Appl. Math. J. Chinese Univ.
2024, 39(4): 614-627

Uniform isochronous center of a class of higher degree

polynomial differential systems

ZHOU Zheng-xin LU Fei-fei

Abstract. In this paper, we give the necessary and sufficient conditions for a class of higher
degree polynomial systems to have a uniform isochronous center. At the same time, we prove

that for this system the composition conjecture is correct.

81 Introduction

Consider differential system
{ v =—y+ ®(z,y), (1)
Yy =x+ \I/(x,y),
where ® and U are real polynomial functions with a degree of n without constant nor linear
terms. The singular point O(0,0) is a center if there exists an open neighborhood U of O
where all the orbits contained in U\{O} are periodic. For every p € U\{O} if the period of the
periodic orbit through p is a constant, then the point O(0, 0) is called an isochronous center.
In literature [24], the authors have proved that if the system (1) has a center at O(0,0), then
this center is a uniform isochronous center if and only if doing a linear change of variables and
a scaling of the time it can be written as the rigid system:
{ v = -y + $P<Jl,y), (2)
y' =z +yP(z,y),
where P(z,y) = 2;11 Py(z,y), Px(x,y) is a homogeneous polynomial in « and y of degree k.
The interest in the isochronous centers started in the XVII century with the works of [2]-[4],
[11, 13, 16, 19] and references therein. The isochronous phenomena appear in many physical
problems [14].
In polar coordinates the system (2) becomes

dr n—1
k
@7TZP/€(9)T ) (3)
k=1
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where P, (0) (k = 1,2,...,n—1) are 2m-periodic functions. Therefore, the system (2) has a center
at O(0,0) if and only if all solutions () of equation (3) near r = 0 are periodic. In such case,
it is said that equation (3) has a center at » = 0 [2, 5, 25].

The center-focus problem asks about the conditions on the coefficients of ® and ¥ under
which the origin point of system (1) is a center. This is an interesting and difficult problem and
is closely related to the Hilbert’s sixteenth problem. In spite of all efforts, there is no general
method to solve this problem. Up to now, only for quadratic systems and some special systems
the center-focus problem has been solved [2, 15, 17, 21, 25] and others. However, for the higher
degree polynomial differential systems, corresponding results are few.

Alwash and Lloyd [6, 7, 9] give the following simple sufficient condition for the Abel equation

dr 9
0= r(R1(0)r + R2(0)r7) (4)

to have a center, where R;(0) and Ry(f) are continuous 27-periodic functions.

Theorem 1.1. "9 If there exists a differentiable function w(6) of period 2 such that
Ri(0) = u'(0) Ry(u(0)), R2(0) = u'(0) Rz (u(0))

for some continuous functions Ry and RQ, then the Abel equation (4) has a center at r = 0.
The following statement presents a generalization of Theorem 1.1.

Theorem 1.2. (639 [f there exists a differentiable function u(0) of period 27 such that
P(0) = u'Pi(u), (i=1,2,...,n—1)

for some continuous functions P; (i = 1,2, ...,n—1), then the equation (3) has a center atr = 0.

The condition in Theorem 1.1 (or Theorem 1.2) is called the Composition Condition. When
an Abel equation (or the polynomial equation (3) ) has a center because its coefficients satisfy
the composition condition we will say that this equation has a CC-center. Obviously, the
composition condition is the sufficient condition for 7 = 0 to be a center. A counterexample was
presented in [9, 10] to demonstrate that the composition condition is not a necessary condition
of a center. Whether the composition condition is the necessary and sufficient condition for
the singular point to be a center? This problem is called Composition Conjecture, which
first appeared in [7]. What kind of differential system is this conjecture right? Studying
this problem has attracted the interest of many scholars. In [15, 20, 23] the authors have
proved that for some Abel differential equations, the composition conjecture is valid. In the
literatures [26, 27] for the system (2) with P = P, + Py or P = P + Ps, the composition
conjecture has been proved to be correct. Later, in [2, 18, 28, 29] the authors have used different
methods to demonstrate that the composition conjecture is correct for the rigid system (2) with
P =P + P, or P= P, + Py, m is an arbitrary natural number. In literatures [2, 8, 12,
30] the authors applied different computational techniques to prove that for system (2) with
P = P, + P, + P53, the composition is correct. In [31, 32] , we have proved that for system
(2) with P = P+ P+ Ps(PL #20) or P = P, + Py, + Poyi1 (P1 # 0), the composition
conjecture is valid under several restrictions conditions. It’s natural to ask, when P; = 0, for
system (2) with P = P, + P5 or P = Py + Py, 11 (m > 1), is the composition conjecture true?
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In this case, although the system (2) is very simple in form, it is much more difficult to deduce
the necessary conditions of the center than when P; # 0. Meanwhile, to prove the obtained
conditions to be sufficient is more complicated, even with the help of the computer, it can’t
lighten our burden. To find some useful methods is the key to open this problem. In this paper,
we use some effective calculation techniques to get the necessary and sufficient conditions for
the origin point of the following higher degree polynomial differential system

