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On power series statistical convergence and new uniform
integrability of double sequences

Sevda Yildiz Kamil Demirci

Abstract. In the present paper, we mostly focus on Pﬁ—statistical convergence. We will look
into the uniform integrability via the power series method and its characterizations for double
sequences. Also, the notions of Pg—statistically Cauchy sequence, Pz?—statistical boundedness
and core for double sequences will be described in addition to these findings.

81 Introduction

In studying the fundamental theory of functional analysis and in particular sequence space,
a convergence of sequences has an important place because it constructs many valuable and
significant results, identities, and theorems. Although the answer may have become more ap-
parent over time, many problems remain complex. It is therefore important to study new types
of convergence and also, their properties. The concept of statistical convergence of sequences of
real numbers was given in [16] and [24], independently. Extensive research has been conducted
on statistical convergence by numerous authors from different angles, leading to the discovery
of different types of convergence [1,2,5,8,10,12-15,19]. One of the notions of the statistical
type of convergence, named, power series statistical convergence has recently been given in [27].
The use of this convergence had a great impulse, for example, the properties of J,-statistical
convergence were given in [25] and the concept of strong J,-convergence via a modulus function
was given in [4], Sahin Bayram gave some criteria in [23]. Also, Demirci et al. [9] and Cabrera et
al. [6] introduced some concepts of variation. Unver and Bayram established a relationship be-
tween the concepts of P-statistical convergence and P-uniform integrability [26]. With the help
of this convergence, Demirci et al. [11] gave a new type of power series statistical convergence,
P-statistical relative uniform convergence of sequences of functions at a point. Then, they
established an approximation theorem. More recently, this notion of convergence was extended
to double sequences in [28]. Motivated by the above research, we mostly focus on P?-statistical
convergence. We will look into the uniform integrability via the power series method and its
characterizations for double sequences. Also, the notions of Pg—statistically Cauchy sequence,
Pg—statistical boundedness and core for double sequences will be described in addition to these
findings.
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82 Definitions and Preliminaries

The symbol N is commonly used to represent a set of natural numbers. A sequence x =
{Zm v} is called Pringsheim convergent if, for every ¢ > 0, there exists M = M (e) € N such that
|Zm.o — L| < € whenever m,v > M. Here, L is called the Pringsheim limit of « and we denote
this convergence by writing P — lim,, » Zm,» = L (see [21]). A double sequence is said to be
bounded if there exists a positive number K such that |z, ,| < K for all (m,v) € N> = N x N.
Let 2., co denote the sets of all real bounded double sequences and P-convergent double
sequences, respectively. If x € ¢y then, either = € [2 or x ¢ [2,.

The following is a summability of the double sequence generating an infinite matrix:

Let A = [aki,mv]s k,1,m,v €N, be a four-dimensional infinite matrix. The A-transform of
x for a given sequence x = {z, }, denoted by Az := ((Ax)x,), is given by

(Ax)k,l = Z Akl mvTm,v, k‘,l c N;
(m,v)EN?
provided the double series converges in Pringsheim’s sense for every (k,1) € N2. According to
the definition, a double sequence z is considered A—summable to L if the A-transform of x
exists for all values of k£ and [ in the set of natural numbers, and converges in Pringsheim’s
sense.

In our study, we shall need the following.

Now, let ¢5° stand for the set of all real bounded and P-convergent double sequences. Recall
that we say a A = [ak 1,m o) I8 RH—regular if Az € ¢3° and P —limy, ;(Ax)g; = P —limy, o Tm v
for x € ¢§°. The characterization of RH —regularity known as Robison-Hamilton conditions (see
also [17,22]) and a four-dimensional matrix A = [a,im,»] is RH—regular (A € (¢5°,c3°; P)) if
and only if

(i) P —limg ag 1,m» = 0 for each m and v,
oo

(’LZ) P — limk)l Z Ak, lmuy = 1,

m,v=1

o0
(t9i) P —limy; > |ak,imv| =0 for each v € N,
m=1

(Z"U) P — lika Z \ak,hm,v| =0 for each m € N,

v=1
&)
(v) > l|akim.v| is P—convergent,
m,v=1
(vi) There are finite positive integers M; and My, such that for every (k,I) € N2, the
following inequality holds:

Z |ak,l,m,v| < M.
m,v>M;
Prior to moving forward, it would be helpful to revisit the principles of natural density and
statistical convergence for single and double sequences.
Let K be a subset of Ny and the symbol # {.} represents the number of elements in a set,
which is called its cardinality. The natural density of K, denoted by ¢ (K) is given by

whenever the limit exists. A sequence x = {z,} is considered statistically convergent if for any
value of € greater than zero,

0({veNy:|z, —L| >¢})=0.
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In this case, we write st — lim,, z, = L.

