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A Cauchy integral formula for (p,¢)-monogenic

functions with a-weight

GAO Long DU Xiao-jing LIU Yue XIE Yong-hong*

Abstract. Firstly, some properties for (p,q)-monogenic functions with a-weight in Clifford
analysis are given. Then, the Cauchy-Pompeiu formula is proved. Finally, the Cauchy integral

formula and the Cauchy integral theorem for (p, ¢)-monogenic functions with a-weight are given.

81 Introduction

Clifford algebra [3] was proposed by Clifford in 1878. In 2002, Malonek and Ren [10] intro-
duced Dirac operators with a-weight. In 2017, a Cauchy integral formula for inframonogenic
functions in Clifford analysis was obtained [6]. In 2018, Kang and Wang [9] studied A-monogenic
functions over 6-dimensional Euclidean space, Yang et al. [12] gave the Cauchy integral formula
for k-monogenic functions with a-weight. In 2020, Dinh [4 — 5] discussed the representation
of Weinstein k-monogenic functions and the generalized (k;)-monogenic functions. Garcia et
al. [7] studied the decomposition of inframonogenic functions with applications in Elasticity
theory. Blaya et al. [1] derived the Cauchy integral theorem for infrapolymonogenic functions.
In 2021, Santiesteban et al. [11] discussed (i, 1)-inframonogenic functions in Clifford analysis.
On the basis of the above works, the Cauchy-Pompeiu formula, the Cauchy integral formula

and the Cauchy integral theorem for (p, ¢)-monogenic functions with a-weight are obtained.

82 Preliminaries

Let Clpn(R) be the real Clifford algebra generated by {eg,e1,...,en}, eg = ey = 1 is
its identity and e;e; + eje; = —28;;(4,5 = 1,...,n), where §;; is the Kronecker delta. The
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element ¢ € Cly,,(R) has the form a = > aseqs, where A = ¢ or A = {a1,a9,...,a3} €
A

.- The elements
x= > xie;(x; € Ryi=1,2,...,n) are called vectors. The set R" is identified with the set of
i=1

vectors. Then |z| = —z2 and 27! = —i7 where z € R™\{0}.
||
T

{1,2,....n}(1 <1 <ag < -+ <ap,<n),as € Rand eq = ey, €0, " €a
n

In this paper, let Q@ C R™\{0} be a nonempty connected open set and its boundary 99 be
a differentiable, oriented, compact Liapunov surface [8]. Q* = {x|x + z9 € Q,79 € Q}. The
function f : Q@ — Cly,(R) is denoted by f = > faea, where f4 is a real-valued function. A

function f is continuous in €2 means that each é)mponent of f is continuous in €.

Let C"(Q,Cly n(R)) ={f|f : @ = Clon(R), f =3 faea, where f4 is r-times continuously
differentiable in Q, r € N*, N* is the set of positive iﬁtegers}.

For f € Cl(Q,Clon( ))s
“flx
(

we introduce Dirac operators with a-weight as follows [5]:
= [z|""2(Df(x)), f(x)D* = (f(z)D)x|z["*,
n
Of (x)
D =
(@) dx;

i, € R\{0}.

where D f(x z”:

1
Definition 2.1. [ } If f e Cl(Q Cl, n(J R)) satisfies Df(x) = 0(f(z)D = 0) in Q, we say that
f is a left(right) monogenic function in €.

Definition 2.2. [12] If f € C*(Q,Cly (R)) satisfies (D%)*f(x) = 0(f(z)(D*)* = 0) in Q,
where k € N*, we say that f is a left(right) k-monogenic function with a-weight in .
Lemma 2.1. [8] If f,g € C1(Q,Cly.,(R)), then

n

D(f(@)g(x)) = (D @)g(x) + 3 e () 222

j=1

ej + f(2)(g(z) D).

n

(/1 Z

Lemma 2.2. [8] Let I" be an arbltrary n-chain satlsfyingf CcQ, f,geC"(Q,Clhn(R)), r>1,
then we have

. f(x)dogg(x) = /F[(f(x)D)g(x) + f(2)(Dg(x))lda",
where d7; = dwy A+ Adzi_1 Adxii A Adap,i=1,2,...,n,do, = Y. (—1)" " Le;dz;, da™ =

i=1
dxi N -+ Ndxy,.

_1\k—1
Let Hy(x) = (=1)

where Ak = m,

Mi’jka, k>1,ke N* acR\{0}, w, is the
area of the unit sp€1|ere in R™.
Lemma 2.3. [12] When k£ > 1, we have
D(Hy(z)|z|~%x) = (Hg(x)|x|""2) D = Hy—1 ().
By reference [12] or similar to reference [12], we have the following three propositions.