{x’ —y + 2(Pa(a,y) + Ps(.y)), )

Y =z +y(P(z,y) + Ps(z,9)),

to be a center, where Py(z,y) = >, pijz'y’, k = 2,5, (pi;j € R). At the same time,
we prove that the composition conjecture is correct for its corresponding periodic differential

equation

d—; = r(Py(cosf,sin0)r? + Ps(cos 6, sin 0)r°).

By this, we can derive all the focal values of the system (5) and they contain exactly six relations.
In the following we denote

0 0
Py = Py(cos®,sinf); P, = / Py (cosT,sinT)dr; ay, = / ay(T)dr,
0 0

B ps

[4 T 0 T
/ (/ Py(cost,sint)dt)* Ps(cos 7, sin 7)dr; ayo; = / / a;(s)dso(T)dr, ete.
0o Jo o Jo

82  Several Lemmas

Lemma 2.1. The relations:

(1) [27 Pydb = 0;

(1) |27 P PsPsdf = 0;

(1) [¥" P3PsPsdf = 0;

(IV) 7 7 P§PsPsdf +3 [;" P3Ps P, Psdf = 0;
(V) 3 [27 PAPsPsdd + 2 [27 P§Ps Py Psdf = 0;

(VI) 33 [ PjPsPsdf + 27 [27 P#Ps Py Psdd + 10 [.™ P§Ps P2 Psd6 = 0.

are respectively equivalent to the following relations:

(i) [27 P2df = 0;

(Z’L) f027r p2P5P5d9 = O;

(iii) [T P3Ps Psdd = 0;

(i) T [27 P§PsPsdf + 3 [27 P3P Py Psdf = 0

(v) 3 [T PAPsPsdd +2 [ P3Ps Py Psdf = 0;

(vi) 33 [" 5 PsPsdf + 27 [2™ P4 PsPyPsdf + 10 [ P3 Ps P3P5d6 = 0.
Where pg = AQ sin 20 — B2 COS 207 A2 = P20, BQ = %pll-

Proof. As 0277 Pydf =0 , then Py = Ascos 20 4+ Bysin 20 and 2P, = Pg + By. In view of
Ps5 is an odd polynomial in cos#,sinf and the definite integral from 0 to 27 of an odd degree
polynomial in cos#,sin €, is equal to zero. Thus
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27 27 27

2/ Py P5P5df = / (Py + By)PsPsdf = / Py Ps P df),
0 0 0
which implies that the relation (II) is equivalent to (ii). By this we get

2 2w 27
4/ P}PsPsdf = / (Py + Bo)2Ps Psdf) = / P2P;Psdo,
0 0 0

so, the relations (III) and (iii) are equivalent.

Similarly, we can prove that the other relations are equivalent. [

Lemma 2.2. Suppose that A% + B3 # 0 and fo% Ps(cosf,sinf)dd = 0,

5
P5P5 = Z &Qk cos 2k0 + BQk; sin 2k6 + §1P5,
k=1
Agpbog — Bopior =0, (k=1,2,...,5). (6)
Then
5 4
Z G, €08 2k0 + boy, sin 2k0 = Py Z Py, Py =u/(0)Ps(u(h)),

k=1 k=0
where u(0) is a 2m-periodic function, Ps is a continuous function, u, (k=0,1,...,4) and ¢; are

real constants,

1 1
A = pog, B2 = 5P Ay =—A9B9,By = 5(/@ - B3),
1 1

132(35 —3A3), As = —A4By, Bs = 5(14421 - Bj),

1
Ag = 1AQ(:ng — A2), Bg =
1 1
Ay = —EAQ(mAng — A3 —5B3), Bio = 17532(514;1 —10A3B3 + B3).
Proof. As fo% Py(cos6,sinf)df = 0, P, = Ay cos 26 + By sin 26,

