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Weighted multilinear p-adic Hardy operators and
commutators on p-adic Herz-type spaces

MA Teng ZHOU Jiang*

Abstract. In this paper, we introduce the weighted multilinear p-adic Hardy operator and
weighted multilinear p-adic Cesaro operator, we also obtain the boundedness of these two op-
erators on the product of p-adic Herz spaces and p-adic Morrey-Herz spaces, the corresponding
operator norms are also established in each case. Moreover, the boundedness of commutators
of these two operators with symbols in central bounded mean oscillation spaces and Lipschitz
spaces on p-adic Morrey-Herz spaces are also given.

81 Introduction

Hensel first introduced p-adic numbers in 1908, generalized the concepts of absolute values
of real numbers and complex numbers, and developed the theory of assignment. It is not only
a simple and powerful tool for studying algebraic number theory, but also has important appli-
cations in univariate algebraic function theory, closed loops and algebraic geometry [1,2,3,4].

In recent years, p-adic analysis has received extensive attention for its applications in math-
ematical physics. Especially, p-adic harmonic analysis, p-adic partial differential equations and
p-adic wavelets have been studied more. p-adic harmonic analysis has attracted more and more
attention (see [5,6,7]). Recently, the boundedness of many operators in harmonic analysis has
been studied with the p-adic function space as the base space. The p-adic function space class
has become another emerging field [8,9, 10].

For a prime number p, let Q,, be the field of p-adic numbers. This field is the completion of
the field of rational numbers Q with respect to the non-Archimedean p-adic norm | - |,. This
norm is defined as follows: if © = 0, |0, = 0; if  # 0 is an arbitrary rational number with
the unique representation 2 = p” ™, where m, n are not divisible by p, v = v(z) € Z, then
|z|, = p~7. This norm satisfies the following properties:

(D)|z|p >0,V € Qp, |2, =0 2 =0;

(iDlzylp = |lplylp, Y2,y € Qp;

(i) + ylp < max(lal,lyl,). Yo,y € Qp and when fe], # |yl we have [z + ], =
max(|z]p, [ylp)-
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For the p-adic analysis, a non-zero element x of @@, is uniquely represented as a canonical
form
x=p(zo + x1p+ 22p® + ),
where vy =v(z) € Z, 2, =0,1,--- ,p—1, 20 #0, k=0,1,---.
Qp = Qp X Qp - -+ X Q, contains all n-tuples of Q,, the norm on Qp is
J— J— n
|1'|p*1r§1/1ka§n‘xk|pa w—(l'l,l'g,"' 7xn)€(@p~

Denoted by

By(a) ={x € Qy: |z —al, <p7}
be a ball of radius p” with center at a € Qj. Similarly, denote by

Sy(a) ={z € Qy: |z —al, =p"}
the sphere with center at a € Q) and radius p?, v € Z. Clearly S, (a) = B,(a) \ By-1(a) and

B,(a) = | Sk(a).
k<~

We set B,(0) = B, and S4(0) = S,. Let Z, = {z € Q, : |z][, < 1} be the class of all p-adic
integers in Q,, and let Z; = Z, \ {0}.

Since Q} is a locally compact commutative group under addition, it follows from the stan-
dard theory that there exists a Haar measure dz on Qp, which is unique up to positive constant
multiple and is translation invariant. This measure is unique by normalizing dx such that

/ dxr = |Bo‘ = ].7
By

where |B| denotes the Haar measure of a measurable subset B of Q. By simple calculation,
we can obtain that

By(@) =™, 1S,(a)l =p"(1—p")
for any a € Qj. For more information about p-adic, one can refer to [11,12,13].

In 1920, Hardy [14] introduced the classical Hardy operators, which are defined by
1 x
@) = [ )y,
T Jo

where the function f is a nonnegative integrable function on R*. The celebrated Hardy’s
integral inequality was proved If 1 < p < co, then

p
IH() e @) < p—) £l e @+,
p

where ) is the best constant.

In 1995, Christ and Grafakos [15] gave the definition of the n-dimensional Hardy operator
1
HO@) = o [ S0,
1B(0, |z))] JB(0,12)

where f is a non-negative measurable function on R™\{0}. The operator norm of operator H
from LP(R™) to LP(R™) is equivalent to the operator norm of H. || H||1»®rn)—1r®n) = ﬁ.

