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A nonlocal dispersal and time delayed HIV infection
model with general incidences

WU Peng! ZHANG Yu-huai®* WANG Ling?

Abstract. Biologically, because of the impact of reproduction period and nonlocal dispersal of
HIV-infected cells, time delay and spatial heterogeneity should be considered. In this paper, we
establish an HIV infection model with nonlocal dispersal and infection age. Moreover, applying
the theory of Fourier transformation and von Foerster rule, we transform the model to an integro-
differential equation with nonlocal time delay and dispersal. The well-posedness, positivity, and

boundedness of the solution for the model are studied.

81 Introduction

During the HIV infection stage, the diffusion of the virus within the host plays an important
role in understanding the persistence of the infection and how it will affect the HIV infection
within the host. In other words, the diffusion of the virus in heterogeneous space should be
considered when applying mathematical models to investigate HIV infection. In view of this,
there are many reaction-diffusion models with Neumann boundary condition (this implies that
no virus can across the boundary of bounded domain) have been established to study the
dynamics of HIV infection. For the corresponding reaction-diffusion HIV models and numerical
simulation of the HIV infection model, the reader is referred to [1-6].

However, on the one hand, clinical therapy shows that HIV not only invades the lymphatic
tissues of the host, but directly and indirectly invades many tissues within the host, such
as the hematopoietic system, central nervous system and gastrointestinal system [7]. Thus,
the mentioned reaction-diffusion model with Neumann boundary conditions are not able to
capture the virus diffusive among different tissues aspect of HIV infection, and the nonlocal
dispersal model may be preferred to the reaction-diffusion model [8], where the nonlocal operator
D [, J(z —y)wdy — Dw is defined as the probability distribution of w jumps from position y to
position x, i.e., the convolution D fﬂ J(x — y)wdy is the rate at which w is arriving at position
x from other places, and Dw is the rate at which they are leaving position x to move to other
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positions [9]. On the other hand, time delay plays a crucial role in the HIV infection, which has
been verified by many works [10-12]. Although the nonlocal dispersal HIV models have been
developed in [13-17]. To our knowledge, research addressing the joint effects of three important
factors: heterogeneous environment, nonlocal dispersal and time delay on HIV infection, is
still at the preliminary stage. Inspired by the above discussions, we present a novel nonlocal
dispersal and time delayed HIV infection model in a heterogeneous environment.

82 Model formulation

To consider the joint effect of infection age, the nonlocal dispersal and the heterogeneous
environment on the process of HIV infection. In the present paper, we formulate the following

model
OT (x,t)

20 =, /Q J(x = y)T(y, )dy — DiT(x, ) + h(T(, 1)) — (£ (a, )

— f(T(z,t),V(x,t)) — g <T(x,t)7 /000 i(x, a,t)da) ,

Oi(x,a,t) +5‘i(:r, a,t)
ot Oa

% =Djs /Q J(x —y)V(y,t)dy — D3V (z,t) — us(x)V(x,t) + /000 p(a, z)i(z,a,t)da,

= Dg/ J(x —y)i(y,a,t)dy — Dai(x,a,t) — pa(a)i(x,a,t),
Q

i(2,0,8) = (T, 8), V(@) + g (T(az,t), /Oooi(m,a,t)da) ,
(1)

for (t,r) € Rt x Q, where Q represents the set which includes itself and the boundary of
Q). Here, we denote the concentration of the susceptible cells at position x and at time ¢ as
T(t,x), i(t,a, x) represents the infection age (a)-dependent concentration of HIV-infected cells
at position z and at time ¢, the concentration of free virus at position x and at time ¢ denoted
by V(t,x). Variables h(T'(z,t)) and p1(z) denote the reproduction rate and the removal rate
of the susceptible cells at position xz. Variables us(z) and pg(z) represent the death rate of
HIV-infected cells and free viruses, respectively. The viral production rate of free viruses at
position z and with infection age a is p(a, ). Infection incidence of susceptible cells by infected
cells and viruses are expressed as ¢ (T(:zc7 t), fooo i(z,a, t)da) and f (T(x,t),V(x,t)), respectively.
Parameters Dy > 0, D3 > 0 are constants that stand for the nonlocal diffusion coefficients of
the susceptible cells and the free viruses. Similarly, Ds > 0 is defined as the diffusion rate of
the HIV-infected cells. D = (D1, D3, D3) and w = (T(z,t),i(x, a,t), V(z,t)).

