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On the global L'-boundedness of Fourier integral
operators with rough amplitude and

phase functions

Joachim Sindayigayal WU Xiao-mei? HUANG Qiang!*

Abstract. Let Ty , be a Fourier integral operator with amplitude a and phase functions ¢. In

this paper, we study the boundedness of Fourier integral operator of rough amplitude a € L*S}"

and rough phase functions ¢ € L>°®? with some measure condition. We prove the global L'
n+

boundedness for Ty, when % <p<landm<p— ?1 Our theorem improves some known

results.

81 Introduction and main result

The Fourier integral operator (FIO) is defined by
1 e .
Touf(@) = 5= [ **9a(e,)f (e,

Here a(x,&) is the amplitude and ¢(x,&) is the phase function, and f denotes the Fourier
transform of f. When ¢(z,&) = z.£, the FIO is said to be a pseudo-differential operator. This
operator is very important in harmonic analysis and is related with many problems arising in
partial differential equations(see [6][7]). We say that the amplitude a(z,§) is in the Hormander
class S7%5 if a € C*°(R" x R") with

sup (1 + |¢])~mHrlal=dlA] ’3?85@(3:,5” < +o0.

§ER™
for m € R,0 < p,é6 <1 and all multi-indices «, 5. For the phase function ¢(z,£), one usually
assumes that it is real-valued, in C*°(R"™ x R"/{0}) with homogeneous of degree 1 in the
frequency variable &, and satisfies nondegeneracy condition, that is
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for all & # 0. The theory of Fourier integral operators (FIOs) on R™ has been initiated,
developed and studied extensively by Hormander in [10]. After then, there were many studies
on the LP boundedness of FIOs. For p = 2, Eskin [8] firstly proved the local L? boundedness
when a € 57, then Hérmander [10] show the same conclusion with a € S ;_, $<p<1, and
the case p = % was proved by Beals [2]. For the global L? boundedness of FIOs, one can see
[1][3][15][17] and their references. For the LP boundedness, Seeger, Sogge and Stein[20] showed
the local L? boundedness for a € ST, with m < (1 — n)\% — 11. In [20], they also proved that
the Fourier integral operator was locally bounded from H' to L' when m = —"771. The results
of global L? boundedness can be found in [4][5][16][18] and so on.

Later, Kenig and Staubach [13] studied the L? boundedness of pseudodifferential operators
with rough amplitude and rough phase functions which behave in the variable z like L> func-
tions and variable ¢ like that in the Hormander class S};. Precisely, the definitions of rough
amplitude and rough phase functions are as follows.

Definition 1.1: Let m € R,0 < p < 1, a function a(z,§) belongs to the class LS, if it
satisfies

;Eu}%)n(l + |f|)’m+p\a||\8§‘a(.7§)”LOO(Rn) < %
for all multi-indices a.

Definition 1.2: A rough class L>®®? is the set of all function ¢ which is homogeneous
of degree 1 and smooth on R™ \ {0} in frequency variable ¢ and for all multi-indices || > 2

satisfies

sup [¢] 7N VER(, €)oo gy < oo (1)
£eR™\{0}
In [13], Kenig and Staubach established the L',L>° boundedness of pseudo-differential op-

erators with a € L>S]". Motivate by this work, Dos Santos Ferreira and Staubach [9] studied
the global and local LP-boundedness of FIOs when the a € L*S]" and ¢ € L>®®? satisfying
the rough non-degeneration condition. More results about the LP boundedness of FIOs with
rough amplitude and rough phase functions can be found in [11][12][14][21] and so on.

Recently, Dos Santos Ferreira and W. Staubach [9] studied the L” boundedness of FIOs
with rough amplitude and rough phase functions. When p = 1, they obtained the following
result by using a semiclassical version of Seeger-Sogge-Stein decomposition.

Theorem A: ([9]) Suppose that amplitude a € L>S)" and phase function ¢ € L™ @2
satisfying the rough non-degeneracy condition. Then the Fourier integral operator Ty, is
bounded in L'(R™) provided m < =% +n(p—1) and 0 < p < 1.

In this paper, we also study the L' boundedness of FIOs with rough amplitude and rough
phase functions. By replacing the rough non-degeneracy condition with other conditions, we
improve the result of Theorem A. Specifically, we assume that there exists a constant A > 0
such that for any z,& € R™ and F C R™ such that

[{o: Veo(a, ) € B}| < AlE]. (2)
The following theorem is our main result in this paper.
Theorem 1.1: Suppose that a € L>S7" and ¢ € L>®? satisfies (2).When 1<p<land
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m<p— "7“, the operator Ty , is bounded from L! to itself.