1. R
Py = 5(PQ + Bs), P, = Ay sin 20 — Bs cos 20,

then
PyPy = Ay cos40 + Bysin 40, (7)
A 1
PP, = 1PP2 + Ag cos 60 + Bgsin 60, p = A3+ B3, (8)
~ 1
Pip, = §p(A4 cos46 + Bysin46) + Ag cos 80 + Bg sin 86, (9)
. 1 3
PyP, = §p2 (As cos 20 4+ By sin 20) + ip(AG cos 660 + Bg sin 60) + A1 cos 100 + By sin 100. (10)

By (6) we get Asby — Bodg = 0.
If A3 # 0, then 132 = %‘dg and ao cos 260 + lA)g sin 20 = %Pg;
If By # 0, then a2 = 42b, and ay cos 20 + by sin20 = 2 P,.
By the Lemma 3.6 of [29], we know that if A3 + B3 # 0, then A%, + B2, #0, (k=1,2,...).
Using Ayby — Byay = 0 and (7) we get
If A4 # 0, then by = %d4 and G4 cos 40 + by sin 460 = %ngg = %Pg@ﬁg — Bs);
If By # 0, then g = 4tby and 4 cos 46 + bysindg = L PPy = L Py(2P; — By).
Similar to above and using (6) and (8)-(10) we can get

5 4
Z Qo cos 2k0 + Z;Qk sin 2k0 = Py Z ,ukPQk,
k=1 k=0
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thus, P2 = Zi:o %HM;JBQ’“H + ¢ Ps.
On the other hand, by fo% Py (cos 8, sin0)dd = 0.
If pag # 0, Py = 24/ (0)u(0), u(f) = cos 0 + esinf, ¢ = PIVPITPh,
If paop = 0, then P2 priu(0)u’(0), u(f) = siné.
Therefore, Py = p(u?(0) — u?(0)) and Ps = PL = u'(0)P(u(9)), u(f + 21) = u(f), u is a
constant. [

83 Main Theorem

Consider 2m-periodic equation

% = r(Py(cosf,sin0)r? + Ps(cos 6, sin 6)r°), (11)

where P, = ZHj:k pij cos’ O sin’ 0, pij are real numbers.

In the following, we always assume that P, and Ps are not equal to zero. In the case of
P, =0, by (11) we see that all its solutions are 2m-periodic, i.e., r = 0 is a center. In the case
of Ps =0, it is easy to get that 7 = 0 is a center if and only if fozﬂ P5(6)do = 0.

Theorem 3.1. r =0 is a center of (11), if and only if the conditions (I)—(VI) of Lemma 2.1

are satisfied. Furthermore, this center is a CC-center and uniform isochronous center.

Proof. Necessity:

Taking p = m and applying the Langrange-Biirman formula [1], the equation (11)
+2Pr<)2
becomes
dp = P;p° g akp (12)
do

k=0
where o = (2k+1)”P2kP (k=1,2,3,....), ag = P5.
Obviously, if fo Pydf = 0, then r = 0 is a center of (11) if and only if p = 0 is a center of
(12). Let p(f,c) be the solution of (12) such that p(0,¢) = ¢ (0 < ¢ < 1). We write

p(0,c) =c Z rn(0)c",
n=0

where 79(0) = 1 and 7,(0) = 0 for n > 1. The solution p = 0 of (12) is a center if and only if
p(0+ 2w, c) = p(0,c), e, ro2m) =1, r,(2m) =0(n=1,2,3,...) [7].

Substituting p(0, ¢) into (12) and equating the corresponding coefficients of ¢ (i = 0,1, 2, 3, 4)
we obtain 79(6) = 1, r;(0) = 0(i = 1,2, 3,4). Thus, rewriting

p=c(l+c’h), h="> hi(0)c, h;(0) =0, (i =0,1,2...).
i=0
Substituting it into (12) we get
1+6

S w6 _Zaz MY Cla (13)
i=0
Equating the corresponding coefficients of ¢ (z =0, 1, 2, .., 15) of (13) yields

ho = ag, h1 =0, hy = @1, h3 =0, hy = &, hs = 33, he = as,
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h7y = 6agay + 2agay, hg = ay, hg = 6agas + dagas + 4@%,
hip = a5 + 115&8, hi1 = 6agpas + 6agas + 8aias + 2aas,

hiy = ag + 33a3a; + 12apa0a; + Ta3ay,
his = 6apay + 8oy as + 4oy as + Sapay + Saz,
his = a7 + 33a3as + 24apapaz + 18a3as + 10apar ay + 16a;apa; + 3943 ao,
his = 60005 + 100005 + 440 + 8@ dv + 6a10 + 10a2a3 + 20203,

