(p)*gsn,
where ¢(p) is the solution of the following ODE:
{ g T 2mstm,
s(0) =sp+¢€ for smalle.
Clearly, ¢(p) is a monotonic increasing convex function on [0, +00) satisfying ¢ (p) = m(n —
1)¢(p)~™. The principal curvatures of the geodesic sphere with radius p are all ﬂl, which is
monotonically increasing while ¢(0) < ¢(p) < (m(n +1))/"=1 and is monotonically decreas-
ing while ¢(p) > (m(n + 1))Y/@=D Let maxp% = ¢ and pg = ¢ Y((m(n + 1))/ =1),
Let f(z,§) = —Cijzix; — Dij&& + Ail|C|| + Az||D]|, where (Cjj), (D;j) are two symmtric
positive definite matrices with constant entries. Denote x,+1 = p and z1,- - ,z, be the (lo-
cal) coordinates on S™ which are the polar coordinates in R™*!. There is a diffeomorphism
: R\ B, (0) — N, therefore on the Schwarzschild manifold N there are also global well-
deﬁned coordinates induced by . Naturally 7 (1 < i < n) and 8 are basis vector fields.

B 6f ) is not the covariant Hessian of f(x) with respect to a Riemannian metric.

Here for snnphmty7 let C; ny1 = Cpi1,s = 0 and Cj4q 541 is greater than any absolute values

In general (

of eigenvalues of the n x n matrix that results from deleting row n + 1 and column n + 1 of
(Cij;). Directly the second order covariant derivatives are calculated as below,

an _ zn:fk ajf _ fm-&-l 8f

ViVl = Ox;0z; 4 Oy, U Oz
Z F Sn o 2¢¢ Cn+1 n+1p51Ja
o 92
Vo1V f = 87{ — i,
of

?i?nﬂf = _Ci,n-i-l - (IOg ¢),a

Therefore we may choose an appropriate C;; so that f., satisfies the requirement in the main

%

theorem. Things are similar to choose an appropriate (D;;) so that fe, satisfies the requirement
in Theorem 1. Next we choose 4; >> 1 so that

IC1I(Ar = 18) > 5
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Let f(p) = —||C||p* + A1]|C]| + (As — 1)||D||. Obviously the graph of f(p) and the graph

of g(p) have two intersections. Let p; < pa be the two solutions of f(p) = %(p) Choose

a < pp small and p; < b < py so that the geodesic sphere of p = a is a lower barrier to the pair
(a,l/", f(x,€)), and the geodesic sphere of p = b is an upper barrier to the pair (a}/”, f(=,8)).
Thus by Theorem 1 we have at least one convex solution of

onlri)® = flz,6)7%

in the annulus region {a < p < b} in the Schwarzschild manifold.

85 An expanding curvature flow in Schwarzschild manifold

In this section, we prove Theorem 2.

5.1 A priori estimates

Lemma 8. Suppose the radial function of ¥y is p(-,t). Letp1,p2 be the constants such that
0 < p1 < p(+,0) < pa, then on X; we have

P(p1)e" < d(p(-,1)) < P(p2)e™”,

as long as X (-,t) exists.

Proof. We follow the idea in [14]. The flow (3) is equivalent to (8) if we let f =0,
{ o (26)

p('7 O) = po-
If the initial hypersurface is a coordinate sphere, i.e. pg is a constant, then (26) becomes an
ODE:
dp _ ot
dt ¢’

where ¢y = CF/Ck+1.
Thus ¢(p(t)) = ¢(p(0))e“*. Now by the parabolic maximum principle, the Lemma is proved.
O

Next, we consider the gradient estimate. We use the same change of variables introduced
in the proof of Lemma 6. Recall that v(p) satisfies
dy 1
dp ¢’
Then 7; = ¢~ 'p;. We have the following gradient estimate.
Lemma 9. Let p be a positive admissible solution of (26) on S™ x [0,T). Then for allt € [0,T)
we have
max [V4(-1) < max V4], 0).

We remark that this gradient estimate can be improved if we prove the uniform parabolicity
of (26).
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Proof. Assume w = %|V7|2 attains its spatial maximum at # € S™. For simplicity, we choose
an orthonormal frame on S™. At 6, ;v = 0 for all ¢ and 5 + Yiuyi; < 0. Directly,

VLT VP,
l

wy =yt = oF

V14 [Vy?

¢2F2 ’ (¢IPZF + ¢qu(hg),l)-
Recall that w = 1+ |V7!2 also at{tains its maximum at ¢. In the following, we calculate h ;.
By (11)7 (hping)J = h/pi,lglq - hpigwgrs,lgsq-

="

L ¢ ¢’ o] o
hpig = — (=) 19pi + ——Gpi,l — —Vpi — —Vpil,
pi,l w(¢),l9p +w¢9p J w’YP w'Vpl
(%),
Grs,l = ¢2 Ors + ¢2 (’YTl,YS + ,YTstl)-
e Lo & 60/ 6 o
i i l i i
hpiig"? = a(z + (g)z)mﬂsg + T(Vp%‘)lg 7 — o Trid 7 — o Tpid 7.
And
ir sq ( 2),[ q 2 i sq
hpig" 9rs19°t = ?hp + ¢ hpig" g (Vs )i-
Note that (y,7s)iy: = 0 for any r, s, thus
L.¢" ¢ DV e D (0%)m
hi = J(E + (3)2)6,%% — =, Wwid 7 — Iild Ly + 7h;},.
Since p; = ¢y, and vy, = %gip — %hip, we have
P(F) o a1 i
e VAP + 5 E g™, (27)
By the Ricci identity on S™, we deduce that
Yoit Nt = Yipi Yt + YYo= Gip VA = wpi — iy + (vivp — 0ip| VAI?). (28)

Therefore we have (yp:y:) < 0. Since ¢ is a positive convex function, w; < 0 and the lemma is
proved. O

Next, we turn to estimate the curvature function F'.