Remark 1.1: When % < p<1landn >1,itis easy to see that —"T_l +n(p—1) < p—
"T'H. So, theorem 1.1 improves the conclusion of Theorem A.

Remark 1.2: When n = 1, it is easy to remark that our theorem is similar to Theorem A.

This paper is organized as follows: In Section 2, we will introduce some preliminary knowl-
edge which includes some useful lemmas. The proof of Theorem 1.1 will be presented in Section
3.

Throughout this paper, we use the inequality A < B to mean that there is a positive number
C independent of all main variables such that A < CB, and use the notation A ~ B to mean
A =< B and B < A. We denote by B, the ball in R™ with center 0 and radius r.

82 Preliminaries and Lemmas

In this section, we will state some useful tools and prove some lemmas that will be used in
the proof of our results.
Definition 2.1: (Littlewood-Paley decomposition)[19]
Let ¢ € C*(R") be supported in {¢ : 1 < [¢] <2}, 0 < (¢) < 1and ¢(&) >c>0if
3 <€) < 2. Let 4;(€) = 1(277¢) and require that ¢ satisfies
j=too

Z Pi(§)=1 forall &€ R"\ {0}

j=—00
Let n(¢) =1 — 3272, ¥;(§) and it is easy to check that
U5 € C2(Byros \ Byra ), [V¥45(6)] < Cy2-9%, k € N,
Definition 2.2: (Seeger-Sogge-Stein decomposition)[20]

For j € N, there exist no more than 225 points £ € S"~1 and functions pi €
C>°(S"~1) such that

_i
1§ — &1 2272, 1 # vy

inf[¢) — ¢ <27%, Ve e 5nY;
D @l =1, supp(ey) C {0 e S0 — &Y <2'7F

IVFeY| < CL2°% k> 0.
Lemma 2.1: Suppose that u is supported in By and satisfies that
|VFEu(z)| < Alz|'*™* k=0,1,... (3)
Then for any 0 < p < 1, we have

| [ e u(e)de] < C(L+ |y~ 7"
B1
where C' depends only on n, u, A.
Proof. When |y| < 1, it is easy to check the desired estimation, so we only need to consider

lyl = 1. Let x(z) be a C§°(R") which satisfies suppx(z) C By and x(z) = 1 for z € B;.
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Choosing 0 < € < 1 and integrations by parts yield that

/ e Wy (x)dr / e~ WY u(x)dx
B, B,

ot (| [ e oo+ )
ly|~"(I + IT)

By the condition (3), the term I is bounded by &* for any 0 < p < 1. For the term II, by the

=yl

IA

[, e - x(Dyir

integration by parts, we obtain

_ — 71 x —iy-x £ T
I =yl e ; v 3X( )07 u(x)dz| + | L U =X ()07 u(w)da)

ly| = e+ 1)

Choosing € = |y|~!, we have

A

| /B e~eu(z)dz] < C(1+ [y) " (4)

forall 0 < pu < 1.

83 Proof of main result

We first show the L' boundedness of FIOs in low frequency.
Lemma 3.1: If a € LS and ¢ € L>®? satisfies (2). Then for any € C°(B), the
following operator
Tooaf(@) = [ *=Oa(a n(e)f(€)de
is bounded from L' to itself.
Proof. We first localize the amplitude in 5 by introducing a finite open convex covering

{U 31, with A maximum of diameters d < -, of the unit sphere S"~!. Let x; be a smooth

10’
partition of unity subordinate to the covering U; and set

ar(z,€) = alz, )i (=

o) (5)

Some simple computations imply that

To ¢,af('r)
= [ 9w onef e

/ . / O Oa(a, £)n(€) f (y)dyds
(o, €)m(E) )y
;/n /n t n y)dy

M
> Tif(x)
=1

where T} f(2) = [on [gn €@V (2, E)n(€) f(y)dydE.
Thus, we only need to show the L' boundedness for every T;f(z). For 1 < [ < M, by
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choosing some & € suppk; and setting w;(x,&) = ¢(x,&) — Veo(z,§) - £, we have
Tif@) = [ [ e e o, ¢yne) o)y

