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Suppression and synchronization of chaos in uncertain
time-delay physical system

Israr Ahmad®* Muhammad Shafig?

Abstract. The mechanical horizontal platform (MHP) system exhibits a rich chaotic behavior.
The chaotic MHP system has applications in the earthquake and offshore industries. This
article proposes a robust adaptive continuous control (RACC) algorithm. It investigates the
control and synchronization of chaos in the uncertain MHP system with time-delay in the
presence of unknown state-dependent and time-dependent disturbances. The closed-loop system
contains most of the nonlinear terms that enhance the complexity of the dynamical system; it
improves the efficiency of the closed-loop. The proposed RACC approach (a) accomplishes faster
convergence of the perturbed state variables (synchronization errors) to the desired steady-state,
(b) eradicates the effect of unknown state-dependent and time-dependent disturbances, and (c)
suppresses undesirable chattering in the feedback control inputs. This paper describes a detailed
closed-loop stability analysis based on the Lyapunov-Krasovskii functional theory and Lyapunov
stability technique. It provides parameter adaptation laws that confirm the convergence of the
uncertain parameters to some constant values. The computer simulation results endorse the

theoretical findings and provide a comparative performance.

81 Introduction

Chaotic systems have many exciting features, such as the strange attractor, highly complex
dynamics, sensitivity to initial conditions, inner randomness, and self-similarity [1]. Chaotic
signals are generally noise-like waveforms and have a broadband Fourier power spectrum. The
chaotic phenomenon can be found in chemical systems [2], electric circuits [3], hybrid electric
vehicles [4], gasoline engines [5], biological systems[6], and so forth. Due to the unpredictable
and complex behaviors of chaotic systems, control and synchronization of chaos have shown a
wide range of successful applications in many physical and engineering systems, such as elec-
tronic circuits [7], biological systems [8], aerospace technology [9], secure communications [10],
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and chemical system [11], among others. Various feedback control strategies have been pro-
posed to realize the suppression and synchronization of chaos, such as the twisting controller [3],
adaptive control scheme [7-8], adaptive sliding mode control (ASMC) technique [7, 9], impulsive
controller design [12], active and nonlinear control strategies [13], and so forth. The MHP is
an interesting system that displays a rich dynamical behavior, including regular and chaotic
[14]. The MHP system can rotate freely around the horizontal axis, which penetrates its mass
center. It is widely used in earthquake and offshore engineering [15]. Since the chaotic behav-
ior of the MHP system is aperiodic and sub-harmonic which produces broadband vibrations
within the system, the control and synchronization of chaos in the MHP system are essential
and challenging. The relevant literature reports some interesting works that design different
feedback control strategies to stabilize and synchronize chaos in the MHP system [14-18]. Using
the SMC technique, the article [14] studies the suppression of chaos in the MHP system with
external harmonic force and parametric uncertainties. A novel adaptive control strategy [15] is
developed to study the finite-time synchronization of two identical MHP systems. The authors
[16] investigate the circuit implementation and synchronization control of chaos in the MHP
system. The paper [17] studies the chaotic behavior and stabilization of chaos in a fractional-
order MHP system. The article [18] analyzes a new fuzzy adaptive prescribed performance
controller with unknown controller gain to investigate the suppression of chaos in the MHP
system.

Great efforts and expertise of the researchers have developed state-of-the-art control method-
ologies for the suppression and synchronization of chaos in the MHP system [14-18]. However,
there are still demands for complex feedback control schemes. The design of such chaos control
and synchronization techniques requires resolving the following challenging issues.

(i) The feedback controllers in [14-18] eliminate most of the nonlinear terms. Such cancel-
lation procedures require exact knowledge of the systems’ states and parameters. In practice,
the measurement of the states is erroneous as well as the parameters are unknown, and their
estimates are uncertain. As a result, the cancellation process leaves residual nonlinear terms
in the closed-loop. Such a feedback linearized closed-loop system performs weak operations
that include long time delay and sudden supply load disturbances. These factors leave adverse
effects on the performance of the controlled system, and the system may lose stability [19].