For the i(z,a,t) equation in model (1), we introduce the average latency period denoted by
r, resulting in the division of the HIV-infected cells into two epidemiology categories: latently
infected cells and actively infected cells, denoted by I (x,t) and Is(x,t), respectively. Then we
immediately have

Ii(x,t) = /OT i(z,a,t)da, Iy(z,t) = /OO i(z,a,t)da. (2)
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Calculating the derivative of (2) associated with ¢ and making use of model (1), yields
0 . .
all(xa t) = D; / J(.’L‘ - y)(ll(y?t) - Il(l‘vt))dy - M2(a)ll(xat) - Z(I,T, t) + Z(xa 0, t)a
Q
0 ) )
a[g(x,t) = Dg/ J(x—y)I2(y, t) — Ia(z,t))dy — pe(a)la(z, t) —i(z, 00,t) + i(z, 7, 1),
Q
Biologically, there is no cell can survive forever. Hence, we assume that i(z,00,t) = 0. Note
that i(z,0,t) = f(T(x,t),V(x,t)) + g(T(z,t), Io(x,t)). Now we derive the explicit expression
of i(x,r,t). To this goal, we set w™(z,t) = i(z,t — 7,t), ¢t € [7,7 + 7], it follows from i(x, a,t)

(3)

equation of model (1) and the epidemical meaning that
0 di(z,a,t)  0Oi(x,a,t)
— 7 t) =
ga* @) [ o " oa .,

:Dg/QJ(w—y)[i(y,t—T,t)—i(x,t—T,t)]dy—ug(t—T)wT(x,t)

= Dg/ J(x—y)w (y,t) — w (z,t)]dy — p2(t — 7)w™ (z,t)
Q
Note that w™(z,t) = i(z,t—7,t), one has w™ (z,7) = i(x,0,7) = f(T(x,7),V(z, 7)) +9(T(x,T),
12 (.’B, T))
In the next, we introduce the following Fourier transform [17] F(h) and inverse Fourier

transform F~'(h)

h(o) = /Qei”h(z)dx, h(z) = %/ﬂe%”iz(a)do’.

™

Regarding 7 as a parameter and letting &7 (o, t) and J (o) express the Fourier transform of
wT(z,t) and J(x), we obtain that

570 = [ @ (D2 [ I = o) — (@0l = (e~ 1) (art)) d

a

= [D2J(0) = D2 = pat = )] &7 (0, 1),

By integral from 7 to ¢ with respect to a, we obtain that
t
@™ (o,t) =" (0, T) exp {/ [DaJ(0) — Dy — pa(s — T)]ds} .

Note that &7(o,7) = [, €"7¥i(y,0,7)dy. Therefore, letting §(¢,7) := exp {— f: pa(s — T)da},
it follows from the inverse Fourier transform that

W () = 5(;:)/96—1'” {exp{/: Ds( () - l)ds}/ﬂei"yi(y,o,r)dy} do.

Let 7=t —r, II(r) = exp {— [y p2(a)da}, a = [ Dada, then we can rewrite w™(z,t) as
I 4 . ,
w’(z,t) =i(z,r t) = (r) / e {ea(l(a)l)/ e'7i(y,0,t — r)dy} do
2w Q [¢)

=II(r) /Q Ho(z —y)lf (T (@t =r), V(e t = 7)) + g(T(x, t = 7), Lo(t —7)]dy,  (4)
1

Hal@) =57 /Q e eI g,

For J(z), we assume that it is a nonnegative Lebesgue measurable function, and [, J(z)dx
= J > 0. Then similar arguments as those in Lemma 3.1 in [17], we give the following assertions



WU Peng, et al. A nonlocal dispersal and time delayed HIV infection model with... 451

for H,(x).

Proposition 2.1. For H,(x), we have )

(1) [oHo(z)dz =1 if a = 0; [, Ho(z)dz = e=*/=1) < oo when a > 0;

(2) If « = 0, Hy(z) = 6(x), where §(x) is the Dirac-delta function [18], and Hy(x) > 0 for
€ Qifa>0;

(3) Ho(—x) = Ho(x) holds for J(—z) = j(x), x € Q;

(4) if [oJ(x)e!dx < oo for any p >0, then [, Ho(z)et*dx < oo for any p > 0;

(5) o Ha(x — y)Hy(y — 2)dy = Hoqn(x — 2) for x,y,z € Q and o,y > 0.
Remark 2.2. [17] For local diffusion operator DAw is applied in some reaction-diffusion epi-
demic models [19-21], the corresponding normal expression of kernel function 'y (x) is derived