As, the solution p = 0 of (12) is a center if and only if p(6 + 2m,¢) = p(0,¢), ie.,
h;(2r) = 0(i = 0,1,2,3,...). In view of the definite integral from 0 to 27 of an odd degree
polynomial in cosf sinf is equal to zero, from the expressions of h; (i = 0,1,2,...,15) above,
we can deduce that if h;(27) =0(i =0,1,2,...,15) then

27
/ agpadfd = 0;
0

2m
/ C_Y()Oézdo = 0;
0
2T 2m
3/ O_é()Olgde +/ 6&10&2d9 = O,
0 0
2m 2m
/ 5[10[3619 + 2/ 6&00&4d0 = O,
0 0

2m 2m 2
5/ 0_40045d0 + 3/ O_let4d9 +/ 5[20[3d9 =0.
0 0 0

Simplifying these relations we get that if the solution » = 0 of (11) is a center then the
conditions (I)—(VI) are satisfied. Therefore, the conditions (I)-(VI) are necessary for r = 0 to
be the center of equation (11).

Sufficiency:
In the following we denote:
Xy = Agpbog — Bopdiog (k= 1,2,..,5), X = AyIy + Boly, I = asas + bsbs, I = asbs — asbs.
By Theorem 1.2 and Lemma 2.2, if X = 0(k = 1,2,3,4,5), then r = 0 is a center of (11).
In the following, we will check that X, = 0(k = 1,2,3,4,5) under conditions (I)-(VI).
As 0277 Podf = 0, pag + po2 = 0 and P, = Ay cos 20 + By sin 20 and

Py = Ay sin 20 — Bj cos 26, (14)

P2 = A, sin40 — B, cos 46 + %p, (15)

Py = prz + Ag sin 60 — Bg cos 60, (16)

P} = p(Aysind — By cos 46) 4+ Agsin 80 — Bg cos 86 + gpQ, (17)

]325 = gpQ(Ag sin 20 — By cos 20) + ZP(AG sin 60 — Bg cos66) + A1 sin 100 — Byg cos 106, (18)

where Asy, Bar(k =1,2,...,5) and p are the same as they in Lemma 2.2.

Expanding Ps to the Fourier series
2

P = Z(a2k+1 cos(2k + 1)0 + baj41 sin(2k + 1)0),
k=0
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where agj41 = L [27 P5cos(2k + 1)8d6, bayr1 = L [77 Pssin(2k + 1)0df, then

2
_ 1
s = E (aspy18in(2k + 1)0 — bagy1 cos(2k + 1)0) + <1,

PiPs =Y (dk cos 2k0 + by sin 2k0) + ¢ Ps, (19)
k=0
where ¢ is a constant,

as = —a1b; + = (a163 — a3b1) + 15[2, bg (al — b2) — %(Cha,g + b1b3) I1,
&4 = 7%(&11)3 + agbl) 5((11[)5 — 0,51)1) b4 = (a1a3 — blbg) — %(alag, + b1b5)
&6 = —%agbg — %(albg, + (L5b1) b@ ((LB — b2) g(blbg, - (11@5)

as = — 1= (asbs + asbs), bs = 15 (asas — bsbs), a10 = —Lasbs, bio = 15 (a2 — b2).

By Lemma 2.1, the conditions (I)-(VI) are equivalent to conditions (i)—(vi). Using (14) and
(19) and condition (ii) we get

Agby — Baiy = 0. (20)
Applying (15) and (19) and condition (iii) we obtain
Ayby — Byiy = 0. (21)
Using (14) we have
3
PyPs = (dak11cos(2k + 1)0 + eax 11 sin(2k + 1)6),
k=0
3
P2P5 = 1 (d2k+1 s1n(2k + 1)9 — €2k +1 COS(2]€ + 1)9) + G2,
£ 2k + 1
where ¢ is a constant and
dy = %(A2(b1 +b3) — Ba(ay +as)),e1 = %(A2(a1 —ag) — Ba(bs — b)),
dg = %(Ag(fbl + b5) — Bg(al + a5)) = %( (CLl — (15) Bg(bl + b5),
d5 = %(—Azbg — BQG,g)7 (A2a3 — ng ) (—A2b5 — 32(]15)’ e7 = %(a5A2 — b5Bg).
So,
7 ~ A
PyPsPyPs =Y (doy, 08 2k0) + égp 5in 2k0) + 2 Py Ps, (22)
k=2
where

d2 = p( (111)1 (Cleg a3b1) 210]2) + A4( (b2 - al + CL3 — bz) é(alag + b1b3 + b1b5 —
aias) + 30-71) + B4( (asbs —aibr) + (albs —azby — ar1bs — azby) + 3 Iz)