Proposition 2.1. If f € C*¥(Q,Cly ,(R)) is a left and right monogenic function in 2, then
(DO*(Jz* f () = (|2[* f(2)) (D) = (=1)*kla” f ().
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Proposition 2.2. If f € C*(Q,Cly,(R)) is a left(right) monogenic function in €2, then
|z|(F=9)e f is a left(right) k-monogenic function with a-weight in Q, where j <k, k,j € N*.
Proposition 2.3. Hy(z)|z|77%z is a left(right) k-monogenic function with a-weight in Q,
where j < k, k,j € N*.

Lemma 2.4. [12] (Cauchy-Pompeiu formula) If f € C"(Q,Cly »,(R)), 7 >k, n > k,0 < a < %,
then for any zg € 2, we have

k
Flao) =321 | (o)l ado (D) o+ 20)

= (=D [ Hp(2)(D*)*f(z + z0))da.
Q*
_ 1
Lemma 2.5. [12] (Cauchy theorem) Let f € C"(Q,Clon(R)), 7 >k, n >k, 0 < a < T If

f(x + xo) is a left k-monogenic function with a-weight in Q*, then
k

> (- / H(@)le| = ado, (D*)1~ f(z + o))

Jj=1

[ (o), xo € £

0, xo € Rn\ﬁ
Similar to the proofs of Lemma 2.4 and Lemma 2.5, we have the following theorems.

— 1
Theorem 2.4. (Cauchy-Pompeiu formula) Let f € C"(Q,Cly ,(R)), 7>k, n >k, 0< a < T

Then for any xg € 2, we have

k
flwo) =3 (~1) / ( (& + 20) (DY oy (H () || )

= o

= (=1)F [ Hi(2)(f(z + 20)(DY)*)de.
Q*
_ 1
Theorem 2.5. (Cauchy theorem) Let f € C"(,Cly,(R)), 7 >k, n >k, 0 < a < T If

f(x + xo) is a right k-monogenic function with a-weight in Q*, then
k

S [ (fatmn) (D2 o (Hy () ol )

= o0

f(zo), xo €

0, To € R"\ﬁ

83 Main results

Definition 3.1. If f € C?*4(Q, Cly,,(R)) satisfies ((D¥)? f(x))(D*)? =0 in Q, we say that f
is a (p, ¢)-monogenic function with a-weight in €, where p,q € N*. Especially when p = ¢, we
say that f is an infrapolymonogenic function with a-weight in €.

Obviously, if f € CPT4(Q, Cly ,(R)) is a left p-monogenic function with a-weight in €, then
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f is a (p, ¢)-monogenic function with a-weight in .
Proposition 3.1. If f is a left and right monogenic function in Q, then |z|PT9=f is a
(p, q)-monogenic function with a-weight in 2, where j < (p+¢), j € N*.
proof. (i) When ¢ < j < (p+ q), that is, 1 < (j — q) < p, |z|P~U~9D)f is a p-monogenic
function with a-weight by Proposition 2.2, so |z|(Pt9=7) f is a (p, ¢)-monogenic function with
a-weight in .
(i) When 1 < j < g, as f is a left monogenic function and x? = —|z|?,
D (|| P+ f(x))

=z 2 {(D|x|P+D) f(2) + 2| PTIN(Df ()}

=[z|™2(p + ¢ — §)afe|PTI20 f(x)

=—(p+q— j)afa|PTITIf (@),

thus
(D*)? (|| PTT=D f ()
—(p+q—j)alz| " z(D(|z|PTI7I7De f(2)))
—(p+q—jalz|zp+q—j— alr|Pri=De 2y f(z)
:(_1)2 (p+aq—7j)! 2|1_|(p+q ji—2)a o f(z).
(p+q—37—2)
UDDOoSE ayp—1 l,(p q—j)a 7)) = (— p_l(p+q—j)!(lp_1$(q_j Do T en
Suppose (D*)P~*(|z|®* f(x)) =(-1) CEE] ||\ 7TV f(2), th
(D*)P (|| PTT=De f ()
« p— (p+q ]) — m(qu ) T
=D%((-1) 17( P Y| a0 f(2)))
pl(p+q .7) pl.’L'_a(E xq—j 1a T
=(-1) e |z~ *2(D(|x| D f(2)))
pl( + )' p—1 a . q—j+1)a—2
= et el e = o+ Dalel 0 f (@)
— m zla=ia
=(=1)? =7 P (|| f(@)).
So ‘ v+ )
(DY (|| P+ 19%) () = (~1) L LI o (| 09 p(a)).