H(T‘) _2? H(T) —ao? —iocx
Yolx) = \/me 1 —?/Qe e do,

which is a Green function associated with the linear diffusion equation OT'/0t = DAT with
Neumann boundary condition 0T /0p = 0, x € Q. For nonlocal diffusion operator D fQ J(x —
y)(w(y,a,t) —w(z,a,t))dy, one has the kernel function

H(T)H (.’E) — H(T) ea(j(o’)—l)e—iaxd
o 2w Q o

Let J(z) = 6—0®) (), where 62 (x) represents the second-order derivative of §(x) with respect to

as

x. Then in view of the basic property of Dirac-6 function, we have j(a) =1-02, it immediately
follows that TI(r)H () = To(x) holds for J(x) = § — 6 (x). That is, the Laplacian operator
DAw is a particular case of nonlocal diffusion operator D fQ J(x —y)(w(y,-t) —wx,-t))dy
as J(x) =6 — 63 (x).

Up to now, we have the following equations from (4)

G110 =Da [ J(e = )(10) = K )dy — ) o)

+i(x,0,t) — II(r) /Q H,(z —y)i(y,0,t — r)dy,
S est) =Da [ (e = 9)Ta(0.0) ~ Falas)dy — ) o)

Q
() /Q Ho( — ) [f(T (0.t — ), Vgt — 1)) + g(T(,t — 1), In(y t — ))]dy.

For the V(z,t) equation of model (1), we assume that HIV-free viruses V (¢, z) are produced
only by actively infected cells due to the budding. Hence, we set g(x,a) = ¢(x) for a > r and
q(z,a) =0 for a < r. Then, we have

oV (x,t

Pt =D [ I =)V (0.0 =V 0)dy + ()i, 1) = @)V (o)

2
Note that I (z,t) can be determined by T'(z,t), Is(z,t), V(z,t), we replace (T'(z,t), I2(x, ),

V(z,t)) with (wi(x,t),wa(z,t), ws(x,t)) and consider the following system with more general
kernel function form H(x — y) as follows:
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% =D /Q J(x —y)(wi(y,t) — wi(z,t))dy — f (wy(z,t), ws(x,t))
— p1(2)ws (2, t) — glwy (2, 1), we(z,t)) + h(w (x,1)),
%u&(az, t) = Do /Q J(z —y)(wa(y,t) — wa(x, t))dy — po(a)ws(x,t)
+10(r) /S2 H(x —y)[f(wi(y,t —r), ws(y, t — 7)) + glwi (y,t — ), way, t — 7))]dy,

% = Dy /Q J(z —y)(wz(y, t) —wz(x, t))dy + q(z)wa(z,t) — ps(z)ws(x,t),

(5)

for(z,t) € (2 x RT) and subject to the following initial value

wio(x) = Y1 (x,8) = 0,we0(x) = Ya(x,5) = 0, w30(x) = Y3(z,5) > 0,2 € Q, s € [-r0. (6)
where 1;(z,s) € C:= C(Q x [-r,0],R) (j = 1,2,3) with ¢ = (¢1,2,3)T. Here ¢(-,0) > 0
implies ¢(x,0) > 0,9 (x,0) £ 0. We define w; € C by w:(0) = w(t +0),60 € [—r,0].

Throughout the paper, we always make the following basic assumptions:

Assumption 2.3. For J(x), kernel function H and infection incidences f(w1,ws), g(wy,ws),
we always make the following basic assumptions:

(1) J(x) is Lebesgue measurable function, [o, J(x)dx = J=1, and J(x) = J(—x) for z € Q;

(2) H(z) > 0, H(x) = H(—x) and Lebesgue measurable for x € Q, [, H(x)dx =1;

(3) For f(w1,ws), we assume that: (i) f(wi,ws) =0, x € Q if and only if wy(x,t) = 0(or
ws(x,t) = 0); (i) There exists a positive constant 3 > 0 such that f(wy,ws) < fw: (z,t)ws(z,t)/

(1 +wi(x,t) +wsz(z, 1), wi(x,t), ws(z,t) € RY, € Q. Moreover, g(wy,ws) also satisfies the
above conditions;

(4) h(w; (x,t)) is nondecreasing on [0, +00). There exists a positive constant h > 0 and A(zx)
such that h(wi (z,t)) < hw (z,t) and h(w;(z,t)) < A(z) for all z € Q.