In 2012, Fu et al. [16] defined the n-dimensional p-adic Hardy operator as follows
1

Hy(f) (@) = 7 fy)dy, xe€Qy\{0},

P |B(0, [z|p)| /B (0,121,) P

where f is a nonnegative measurable function on Qj, B(0,|z,) is a ball in Q) with a center at

0 € Qp and radius |z|p. They obtained the sharp estimates of p-adic Hardy operators on p-adic

weighted Lebesgue spaces.
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In 1984, Carton-Lebrun and Fosset [17] defined the weighted Hardy operator H,, as

/ftx z € R",

where ¢: [0,1] — [0,00) is a measurable function, the authors established the boundedness of
operator H,, on the Lebesgue spaces and BMO(R™).
In 2001, J Xiao [18] proved that #, is bounded on LP(R") if and only if

1
/ t™ o p(t)dt < oo,
0

and the corresponding operator norm was worked out.

In 2006, K S Rim, J Lee [19] considered the p-adic form of the weighted Hardy operator HE
as follows

Ue(f)z) = | fltz)e(t)dt, =€ Qy,

moreover, the authors also introduced the welghted Cesaro operator to the p-adic field as follows
/ I e, @ e Q)

observe that the weighted Hardy operator U, and the weighted Cesaro operator V,, are mutually
adjoint.
In this note, we establish the sharp bounds of weighted multilinear p-adic Hardy operators
Uz, and V', on the product of p-adic Herz spaces and p-adic Morrey-Herz spaces, we also
consider the boundedness of commutators of Uz, and V", on these spaces. Firstly, we introduce

the weighted multilinear p-adic Hardy operators as follows

Definition 1.1. Let ¢: Z5 x Zy x --- x Z5 — [0,+00), m € N, x € Qp, F=( 1. o s fm),
t = (t1,ta, -+ ,tm), and fi(i = 1,2,---,m) are measurable functions on Qj, the weighted
multilinear p-adic Hardy operator UJ", is defined as

U (f)(x) / Hfztx

Definition 1.2. Let ¢: Z5 x Zy x --- x Z% — [0,+00), m € N, x € Qp, f= (f1s fas s fm)s
t = (t1,t2,-  ,tm), and fi(i = 1,2,---,m) are measurable functions on Qj, the weighted
multilinear p-adic Hardy-cesaro operator V", is defined as

Ve B = [ TR e
P i=1

In 2017, N M Chuong, H D Hung, N T Hong [25] obtained the boundedness of a weighted
multilinear Hardy operator and commutators on the product of Herz spaces and Morrey-Herz
spaces in the Euclidean case. In this paper, we extend it to the p-adic case.

The outline of this paper is as follows. In Section 2, we give the notations and definitions
that we shall use in this paper. We defined the p-adic Herz spaces and p-adic Morrey-Herz
spaces. In Section 3, we state the main results on the boundedness of the weighted multilinear
p-adic Hardy operator on these spaces. We also work out the norms of operator on such spaces.
On the other hand, we obtain the boundedness of commutator operators of UZ", and V[, with
symbols in the p-adic central BMO spaces and p-adic Lipschitz spaces on the p- adlc Morrey—Herz
spaces. In Section 4, we give proofs of related theorems.
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§2 Some Preliminaries

Definition 2.1. Let « € R, 0 < ¢q,] < 00, the p-adic Herz space K,‘;’l((@g) is defined by
K@) = {f € L@\ 101 ¢ 1 fll o gy < 20}
and

o T
||f||Kf;vl(Q;) = ( Z pkaleXk“qu(@g)) .

k=—oc0

We denote by xi the characteristic function of the sphere Si. It is obvious that K S’Q(QZ) =
n %’q n n «
L9(Qp) and Kq'7(Q) = L4(Qy, |zl3).

Definition 2.2. Let 1 < g < oo and —% < X < 0, the p-adic Morrey spaces Lq7/\(QZ) is defined
by
LNQp) = {f € L, @) : 1flzarey) < o0},

and )

1 q
P | i)
L) aeQn ez \ |By(a)[p™ /B, (a)
It is clear that LT 4 (Qp) = LY(Qy) and Lq’O(QZ) = L>(Qy)-

Definition 2.3. Let a € R, 0 < ¢,l < 0o, and A be a non-negative real number. The p-adic
Morrey-Herz space M K a’)‘((@") is defined by

MEGHN@) = {1 € L@\ 0D+ Il arapr o) < )
and

ko %
_ —koA kol !
Hf“MK;TC‘I)‘(Qg) ksouepzp ( E p ||ka||Lq(Qg)> :

k=—o00

It is easy to see that MKZO;}O(Q;}) = K2 (Qp) and L¥™(Qp) € MKQMQp).