€y = P(112 (b3 — a}) + 5 (aras + bybs) — 21011) + Ay (3(arby + asbs) — ¢ (asby + arbs + arbs —
a3b1) I )+B4( (b2+b3—a%—a3) (b1b5 —a1a5 — a1a3 —b1b3)+ 3011),

(j4 = 7p(1i5(a1b3 -+ agbl) -+ %(a1b5 — a5b1)) + A4(a3a5 — b3b5 — (11 — b2 ((13 + b2) %(a%
+b%)) + % Ba(asbs + asbs),

€4 = p( (a1a5 + b1b5) i5 (a1a3 blbg)) + %A4(a5b3 + agbs) + %B4(b3b5 —asas — a% - b% +
%( 3+03) + (a5+b§)),
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dA6 = %p(%(at’)bl + a1b5) - %a3b3) + A4(T12(b% - a% + a% - b%) - 1%(&1@3 + b1b3) + 1371]1) +
Bu(#(a1by + asbs) + 3 (a1bs — ashy) — 1),

g = 59(211 (blb5 — a1a5) =+ 130 (a% b%)) =+ %A4(é(a5b5 — albl) + %12 + %(a:;bl — albg) +
+%B4(%(62 —a1+b2—a5) 6_[1) — g(a1a3+b1b3)).

Using (14) and (22), (16) and (19) and condition (iv) we get

7(146[;6 — Bﬁde) + S(Agég — BQCZQ) =0. (23)
By (17) and (19), (15) and (22) and condition (v) we obtain
3(148[;8 — Bgdg) + 2(A4é4 — B4dA4) =0. (24)

Applying (15) we have

P2P; = (A, sin40 — By cos46 + 1ip) Zi:o(a2k+l cos(2k + 1)0 + bog1 sin(2k + 1)0)
= Zi:o Sok+1 c08(2k + 1)0 + tog+1 sin(2k + 1)6,

pP2p; = Zi:o T{H(S%H cos(2k + 1)0 + togy1 sin(2k + 1)0) + 3,

where ¢3 is a constant and

51 = 2(A4(b3 + bs) — Ba(az + as) + pai), t1 = 2(As(as — as) — Ba(bs — bs) + pb1),
s3 = 3(A4by — Byay + pas), t3 = 5(Asar + Baby + pbs),
S5 = %(—A4b1 —a1Bs + pa5), ts = %(AALGI — Byb + pb5>7
st = 3(—Aabs — Byas), tr = 3(Asaz — Babs), s = 5(—Asbs — Byas), ts = 5(Asas — Bybs).
Thus
9
]522P5]522P5 = Z(§2k cos 2k6 + top, sin 2k0) + §3PQ2P57 (25)
k=1
where
8o = —sit1 + 3 (s1t3 — s3t1) + 15 (53t5 — s5t3) + 35 (ss5t7 — s7ts) + g3 (s7to — t7s9),

tg = (81 - tQ) — %(5183 + t1t3) i5 (5385 + t3t5) — 3*1,‘,)(3537 + t5t7) — é(8789 + t7t9).
After calculating and simplifying we get

= Ag(—%(ag + b% — b% — CL%) + %(a1a5 — blb5)) + Bg( (0,5b5 — a3b3) (a1b5 + G;5b1)) +
pA4(—3lo(b1b3 + a1a3 + b1b5 - a1a5) 1 (b2 a3 + al — b2) + 210[1) + pB4( 3*70(0;1b3 — a3b1
7a5b1 - alb5) (albl - a3b3) + 21012) + 1Y ( 2151230-[2 - 120a1b1 + 840 (a'lb3 a3bl))7

tg = As( (a3b3 + a5b5) (0,11)5 + a5b1)) + Bs( (b2 — a3 + b2 - a5)
PA4(3O (a1bz — azby + a1bs + azby) — 1(a3b3 +aiby) — 210]2) + pBa(
ble) - le(b% - a% + b% - a‘) 21011) +p (215123011 + 240 (a1 )