If E C Ng = Ny x Ny, then E; ;, := {(m,v) € E: m < j,v < k}. The double natural density
of E, denoted by d2(F) is given by

. 1
62(E) =P — l;fgm#@,k,
whenever the limit exists ( [18]). Let = {zy,,} be a number sequence. Then x = {z,,} is
statistically convergent to L if for every € > 0, the set
E:=Ejke)={m<jv<k: |zym,— Ll >¢}

has natural density zero; in that case we write sty — limy, , Ty = L ( [18]).

In what follows, a non-negative real double sequence {py, , } will be a given such that pog > 0
and the corresponding power series

[o ]
p(t,u) = Z pm,vtmuv
m,v=0
has a radius of convergence R with R € (0,00] and t,u € (0, R). It is said that x = {z,,,} is
convergent in the sense of power series method and this is denoted by Pg —limz,, , = L if for
all t,u € (0, R), the limit

1 o0
exists ( [3]). Note that the method is regular iff
f) P wt"™ io)pu,vu”
t)q}%_% =0 and tq}%_% =0, for any u, ~, (1)

hold (see [3]).

Definition 1. Let x = {xy,,} be a double sequence. Then the double sequence x is said to be
Pp2 -strongly convergent to L if

lim
tu—R- D (t,u)

o0
Z Dot U [T — L] = 0.

m,v=0

First of all, let us emphasize that from this point onward, we work under the assumption
that the power series method is regular.

The notions of statistical convergence of sequence with respect to the power series method,
P,-statistical convergence, and P,-density of £ C Ny were introduced by Unver and Orhan [27].
The key point here is that, these convergence methods are incompatible. Motivated by this
work, the definitions of PpQ—density of F ¢ N2 = Ny x Ny and Pg—statistical convergence have
been more recently introduced by Yildiz, Demirci and Dirik [28] as follows:

Definition 2. [28] Let F C N3. If the limit

1
6% (F):= 1 mot " u’
B (F) t,uﬂ—p(t,u)( ;er Wol™u

exists, then 512% (F) is said to be the Pg—density of F.

Notice that, it is not difficult to see from the definition of a power series method and
P2 —density that 0 < 6}23p (F) <1 if it exists.
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Definition 3. [28] Let © = {x,,,} be a double sequence. Then {x; .} is called statistically
convergent with respect to the power series method (PI? -statistically convergent) to L if for any
e>0

Z Pt u’ =0 (2)
(m,v)EF.
where F, = {(m,v) € N3 : |z, — L| > €}, that is 5%1) (F.) =0 for any € > 0. This is denoted
st?gp —limay,, = L.

lim
tu—R-p (t,u)

Example 1. Let {p,} be defined as follows
| 0, mandv odd
Py = 1, m orwv even ’

and take the sequence {sm. .} defined by
{ mv, m and v odd
Sm,av =
0, m or v even
We get that, since for any e > 0,
1
lim —— t"u? =0
tu—sR-D (t,u) Z Pm,o ’
(mvv):|u7n,v|25
{Smw} is Pg—statistically convergent to 0. However, the sequence {Sy, .} is neither Pringsheim
convergent nor statistically convergent to 0.

In view of the above definitions, we obtain the following propositions:
Proposition 1. The stfpp-lz'mit of a double sequence x = {xp,} is unique.

Proposition 2. Let = {Zm v} and y = {ym o} be two double sequences. If st%p —limxy,, =
Ly and stfgp — limyy, » = Lo, then the following statements hold:

(1) st%p —lm{Zm o + Ymw} = L1 + Lo,

(i) st%p —limezy,,, = cLy (c € R).

Definition 4. [28/The P?-statistical superior limit of x = {Zy, ,} is

2 1 _ Squm 'Lme 7&@7
sth lim sup &y, », = { Y if Gy = 2,
where G, := {c eR: (5%}7 ({(m,v) : @ > c}) > 0 or does not exist in ]R} and & denotes the
empty set. Similarly, the Pg -statistical inferior limit of x is

inf H,, if H, % 2,

2 g _
stp, liminf 2, , { o, FH, - o
where H,, = {d eR: 5%}) ({(m,v) : & < d}) > 0 or does not exist in R} .