— [ k@i

where kl(l‘,y) — fRn ei(vﬁ‘b(“v&l)_y)'feiw(xvf)al(x,f)n(f)dé
As ¢(x,€) is homogeneous of degree 1 in £ variable and satisfy (1), by the mean value
theorem, we have

Vewi(z,8)] = [Veo(z, 5)—V§¢(l‘,§z)|
= |Veo(z, |£|) Vep(z,8)]
S ||v ¢( CZ)HL‘”(R")Hg' l|
=< 2|

where é—l eUyand ¢ =64+ (1 — 9)% for some 6 € (0,1). For the diameter of Uj is less then

1

-, we have |(;| > 1 which implies

[Vew(z,£)| < C.
On the other hand, when k£ > 2, one have
\VEwi(z,6) = |[VEp(x, €)| < Al¢|'F.
So, for any & € By, k € N, there holds
Vewi(z, €)] < Cle' "

Now for k£ > 0, some direct computations yield that

Vel @S ay(z, E)n(€)]]

n+1l—ko

OZ S 9 (e, n(E)]] 3 [T 1vEwi(z,€)

ko=0 t=1 ki+-tke=k—ko,ks>0 s=1
k  k—ko t

OIDY > e

ko=0 t=1 ky+ -+ki=k—ko,ks>0s=1
k  k—ko

< C Z Z |£|t+ko—k

ko=0 t=1
< Cll*h
For any 0 < p < 1, by Lemma 2.1, we obtain that
()| = | / e (Veolesmu) Setun@ 8 gy (2, €)n(€)de| < C(1+[Ved(x, &) —y)) " . (6)
On the other hanR(;, the assumption (2) yields that for y € R™,
{z : [Veo(z, &) —yl <r}l < Cr™. (7)

IN

IN
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Now, for y € R", (6) and (7) imply that

[ Itz lde
R"L

< Cf (1+|Ved(z,&) —y)) " Hdo
R’ll
< O (L+|Ved(@, &) —y|) " Hda
[Veo(,&)—yl<1
+ / (1427717 Fda)
j; 2971 <| Ve o(,61) —y| <2
< (I{x'IVfczﬁ( &) —yl <1}
+Z2 T o |Ved(a, &) —y| < 27}])
Jj=1
< CA+) 27" <oo
j=1

So T; is bounded on L' for every 1 <1 < M which means T0,¢,q is also bounded on L' and we
prove this lemma. 0

Next, we will prove the L' boundedness in high frequency. By the standard Littlewood-
Paley decomposition and Seeger-Sogge-Stein decomposition. The operator T , can be divided

as

Touf@) = [ @ Oa(e.0)f(€)de
/n @8 gz, £)( 0+ZZ¢M f )de

j=1lv=1

To,p,af(z +ZZT“

j=1lv=1

The L' boundedness of Tj 4 , has been proved in lemma 3.1, we only need to focus on the high
frequency. Set wf(z,§) = ¢(z,§) — Ved(z,£) - §. Then some simple computations yield

Tt = [ e Oatw e e

= [ e e e, )y (e )y

= K (z,y) f(y)dy

]Rn
where k7 ( = [ane W(Ved(@.65) )€ giw; (2.0 g (g §)¢j90}}(|£?|)dfo

Without loss of generality, we estimate k¥ (xz,y) for £ = (1,0,---,0). Set &' = (0,82, ...,
&n) which is perpendicular to £7. In this case, we define the operator L;f =1 — 22j"8§1f
-2 Vg, f. Then it is self-adjoint and

L (T 0E) = (14 29010, 0(,€)) — n[? + 2 [V, &) — o/ D) T8 0%
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Now we use the same arguments in [19] p407. In the domain Q = {£: 277! < [¢| < 27+! |‘§|
€] <273 : 1, there holds
de, = 0r + O(27%) - Ve. (8)

As gag(é—‘) is homogeneous of order 0, for £ € Q,k € N and a multi-index a we have

gka (63 v
0, 0265 (&) = |9, + 0(27%) - Veyag el ()l = Y. 27 |9l Vo) (€)]

k1+ko=k
Since 87{\[@;-’ (&) =0 for all N > 1, we have
0§
< cﬁmrk-‘a'w“'a‘ HAI
< (2 Fo-ilktlalgHtel
< O2iktish), (9)