Definition 2.4. Let 1 < ¢ < oo. A function f € L} (Qp) is said to be CMO(Qy), if

1 q
n ) — Idr | < o0,
Ilewonap =sup (r7gy ) 150 = Tosol'e)

1
= —— d
fB’Y(O) |BV(0)| /]37(0) f(x) T

Definition 2.5. Let 3 be a positive real number, the Lipschitz space Lip? (Q;L) is defined as
the space of all measurable functions f on Q such that
|fx+h)— fz)]

Pzt = sup -
1| zipe @) 2,hEQR h£0 |y

where

Let b be a measurable, locally integrable function, and T be a linear operator, the commu-
tator [b, T is defined by
b, T)f = bTf — T(bf).
In [20], R Coifman, R Rochberg, G Weiss proved that the commutator [b,T], where T is a
Calder6n-Zygmund singular integral operator, is bounded on LP(R™), 1 < p < oo, if and only
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if b € BMO(R"™). In this paper, we introduce the definition for the multilinear version of the
commutator of the weighted p-adic Hardy operators.

Deﬁnition26 Let ¢: Zy X Z% X - -+ X Ly — [0,+00), m € N, z € Qp, f—(fl,fg,---,fm),
t=(t1,t2, -+ ,tm), and fl(z = 1 2,---,m) are measurable functions on Q bi(i=1,2,--+,m)

are locally integral functions on Qy, Um b and Vi b are defined by

U b( A (z) /Z*)m (Hfz (tix > (H (bi(z) — bi(tix)))w(t)dt, z Q.

i=1

VI (f) () / (HL ti|™ )(ﬁ(bi(x) bi(Z))><p(t)dt, z € Q.

i=1
The main theorem is given as follows.

83  Main Results

Theorem31 Leta,aiER,1§l,li,q,qi<ooanda1+a2+~-~+am a,q—l—i— +-- —|—

q’ 11 +5n 12 +- +l = %, i=1,2,---,m. Then U], is bounded from K{?‘ll’ll((@;f) Kgff l2(QZ)
ms n a,l n
X et (QR) to Ka4(Q) If
A, = [T 1tils = et)dt < o

Z™ i=1
Conversely, if ly = ly = -+ = L, = ml, UT, is bounded from K{+" (Qp) x Ka2(Qp) x
KQT’ (Qp) to Ko‘l((@") Then A,, < co. Moreover, one has

10l gz ”-’(@;’>x--~xl<?,z“““(@”)—>K;‘“l<@"> = Am.
Then V', is bounded from Kt ll((@”) X Kgff’l? (@Qp) x - K;T m(Qp) to K?’I(QZ) If
L -1D+o;
/ w;?(“z ()t < oo.

*)rrt, N
Conversely, if Iy =lp = -+ = I, = ml, V@p is bounded from Kgh(Qp) x Kg2'2(Qyp) x
K;;n, (QZ) to K¢ l((@") Then .A < 00. Moreover, one has

el @) x K22 (@) x e x Kt (@) — K g (Qg)

Theorem 3.2. Let o, q; ER AMA; >0, 1 <llz,q,qZ < © andal+a2—|— 4 o, = a,
A=XH ot Ay oot L_ et = ,2—1,2,---,m. Then

m q ’ l1

U is bounded from MK (Qg) x MK“M (@) x -+ x MEF™™(QR) to MK N Q) If

@.p l1,q1 l2,q2 lm ,qm

T, N
B, :/ [Tih ™" " et < .
Zp)m™ =1
Conversely, if li =lo = - =l =mland \y = Ao = --- = A\, = L /\ U™ s bounded

©.p
from MK (Q) x MKIO‘;(’I;\Q (Qp) %+ - x MEP™ ™ (Q1) to MKﬁ;]’\(Q;}), Then By, < co. M
oreover, one has

Um g, , ag, A , am A ) a . :B .
W0enlarscs v op aarmcze @i @pats e = B

Then V", is bounded from MKO“’M(Q”) x MK (Qp)x- XMKO‘"‘ " (Qp) to MKlO;’Z)‘(QZ)

li,q1 l2,q2 lmsqm
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If
~ m ai—)\i+(%—1)n
Bm = / H |t1 p °
Z5)™ =1
Conversely, if li =lo = - =l =ml and My = Xo = -+ = A\, = %)\, VZ, is bounded
from MK (QR) x MK A2(@;;) X oo x MK (Q”) to MK (QR), Then By, < oo.

5t »q1 l2 q2 7n;Q7n
Moreover, one has

p(t)dt < oco.

|| ||MK“1 A1 (Qn)XMKazzqzz (Qn) XMKLO:,’ani\,:n (QS)%NIK{T:\ (Qg) = Bm-

Theorem 3.3. Leta,a; € R, A\, \; >0, O<l<oo 1<lz,q,pz,q1 <ooando<1—|—ozg—|— ety =
a,A=A1+A2+---+Am, P e i e AR Sl l-Tb e o o SRR o el
i=1,2--,m. b= (by,by,-, m) € CMOPI(Q”) X C’MO”(Q )X e X CMopm(@n)

Then U, b is bounded from MKl1 o (Q") X MK12 w (Q;L) - X MK Q)
toMKlD"qA(QZ), when 1 <l < oo and A>0 or when A >0 and 0 <1 <1 if

m
Ai—a;— 2t — 2t
= / H [ti]p R log,, ﬁap(f)dt < 00.