By exploiting the relation between the above definitions, the following theorem can be given
as a consequence:

Theorem 1. (i) st%p —limsup @, » = s if and only if for any € > 0, (a) 5%’,, ({ (m,v) : Ty >
s —5}) #0; (b) 5%31) ({ (M, v) : Ty > 8 +E}> =0.

(#4) st%p —liminf x,, , =t if and only if for any e > 0, (a) 6%% {(m,v) : 0 <t+e}) #0;
(b) 03, ({(m,v) t @ <t —e}) =0.
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Remark 1. It is easy to see that
(¢) For any real double sequence x = {xy, .}, st%p — liminf 2, , < st%p — limsup @,,, and
%,p — limsupy,, < P — limsupz,,, (see

(13) P — liminfz,,, < st?,p — liminf 2, , < st
also [9,28]).

83 Main Results

In this section and its subsections, we characterize the properties of the above notions and
establish some if and only if results. In the continuation, we give our new definitions then we
characterize the properties of these notions. Then, we will look into the uniform integrability via
the power series method and its characterizations. Also, the notions of Pg—statistically Cauchy
sequence, Pg—statistical boundedness, and the core for double sequences will be described in
addition to these findings.

Theorem 2. Let © = {zy, .} be a double sequence. Then, the following expressions are equiv-
alent:
(7) st%;p —limz,,, = L.
(ii) There exists a subset F' of N2 such that 6%1) (F)=1 and P — lim,, y Tym, = L.
(m,v)eF
(19i) There exist two double sequences Yy = {Ym,n} and z = {zm v} such that =y + 2z and
P —limp, y Ym = L and st%p —lim 2y, , = 0.

Proof. (i) = (i) : Let st%p —limz,, , = L. Define the following sets:

1
R :{(m,v):xm)v—ﬂzk},
9 1
F; . = (m,v):\xm,v—L|<E ,

k =1,2,.... Observe that, (ﬁgp (Fkl) = 0 and 5% (F]?) =1, k=1,2,... Also, F? D F§ D ...
If we show that P — lim,, , ¢m, = L for every (m,v) € F,f then we get the desired result.
Now, suppose that x is not convergent to L. Hence, there is ¢ > 0 such that, |z, ., — L| > ¢ for
infinitely many terms. Put
1
FE = {(m’v) : ‘xnb,v — L| < E} and € > E,
k=1,2,.... Then 5?;13 (F.) = 0 and F2 C F.. Therefore (%p (F,f) = 0 which is a contradiction.
Hence, z is convergent to L.
(i) = (#74) : There exists a subset F' of NZ such that (5%}7 (F)=1and P—lim,, , v = L.
(mw)eF
Now, let define two double sequences y = {ym} and z = {2, , } as follows:
| e, if (myv) €F [0 if (m,v) € F,
Ymow = { L, otherwise and 2,y = Tmo — L, otherwise.
Then it is easy to see that P — limy, ;, Ym,» = L and st%,p —limz,,=0and z =y + 2.
(49¢) == (i) : There exist two double sequences ¥ = {Ym,} and z = {2} such that
r=y+2z and P —limy, » Ym,» = L and st%p —lim 2, , = 0. For any € > 0, let

S = {(mm) NYmw — L) > %} and

Sa {(m,v):|zm)v—0|zg}.
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Then, clearly (5}2;p (S1) =0 and (5}2;p (S2) = 0. Hence, we have
512Dp ({(m,v) : [, — L| > €})
< 83, (51) 483, (5) =0,
whence the result. O

Remark 2. (i) If st%p — limay,, = L, then there exists a sequence {ym .} such that P —
lim,, 4 Ym,o = L and 5?320 {(m,v) T = Ymw}) =1, i€, Ty = Ymo for almost all m,v.

(i) If st%p —limx,,, = L, then there is a subsequence {Tm, v, } of {Tmw} such that P —
limk’l Ty ,v; — L.

Theorem 3. (i) If a sequence x = {Xy, ,} is Pg—strongly convergent to L, then it is Pg—
statistically convergent to L.

(i4) If © = {@pm,} is PJ-statistically convergent to L and bounded, then it is PJ-strongly
convergent to L.

