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Travelling wave solutions of nonlinear conformable
Bogoyavlenskii equations via two powerful

analytical approaches

Hira Tariq! Hira Ashraf!
Hadi Rezazadeh?* Ulviye Demirbilek?

Abstract. The presented study deals with the investigation of nonlinear Bogoyavlenskii e-
quations with conformable time-derivative which has great importance in plasma physics and
non-inspectoral scattering problems. Travelling wave solutions of this nonlinear conformable
model are constructed by utilizing two powerful analytical approaches, namely, the modified
auxiliary equation method and the Sardar sub-equation method. Many novel soliton solutions
are extracted using these methods. Furthermore, 3D surface graphs, contour plots and para-
metric graphs are drawn to show dynamical behavior of some obtained solutions with the aid of
symbolic software such as Mathematica. The constructed solutions will help to understand the

dynamical framework of nonlinear Bogoyavlenskii equations in the related physical phenomena.

81 Introduction

In recent decades, the mathematical modeling and numerical simulation of physical phe-
nomena appearing in various fields such as hydrodynamics, optics, biology, fluid mechanics,
physics, and many others, has been achieved by utilizing the nonlinear partial differential equa-
tions (NLPDEs) [1-4]. Exploring the traveling wave solutions and the effects due to different
differential operators has been an active area of research. In recent decades, numerical and
the experimental study of seismic wave propagation in complex media, from ultrasonic (MHz)
to seismic scale (Hz) has become an active area of research [5-6]. Bouchaala et al. discussed
the compressional and shear wave attenuations from walkway VSP and sonic data in an off-
shore Abu Dhabi oilfield [7]. Aslanova discussed a comparative study of the hardness and force
analysis methods used in truss optimization with metaheuristic algorithms and under dynamic
loading [8]. Moghadam and Ebrahimi presented an analysis of a torsional mode MEMS disk
resonator for RF applications [9]. Kumar et al. discussed performance analysis of 1x4 RMPA
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array using step cut and DGS techniques with different feeds techniques for LTE, wi-fi, wlan
and military communications [10]. Among the traveling wave solutions, solitary waves with
nonlinear dispersive effects, known as solitons, are of great significance due to their additional
property of holding a permanent shape [11-13]. Solitons play a key role in the telecommuni-
cation industry as signals can proceed far away without any distortion in the form of solitons
[14-16).

Many powerful techniques are applied to study and discuss the explicit solutions as well as
the physical behaviour of these models. Some of the techniques are the extended tanh-function
method [17], the modified kudryashov method [18], the simplified bilinear method [19], the
sub-equation method [20], the first integral method [21], the new transfer function method [22],
the new version of the trial equation method [23] and so on [24-30]. Over the past few years,
many researchers have discussed the modified auxiliary equation method, which is powerful
and effective, to seek novel soliton solutions for different kinds of NLPDEs [31-34]. Moreover,
a powerful and direct method called the Sardar sub-equation method is utilized to get exact
soliton solutions of various PDE [35-37].

The (2 + 1)-dimensional Bogoyavlenskii equation is an important nonlinear mathematical
model to elucidate the hydrodynamic model of shallow water wave, plasma physics, the wave of
leading fluid flow etc [38]. Kudryashov and Pickering [39] proposed the nonlinear Bogoyavlen-
skii equations as a member of a (2 + 1) Schwarzian breaking soliton hierarchy. Clarkson et
al. [40] examined Bogoyavlenskii equations as one of the equations associated to nonisospectral
scattering problems. Peng and Shen applied the singular manifold method to extract the shock
wave solution as well as the complex solitary wave solution for Bogoyavlenskii equations [41]. In
2016, Yu and Sun [42] used the modified simplest equation method to derive few of the analyt-
ical traveling wave solutions for Bogoyavlenskii equations. Li and Ziao [43] used the improved
fractional sub-equation method to derive some solitary wave solutions of the (2+1)-dimensional
space-time fractional Bogoyavlenskiis breaking soliton equation. In 2018, Liu et al. [44] used
new B cklund transformation and found the residual symmetry of the (2+1)-dimensional Bo-
goyavlenskii equation. In 2018, Feng [45] used specific fractional transformation and the Jacobi
elliptic equation to get the analytical solutions of the above equation. In 2020, Alam and Tunc
[46] successfully applied the generalized (G’/G)-expansion method to construct some new soli-
tary wave phenomena. Nisar et al. [47] derived analytical solutions of fractional Bogoyavlenskii
equations by exp(—K(¢))—expansion method and rational tan(K (¢))—expansion method.