(ii) In practice, some unavoidable factors exist, such as the time delay, unknown state-
dependent, and time-dependent disturbances that influence the performance of the system
dynamics. The effect of time delay on chaotic systems is quite remarkable [20]. Chaotic systems
with time delay exhibit multi-stability and produce complex dynamics. The existence of time
delay in the physical systems has received considerable attention in the relevant literature
[20-22]. The increased efficiency requirements in the controller feedback control inputs have
demanded analyzing time-delays’ effect on the system dynamics [21]. The presence of time delay
in chaotic systems, controllers, and actuators can generate erroneous feedback control behaviors
that result in the instability of the closed-loop and degrade the control and synchronization
performance [21-22]. Tt is investigated that time delay in the MHP system exhibits more
complex dynamics and shows multiple chaotic regions [21]. In [14-18], the effect of time-delay
is not considered for the suppression and synchronization of chaos in the MHP system.
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(iii) The feedback control algorithms [14-18] produce large undesirable oscillations in the
control signals that further degrade MHP systems’ performance. A small delay can drive the
desired orbit away from the targeted equilibrium point.

(iv) The stabilization and synchronization control approaches [14-18] provide slow converg-
ing rates of the state (error ) trajectories to zero, affecting the performance of control method-
ology in practice.

(v) The reported controller schemes [15, 18] require the exact knowledge of the upper bounds
of the unknown state-dependent and time-dependent disturbances, which is hard to determine
in practice.

The suppression and synchronization of chaos in the uncertain time-delay MHP chaotic
system have rarely been studied and remain an open problem. Using the Lyapunov-Krasovskii
functional theory [23], this paper investigates the design of an RACC algorithm for the suppres-
sion and synchronization of chaos in the time-delay MHP system with uncertain parameters.
It is assumed that the unknown state-dependent and unknown time-dependent disturbances
perturb the time-delay MHP chaotic system. The proposed RACC algorithm establishes the
suppression and synchronization of chaos in the uncertain time-delay MHP chaotic system. The
Lyapunov direct method [24] proves the robust asymptotic stability of the closed-loop system at
the origin. Trajectories of the state variables and synchronization errors converge to the origin
without exhibiting overshoot. The RACC approach reduces the transient time and provides
faster convergence rates. This convergence behavior is verified graphically as well as analyt-
ically. The article gives a detailed analysis of the proposed RACC technique and parameter
adaptation laws. It also compares the performance of the proposed RACC algorithm with the
feedback controller schemes reported in the articles [7-9]. This article has the following main
contributions.

(i) Design a robust RACC algorithm that investigates the control and synchronization of
chaos in the uncertain MHP system with time delay. This controller establishes the robust
asymptotic stability of the closed-loop system at the origin.

(ii) The proposed RACC strategy reduces the transient time, increases the convergence
rates, and suppresses chattering in the control input signals.

(iii) The computer-based simulation results certify the efficiency and performance of the
proposed RACC approach and compare them with peer works [7-9].

The remaining article is organized as follows: In section 2, this paper presents the chaotic
MHP system dynamics and states some preliminaries. Section 3 demonstrates the problems
for the suppression and synchronization of chaos in the uncertain MHP chaotic system with
time delay and parametric uncertainties. Sections 4 and 5 provide solutions to Section 3 and
simulation results with a comparative study. The paper ends with the conclusions in Section 6.

§2 Chaotic Dynamics of the Mechanical Horizontal Platform
System

2.1 Symbols and notations

The paper uses symbols and notations described in Table 1.
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Table 1. Symbols and notations.

Symbols Description
A and a A denotes an n X n matrix whereas a
represents an n X 1 vector
R Real numbers
T Transpose of a matrix(vector)

x(t) = [z1 (1) z2(2)]T € R¥!
OZ,B,’)/, and 5

TEeRT
9 (x (1) ={V; (z: (t)), 3,5 = 1,2 = iz (z: (t)) = 0}
6 R2><2

0 ()={pij (t), 4,5 = 1,2 = p;; (t) = 0} € R**?

Om={0mi; € R, 0,5 =1,2 = Onsj = 0} € R**?,
and
Pm={pmi; € R+: 3, =1,2 = @mi; =0} € R**?
u(t) =[ui (t) w2 )" € R¥!
K={kij, i,j = 1,2 = k;j = 0} € R**?,
and
L={li;, i,j = 1,2 = l;; = 0} € R**2
O (t)={di; () € R*,i,j =1,2 = 0 (t) = 0}
€ R?**2, and
¢ (M)={gi; (t) € R, 4,5 = 1,2 = ¢i; (t) = 0}
c R2><2
p,o,mMERT p>0,and 0 < n,0 <1
0, \ERT
(&7

sgn(.)