Proof. (i) Let a double sequence & = {2, ,} be P7-strongly convergent to L. Put € > 0. Then

J 1 =
N pmAvtmuU |Jf'm v L| = Z Pm vtmuv |$mAv - L|
b 2 P 7 Pl 2 ’ '
(m,v)GN%Jmm,va\Zs
1 e
+ Z Pm vtmuv |xm v L|
p (t’ U) m,v=0 7 7
(m,w)ENZ:|T 0, »—L|<e
1
Em Z pm’vtmuv.
;

v (m,v)ENE:| T, v —L|>€
This implies that 5?gp ({(m,v) € N§ : |z, — L| > €}) = 0, so that {z,,,} is P2-statistically
convergent to L.
(i4) Let & = {&m} be bounded and P?-statistically convergent to L. Put & > 0. Then,
(5%}7 ({(m,v) € N3 : |z, — L| > €}) = 0 and there exists a positive number B such that |, ,| <
B for all (m,v) € N2. We have

- 1 >
p(t,u) 2 Pl fmy = LI = p(t,u) 2 Pyt [Tm = L
’ m,v=0 ’ m,v=0
(mvv)ENg:lxm,u_L‘ZE
1 oo
+ Z Dot U’ |0 — L
p (t7 u) m,v=0 ’ ’
(m,)ENZ: |z, —L|<e
1
= Np (t,u) Z Pmot™u" + €

(m,v)GN%Jmm,va\Zs
where N = B + |L|. This gives

) 1
lim
tu—R-p(t,u)

oo
Z Pm,wt" U’ [T — L = 0.

m,v=0
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2 . ey
3.1 PJ-Uniform Integrability

In this subsection, we introduce the PpQ—uniform integrability of a double sequence and get

multidimensional analogs of the findings of Unver and Bayram [26] presented in 2022 (See
also, [27]).

Definition 5. A double sequence © = {xm o} is Pg—uniformly integrable if for any € > 0 there
exist tg € (0, R) and A > 0 such that

1
sup (t 'LL) E ‘x7n,v|pm,vtmuv <g,
to<t,u<RP \l, (m,0) |2 0| >a

whenever a > A.
We now begin the characterization of sz—uniform integrability.

Theorem 4. Let x = {xp} be a double sequence. Then the following are equivalent:
(i) @ is P}-uniformly integrable,
(ii) there exists tg € (0, R) such that: (¥) sup —— >, |Tmw

t,u
togt,u<Rp( ’ )m,v=0

any € > 0 there exists 6 > 0 such that for any subset F with

Pt u? < 00, (k) for

1
sup . u) Z Pmpt™u’ < 9, (4)
to<t,u<RP L, (mw)eF
we have
sup [Tl Pont " < . ®)
togt,u<Rp(t’u) (m%GF B

Proof. (i) = (ii) : Let € > 0. Then, from the hypothesis, there exists to € (0,R) and A > 0
such that

€
sup |Z 0] Pt u’ < =
to<tu<rP (t, ) (m v)ﬁlg >a ey 2’
whenever a > A. Hence, we get
o0
sup T | Pt u”
to<t,u<RP (t’ u) m;:() | " U| e
1
< sup Z |Tm,0| Dot u’
to<t,u<RP (t’ u) (M) | T, | <A
1
+ sup Z | om0 | Dot u”

to<t,u<RDP (t7 U) (m,0)i 0| > A
b . m,v |

1 = € €
< A sup —— Z Pmot"u’ + - = A+ -,
to<tu<rD (t,u) o0 2 2

which proves (*). Now, take 6 = 55 and given F' with (4), we have

> [Em] ot u?

(mw)EF

sup
to<tu<rP (t,u)

1
< sup (t,u) Z |Z,0] Pt ™ u”
to<tu<RP LW (e Filam o[> A
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1
+ sup (t,u) Z |Zm,o| Prm,ot™ 0"
to<tu<RP LW (e Filam ol<A

< sup (t ) Z |xm,1)| pm,vtmuv + A sup Z DPm, ot
to<t,u<RP\l, U (m,0):[Tm,o|>A to<t, u<Rp (m v)EF
1
< sup Z |Zm0| Dot u® + Aﬂ <e,

to<t, u<rD (t,u) (m):|Tm | >A

which gives (xx) .
(11) = () There exists tg € (0, R) such that (*) and (**) hold. From (x) let B :=
sup Z |Z 0| Prm,ot™u? < oco. By (s*), given € > 0 there exists 6 > 0 with (4)
to<t, u<Rp(t W om0
implies (5). Hence, take A = £ and consider the set F' = F (a) := {(m,v) : [¥m,o| > a}. Then,
we get for any fixed a > A that

1 1
Z pmv = am Z |$mv|pmv u”.