G(blb5 — 0,1(15)) +
(b b1 —ajas —a1as —
(a3a1 =+ b3b1))

%‘%%\\1 \

Using (18) and (19), (16) and (22) , (14) and (25) and condition (vi) and (23) we obtain
—6,0(14686 — Bﬁ&ﬁ) + 33(1410?)10 — BlOdlo) + 27(A6é6 — 86626) + 1O(A21?2 — Bgég) =0. (26)
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According to Lemma 3.6 of [29] we see that if A3 + B3 # 0, then A2, + B3, # 0. By (21)
we obtain A
a4 by 2
G _ % _ g 27
Ay By 157 27)

where k; is a constant.
Case L. If § = 25(a3 + b3) — 9(a2 + b2) £ 0.
From (27) follows that

a; = )\1(7144(5()3 + 3b5) + B4(3a5 + 5a3)), by = )\1(7144(5@3 — 3a5) + B4(3b5 — 51)3)), (28)

where\; = il Using (28) rewriting do and 52 as follow
iy = (% - %PA%)IQ — 45003 (Bgano — Agbio) — 15033 (Agbs — Bgiig) + 10A (Asbs — Bade)—
@%ﬁﬁ+MXMh+&AH4WMﬂ&ﬂw—Aﬁm, (29)
by = _(%5 — %p2)\%)11 — 4503 (Bgbyo + Asiig) — 15002 (Bgbe + Agiig) — 10\ (Asde + Babs)+
(%‘r’xjﬁ + A (Aals — Baly) — 270073 (Araiing + Biabio). (30)
Substituting (29) and (30) into (20), we obtain
5A1(4 — 15X1p) X3 + 9003 (1 — 3\1p) X5 + (%5)\%;)2 — %)\?p?’ - %p)\l - 1—15)X =0. (31)

Substituting (28) into the previous expressions of dy and é; we get

622 = 7%[)&2 + %p[g + %(B4CAL2 — A4i)2) + %(A4i76 — B4&6) + %p)q(A411 + B4IQ) —
B pA1(Asbg — Badg) + 4pPA31z + 192pA3 (Bsarog — Asbio) — 3A1p? Iz — 641 (Bsdig — Asbio),
€y = *%,082 — 22ph — $(Agas + Bybs) — 3(Agag + Bibe) + FEpA(Baly — Ayly) +
13f6p)\1(A4(Al6 + B4b6) — 4p3>\%11 + 192p)\%(38b10 + Agdlo) + %)\1ﬂ2.[1 - 64)\1(A8d10 + nglo).
Applying these relations we get
. 5 32 8 2

Agéy — Bady = (3 — §P>\1)X3 + 128X (1 = 3pA1) X5 + 4/0(—% + 5>\1P —APHX. (32)

Substituting (32) into (23) we get
8 2
4(1 — 2pA1) X3 + 9611 (1 — 3pA1) X5 + 3,0(—% + M- MpH)X =0. (33)

Applying (28) and rewriting dys and é,4 as follows
dy = (Asbs — Bads)(3 — Zph1) + phiAs(3 (a3 +b3) + 3(a2 +b2)) + As(—3(a +b2) + L(ad +
b3) + 51 (a3 + 03)),
é1 = (Asgas + Babg) (=2 + ZpX1) + phi Ba(L(ad +03) + 2(a2 +b2)) + Ba(—3 (a3 +b3) + L(ad +
b3) + o1 (a3 + b3)).

By this we get

. 5 48 5
A464 — B4d4 = (7p)\1 — §)X4
Substituting it into (24) we get

Substituting (28) into the previous expressions of dg and ég we get
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ds = a6(5p — Sp*\1) + (Asbro — Baano) (2 + 22 pA; — 48p2\3) — 1(Auby + Budn) + +(Asly —
B412)(315 105,0)\1 =+ 8,02)\2) + i;2)\1(148[1 =+ B812)7

é(; = B(,(fop — %p2)\ ) (A4a10 + B4b10)(—* - @p)\ + 48p2>\2) %(A;;dz — B4i)2) + +(A4IQ +
Byl (£ — 2501 +8p°A?) + 32X (—Asls + Bslh).
By this we get
- 9
Agésg— Bgdg =
6€6—Dgds (10
Using (28) we get