2
Then V" b s bounded from MKI1 o 1(@2) x MK, 12 - ((@") -xMKlm;m
toMKle(}A(QZ), when 1 <l < oo and A>0 or when A >0 and 0 <1 <1 if

ai—Ait+ g +(*—1)
/ 7 1ogp i | p(t)dt < oco.
*)rn - ilp

"(@p)

Theorem 3.4. Leta,c; € R, A, A\ > 0,0 <1 < o0, 1< l“q Piy @i < 00 andal—i—ag—i— A, =

a,>\:>\1+)\2+"'+>\m’q1+7+ +7+ +*+ +7:q,l1+ + -+
ﬁ — %7 i=1,2,---,m. b= (by,ba, -, bm) c szﬁl((@n) X szﬁz((@n) e X szﬁm((@Z);
mi a1+51+ n a2+ﬁ2+ TRRCTT
0 < B; <1. Then U@J’f’ is bounded from MK, . (@p) xMK, " (@p) x
m mt+ "= Am o
MR @) to MERN@R), when 1< 1< oo and A 2 0 or when A > 0 and
0<l<lidf
s Ai—a;—Bi— g —
:/ pr P — 4] p(t)dt < oo
( *

. @ +B + " ag+Ba+ 2\ n A +Bm+ pous JAm

Then ng b 18 boundedfrom MKlllql ! (Qp) XMKlz?q2 e 2(@1}) o .XMKl"LquL p

toMKﬁ(}A(QZ), when 1 <l < oo and A>0 or when A >0 and 0 <1l <1 if

~ R NI a - N o S |
Dm:/ H|ti|p e |1—;§
5™ =1

7

p(t)dt < oo.

84 Proof of The Theorem

4.1 Proof of Theorem 3.1

We only consider the case of m = 2, the case of m > 3 is similarly available. By Minkowski’s
inequality and Holder’s inequality

HUSip(fh fQ)XkHLq(QZ)



560 Appl. Math. J. Chinese Univ. Vol. 39, No. 3

¢ N
B (/ dw)
Sk
= /(Z;)z (/Sk |f1(t1$)f2(t23;‘)qdl')q(p(t)dt
= ‘/(22)2 (‘/Sk |f1(tl‘r)|qld1')q1 (Ak |f2(t2x)|q2dl'>qch(t)dt
= [ (L imtman )™ (i) ™ i s ® ooar
(Z5)2 \Jt18k 1250

There exist ni, no such that [t1], = p™*, |t2]p, = p"?,

/ F1(ta) (o) p(t)
(Z3)?

U2, (f1s fo) Xkl Lacan) = /(Z . Xkt | @) | Fo Xkt | Loz o) [E1p ™ [E2lp 2 @(2)dE.
p

HUz,p(flv f2)||K;"l(Q;)

1
[e’e] n T

" n l
> /( e o @plloesn luscapltily ¥ o Fotar) |

k=—oc0 Zp

o0 n
< /(Z . ( > pkal||f1Xk+n1le(@g)||f2Xk+nz||quz(Qg)> ltalp ™ [t2]p * @(t)dt
P

k=—o0

00 1

e )
i1 l2
l l
< /(% . ( pkalllﬂfl)(k-i-nl ||£q1 (QZ)> ( § pka2l2||f2xk+n2||£q2 (Qg))
» k=—

0o k=—o0

xtalp " ltalp = o(t)dt

oy _n_
— ) i t q1 t a2
HfIHKgll ll(Qg)Hf?HK?; 2(Qn) /(22)2 [t It2]p

a2

p(t)dt,

9 —n o RN
”U«P,p”K?f’ll(Q;‘)XK?;JQ(Q;})—>K§J(Q;) < /(Z*)2 ltalp ™ ltalp * p(t)dt.
P
Next, the opposite of the proof is given and we shall consider the following function,

0, lz], <1,

GO S —
(®) |z|p ™ e |x|p21-

)

0, ||, < 1,
fg(:l?) - { —qaz— i :

el » ozl = 1
It is easy to see that when k£ < 0, then fixr =0, foxx = 0. For k£ > 0, we have

—Nn—o1q1—

q1 —
il ) = |, el

g1
e = (1 — p)pF e n ),

T
aq, = 1 — n 91 —
Ifillicgon o = (1 =27") (p —1)T
Similarly,
1
1 P
||f2HK§22vl2(Qg) =(1-p "= i 1
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Oa ‘x|P < 13

2

U2, (f1: f2)(z) = e B b

R SRR SR § (TS (A
=1

\1\1)
For any m <k, p~™ > p~*,

HU;,p(fh fQ)XkH%q(Q;)