In this study, we consider the nonlinear Bogoyavlenskii equations model with respect to the
conformable derivative, as

ADEP + Pawy — 40°py — 4pagq = 0, O
Gz = PPy,

where p(z,y,t) and q(x,y,t) are the unknown functions. D¥ represents the conformable time-

derivative.

The primary goal of this work is to retrieve the new solitary wave solutions to nonlinear
time conformable Bogoyavlenskii equations by utilizing two efficient and powerful analytical
approaches, the modified auxiliary equation method and the Sardar sub-equation method. The
proposed techniques are utilized for the first time to obtain a new type of solution of the
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considered conformable model. Comparing these two methods to the previous results, it can be
noticed that our approaches are more effective. The obtained results will help in understanding
the mechanism of the suggested problem, which is one of the cardinal focuses.

The strategy of the given article is given as, some preliminaries of conformable derivative
are given in section 2. The fundamental steps of the proposed methods are described in section
3. Exact solutions for the concerned equation are extracted in Section 4. The results and
discussion given are discussed in section 5. The modulation instability analysis of the provided
model is represented in section 6. Finally, some conclusions are drawn in the last section.

82 Basic Preliminaries of Conformable Derivative

In recent decades, various non-integer derivatives have been introduced such as Caputo,
RiemannLiouville and Grunwald Letnikov to understand the nonlinear phenomena [48-50]. Re-
cently, the Khalil et al. introduced a new simple and intriguing definition of the non-integer
derivative called conformable derivative [51]. The definition of the conformable derivative of
order k is given below:

Definition 2.1.

The conformable derivative for a function f : (0,00) — R of order 0 < k <1 at ¢ > 0 is

defined as k)
D () (1) = tim TEFL)
Note that if the function f is k-differentiable in (0,a) then D*(f)(t) = (t)!=* f'(¢).
The definition of conformable derivative satisfies the properties stated in the theorem given
below [52-53]:
Theorem 2.2.
Let g, h be the k-differentiable at a point ¢t and 0 < k < 1, then
(i) D¥(ag + bh) = aDy(g) + bDi(h), for a,b € R,
(ii) D*(t") =nt"*, V1n € R,
(iii) D*(gh) = g:Di(h) + hDi(g),

tDy(h) — hy
(iU) Dk(%) — ng( )h2 Dk(g).

Theorem 2.3.

A function f: (0,00) = R of order 0 < k <1 at t > 0, so that it is differentiable and also
it is a-differentiable. Let h be a differentiable function described in the range of f, then, the
following rule holds

1D¥(foh)(t) = (:D £)(h(t)) (:D*R) (t)h(t)"".
when t = 0,
/DH(foh)(0) = Tim (D" ) ((0)) (DM ) (0)h(1)* .

83 The General Structure of The Proposed Methods

The main focus of the presented study is to investigate the nonlinear Bogoyavlenskii equa-
tions using the concept of conformable derivative for the first time with the modified auxiliary
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equation method and the Sardar sub-equation method. The suggested methodologies are pro-
ficient, easy to proceed, and reliable for retrieving new-wave solutions of NLPDEs. These
approaches can generate a variety of closed-form solutions, including trigonometric, hyperbolic,
and rational functions. Theoretically, some remarkable kind of wave solutions can be extracted
by assigning arbitrary values to free parameters appearing in the aforementioned techniques
for the proposed conformable model. In the laboratory, these solutions can be used as prior
knowledge to generate desired possible soliton pulses in fluids.

The general structure of The proposed methods is given below:

By letting a nonlinear conformable partial differential equation having the form given below:

U(Dfp7pm>py7D?kpapzmapyyaprya"') :07 (2)
where U is a polynomial in p(z,y,t) and its higher-order partial derivatives. DF represents the
conformable time derivative.