Lemma 10. There exist two positive constants C; < Cy, such that Cie= %! < F < Che ¢!,

w

Proof. We can proceed as in the proof of Lemma 6. Note that v, = ?4 with initial data g,
where F = ¢w®F. By letting f = 0 in (10), from (15) we have
4 1ij 6 " 9
Orye — w;; (W25il — i) (V)i = *%
Since F is a 1-homogeneous concave function, > F % > (C > 0. Therefore v, < C. w > 1, so we
have F > C > 0. Using the C%estimate, we conclude that F > Cye~ . In the following, we
prove that F is bounded above. At a minimal point of ~;, by (15) again, we have

(Yt ) min > _Ceincgt(ryt)?nin'
Solving this ordinary differential inequality, we get
C e—ncot + <

¢ + gradient terms.

2 1
(’Yt)rznin(t) > 1 > 6 > 0.
(V) 7in (0) T neo nco



XIA Shu-can. A convergent flow in warped product spaces 639

As long as the flow exists, 3¢ > 0. Therefore F is bounded above and F' = ¢3wF, which shows
that F < Cye~ 0!, O

For (k+1)-convex admissible solution p for (26), by Newton-Maclaurin inequalities, we have

ok

We show that

Lemma 11. The mean curvature H < Ce¢ot,

Proof. Let f =0 in (20), then we have
Fkl’Tshklihrsi 2F2 2|A|2 Rw, Fkl(h2)kl

2 R e ——"———————— RS &
£ F? F3 F F * F?
Fkl _ _ B B
+ F(Rm‘km + Rukiii + Rpitihpk + Rpktilpi)- (29)

By Lemma 4.1 in [2], we have
coF? < F*(h?) < (k+1)F2
Direct computation shows that in Schwarzschild manifold, the Riemannian curvature tensor
Rm decays as O(¢(p)~"~1), see Section 2.1 in [14]. While VRm decays as O(¢(p)"2). Thus
2| A|?

LH < —% + CH + O(e™"e0t). (30)
Since the solution is (k + 1)-convex, H2 > |A|?> > HT2 for k > 1, and for k =0, F = H and we
have proved that F' = O(e~“?"). Therefore for all k, H is bounded above. Indeed, we can show
that H also decays to 0 as t — +o0o0. Consider v := e¢“!H.

2
Lv < Cv— =%+ 0o(1).
Cs
Therefore v is bounded above, which means that H also decays as O(e™“?). O

Since the principal curvature vector k(k1,: -+ ,kn) € Tgy1, if £ > 1, then for all ¢,
|ki| < CH < Cecot,
In case k = 0, i.e. the flow (3) is the inverse mean curvature flow, we can bound the maximum
principal curvature directly from (19).
L0 <~ 4 o)

Therefore all principal curvatures are bounded. Thus the eigenvalues of F* are uniformly
bounded. The flow is uniformly parabolic at any finite time t. We then have the longtime
existence of the inverse F-curvature flow for all 0 < k <n — 1.

Now we can get a more accurate estimate for the gradient of . By (27) and (28), assuming
1/Cé;; < F < C6;5, we have

A

1 .
we < 7 B (i — 8ip|V1%)g"
~(n—2)[Vy
- C¢p2F?
There exists a positive constant 3, such that
|Vy| < Ce™ P,
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5.2 Proof of Theorem 2

Proof. Tt remains to show that {¢(p)e™*} converges to a constant in C*°-topology. Now things
go in the same way as [14]. Let ¢ = ¢(p)e~ %! and F = Fe!, then

P'w

atq~5 = ? - c0q~5. (31)

Obviously, |0;¢| < C independent on ¢. (31) is a uniformly parabolic equation. From

previous discussion, |V¢| decays exponentially fast:
Vo] = ™'/ |Vp| = e™'¢¢/|Va| = O(e™™).
Thus {qg} uniformly converges to a constant, say ¢. By interpolation inequality,
V"2 < Ce P,
where 3’ depends only on 3, n, m. Ne;S(t we use the Sobolev embedding theorem on S™, for any
m>1+ 3, )
16-ller < Con)( [ [973p+ [ 16-3P)" < 0o,

where 3" depends on 3, 3. Also we havinthe metric oanEt satisfies

—2cot 72
e °c 9ij — ¢ gsn.

exponentially fast. From (12) we know that

@ hi g9 = O(e—Fo
g%*%:OEBW

for some positive constant g 0
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