83 Well-posedness, positivity, and boundedness of the solution for
system (5)

For convenience, we define the following function spaces and positive cones

X:={¢Y: R = R = {¢)(x) }req is bounded and uniformly continuous},

Xt = {¢ € X|¢p(z) =0 for z € Q},

X :=C(Q x [-r,0],R), Y := X3 with the norm |[¢)||x = sup |¢(z)], ¥ € X,

e
Xy= C’(ﬁ x [*Tv O]7R+)a Y, = Xia ¢+ = supd)(x), Y = Helsf]iﬁ(m)’ Y eX.
e T
Define a linear operator Aw = (Aywy, Asws, Asws)”, where Ajw; = Dj [, J(x—y)(w;(y,t)
—w;(-,t))dy — pw;(-,t), j =1,2,3, and a nonlinear operator F = (F1, Fa, F3) as follows:
Fiw = h(wl('v t)) - f(wl('7 t)a w3('7 t)) - g(wl('7 t)a w2('7 t)))
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Fow =Ti(r) / H(z — ) (F(wi (ot — 1) ws(t— 1))+ g(wn (1 — ), st — )))dy,

Faw = q(-)wa ().
Under the Assumption 2.3, A;,j = 1,2,3 are bounded linear operators and the generators of
uniformly continuous positive Cy-semigroups {7;(¢)}i>0 on X. Let T(t) = (71,72, T3), then
system (5) can be rewritten as

w(t) = T()6(,0) + / Tt — 8)Fw,)()ds,t > 0,
w(-,8) =¢(,0), 0 [-r0].

On the existence and uniqueness of the positive solution of system (7), we have the following
theorem:

(7)

Theorem 3.1. If assumption 2.3 holds and m € (0, 1), which will be determined later, then for
any ¢ € Y, system (7) admits a unique nonnegative solution w(zx,t,¢) for t > 0. Moreover,
if 9(0) € Int Xy for any t > 0, then w(t) € Int X1 for allt > 0, and wy € Int Y4 fort > r.

Proof. Let 0j(x) = pj(z) +D; >0, j=1,2,3 and
Qi [w](z, 1)

= Dl /Q ‘](x - y)wl(y7t)dy + h(wl('r7t)) - f(wl(xvt)aw?)(x’t)) - g(wl(x,t),wg(x,t)),
Qs [w](x, t) :DQ/QJ(:E—y)wg(y,t)dy—i—ﬂ(r)/QH(x—y)[f(wl(w7t—r),w3(x,t—r))
+ g(wi(z,t —r),wa(z,t —r))|dy,

Quful(e.t) =D [ (o~ g)uws(y. Oy +a(w)un(z. ).
Then the solution of S;Zstem (7) can be expressed as
t
Hofw)(z.1) = w;(2,t) = e 7@t (2, 1) +/0 e @90 [w](, s)ds,t > 0, @®)
wi(x,t) = ¢i(x,t), t € [-r,0].
Define D} = C([-7,00) x Q,[0,00)), and # = (4, #3, )" : D — D,. For any
n > 0, define T, := {w(x,t) : w € [C([-r,00) x O, R)}3, SUP ;1) eix[—r,00) |w(z, t)]e™ " < oo}

with a norm ||wl||, = Z?zl SUP (; 4)eix [—r,00) |w; (x, t)|e"™, then (I, || - ||,) is a Banach space.

Choosing a subset S in I';, as follows
S:={werl,: w0 = ¢0) for (z,0) € Qx [-r,0]}.
We will show that there exists a fixed point of % in S. It is obvious that s#(S) C S. It is

sufficient to show that for any w,v € S, ||#|w] — H[v]||,, < m||w — v||,, 0 < m < 1. In fact,
for any w,v € S, it follows from Eq. (8)that

| #1w) — #10])| = Z | / N (s w0) (2, 5) — 5 (0) 0, )

:’ /Ot e*"j(z)(tfs)Dj /Q J(z —y)[w;(y,s) —v;(y, s)|dyds
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t
N /o e~ @) (h(wy) — h(vy) + f(wi,ws) — f(vr,v3) + glwr, we) — g(vr,v2))(x, s)ds
t
b [ @0 [ e =y w) ~ f(or,em) + gluwn, wa) — glor, v2) (0.5 - r)duds
0 Q

t
+ [ e (e wala, )~ vale, )|
0
Therefore, if n > 0 is large enough, then we can obtain from Assumptions 2.3 (3) — (4) that