Using the wave transformation:
k

peyt) = P(),  where €=u+y—co. 3)

Using the above wave transformation on Eq. (3), the NFPDE is being converted into an ODE
having the form:

U(p,p',p",...) =0. (4)
3.1 The Modified Auxiliary Equation Method

The fundamental steps of the suggested method are given below:
Step 1: By letting the solutions of the above ODE (4) have the following form:

Z z
P ) = 3 KT ag + 3 bK O, )
i=0 i=0
where the arbitrary constants a;,ap and b; will be evaluate afterward, while f(&) satisfies the
ODE: )
e = Lk © KOy,
F1(Q) = (0K 1O 4 5 4 oK) (6)
Step 2: Evaluate the positive integer Z in Eq. (5) by the balancing method of the highest
order derivative terms and the nonlinear terms.
Step 3: Using Eq. (5) and Eq. (6) in Eq. (4) and then collecting the terms having same
powers of (Kif(g))7 where ¢ = —Z,...,Z and by equating these terms to zero, a system of
algebraic equations is obtained that will be simplified with the aid of wolfram Mathematica-9
or maple to get the values of «, 8,0, a; and b;.
Step 4: Substitute gained values with solutions of Eq. (5) into Eq. (4), the analytical solutions
for Eq. (1) are obtained.

3.2 The Sardar Sub-Equation Method

It is supposed that the Equation (4) has a formal solution of the form given below:
z

p(x,y,t) = Z%W(ﬁ)a (7)

=0
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where v;, (i = 0,1,2..., Z.) are the coefficients to be determined later and v’ (¢) satisfies the
following ODE.
(W'(6)* = a+gv® + ¢4, (8)

where o and g are arbitrary constants. The solutions of the ODE are
Case 1:
If g > 0 and o = 0, then

U’%(ﬁ) = +v/—rsgsechys(,/g§),

vy (€) = £/ =Tsg eschys (VIE),

2 2
= m ) eschys(§)

where
Sechrs<§) = m
Case 2:
If g < 0 and a = 0, then
U5 (€) = £v/=rsgsec,s(v—g§),
%{E (5) = i\/ —Trsg Cscrs(\/ _gg)a

2 cscrs(§) = 2

where

sec,s(§) =

 rei€ + semiE] rei€ — sei%’

Case 3:
2
If g < 0and a = 9, then

v (©) = £/ tanh,, (\/?5)
VE(£) :t\/?cothrs <\/§£>’
HOE iﬁ(tanhm (\/—72g£> £ iy/7s sechy ( —2g£>>,

56 = iﬁ (cothm (@f) + /75 cschy. (J—ng))

58 = i\/? (tanhm <\/?§) + /75 cothy (ﬁg))

§_ge—¢ 3 —£

re se res 4 se

= —7, coth =
ret + se—§ rs(§)

Vio(6) = i\/g tan,., (ﬁf)

Ui (6) = iﬁ cOtys (\/?5)
vh(e) = iﬁ (tanm (@5) - iy/r5 secrs (@g) )
510 = [ conn (V) & visesers (V) ),

where

tanhrs (g) m .

Case 4:
2
If g > 0and a = 9, then
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$ia(6) = i\/g(tanm <\/g§) + V75 cotys (\/gé»

e’ — se” % e’ 4 se”%
tanys () =~ ey cotns(8) =i
By balancing method value of Z will be evaluated. After finding the value of Z, the predicted

where

solutions as well as necessary derivatives will be substituted to Eq. (7). All the coefficients
of power of 1(&) are further equated to zero and an algebraic system of equations is obtained.
The resultant algebraic system is solved on maple or wolfram mathematica for values of v;’s
and g. At the last, put (§ =z +y— c%) into the obtained solutions.