8 , 5 1184 5es 44 by 8
— 252 S oA —96p202) X M—p2A2— )X, (35
P3P 1) 3+(3+ 35 P=A1) 5+p(105p poAT 315) (35)

= (Agbig — Bsano)(2 + 1220227 — 32p\) + (Agbs — Bsag)(—2 + £pA1) + éP(AzJ?Q -
Buaz) + (Asbg — Badig)(—3p + 32p* A1) + (Aaly + 3412)(315/) - %02)\1 + 4p373) + (A12b1o —
Blgdlo)(—32)\1 + 192/))\%) + 12290p2d2 + pQIg(—% + 5,0)\1 - 7[) )\2),

fa = —(Agéro + Bsbio) (3 + 1220°A? — 32pA1) + (Asts + Bsbe) (=3 + 32pA1) + $p(Asaz +
Bybs) — (Asag + Bibg)(—3p + 21/)?)\1) - (A412 - 3411)(315/) — 202X +4p3A?) + (Bi2bio +
Aj2a10)(—32X1 + 192pA3) + %0252 — p?I(— 525 + 5p)\1 — 70 ZAD),

where A5 = lA4(3B2 — A?%), By, = lB4(B2 — 3A32). Applying these relations we obtain
176 o ALy 18 oy

Aztz —Body = 1575° 7 357 7

8 7 1728
(7 2>\1*£P)X3+(5 960)\1+T,02/\2) X5+ (o5

(36)
Substituting (35) and (36) into (26) we get
4,0(% — 7p/\1)X3 +32(4 — %ph - 2—77p2)\2)X +2p (E — 5P 902X X =0. (37)
By (20) and (21) we see that X; = X5 = 0. According to Lemma 2.2, to prove that
conditions (I)-(VI) are sufficient for the origin to be a center of (11), only need to check that
X, =0, (k=3,4,5).
Case i. If 7— 12pA; = 0. As the determinant of the coefficients matrix of the equations
(31) and (33) and (37) is

A(Ap) = 64(—

1,136 14

17581 3950 8
7}\2 2 + 7>\1P

215 7 T a7 175 )
and A( %) # 0, which implies that these linear equations only have zero solution: X3 = X5 =

X =0.
If a2 + b2 # 0, by X = 0 we get
az = Aa(asBa — bsAs), bz = Aa(as Az + Babs),

where Ay = % or Ay = %. By this we get
16
X4 = 7*)\2X5 =0.

If a2 4+ b2 = 0, then dg = bg = 0 and X4 = 0.

Therefore, in the case of 7 — 12pA; = 0, we get Aopbor, — Bogaog = 0,(k =1,2,...,5). By
Lemma 2.2 and Theorem 1.2, = 0 is a center and CC-center of (11).

Case ii. If 7— 12p\; # 0, then from (34) follows that

X4 = Agbs — Byag = 0. (38)
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Case (1). If A(A1p) # 0, then there exists only zero solution for the homogeneous linear
equations (31) and (33) and (37), i.e., X3 = X5 = X =0.

Case (2). If A(A1p) =0, i.e.,

17581 3950 68 8
— Adp? MpP+ ——Mp——=0 39
Y Vi L v A A (39)
then p; ~ 0.3180, 0.1837, —0.1272.
Case (1). If a? + b # 0. Using (38) we get
az = A3(Asbs — Bsas), by = A3(b5Bs + Asas), (40)
where \3 = % or \3 = %. By this and (21) we get
2
X2 = (g + 12p2)\3)(A4(a1a5 —+ b1b5) + B4(a1b5 — a5b1)) 0 (41)
and (24) can be written as
. A 1 1
A4€4 — B4d4 (7/) — mp3)\3)(A4(a1a5 + b1b5) + B4(a1b5 — a5b1)) (42)
From (41) and (42) follow that
As(aras + bibs) + Ba(a1bs — asby) =0
which implies that
a; = )\4(&534 — b5A4) b1 = )\4((15144 —+ b5B4), (43)
where Ay = % or \y = % Applying (43), the relations (20) and (23) and (26)
can be rewritten as follows 1 1
200\ X5 — (B + pr4)X =0, (44)
1 8
4X: 224 X M——p)X = 45
\ 3+35i45+(15:0 1~ 108 )136 0, (45)
—pXs + (128 — —pAs) X p*)X = 0. 46
£pXs + (128 — == pha) 5+( )\4,0 +3EP) (46)
The determinant of the coefficients matrix of the equations (44) -(46) is
8
W (Aap) = ———(15p> A3 + 2603 p? 4 9784p + 420). (47)

1575
1*. If W # 0, then there exists only zero solution for the above homogeneous linear equations,
SO, X3:X5:X:0
2. W =0, ie.,
1503 A3 4 26073 p? + 978 \yp + 420 = 0, (48)
then pAy &~ —12.161444094087901, —4.679924423645147, —0.491964815600285.