— A AL
= | =l d [Tl ™ p(t)dt
Sk p~ Rt ]p <1 Jp=R<ta], <1 i=1

2 a1 1
> pk(_"q_z%)(l pn)(/ / H |ti|;D & —Qi—pm ga(t)dt> .
p~m <t <1 Jpmm <t <1 g

Then

||U3,p(f17 f2) HK;"Z(Q;‘)
2

—D—— by
2/ / [Tl ™ " e(t)dt
pTm <t ]p <1 SpT < talp <1 i

0 1
a2ty \ ! ol
X( E pk:alpk( al—25n )) (1 —p )q
k=m
2 1

—2m — T —ay— =y
! / |1 [ O
p~m <t |p <1 I pmm <ta|,p <1 i=1

L L pﬁn ppT”
X(I=p ™) (l—p ") —5- o T
(pr™ —1)% (pr™ —1)%

When ll = l2 = 21,
||U£,p(flvf2)HK;"’l(Qg)

2
—2m

n 1
2m N T
= ”f1|K?f’“(@;)||f2”K;*;”2<@;:>/p-m<|n <1 /p-m<tz| <1 '1—[1|t2|p A
> P> > Pt 4=

when m — o0,

—_n __ —_n __
talp ™ talp
2

00 > U2 p(t)dt.

X o T
enllicgin gt @p gty 2 /@*)
P

Combine the above formula,
9 _ —n —n
||U<PaP||Kf;11'l1(QQ)XKS?’LZ(Qg’)ﬁKé"‘l(Qg) = /(Z*)2 [talp ™ ltalp ® Tp(t)dt.
P

By a similar argument, we also obtain the norm of ngp.

4.2 Proof of Theorem 3.2

By similarity, we only consider the case in which m = 2, By using Minkowski’s inequality
and Holder’s inequality, we have

”Ui,p(flv fQ)HMKlO‘q)‘(Qg)
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1
1

ko
= sup p"“”( > pkal|U«,(Z;,p(f17f2)Xk|qu(Qg)>

koEZ k=—o0
kO _n _n l %
= s 30 [ il e el il F o) |
ko€Z = @5)?
ko T _n _n
< / sup pk"A( D P i g @) | foXh4ns quz(@,n)) ltalp ™ [t2lp *= o (t)dt
(23)? ko e ’ &
ko ﬁ
< / sup pik‘O)\l < Z pkalll||f1xk+n1||lLIQ1(Qn)>
(Z5)? ko€ = 8
ko i _n _n
X sup p’“OA?( > PP faxngns |lfq2(@n)) [tilp ™ [talp ™ @(t)dl
ko€Z k=—oo !
_ )\170&17% )\27&27%
= I illarsg o 2 lhare 2 o) /(Z;)g Il taly p(t)dt.

12,92 .

2 )\1—L—Ot1 >\2—l a2
”U*"’P”MK?,;T(@;)xMK“m(@;HK?'*(@;)S/@*)z't“’ vl et

Next, the opposite of the proof is given and we shall cponsider the following function:

)\1—1—041 )\2—1—(12
Hl@) =zl ™, falz) = ol ™7,
£ 100 Zor ) :/ @ Ty = (1 - ppt e,
s
k . N p}\l
. —(1—pma—2r
”leMKul,qil(QZ) (L=p=")m (phb — 1)ﬁ
Similarly,
P

1
g, =(1—-p ")z ———
||f2“MK,2%q;2(Q;) ( p ) 2 (p>\2l2 _ 1)&3

A—a—2

A — 2 — Ao — 1 —
el " T el
2

U2 (f1. f)(x) = / o(t)dt,

*
P

||U£,p(f1,f2)Xk||%q(@g)

—ag—n AM—gr—an Az—gr a2 !
= [rernan(f T T )
k »
A—2—ag Ap— 2 —a a
=g oren ([l TR R )
(Z3)?

HUz,p(flv f2)||MK{Tq>‘(Qg)

Ay — 2 — Ny— o
B S“”“( > p> (-p™t /( I R
z;

ko€EZ

k=—o0
A

p o1 AM—2—a Ag— 2
= ————(1-p ") talp ™ el
(P — 1)1 (Z3)?

When ll = l2 =2l and )\1 = )\2 = %/\

—a

(t)dt.
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||U<§,p(f17 f?)”MKl"‘qA(Qg)

A1 A2 _n o

- qpmm - pmyE / ' el ™ p(t)dt
- ) (= — 1% @
_ 17gr 2T gy
= illagregrrn g 2l arcoz 2 o) /(W il 21y wlt)dt,
P
2 a2
00> Ugpllarmc i @pynracz e epnns g = /(w Il tal (t)ds.
P

Hense, we can know
a2

o >\2_L_
HMK“1 1@ X MKE2 2 (Qn) MK (@) = /(Z . [t1lp ltalp” = T(t)dt.