State variables vector of the
MHP chaotic system (2)
Constant parameters of the MHP
chaotic system (2)

Constant time-delay
Unknown time-varying model
uncertainties present in the MHP
chaotic system (2)
Unknown external disturbances
acting on the MHP chaotic system (2)
Um and @, are the matrices of the
least upper bound of ¥ (x (¢)) and ¢ (t),
respectively
Control input vector

Feedback controller gain matrices

Unknown bounded controller
parameters in (23)

Controller parameters
Positive real constants
The base of the natural logarithm
Signum function

2.2 Mechanical horizontal platform chaotic system

The MHP chaotic system is a subject of great interest due to its rich complex dynamical

behavior and has been extensively studied in the relevant literature. The chaotic MHP system
can be utilized in various engineering applications, including earthquake and offshore industries
[14]. The MHP system consists of an accelerometer and a platform located, as shown in Fig.
1. An accelerometer is placed on the left side of the platform. When the platform moves away
from the horizon, the accelerometer produces an output signal to the actuator. It generates a
torque to reverse the platforms’ rotation that balances the MHP system to its original position
[14-18]. The mathematical equation governing the chaotic dynamics of the MHP system [15]
can be described as follows:

Az (t) + B (t) + rg sin (t) — 3%(0 — D)cos (t) sin(t) = Fcoswt, (1)

where z (t) represents the rotation of the platform relative to the earth, A = 0.3, B = 0.5, and
D = 0.2 represent the moment of inertia for axes 1,2, and 3, alternatively. g = 9.8 is the
gravitational acceleration, C' = 0.4 denotes the damping coefficient, » = 0.1155633 represents
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the constant of accelerometer, R = 6.378 indicates the radius of the earth, and Fcoswt denotes
the harmonic torque with F' = 3.4, and w = 1.8.

Define [z (t) @ (t)]"=[z1(t) 2 (t)]T, then the equations of motion of the non-autonomous
MHP chaotic system is given by:

X(t) _ {il (t) = T2 (t) (2)

Zo (t) = —axs (t) — Beosxy (t) + v sinzy (t) cosxy (t) + 6 coswt
Fig. 1 shows the physical model of the MHP system.

| Accelerometer

3
S X/~
Controller / “/ B 2 Platform
/Acmamr

1

Figure 1. Physical model of the MHP system.

2.3 Preliminaries

The following statements, assumptions, and lemmas are essential for this work.
(i) For A, B € R, the following inequality holds:

|cosAsinB| = |cosA||sinB| < 1. (3)
(ii) Tt follows from the differential mean-value theorem [25] that:
sinB—sinA o080
(B-4) 7

where, 0 € [A4, B] and (A < B).
This implies that:

sinB — sinA = (B — A) cos 6 (4)
(iii) For A € R, the following trigonometric identity holds:
2sinAcosA = sin2A (5)
Lemma 2.1. For any non-negative real numbers P and Q:
P—z + Q—z > PQ. (6)
2 2

Proof. Let P and ) are any non-negative real numbers, then the following identity holds:
(P—Q)?>0=P2+Q2—2PQ>0= P2+ Q%> 2PQ
= P2 2

-+ % > PQ. (7)
Lemma 2.2. For a positive real constant A and given a scalar B, the following identity holds:

Atanh AB = |Atanh AB| = |A]| tanh AB| > 0. (8)
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Proof. From the definition of tanh(.), we have:
Atanh AB = AeAB o AB"
(10)

Multiply right-hand side of (9) by ,A—fB yields:
1

(e*4P —1) >0, if B>0,

(e*48 —1) <0, if B<O,

) (@42 -1).

Now, if;

then, the following inequality can be obtained:
(e*4P —1) <0.
(13)

! ) (e2*48 — 1) > 0.

Since, (1+el2AB) > 0 and using (12) gives:

AtanhAB = A (1 2AB
Thus, for all positive A and a scalar B, if AB > 0, then AB = |AB| = |A||B| > 0 is true.
(14)

Consequently, it concludes that:
Atanh AB = |Atanh AB| = |A]| tanh AB| > 0.

o
[

Figure 2. Behavior of the tanh(.) with different values of A.