3 t
‘%ﬂ[w] — Hle”™ < Z/ e 7 T ds Dyl lw; (y, 5) — vily, 5|l
j=1"0

t
+ / e Tt s ((45 + )|Jw1 — 1|y + 28wz — vall; + 28| |ws — US||n)
0
t
+e " / e (72 0= s (4B [wy — v1]y + 2B|wa — vally + 2B]Jws — vs|l,)
0
t
+ q+/ e @ TV ds |l — vl
0
< {(Dl +46+ h) / e~ (o tmit=s) g 4 4567"5/ e~ (72 +77)(ts)ds} [lwi — vi]y
0 0
N [( Dy + 28e=7) / (o5 4 (t=9) g 1 97 / (ot (t=3) g
0 0
t B B t B
+q+/ (3 +n)(t—8)ds] s — vl + [Qﬁe—ns/ o= (o5 +)(t=5) g
0 0

t t
—|—D3/ e (o5 +m(t=s) gq 4 23/ e~ (o1 +n)(t—s)d8} |Jws — vs]|,
0 0

Di+4B8+h  4Bems 2Be~"s D 283
< (Bt2Brh 45 |w1—m|n+(ﬁ SR 2 T )|ws—v3|n
o +1n oy +1 oy +1n 03 +1 o0; +7

Dg—l—QBe_"S 25 q+
+( 2T B T s — wally < milw — ol
oy +1 oy +n 03 +1N
where
_ Di+4B+h | 4Be” " 2Be”"* Dj 28 Do+42Be ™ 2j q" }
m_max{ vitn Tt orin Tosin Torwn eyt Tarm oy €O

Applying Banach contracting theorem, one admits a unique fixed point of 5 in S. If ¢(0) €
IntX, then we have from (8) and the property of T that w(t) € IntX, for all ¢ > 0; if ¢(0) > 0,
then w(t) € IntX; for ¢t > 0, and w; € IntY for ¢ > r. This completes the proof. O

Theorem 3.2. Suppose that Assumption 2.3 holds and let w(x,t;1) be the solution of system
(7) with a nonnegative initial condition. Then w(x,t; ) is positive and bounded.

Proof. For any = € Q,t > 0, it follows from Eq. (8) that

wn (2.t 1) =Ti ()61 (0)(2) + / Tilt — )1 (wy)(x)ds < T (£)1 (0)(x) + / Tilt - $)A(x)ds
+

1 D,
where p; = MAaX(, o) G [—1,0] > ¢i(x,0),5 =1,2,3. Define

—Dst A —Dqt A+
Spre” 4 (1 - e ) Smax e 5o
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(t)= fQ fQH — y)(r)w (=, t)dydx—i—fng x,t+r)dz,
then we can obtain from system (5) that
dW (t)

e LGRS’ dy// (& — 2w (2, 1) dzda
—Dl/QH(r)H(x—y)dy/ wi (@, 8)dz — I /H r—y dy/[f(wl,wg)
+ gwn, wa)) (e, )de + 11(r) /Q Hz - y)dy /Q h(wn (¢, 1)) da

") /Q Hz - y)dy /Q i1 (2)wn (e, ) de
+ D /Q /Q J(x — y)ws(y,t + r)dydz — Dy /Q wa(x, ¢ + )

+ 1I(r) /Q H(x — y)dy/g[f(wl,wg) + g(wr, wo)|(z, t)de — /QMQ(LU)wz(x,t—F r)dw
H(T)A+|Q| - /”’minW(t)a

where fimin = min{u], g5 }, it implies that W (t) < w = B, is bounded. Consequently,
the bounded of wsy(x,t; ¢) is obtained. Finally, we can obtain from Eq. (8) that
w3(7,t; ¢3)
=T3(0)6s(0 /m—smg(wg)( s < T /m—s #)Bds

+B +B
<pze st + %(1 — e P%") < max {@37 q} .
3

Thus, the boundedness of ws(x,t; ¢3) follows. This completes the proof. O

84 Conclusion

In this paper, we present a novel HIV infection model with nonlocal time delay and dispersal.
To the best of our knowledge, few HIV infection models are formulated to study the basic
properties of the solution for the model. As a novel HIV infection model, its threshold dynamics
is worth to be investigated in the follow-up work. In the current model, we have not performed
the dynamical analysis, this would be done in the future work.
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