12,42
P

The proof methods for V2, and UZ , are the same.

4.3 Proof of Theorem 3.3
We only consider the case in which m = 2. By Minkowski’s inequality

||U3§g(f1, J2)Xkl La @)
2

1(t1z) f2(t2) H tiz))p(t)dt

1
(Z;)Q =1

q q
dx)
) s

5/(;)2 (/ | f1(t12) f2(toz) 1;[1 x) — bi(t;x) )|qu) o(t)dt
I.

Sk

=1
) 2
H _bz Bk|+H|b tl’ i,tin|+H|bi’Bk _biﬁtin’
i1 i=1 =1
+ Y — bi.B,||bj. B, — bjt, By
1<i#j<2
> bil@) = bis[[b(t2) = bir,
1<izj<2
+ > b = b |[bi(t2) = bie s,
1<izj<2

First we estimate I,
I<h+DL+I3+ 14+ 15 + L.

We use Holder’s inequality,

11 = /(Z;;)2 (/ (|f1 tl{E f2 tQLL' |H‘b zBk‘)qdl)q(p(t)dlf

1

< /(Z;)2 ﬁ </Sk | fi(tiz) qidx)qii[l </Sk |bj(x) — bj7Bk|pidx) " o(t)dt.

i=1
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There exist ny, ne such that |t1], = p™, |t2], = p"?, and by changing variables, we know
that

2
o< T 1% llearors @) /(Z* 11X ktm1 [ Lo @) 12X ktme | L2 @) H il * p p(t)dt.

j=1 ») i=1

=

I = /(Z*)2 (/Sk ([f1(tz) fa(toz)| 1j1 |bi(tiz) — bi,tinquQL) q‘P(t)dt

2

i L
- /(z;>z 1}1 (/sk [iltew) qid:r) I </s s(t52) - bj’th’“|pidx) ele)dt

j=1 NSk

2
=1] 16l carors @) /(z [ f1XkAn1 | Lax @) | foXktma | Loz @) H |t |p “pp(t)dt,

j=1 9] i=1

2
I3 - /( ;)2 </Sk (|f1(t1.73)f2(t2$)’ };[1 |bi,Bk - bi,tinqul') (P(t)dt

2 1 pi
- e qid)ql (/ bj.B — it pid) Cp(t)dt
‘/(Z;)Q i:ll (/Sk |f( x) X ]1;[1 s | 'j,B JthBk| €T @( )

2

2 Cw
= /(Z ; 1 F Xk Lo @p) | foXhtmall oz og) [T 1580 = biesme| [ 1til0 ™ P77 o(8)lt
p

<y /

mi1= Omz 0

ma
X (Z |b1’p—jBk —bip-i-1B, |> (Z |b2,p*jBk —byp-i-1B, ) H |t; | pm (t)dt

=0 =0

/ I Fakm s o) o Xma o o)
M1l [p<p~™1 JpTm2Tl|ty|,<pm™2

2
< T Islleron ) /( ixim oo gl XLz

j=1 p

X H|t \p pPL log, —— |t , o(t)dt.
=1
Based on the fact,

|b17Bk - bl,tlBk |

my
<D |brpim, —bipiim,

< C(my + 1)||bl||CMom(Q")

< Clog, =—IIbillenmor @p)

|t lp
and
ba,B, — b2,t,B,| < Clog, ——

|t | ||b2||CJV[OP2(Q")
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Similarly, we obtain
1

.[4 = / </ (|f1 (tlx)fg(t2$)| Z ’bl(x) — bi,Bk | |bijk — bj,thk |)qd.’£> ' (p(t)dt
(Zp)* ISk 1<iAj<2

g/ (/ (| f1(tr@) fo(t22)||b1(z) — b1, || b2, B, —bg,tzgk})qdm>q<p(t)dt
(Z3)? Sk
1
/ ) </ (|f1 tll’ f2 tzx ||b2 _b2-,BkHb173k - b17t13k|)qd1') gﬁ(t)dt
()
2
|b HCMOPJ(Q") /(Z*)2 ||f1Xl~c+n1||qu(Qg)||f2Xk+n2||qu(@g)

p

Bl )e(t)dt.

t|p ppz logp + log, ——

<1l
2

1;[ It lp
I = /<Z;>2 (/Sk (| /1 (tr) f2(t22)] 1%;9 |bi (@) — by, ||bs (tj2) — bjs, B, |)qu> qgo(t)dt

s/ (/ (‘fl(t1x)f2(t2x)Hb1(:v)—bl,BkHbg(tgw)—bg,tsz‘)qu)q@(t)dt
(Z3)? Sk

Q=

+/ (/ (’fl(tlw)fZ(tzl')Hbz(f) - bg’BkHbl(tlx) — bl,tlBk |)qu> QD(t)dt
z2)? \Js,,

2
< C T billearom @ /(z [ f1Xb4n1 | zor @) [ f2Xbtna || Loz @) H |t |p “pep(t)dt.
Jj=1 ; =1