Remark 3.1. In (14), the positive real constant A represents the steepness of the tanh(.), as

shown in Fig. 2.
83 Problems Formulation: Suppression and Synchronization of
Time-Delay

Chaos in the Uncertain Horizontal Platform System with

3.1 Problem 1: Suppression of chaos in the uncertain MHP chaotic

system with time-delay
Most digital controllers, reconstruction filters, and analog antialiasing exhibit an inevitable
time delay during the process. Similarly, the human-machine and hydraulic actuators inter-
action show significant time-delay [21]. Therefore, it is interesting to study the suppression
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and synchronization of the MHP system with constant time-delay. This subsection presents
the problem formulation to suppress chaos in the MHP chaotic system with time-delay 7 and
uncertain parameters. Let us introduce a constant time delay in the feedback of the state
variable x5 (t) and consider the following controlled MHP chaotic system when unknown state-
dependent disturbances ¥;; (; (t)), unknown times-dependent disturbances ¢;; (¢), and a control
effort u (t) € R?*! act on the MHP chaotic system (2). Then (15) represents the closed-loop
dynamics.
Iy (1) = w2 (8) 4+ P (21 () + o1 (8) + ua (F)
x(t) =19 &2 (t) = —axs (t —7) — Beoszy (t) + v sinxy (t) coszy (t) (15)
+ 0 coswt + Vag (2 (t)) + @aa (t) + ug (t) .

Assumptio 3.1.The evolvement of a chaotic attractor in the bounded region assures the bound-
edness of the chaotic trajectories; it implies the boundedness of ¥;; (z;; (t)). In general, it is also
presumed that the unknown time-dependent disturbance signal ¢;; (t) is the norm-bounded in
C' [8]. Therefore, there exist unknown positive real constants ¥,,;; and @, such that:

[9ii (2ii (1)) | < Omai and i (1) | < i@ = 1,2, (16)
where ¥,,,;; and @,,; are upper bounds of the unknown state-dependent and time-dependent
disturbances in (16), respectively, which are unknown.

In this situation, it is desired to synthesize feedback control input vector u (t) that assures
the smooth and fast convergence of the closed-loop system (15) trajectories to the origin and
realizes the robust asymptotic stability of the equilibrium point at the origin with a sense that

Jim [ (1)) = 0.

3.2 Problem 2: Synchronization of two identical uncertain MHP chaot-
ic systems with time-delay

This subsection presents the problem formulation to synchronize two identical uncertain
MHP chaotic systems with constant time delay. Consider two coupled uncertain time-delay MH-
P chaotic systems, where x (¢) and y (¢) are vectors that represent states of the master and slave
uncertain time-delay MHP chaotic systems, respectively. Equations (17-18) describe the master-
slave system (MSS) arrangement when unknown state-dependent disturbances 92/ (z;; ()) and
9% (yi; (t)) and unknown time-dependent disturbances ¢ (t) and 5 (t) act on the MSS (17-
18), respectively.

(Master time-delay MPH chaotic system)

@1 (1) = @2 (1) + 097 (21 (1) + 31 (1)

x(t) =19 &2(t) = —axs (t — 1) — Beoszy (t) + v sinxy (t) coszy (t) (17)
+ dcoswt + V11 (217 (1)) + i1 ()

(Slave time-delay MPH chaotic system)

g1 () = @2 () + 971 (21 (1) + 7y (1) + ua (1)

y(t) =9 92(t) =—azy(t —7) = Beoszy () + v siny: (t) cosyy (¢) (18)
+ 8 coswt + 95, (x9 (1)) + 0a2° () + ug ()
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Taking e; (t) = y; (t) —x; (t). Then, (19) gives the dynamical error system for the MSS (17-18).
é1(t) = ex (t) + Hyp (t) +uq (1)
e(t)=<( é2(t)=—aes(t —7)— B (sinyy (t) — sinzy (t)) + Hoz (¢) (19)
oy (sings (£) cosya (£) — siny (£) cosan (1)) + s ()
where Hy; (1)=0} (yi (t)) — 03 (2 (8)) + 0ii® (t) — 0™ () i = 1,2.
Using (4) and (5), the error dynamical system (19) becomes:
é1(t) = e (t) + Hyp () +uq (¢)
e(t)y={ €2(t)=—aex(t—7)—PBei(t)cost (20)
+ 3 (sin2yn (£) = sin2e1 (1)) + Has (6) + uz (1