Using (40) and calculating we get

5
X5 = (48 PPAE +12)0) X5, X = 2003 X5.
Substituting them into (44) we obtain
(30A] — A3(2 + 5A\4p)) X5 = 0. (49)

Now, we show that 3007 — A3(2+ 5)\4p) # 0. Otherwise, if it is equal to zero, by (48) we see

that pAy # —0.4, so
302
Ag = ——4 50
T 24 5p (50)
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On the other hand, by substituting (40) into (28) we get
) )

a; = (3)\1 + §p2)\1)\3)(a5B4 —b5Ay), by = (3)\1 + §p2)\1)\3)(a5A4 + b5 By),

as a2 + b2 # 0, A? + B} # 0, by the above relations and (43) we get
)
)\4 = 3)\1 + §p2>\1A3. (51)

Substituting (50) into (51) we obtain
_ 8pAs + 200 \?
 T5p2A2 4 60pAy + 24’
putting it into (39) and using (48) we get

28575808611488 oA )2 n 48881032663424 651385833609232357

A (o 2000 VI2DDIRA7

( PA4 = Oa (52)
19845 6615 198180864
solving (52), we get pAy ~ —4.639757046976126, —0.491964682547174, this means that the

equations (48) and (52) can’t hold at the same time. Therefore, 30A7 — A\3(2 + 5\4p) # 0, by
(49) we get X5 = 0 and X3 = 0. By Lemma 2.2 and Theorem 1.2, » = 0 is a CC-center of (11).

Case (2). If a2 + b2 = 0, then X5 = X = 0. Substituting them into (33) we get (1 —
2pA1) X5 = 0. In view of A(pA1) =0, so pA\ # % and X3 = 0.

In summary, in the case of 7—12pA; # 0, we have verified that Xor, =0, (k=1,2,..,5). By
Lemma 2.2 and Theorem 1.2, r = 0 is a center and CC-center of (11).

Case IL If § = 25(a2 + b2) — 9(a2 + b?) = 0. By Ayby — By = 0, we get

3bs —5bs  3as +bas Ay
Baz —3as b3 +3bs By’
which implies that the relation (38) is valid, i.e. X4 = 0.

If a2 + b% # 0, similar to the previous Case (1) we can get (40)-(47). If W (pA4) # 0, then
Xop =0(k=1,2,...,5). If W(pAy) =0, it implies that (48) and (49) are valid. Now, we show
that 30A\% — A\3(2 + 5A4p) # 0. Otherwise, suppose that

3007 — A3(2 + 5A4p) = 0. (53)

Applying (40) and 25(a3+b3)—9(a2+b2) = 0, we obtain 25\%p* = 576. Substituting \3p* = +2*

pA1

into (53) we get
25(pAg)? = +4(2 4 5p\g). (54)

It’s not difficult to verify that the equations (48) and (54) can’t be held at the same time.
Therefore, 30\2 — A\3(2 + 5\4p) # 0. By (49) we get X5 = 0 and X3 = 0. By Lemma 2.2 and
Theorem 1.2, = 0 is a CC-center of (11).

If a2 + b2 = 0, from § = 0 implies that a3 + b3 = 0, so, dgr = boy = 0(k = 3,4,5) and
X3 = X4 = X5 =0. By Lemma 2.2 and Theorem 1.2, r = 0 is a CC-center of (11).

Therefore, the conditions (I)—(VI) are sufficient for the = 0 to be a center of (11). O

Remark. The relations (I)-(VI) are derived from the six values focus of the system (5), are
equal to zero.

Example 3.1. For differential system (5) with

Py =222 + 32y — 292, Ps = (2 — y)((mo + my1 + ma)zt + 4(mq + 2ma) 23y + (2mg + 5my +
24ma)x2y? + 4(my + 8ma)zy® + (Mo + 4my + 16ma)y?),
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its origin point is a center and CC-center and uniform isochronous center, where mg, my, mo

are arbitrary real numbers.
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