84 Application to The Nonlinear Bogoyavlenskii Equations Model

In the nonlinear wave theory, the most important aspect is the investigation of a kind of
analytical solution, that is, the traveling wave solutions which are the solutions of some constant
forms moving by a constant velocity. Here, consider the traveling wave solutions for Eq. (1)

having the following form
k

t
p(xvyvt) :P(f)v q(xvyvt) :Q(g)v where, g :x+y_cz (9)
By substituting Eq. (9) into Eq. (1) and then integrating it, and for simplicity letting the
constant of integration equal to zero, the following system obtains,
—4cPe + Pege — AP?Pe — 4P:Q = 0,
Q¢ = PPF.
Integrate Eq. (10) w.r.t. &, the second equation of the above system becomes
1
Q= 5P?. (11)

Substitute obtained value of () in the first integrated equation of the above system, following
ODE is obtained

(10)

Peg — 2P — 4cP = 0. (12)

4.1 Analysis of Solutions via Modified Auxiliary Equation Method

The modified auxiliary equation method is being implemented on the nonlinear Bogoyavlen-
skii equations to construct various different and novel solitary wave solutions in this section.
Firstly, by applying the homogenous balancing principle between Pee and P3, the value of Z is
obtained as Z = 1. According to the proposed method, Eq.(6) becomes

P(&) = ag + a1 K9©) 4 b K9, (13)

where ]
9'() = e (a+ BE9E) +yK99), (14)
Substitute Eq.(13) and its derivative in Eq.(12) and collect all coefficients of the same terms

for K%9€) where i = —Z, ..., Z. Further, by equating these terms to zero, we get the following
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system of algebraic equations:
K9 :o%a, + 2a1 87 — 6a(2)a1 — 6a%b1 —4ca; =0
K% : 3a1ay — 6aga® = 0
K39 :2a17% — 243 = 0
K9 :a”by + 2b1 8y — 6b3a; — 6azby — 4cby = 0 (15)
K~%9:3bjaB — 6agh? =0
K39 : 20,87 —2b3 = 0
Cont. : a1af + byay — 2ag —4agec =0
The following families are obtained by solving above system using computer software wolfram
mathematica 9 or maple.

Family 1:
—a3 —2 2+2
a1—>M,b1—>0,a—>—2a0,6—>ﬁ,7—>a°; < (16)
As a consequence, the solutions will have the following forms:
Whenever 32 — 4ay < 0 and 7 # 0,
—a2 —2c ([ — —a?2+4 Sy —a? +4
P€) = ao + a? c( a+ a? + 4Bvtan(0.5/—a? + ,375)), (17)
B 2y
or
—af —2c (— —a? + 4By cot(0.5y/—a? + 4
P(E) = ag+ 02 (Cat e LIV IRy

where ¢ :x+yfc%.
Whenever, 32 — 4oy > 0 and v # 0,

PE) = ag + —a% — 2c (—a + /—a? + 48~y tanh(0.54/—a? + 467§)> (19)

B 2y
or
P(E) = ap + —a%ﬁ— 2¢c (—a +y/—a?+ 48y c20";h(0.5\/ —a? + 4675))7 (20)

where ¢ :x—i-y—c%.
Whenever, 32 — 4oy = 0 and v # 0,

—a% —2c(2—af
P&) =ag + — ( ) 21
(©) = a0+ =2 (25 (21)
where ¢ :x—l—y—c%.
Family 2:
2
ap — —iV2y/c, a1 — 0, by — B, o — —i2V2/c v — EC, B8 =5. (22)

As a consequence, the soliton solutions have the following forms:
Whenever, 32 — 4oy < 0 and v # 0,

_— y 2’7
Pl&) = —ivav/e+f < —a+ /—a? + 48y tan(0.5y/—a? + 487€) ) ’ )
or
_— y 2’7
PE) = —iVave+ s ( —a+ /—a? + 4Py cot(0.5y/—a? + 457§) ) ’ 2
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where ¢ :x—i—y—ct—:.
Whenever, 32 — 4oy > 0 and v # 0,