(¢ = J)!
As f is a right monogenic function, |z|(9=7)f is a right g-monogenic function with a-weight

by Proposition 2.2, then
(D) (|| PHa=D f(2))) (D)
— q)! .
=1 IR o (a0 () (D)) = o,
(¢ =)
that is, |#|(PT9=)e f is a (p, ¢)-monogenic function with a-weight in Q.
Corollary 3.2. H,.,(z)|z|77®z is a (p,q)-monogenic function with a-weight in €, where
j<(+q),jeN"
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proof. As
—ja Ap+q —ja (p+a—j)a d
Hpypq(z)|2| 72 = WM z = |z| ApHW’
ol is the Cauchy kernel, then D(%) = (%)D = 0. By Proposition 3.1 we draw the
Wy |x|™ x|" x|"
conclusion.

Theorem 3.3. Let f € C"(Q,Cly,(R)),r > (p+ q). Then for any zo € Q, ((D*)?f(x +

— 1
20))(D*)? is bounded in Q* when 0 < @ < ——.
p+q

proof. Let

fi(z) =D f(x + x0);
fa(x) =afi(z) + D(xfi(x));

f3(z) =2af2(x) + D(z f2(z));

fo(@) =(p — Dafp-1(z) + D(xfp-1(2));
fpr1(x) = = palz|2afy ()2 + (xfp(2))D;
fpi2(x) = + Dafpr1(z) + (fp41(z)2)D;
fp+3(37) =(p+ Q)Oéfp-i-?(x) + (fp+2(x)x)D§

Jo+a(@) =0 + ¢ = )afprq-1(x) + (fp+q-1(2)2)D.
Then f1(x), fo(x),..., and fpi4(z) are bounded in Q.
Following [12], we have (D*)? f(z 4+ x¢) = |z| Pz f,(x), then
(D*)f(x + ) D*
=((|z[""*x fp(x)) D)x|x|~*
={(=pa)la| P afy(2)z + |2| P (2 fp () D) ya|z| =
={—palz|zfy(2)x + (@fy(x)) D}alz|~PTD®
=fpi1(@)ala|”PFDe,
thus
(D) f (@ + o)) (D)?
=((fp1(@)zlz|~PTD*) D)alx| =
={fpr1(@)z(=(p + Va) x|~ P2z 4 ((fpia(@)2) D) ||~ PTD Y]]~
={(p + Dafpir (@[]~ P 4 ((fpir(@)2) D)]| =P |z~
={(p + Dafpi1 (@) + (fp41 (@)2) DYala]| ~PF2)
= fpra(a)ala|~PHDe,
Suppose ((D®)P f(x + x0))(D*)?! = fpiq—1(z)x|z|~PHa=De then
(D*)Pf(z + 20))(D)?

=((fprq-1(@)zlz| PV D)afe|
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={forqg1(@)x(—(p + g — Da) ||~ PrDa"2y
+ (prq-r(@)) D)~ ]|

=H{+a-Dafprg-1(x) + (fp+q—1(x)x)D}ﬂxr(erq)a

=fp+q(x)ac|x|_(p+‘1)a,
So

(D) f(z + 20)) (DY) = fpiq(@)a]z|~PTD,

Hence, when (p + g)a <1, that is, 0 < a < I%ff (D*)? f(z + 0))(D“)? is bounded in Q*
for any zo € Q.
Theorem 3.4. (Cauchy-Pompeiu formula) If f € CT(§7 Clon(R)), where r > (p+ ), n >
(p+q),0<a< L, then for any zo € Q, we have

p+q

q

Z 1)P+i /89* (DX f(x 4 20))(D*) o, (x|~ Hyyj())

+ [  Hy el ado (DY (o +a)

Jj=1

=P [ Hy @DV Fa+ ) (D)o

proof. (i) Using Lemma 2.4, in order to prove Theorem 3.4, we need to show that
q

S [ (DSt )7 o el )

”q/ (D) f(x + 20)) (D))

/ Hy(x)((D*)? f(x + x0))dz.