Iﬁ = /(Z;;)2 </Sk (|f1(t11‘)f2(t21‘)| Z |bi,Bk — b@tin | |b](tj$) — bj7thk |)qd$) q@(t)dt

1<i#j<2

Q=

< /( e (/S (|f1(t1$)f2(t2$)||b1,3k - bl,tlBkHbQ(th) - b2,tQBk|)qd1'> p(t)dt

Q=

/ </ (| f1(t12) fa(taz)||b2,B, — b2.tam, |01 (1) — bl,tlBk|)qu) o(t)dt

(Z3)?

2

15l carors @) /(Z*)2 11Xkt | Lo (@) 12X ktme [ L2 @)
P

+ log,, L)go(t)dt.

itily “p7i (log,
|t2|p

<1l
2

<11
We knolvjlthe facts

ko 1
\|U2b(f1,f2)||MKQA .y = sup p~ ot pkal||U2b(f17f2)Xk||Lt1(Q" )
@p)

koEZ

P
|t1‘p

k=—oc0
U251, fo)xullpacap) < o+ I+ I + Lo + Is + I,
”Uzb(flva)HMK“*(Qn < ||Il||MKQ )‘(Qn JF”IZHMKQA(Qn +||I3||MKQ)\(Qn)
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+||I4HMKff(’]*(Q;) + ||I5||MK3&*(Q2) + HIG”MK%’\(QZ)'
We consider two cases about [, that is, ] <l <ocand A>0or0<!<1and A > 0.

Case 1, When 1< <ooand A >0.
||IIHMK°M(@n)

2 ko
H |b ”CMO"J @) bupp kO)\|: Z pkal</ ||f1Xk+n1Hqu @)
j=1 ke oo (Z3)?
2 _n 971
<Uaxisnaleep [ s ¥ et |
i=1
2 ko
H 1051l carori ¢ @) supp ko’\/( - ( Z pkal||f1Xk+n1HlLf11(Qg)
j=1 » k=—o

19
kn(L 4+ LY L -
< feetmalln ™ 5 TT iy oty
=1

2 ko

- k(o l
H 16 llcarors @n)/( sup p koA( Z (p ( l+p1)||f1Xk+n1||Lq1(Q”)
j=1 z

;)2 ko€Z k=—oc0

12
k l ! -
X( ( 2+p2 ||f2XkJ+TL2HLq2 Qn ) H ‘t2|[) ngp t dt
=1

1

2 ko T
— + 1
< TTIllosoney [ swp ’“0*1( 3 <p D frh [ Qn>)
j=1

(Z3)? ko€EZ Nt

ko % 2
_ k )
X sup p ko)\z( Z < ((12+p2 2||f2Xk+n2||Lq2 Qn)) H t |p qz
ko€EZ k——o0 i=1
2 —Q
< b; Pj(On i a; / T “p(t)dt.
= j];[1 | J”CMO J(Qp)HngMKZ ity ey H| i 80( )
Similarly, we can get
2
Ai—ai— gt — o
120l my < L Ib5llensors (@n)l\f;” S |t lp T e(t)dt,
(@) e
Jj=1 Ky,
H13||MKQ @) < H 161l caroms @ IS a7+ v
j=1 Kz, (z* )2 X
x log, m@( )dt,
Hallprger opy < H 161l carors (Qg)||fj||MKaj+;; oo 1 T
Jj=1 lj-a5
x (log, oy T log, ﬁ)g)(t)dt
2
Ai—ai— - B
||15||MK;’:{‘1’\(QIT;) < H 16l caroms @z 1S s TR /Z o H [tilp s e(t)dt,
Jj=1 lj.a; =1

.3
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i—ai—f—qfi
. / 10,
MK, o) Zp)% i=1

lj,a;

2

HIGHMKEA(@;L) < H 16l caroms @p)
) P

x (log, oy T log, ﬁ)gﬁ(t)dt.

Therefore, We completed proof of case 1.