_— y 2’)/
P(§) = Z\/iﬁ+ﬂ<a+ —a? + 45~ tanh(0.5y/—a? +45’Yf)>’
or
—_— y 2’7
P(&) = Z\/5\/E—+_6<—a+ —a? 4 4537 coth(0.5y/—a? —|—4ﬁ’Yf))7

where ¢ :x+yfct—,:.
Whenever, 32 — 4oy = 0 and v # 0,

P(&) = —ivV2\/e + B<22Vi§>,

where ¢ :x+yfct—,:.
Family 3:
c c
—0 - —, by = — =0, v—= —, B=0.
agp , a1 26 s> UVl 6) a » Y 25 ) 6 B
As a consequence, the soliton solutions have the following forms:
Whenever 32 — 4ay < 0 and v # 0,

¢ (VAP tan(0.5V457€) 2y
P) = 28 27 b VABy tan(0.5v/437€) )’
o ¢ (VABycot(0.5v4B7E) Cal
P(§) = 23 27 b VABy cot(0.5/46~€) )’
where ¢ :Ier*C%-
Whenever, 3% — 4oy > 0 and v # 0,
¢ (VABY tanh(0.5\/457€) 2y
P(§) = 25( 2y ) B ﬁ(mtanh(()ﬁmf)),
o ¢ (VABycoth(0.5v/A37€)\ 2y
P& = 55 % O\ Va7 cotn(05vi5e) )

where ¢ :x—i-y—c%.
Whenever, 32 — 4oy = 0 and v # 0,

o - (5) (52) - (s2%)

ag — 0, a1—>£, by > 3, a—0, 7—>_—c, B =p.

where ¢ :x—i-y—c%.
Family 4:

As a consequence, the soliton solutions have the following forms:
Whenever 42 — 4ay < 0 and 7 # 0,
ple) - © (Wtan(%@f)) . /3( 2y )
B 2y V4B tan(0.5v/457¢€)

509



510 Appl. Math. J. Chinese Univ. Vol. 39, No. 3

or
_c(V4By cot(0.5\/46’y£)) ( 2y )
ro=5( % O\ Vam cot(05vam70) ) %)
where ¢ ::c+yfc%.
Whenever, 32 — 4oy > 0 and v # 0,
_c(V4By tanh(0.5x/4ﬁ’y§)> ( 2y )
Po =5 2 O\ Vam b 05vA0) ) B
or
_c(V4By coth(0.5\/4ﬁ'y§)> ( 27y )
o =5 (7 P\ manosamg )
where ¢ :x+yfc%.
Whenever, 32 — 4oy = 0 and v # 0,
_(e\[(2-a€\ 27§
ro=(5)("5e ) ~4(s7%) )

— "
where § =z +y—c%.

4.2 Analysis Of Solution Via The Sardar Sub-Equation Method

In this subsection, the Sardar sub-equation method is applied on to the nonlinear Bogoy-
avlenskii equations to develop various novel and distinct travelling wave solutions. By homoge-
nous balancing principle, the value of Z is obtained as Z = 1. According to the mentioned
method, Eq.(6) becomes

P(&) = vy + 111 (&), (40)
by substituting Eq. (40) into Eq. (12) and then equating all coeflicients of ¥(§) to zero, an
algebraic system of equations is gained as given below,

V3 20 — 203 =0,

P2 — 61/01/12 =0,

1/11 T V19 — 6Vgl/1 —4devy =0,

Cnst.: —2u5 — 4devy.
Solve the above system with the aid of computer software maple or mathematica to get the

(41)

following results

Vo = iV2/e, v — 1, g— 4e. (42)
The formal solutions of Eq. (12) corresponding to the Eq. (40), along with solution Eq. (10)
are
Case 1:
If g =4c > 0 and a = 0, then
ik
PE = iv2y/c + v/ —4ers(sech,(Vac(z +y — c?))), (43)
ik
P = iv/2v/c + v/ —ders(cschy(Vae(z +y — ¢=))), (44)

k
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Case 2:
If g =4¢ < 0 and o = 0, then
ik
PE = iv2y/c + vV —4ers(sec,s(Vac(z +y — cz)))7 (45)
k
P = iv2y/e + vV—ders(cscp,(Vac(z +y — c%)))7 (46)

Case 3:
If g=4c <0 and o = (4)?, then

szffirtanhrg (\/?eryct]:) (47)
= ffircothrs (ﬁ T4y — t]:) (48)