(ii) For any 2o € Q, 0+ x € Q. Hence, 0 € Q*. Let § > 0, Bs = {z : |z| < §}, Bs C Q*. By
Lemma 2.2 and Lemma 2.3, when 5 =1,2,...,q, we have

| @) 1 20Dy e (alel (@)

—lim [ (D) f(w+20)) (D) do (|~ Hpay ()
—VJoB;s

=lm [ (D) fw + 20)) (D ) Hy s g(2) + (D) F (& + 20)) (D*V ™) g1 (2) o
Q*/B;s

B /Q {(DY)P f(a + 20)) (D)) Hpg () + (DY) f(z + 20)) (DY) 1) Hpy g1 (2) }da.
By Theorem 3.3, |((DY)P f(z+x0))(D*)?| is bounded in Q*, then |((DY)? f(z+x0))(D*)?| < M,

where 7 =1,2,...,q, M is a positive constant. So
| (@ st 2o (02 o (afal~ Hyry(0)
835
M. .
. l1-a — 2 (p+i—1)a
=ih /agé Hyp s @)llal ™ loe = G
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where M7 and M, are positive constants. So

s /aga«Da)pf(x +20)) (D) dou(ala] = Hy () = 0.

Hence
S [ (D + a0 (D el Hyy(0)

—1)rr /*{(((D“)pf(x +20)) (D)) Hysq(2) + (D) f (2 + 20)) (D)) Hp g1 () }da

F [ DN o)) (D)) g ()

+ (DY) f (@ + 20)) (D)) Hpg—2 ()

D /Q (D (& + 20) D*V Hp g1 (2) + (D) f (& + 20)) H ()

D[ Hp @D o a0 (D7) = (1 [ H@{(D*) o+ o)) e

Theorem 3.5. (Cauchy integral formula) Suppose f € C"(Q, Cly,(R)), where r > (p + q),

1
n>((p+q),0<a< s if f(x 4 zo) is a (p,q)-monogenic function with a-weight in Q*,
pTq

then for any zg € €2, we have

Flan) =321 [ (D @+ 20) (D7) o ]y (2)

+y (=17 [ Hy()la|"ado, (DY~ f(a + o).

a0
proof. As f(z+xg) is a (p, ¢)-monogenic function with a-weight in Q*, (D*)? f(x+x0))(D*)? =
0, by Theorem 3.4 we draw the conclusion.

Theorem 3.6. (Cauchy integral theorem) Suppose f € C"(Q,Clo,»(R)), where r > (p + q),

1
n>({p+q),0<ac< T if f(x 4+ zo) is a (p, ¢)-monogenic function with a-weight in Q*,
pPTq

then for any zo € R™\(, we have

S (-1t /m (D) f (@ + 20)) (D)~ dos (x|~ Hpe (@)

=1

<.

E [ H @l o (D7 e+ 20) =0

proof. When zo € R"/Q, by Lemma 2.2, Lemma 2.3, Lemma 2.5 and ((D%)? f (2 +))(D®)? =
0 in %, we have

D75 [ Hy @AD" G +-20) (D)

=(-1rte {(((D"‘)”f(w+xo))(Da)q DD }a|u| ™ Hysg(z)da
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(-1 [ (DS (o4 ) (D) o (el Hy (o)
o
— 7 [ LD Ha o+ ) (D) HD (el Hyg o)}
(=171 [ (Do + ) (D) o (alal Hy(0)
o
0 [ LD e+ ) (D) Y (@)
(-1 [ (DS ) (D) o (el Hp )
o
F P [ (DO S+ ) (D)o alal  Hys 1 (0)
on*

7 [ (DN S 2 (D7) o)

_|_
T
—_
~—
iS]
S
*/—\
—
S
Q
~—
iS]
=
8
_|_
8
(=}
~
~—
=
2
QU
8

+ Z(—l)j /am Hj(z)|z|"“xdo, (D*) 1 f(z + 0)).

Jj=1

Corollary 3.7. (Cauchy integral formula) Suppose f € C"(€2, Cly ,(R)), where r > 2k, n > 2k,

(
1
0<a< % if f(z + xo) is an infrapolymonogenic function with a-weight in Q*, then for any

g € €2, we have

k
f(wo) = Z(—l)’““ /m* (D) f(x + 20)) (D)~ doy (||~ Hiv(z))

Jj=1

k
FY 0 [ @l dra (D e+ ).

j=1
Corollary 3.8. (Cauchy integral theorem) Suppose f € C"(,Cly,(R)), where r > 2k,
1
n>2k 0<a< % if f(x + x¢) is an infrapolymonogenic function with a-weight in Q*, then
then for any zo € R™\Q, we have

k
S0 [ (D) e+ ) (D% o (alel " Hi (@)

j=1

k
£Y 0 [ )l o (DY 4 a0) = 0

j=1
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