Case 2, When A >0and 0 < < 1.
1 f1Xk+n1 | Lo @)

1

k} n k+n1 ( n )l Iy
< p—( +n1)(oc1+pl)< Z p] ap+2t 1Hf1X]||Lq1(Qn >

j=—o0
k+n, %
_ pokleat gt =) —na(eat gt =) [ —(k+ni)h J(at3-)h Nl '
p p p Z D ||f1X]||LQ1(Q;)
j=—o0
—k(or+2—X —ny (o +2—X
=p (a1+3% 1)p 1(ar+3t 1)||f1|| a1ty )
l1,q1 (Qg)

*k(a2+%*>\2)p*n2(a2+%*>\2) Hf2||

[l f2Xk+ns |l Loz @y < .
12 ) (Qp')
2 2
L < H 16l carors @) /(z [ f1 Xk | Lax @) [ f2Xbktmo | Loz (@) H It |p PT” Cp(t)dt
j=1 ) i=1

Ai—o—

Frimtn ()\ a)k ()d

2
< [ itstenors il e / H|z
Jj=1 )

I a
I 1||MKL);1*(Q;;)
1

ko T 2
< sup p—koA plcalp(/\—a)kl HijCMopj(Qn)”fjH b
e P MK 77
j=

ko€Z k=—o00 L 7
2 A —qy—
(Z3)? 1
102
= (=) Tlewonaall il s o

4095
< )2H|t T T gy

—CH 1b5llcanors @pIfill - ajein;
Jj=1 Kl

n

T o(t)dt.

Qo —

Similarly, we can get norm estimates of I, I3, Iy, I5, Is. So, we get the norm estimate of
U2t
©.p

By a similar argument, we also obtain the norm estimate of Vg;;j.
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4.4 Proof of Theorem 3.4

For any x € Sy, and b; € Lip®, it is easy to see that

2
H|b ) — b, ta: <HHb HLZpBJH*t |ﬁ;p (Bi+52)
7j=1
U2b
1UZ(f1s f2)XkllLa(@p)
2 1

</S / e P (t2) [ ()_bj(tﬂ«"))@(t)dt\qu>q

= /@*)2 ( / |f1(t12) h(m)li[(bj(x)—bj(tjx))wdx)égo(t)dt
: /(z;>2 ﬁl </s |fi(tix>|%d"’”) f[ (/S 165 (x) = bj(tj$)|pid$> " ()t

J2Xk+4ns HL%’(Q;;)

2
< H ||bj||Lipﬁj(@;)/ I fiXbtn: 2o @)
j=1 (Z3)?

2 n
T k(Bit gt
< [Tl P77 - ¢,
i=1

We consider two cases about [, that is, 1 <l <ooand A>0or0<!<1and A > 0.
Casel, When 1 <[ < ooand A > 0, we use Minkowski’s inequality and Holder’s inequality,
we can get

Bip(t)dt.

|| flaf2)||MK°‘ *(Qn)
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2 n l %
2 k(Bi+2 .
x H ltalp PP PR — ¢, Dip(t)dt) }
i=1

2 ko
< JL bl s ) / sup p‘*‘“( S P i s o Lo Xkt e )
j=1

(Z3)2 ko€Z P

1 2
n n L @
xpwlm*ﬁ?*””) [T ttils ™ 1 — il o(t)de

2 koA S k(on+B1+50)1 w
< T Ibslsco / sup 57 (3 PO i o)
ot (Z3)? ko€Z N
1
. —koA2 k(oz+B2+ 15 )l2 ” t; _ql’i 1—¢t; Bi t)dt
X sup p p ||f2Xk+nzHLq2(Qn) Iti]p ilp o(t)
ko€Z k=—oo i=1
2 2
Ai—ai—Bi— gt —ot )
= 1T 1231l ips g 15 uv+ﬂv+%»/ 111kl L= ] p(t)dt.
=1 w7 Q) MKZJ.J,q]. L (Z3)? i=1
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Case 2, When A >0and 0 <[ < 1.
[ f1Xk+n1 2o @)

L
1

k+n1
—(k n n l 1
< p () (ontfrt g ( Z pileathits 1||f1Xj||lL1q1(@g)>

j=—00
1
1

k+nq
ey 2 T Al)( R DN llleJ”qu(Qn) 1
j=—o0

e e e el [T

ay+B1+ 75

D P @p)
||f2Xk+n2||Lq2 @) < pfk(aerﬁer%7)\2)p7n2(a2+ﬁ2+%7/\2)||f2|| “2+ﬁ2+%’*2(Qn)’
12,92 P
HU2 (f17f2)||MK"‘*(Qn)
S suppkg)\( pkalp/\ akl) b, 5 . o oy
k;m Hn luis @il sz o
Ai—ai=Bi—g-— 2 )
/ )2H|t ilp UL — [P (t)dt
12
~ (=) ) (TP TR
/ H|t e WL t]5 o (t)dt
Z*)2’i 1
_ 4 4 MmO g8
—cHl||b]||upﬁj(@g)||fj||MKlaj+ﬁj+p o *)2H|t e -t
Jj= 395

By a similar argument, we also obtain the norm estimate of Vg”pg .
This fnishes the proof of Theorem 3.4.
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