P?E:i\/i\/éj:\/i ( anhm( (4c)(x+y—ci)>ii\/7§sechm (ﬁ )(z+y— c%)

Pgi:iﬂ\/éi\/»(cothm< (4c)(m+y—c%) +/75 cschy (ﬁ r+y— ct,:))
(

)
PE =iv2yc+ F(tanhrs (F(az +y— ct]:)) + /75 coth, (\/?(x +y— c%)

Case 4:
If g=4c>0and o = (£)?, then

PE =iv2ye+ \/>tan76 (\/?(x—ky—ci:)),

PE =iv2ye+ \/?COQS < _740(;5 +y— ct]:)>, (53)
szffi[<tanrg< 2(4c)(z+y— c)> iz\/?secrg( 2(4c)(az+yct]:))>, (54)
Pg_szi[<cotrq <\/m(x+y—c)>:|:\/>scscm< (46)(x—|—y—ct]:))>, (55)

Pi-sz:l:[(tann (\/f(xqty—ct))i\/*scot” (ﬁ(ﬁy—ctg))). (56)

85 Results and Discussions

(52)

In this section, the graphical descriptions of some retrieved wave solutions have been inves-
tigated. The graphical illustration is an important tool used for understanding the properties
and mechanism of solutions physically. The numerical simulations of the extracted solutions
have been presented using 3D-surface graphs and contour graphs. Moreover, the effects for
different values of conformable order are graphical illustrated by 2D graphs for some of the
obtained solutions. In each figure, (a) shows a 3D-surface graph, (b) shows contour graphs and
(c) shows 2D-parametric graphs.
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By using the computer software wolfram mathematica, the modified auxiliary equation
method and the Sardar sub-equation method are implemented to establish the analytical trav-
elling wave solutions of the nonlinear conformable Bogoyavlenskii equations model. A few of
new kind of solutions, that aren’t been added to literature previously, are successfully developed

in this article.
[1]]

Figure 1. (a), (b), (c): 3D Plot, contour and 2D-parametric (for different values of k) represen-
tation of the singular periodic shape solution of Eq. (18) for the values of arbitrary constants
taken as ag =1, =0.03,5 =0.06,7v=0.1,¢ = 0.02,k = 0.7 and y = 1.
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Figure 2. (a), (b), (c): 3D Plot, contour and 2D-parametric (for different values of k) represen-
tation of the anti-bell shaped bright-dark soliton solution of Eq. (19) for the values of arbitrary
constants taken as ag = 1, = 0.03,3 = 0.06,7 =0.1,¢=0.02,k = 0.7 and y = 1.

In Fig. 1, 3-dimensional surface plot, contour and 2D-parametric (for different values of k)
representation of the singular periodic shape solution of Eq. (18) for the values of arbitrary
constants taken as ag = 1, = 0.03,8 = 0.06,7 = 0.1,¢ = 0.02,k = 0.7 and y = 1. In Fig. 2,
3-dimensional surface plot, contour and 2D-parametric (for different values of k) representation
of the anti-bell shaped soliton solution of Eq. (19) for the values of arbitrary constants taken as
ap=1,0=0.03,8=0.06,7=0.1,¢ =0.02,k = 0.7 and y = 1. In Fig. 3, 3-dimensional surface
plot, contour and 2D-parametric (for different values of k) representation of the kink wave shape
solution soliton of Eq. (33) for the values of arbitrary constants taken as ag = 1, = 0.03, 5 =
0.06,7v = 0.1,¢ = 0.02,k = 0.7 and y = 1. In Fig. 4, 3-dimensional surface plot, contour and
2D-parametric (for different values of k) representation of the peakon-shaped bright soliton of
Eq. (43) for the values of arbitrary constants taken as ag = 1, = 0.03, 5 = 0.06,7 = 0.1,¢ =
0.02,k = 0.7 and y = 1. In Fig. 5, 3-dimensional surface plot, contour and 2D-parametric (for
different values of k) representation of the cubic-quadratic soliton of Eq. (54) for the values of
arbitrary constants taken as ap = 1,a = 0.03,3 = 0.06,7 = 0.1,¢ = 0.02,k = 0.7 and y = 1.
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Figure 3. (a), (b), (c): 3D Plot, contour and 2D-parametric (for different values of k) represen-
tation of the kink wave-shaped solution soliton of Eq. (33) for the values of arbitrary constants
taken as ag = 1, =0.03,3 =0.06,7 =0.1,¢=0.02,k = 0.7 and y = 1.
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Figure 4. (a), (b), (c): 3D Plot, contour and 2D-parametric (for different values of k) repre-
sentation of the peakon-shaped bright soliton of Eq. (43) for the values of arbitrary constants
taken as ag = 1, =0.03,8 =0.06,7=0.1,¢c=0.02,k = 0.7 and y = 1.
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Figure 5. (a), (b), (c): 3D Plot, contour and 2D-parametric (for different values of k) represen-
tation of the cubic-quadratic soliton of Eq. (54) for the values of arbitrary constants taken as
ap = 1,a = 0.03,3 = 0.06,7 = 0.1,c = 0.02,k = 0.7 and y = 1.
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The variation in the extracted solutions for change in the value of k is also observed in all Fig.
1-5 (c).