(mw)EF m,v=0
So, taking supremum over ¢,u € [to, R), we obtain that
B B
sup P u' < =< — =4.
to<t, u<Rp Z moot a A

(m v)eF
Which gives for the set F, thanks to (**) , that

1 o0
sup Z Z |Zm0| Pt u’ < e

tostu<ipP (1) {(m,0): |2, |>a}m,v=0
for a > A whence the result. O

With the following theorem, we show that the condition for x, for characterizing Pg—strong
convergence via Pg—statistical convergence, is Pg—uniform integrable.

Theorem 5. Let © = {x,,,} be a double sequence. Then z is Pg—strongly convergent to zero
if and only if = is Pg-statistically convergent to zero and PpQ-um'formly integrable.

Proof. Let x be Pg—strongly convergent to zero. Then we can write that

Z Pm, ot ‘xm,v| =0. (6)

va

lim
t,u— R~ p

Also, for any € > 0, we get

1 I G
Z pm,vtmuv S TN Z pm,vtmuU |$m7v| . (7)

P e 3e) ep(tiu) =4
Then, thanks to (6) and (7) that (2) is satisfied. Hence, x is P?-statistically convergent to zero.
Also, from Pg—strong convergence of x, we can write, for any € > 0, there exists ty € (0, R) such

that

1 = m_ . v
sup  ——— E Pt U’ |y | < €.
togt,u<Rp(t7u)m’U:0

Therefore, for any A > 0 and a > A, we have

Z P ot ™0 [ | < €.

va

1
sup ) Z Dot U [T o] < sUp
to<t,u<RP\l, {(m0): om0 >a} to<t, u<Rp
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Hence, x is PpQ-uniformly integrable.
Conversely, let x be PpQ—statistically convergent to zero and PpQ—uniformly integrable. Then
there exist tg € (0, R) and A > 0 such that

1 €
sup ) Z Dot U’ || < 3
to<t,u<RP L, {(m,0):m.o|>a}
whenever a > A and
1 €
t"ut < —.
p(t,u) Z Prm,v 3A
{(7rL,v):|$m,U\2§}
For ¢ty < t,u < R, we obtain
1 m, v
P > Pt U [T |
{(m,v):zm,o| <A}
1 1
< D (t7 w Z pm,vtmuv ‘xm,v| + m Z pm,vtmuv |xm,v|
{(m,v):%g\mm,ﬁgA} {(m,v):\zm,v|§min{A,%}}

1 e 1 = € € 2
< A t"ut 4+ = " < A— + - = —.
- p(t,u Z P 3p(t,u) Z Pm.v 34 3 3

{(m,v):|wm,v\Z§} m,v=0
Using the above inequality and for ¢ty < ¢,u < R, we have
1 o0
> Pt [T 0|
p (t7 u) m,v:O
1 1
= Z pm,vtmuv |$m,v + — Z pm,vtmuv ‘xm,v|
p(t,u) _ p(t,u) .
{(mv)i|om, .| <A} {(m,v):|zm,o|>A}
2e 1 2¢ €
< E + sup (t u) Z pm,vtmuv |$m7v| < E + g =g,
to<t,u<RP\l, {(m0)i|zmo|> A}
hence x is Pg—strongly convergent to zero. O

3.2 PI?-Statistically Cauchy Sequence

Definition 6. A double sequence © = {Tp .} is Pg—statistz’cally Cauchy sequence provided that
for every € > 0 there exist numbers M, N € N such that

. 1
tﬂ}l—I)rIl%_p(t,U) m;:()pm’vtmu”x ({(m,v) € Ng e — x| > 5}) =0.

Theorem 6. A double sequence x = {zp} is Pg-statistz'cally convergent if and only if x is
Pp2 -statistically Cauchy.