Since a € L>S}", some simple computations and (9) imply that

08 o2 [a(x,swj(s)sa;('%)H

SIS L e ) [ e )
ki1+ko=k a1taz=a
< 0 Y3 meskidmg it
ki+ko=k ar1taz=«a
< CQJ(m*Pk*‘%l)' (10)

As ¢(z,€) is homogeneous of order 1 in &, when N > 2 and k > 1, there holds
MV p(w,6) = VIO 0, ¢(x, &) (k > 2) or VITF9,Vep(a, §)(k = 1) = 0. (11)
When k + |a| > 2 and € € , by virtue of (8), (11) and the fact ¢ € L>®°®2, we can obtain
that
|08, 08w (2,6)] = |0€, 08 (x,€)]

i

= (8- +0(272)- Vs)kf)?fqﬁ(x,fﬂ

< C Z el ¢))
k1=0
ik a
= 27|V g(a,0))
< CE—k—lalt) < ookt 15h). (12)

When £ € €, from (12) we have |0¢, 0c p(z,§)| < C2-%. By the mean value theorem and the
homogeneity of ¢, one can get that

|a€1w;($7§)| = |a£1 [¢($,§) - ¢(x7§;)]|
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IN

Cl€ — [€]&5 | sup |Oe, e p(, O]
cen

< 025277 =C27. (13)

On the other hand, it is easy to see that

0w (2, €)| = |0erdl, €) — erd(x, €Y)| < C27%. (14)

It can be derived from (12), (13) and (14) that

|98, D et @) < I k+13h), (15)

Now by virtue of (10) and (15), for any M € N, we have

IA

IN

IN

<

From (15

w? (x v f

[(Lj)Me™s ’5)a(fc7£)¢j(£)%(m)ll
c Y otk o (el (s, m%(é'm

kt|al<2M

ilal a1 _iw?(z 2 NQo v

CY S Y o gkl @) ok e [a(x,fwj(e)@j(épn

k+|a|<2M ki1+ka=k a1+oz=a
C Z Z Z 9ikpg L5l o—j (ki +15) 9 (m—kap—1521)

k+|a|<2M ki1+ka=k a1+oz=a
c2im, (16)

), for any x,y € R™ on can get that

LHCHD]

= | dTeETEe O, Oy} (e

€]
= | Rn(1+22jp|a&¢(%5ﬁ 4 Y Vel )y )M

< LM (e <m*£>>a<x,a>wj<£>¢;<é|>da|

= (1425710, ¢(2,&)) — 1> + 2| Ve (2, &) — o/ |P) ]
w? (x v 5
y /Q 10O LY (e, €)95(€)0) (gl
< CY™Q|(L+ 22°10¢, 6(2, &) — pul* + 2 [Vero(a, &) -y )M
< ORI (14 229010, ¢, €)) — i 2 + 2| Verd(a,€)) — /)M

By virtue of the assumption (2) and the similar computations in section 2, for any y € R™ and
M > % we have

/ Ik (2, )| de
Rn

IN

] ntl i v i v / —
CY s )/ (1+2%7|0¢, 6(x, &) — w1 |* + 2 |Verp(x, &) — ')~ Mda

IN

093 (m+25%) / ;
219|0¢, ¢(.69) ~y1 [+22 |V er d(2,£7) —y'| <1

+Z/

i
1220010, Ba.0)—y1 |42 |V s pla, 80 )~y | <2°
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(1+2%°|0g, ¢(2,&7) — 1| + 2 |Vero(, &) —y'[*) M da

n4

< Y (g 299|0g, d(x, €Y) — y1| + 2%|V5/¢(x,§;9) | <1}
+ 3 [ 297106, ¢, €)) — 1| + 28 |Verla, €) — yf| < 2°}|272M)
s=1
< Pk |0, 8w, €)) — ] <277, [Ved(e,£) —y/| <277}

+3 " o 06,82, €)) — 1| < 2797, |Verg(a, &) — yf| < 273 }[27%M)
s=1

< CQj(m+"21)(27j(p+%)+ZQ*j(P+%)28(n72M))
s=1

< (ilm=ptl)

Obviously, it is also true for any v. So we have

[ @l < S5 [ ki
j=1 v
[ee]
SN
j=1 v
[ee]
< ngg‘(m—w%“) <C
j=1
ifm<p— "7“ Thus we have proved the main theorem when % <p<1. d
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