These results offer a sufficient foundation for physicists to redesign new experiments with
appropriate initial conditions as recommended by the extracted solution expressions. The ob-
tained wave solutions for the nonlinear conformable Bogoyavlenskii equations will be supportive
to conducting laboratory experiments for a deeper insight into the possible physical changes.

86 Modulation stability of the nonlinear conformable Bogoyavlenskii
equations model

Various nonlinear phenomena exhibit an instability that results the modulation of the steady
state owing to the connection among nonlinear as well as the dispersive effects. Here, we
investigate the modulation instability of the nonlinear conformable Bogoyavlenskii equations
by using the concept of linear stability [54]. Consider the steady-state solutions of the nonlinear
conformable Bogoyavlenskii equations is of the following form

p(x,y,t) = VH + (2, y, 1) exp o(),
q(x,y,t) = VH +4n(,y, 1) exp o(t), (57)
where, ¢(t) = H(ay + Hage)t,
and H represents the normalized optical power. Substituting Eq. (57) into Eq. (1) and
linearizing, the following form is obtained:

3
Ay Ho 4 dipg H? aige + 4Dy + O7in 91 _ 4@% =0,
€T

OyOx? Oy
58
Ny iy o
or oy’
Suppose the solution of Eq. (58) in the form
. wetk
wl(xayvt) :Bl expz(l/(x—i—y)-i— k )7 ( )
59
. wet®
Yo(2,y,t) = Paexpi(v(z +y) + T)v

where w and v are the frequency of perturbation and normalized wave number. Putting Eq.
(59) into Eq. (58), the following dispersion relation is obtained as

By = B1VH,
3 — a(VH + H) + 4H (a + anH?¢) (60)

4c
The above dispersion relations signifies that steady state stability depends upon the normalized

wave number and on the normalized optical power. The velocity dispersion w is real for all of
the wave numbers v and if ¢ # 0, vV H > 0. So the steady state is stable against perturbations.

87 Conclusions

In this study, the nonlinear Bogoyavlenskii equations with the conformable derivative are
studied using the modified auxiliary equation method and Sardar sub-equation method for
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the first time. Some obtained solutions that are calculated for the first time shown that the
proposed methods are most efficient, simple and more capable to implement. 3D-surface graphs,
contour graphs as well as parametric plots of some obtained results are drawn to understand the
physical behavior of the obtained solutions to some specific values for the arbitrary parameters.
It can be observed that extracted new wave solutions includes some remarkable kind of solutions
such as the singular periodic shape solution, anti-bell shaped soliton solution, kink wave shape
soliton solution, the peakon shaped bright soliton and the cubic-quadratic soliton. They also
agree with earlier observations reported in the literature, demonstrating the validity of the
suggested method. The results will help in understanding the possible dynamical behaviors of
the suggested problem, which is one of the cardinal focuses. The extracted soliton solutions
will be valuable additions to the literature for understanding related physical systems. In the
future, the space-time fractional nonlinear Bogoyavlenskii equations can also be examined by
other nonlinearity laws and analytical methods.
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