Proof. Let x be P]f—statistically convergent to L. In this case, for every € > 0,
5?313 ({(m,v) eNE : |2y, — L| > £}) = 0.
We can choose M, N € Ny such that |2y v — L| < § holds. Hence, thanks to the inequality
|Zm,0 = T, N| < [T — L+ 22,8 — L
we can get that
6?31) ({(m,v) €Ng : |20 —zmn| >€}) =0
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and x is Pg—statistically Cauchy sequence. Conversely, let = be Pﬁ-statistically Cauchy. For
¢ = 1 there exist My, N1 € Ny such that 5%,}7 ({(m,v) ENZ: | — Tary Ny | > 1}) = 0. For
€= % there exist Ma, No > max { My, N1} such that
(5%317 ({(m,v) € N2 : |20 — Tasy, N, | = 3 }) = 0. Inductively we obtain two sequences {Mj,} and
{Nj} such that Myi1, Ngy1 > max {My, Ni} and

1
(5%; ({(m,v) €EN2: T — Tar N | > k}) —0.

Clearly, given 4,5 € N there exist (mg,vg) € N2 such that |2, v, — Tas, N, | < % and
‘xnzo,vo - -er,Nj’ < %, thus

1 1 ..
|xM7',,N1 - xM_;',N_7'| < ; + 3 — 0 as 1,) — 90,

that is, the ordinary (single) sequence {z s, N, }, is a Cauchy sequence, so it is convergent in
a limit L. Hence, given € > 0, there exists ky € N such that ky > % and |z, N, — L] < §.
Observe that

€
{(m,v) ENG: @ — L] > 5} - {(m,v) eN2: !zm,v —ka,meo} > 5}

1
g {(m’ v) € Ng : ’xm;u - x]\/f}co7Nk0’ Z k} ’
o, it is clear that
6?:)17 ({(m,v) € N(Q) : |xm,v - L| Z 5}) = 07

whence the result. O

3.3 Pg—Statistical Boundedness and Core Theorems

Definition 7. (i) A real double sequence © = {2y} is Py -statistically bounded above if for an
M € R it holds that 5123p ({(m,v) e Ng : 2, , > M}) =0.

(i4) A real double sequence x = {xm o} is P2-statistically bounded below if for an N € R it
holds that (%p ({(m,v) e NZ : 2, , <N}) =0.

If a real double sequence x = {z, } is Pg—statistically bounded above and below, then we
say that it is Pg—statistically bounded. We can say that any bounded double sequence is also
Pg—statistically bounded.

Definition 8. For any M,N € R and a real double sequence x = {xm}, the Pg—statistical
superior of x is inf {M : (512;,17 ({(m,v) ENZ:zyy > M}) = 0} and the statistical inferior of x
is sup {N 205 ({(m,v) €Ng 12y < N}) = O} .

Theorem 7. A sz—statistically bounded double sequence & = {xy, ,} is Pg—statistically conver-
gent if and only if
st%p —liminf 2, , = St?:;p — limsup zy, 4.

Proof. Let st%p —lim,,, = L. For any € > 0, 6%1) ({(m,v) : |&mp — L| > €}) = 0,and thanks

2 ) _ 2 ) _ _ 2 _
to 0p ({(m,v) : @ > L+e}) = 0, and 0p ({(m,v) : 2o <L —¢€}) = 0, we have stp
limsup z,, , < Land L < st%;p —liminf z,, ,. Therefore, st%p —limsup z,, , < st%p —liminf z,, ,.
From Remark 1-(i) we get

st?;p —liminf z,, , = st2pp — limsup zp, .
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Conversely, let st%p — liminf 2, , = st%;p — limsup ,,,, = L. For € > 0, thanks to Theorem 1,
we have

cﬁgp ({(m,v) f T > L+ %}) = (512Dp ({(mw) T < L — %}) =0,
whence the result. O

Definition 9. The Pg -statistical core of x, any P[? -statistically bounded real double sequence,
is the closed interval

[st?gp — liminf z, st?gp — lim sup x} .
The Pg-statz'stical core is either (—oo, stfpp — lim sup ac} , {st%p — liminf z, oo) or (—00, 00) when-

ever x is not Pg -statistically bounded.

It can be written from Remark 1-(4) that P?-statistical core (x) C P-core (z).
Consider CSO’O, st%;p as the sets of bounded double sequences that converge to zero as P-
convergent and Pg—statistically convergent double sequences, respectively.

Lemma 1. Let A = [ak,1m,»] be a four-dimensional matriz. A € (Stfgp Ni2,,ese; P) if and only
if (i) A is RH-regular, (ii) P —limg; >, |akimo| =0 for every F C N3 with 5?;12 (F)=0.

m,veF

Proof. Let A € (st%gp Ni2,,es°; P) . Because of ¢ C st%p NI2,, we get A € (¢5°,¢5°; P) . Hence,
(i) holds. Let @ = {xy, ,} € [2 and define y = {ym.} by

|z, if (myv)eF
Ymw = 0, otherwise.

Then, we have st%gp —limym,, = 0and y € stQPp. Also, since Ay = ZFak,l,m,vxm,v’ then
m,ve
define the matrix B = [bgi,m ] by

b = Ak,l,m,v, if (mﬂ)) € F
k,lm,v 0, otherwise.

Thus B € (zgo,c;‘“o) . From Lemma 3.2 of [7], we get (7).
Conversely, let (i) and (é¢) hold and also, z € st%p N2 with st%,p —limz,,, = L. Then,

for any € > 0, 5123p (F) = 5%29 ({(m,v) : |xme — L] > €}) =0 and |xy,,, — L| < € for (m,v) ¢ F.

Observe that
E Akl moTmuy = § Ak, l,m,v (xm,v - L) +L E Akl m,v,
m,v m,v m,v

then by RH —regularilcy of A,

P—1 m,v mU:P_l. m,v 7er_L L. 8
,@{?;@k,z, T, g?;ak,l, w(@mw — L) + 8)
Since
Z Ak,lm,v (ajmvl’ o L) = Z Ak, 1m0 (xm,v - L) + Z ak,l,m,v (xm,v - L)
Y (m,v)eF (m,v)¢F

IN

oo
T = LY aktmol +€ Y lakimol,

m,veEF m,v=1
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thanks to RH-regularity of A and the hypothesis (i¢) that
P — 1}5?2 Ak, l,m,v (xm,v - L) =0.

From equation (8), we get P — limy ;(Ax),; = L = st%p — lim @, ,,, which leads us to the
required result. O

o0
Theorem 8. Letsup >, |akim,| <00 andx € lgo. Then, P —limsup Az < st%p —limsupx

k,l m,v=1
o0
if and only if A € (st%p N2, ce; P) and P —limg; > |6kim.e| =1
m,v=1

Proof. Let P — limsup Az < st?,p — limsup z. Then, we can easily get the following inequality
stfpp —liminfz < P —liminf Az < P — limsup Ax < st?;p — lim sup .

With the arbitrariness of x and since st?gp N2, C %, it can be considered any x € st?gp NIz

and stQPp — lima = L. Then thanks to above inequality, we get A € (stﬁgp NIz, e P) . Now,

because of st%p — limsupz < P — limsupx by Remark 1-(i7), it follows from Theorem 3.2.

o0
of [20] that P — limkyl Z |ak’lwm7v| =1.

m,v=1
oo
Conversely, let A € <st?3p NI2,,es°; P) and P —limg; > |akime| = 1. Also let z € [2.
m,v=1

Then Az € % and st%,p — limsupx is finite. Hence, thanks to Theorem 1, for any ¢ > 0,
(512% (F) = 5%}) ({(m,v) R stfgp —limsupz + 6}) =0 and z,,, < stfpp — limsupz + ¢
with (m,v) ¢ F. Observe that

E Ak 1,mvTm,v
m,v

< |ak,l,m,vzm,v| + k.l moTm, |ak,l,m,vxm,v| — Akl mvTm,v
< X 2
2 2
m,v m,v
S Z Akl m,vTm,w + Z (|ak,l,m,v| - ak,l,m,v) ‘xm,v|
m,v m,v
< Z ak,lmvTmw + Z Ak, lm,vTm,w| + SUP |xm,v| Z (|ak,l,m,v| - ak,l,m,v)
(m,v)eF (m,v)¢F m.v m,v
< sup|Tm Z |k, 1,m,v] + (st%p — limsupz + 5) Z lak. 1m0l
e (mw)er (m)¢F
+ +sup |xm,1;| Z (‘ak,l,m,v| - ak,l,m,v) .
m,v

m,v

o0
Since A is RH-regular and thanks to P —limy; > |akime| =1 that
m,v=1

P —limsup Az < stfgp — limsupz + ¢,
thus from the arbitrariness of x and e, we reach the required result. O
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