Assumptio 3.2. Following Assumption 1, there exist positive real constants 19?{[ , 19;5;, oM,
and ¢;;° such that:
193 (i () | < 05505 1955 (i (1)) | < O, (21)

|(p£\i/[ (t) | < (pj\m4ii> and |9015; (t) ‘ < gpfni“i =1,2,

Hence, it is concluded that
[ (yzs ) = Vi (M )| < Drmis, and |y (t) — 05 ()| < Pmiiri = 1,2, (22)
where ¥,,,;; and @,,; are upper bounds of the unknown state-dependent and time-dependent

disturbances in (20) and (21), respectively. Therefore, without loss of generality, it is assumed
that 19mu = (pm”,l = 1, 2.

84 Solution to Problem 1

4.1 Controller design

To stabilize the uncertain time-delay MHP chaotic system (15) at the origin, let us define
the following RACC functions:
wi (t) = k121 () — Lup (1) tanh pa (1) + (ﬁmn (1) + i (t)) tanh pz: (1)

W(t) = S uy (t) = —kaows (t) — Loo (t) tanh pas (£) + (ﬂmﬂ (1) + G2z (t)) tanh pas () ,
+a (8) 2o (t — 7) + B (t) coszy + 7 (t) sinzicoszy — dcoswt,

(23)
where L (t) = [Ly (t),Lij (t) = 0 for i # jlax2 and Ly (t) = [l (L — ne*‘"“(t)‘)]gxg,
G (t),B),4 (), Dma(t), and G (t),i = 1,2 are the adaptation parameters. ky; and Ly; (t)
i =1,2 are the feedback gains.

There are three fundamental components of the feedback controller in (23). The following items
summarize the role of these components.

(i) The linear term k;;x; (t) stabilizes the closed-loop.

(ii) The nonlinear term L;; (¢) tanh px; (¢) provides smooth and fast convergence of the state
vector trajectories to the origin. L;; (¢) is a variable gain given by L;; — pLy; < Ly (t) < Ly;.
(iii) The nonlinear adaptive term (ﬁm” () + Pmii (t)) tanh pz; (t) eradicates the effects of time-
varying unknown model uncertainties, external disturbances and suppresses chattering in the
control input signals.
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Remark 4.1. The proposed controller (23) introduces the smooth continuous tanh function
that suppresses chattering in the control inputs. The controller eradicates the adverse effect
induced by the time-delay, uncertain parameters, unknown state-dependent disturbances, and
unknown time-dependent disturbances. It stabilizes the closed-loop (23) at the origin with
faster-converging rates. The parameters k;;,l;, o, and n provide complete control over the
transient time and convergence rates. Larger values of k;;,[;;, o, and n provide faster conver-
gence rates.

4.2 Robust asymptotic stability analysis

This sub-section analyses the main claim that the perturbed state variables converge to the
equilibrium point of the closed-loop.
Theorem 4.1. If the feedback control signals (23) are applied to (15), and the parameter
adaptation laws are given by (24), then the closed-loop system (15) is asymptotically stable at

the origin. .
(5.4(25) = —oxo (t —T) 22 (1) NG (t) = —ox2 () ,';y(t) = pxs (t) coszy (t) sinxy (1),
Dz (t) = ¢ (t) = —olzs (1) ], & (0) = G, B(0) = o, 7 (0) = o, Vi (0) = Dsio, (24)

Gii (0) = Piio, i = 1,2,

where éo, Bo, Y0, Yiio and @y are the initial values of @& (£), 8 (t), 4 (t), Dy (£), and @y (£),
alternatively.
Proof. Consider the following Lyapunov functional as:

5T (W) x(0)+ 5 (670 + B2+ 52 1) 45 D (Fomit () Dmis + G (1) i)
V(x (1) = t =

+5/ x3 (t)dt >0,

2 t—T1
(25)

provided [Opmii (t) | < Omii and [@mis (t) | < @iz Where Do (1) = Omii + O (1),
Prmii (£) = Pmii + @i (1), and G (t) = 6 (t) —a, B () = B (1) = B, and 7 (1) = 4 (1) — 7.

Remark 4.2. 19” (t) ﬁmu Z 0 and Sbmu (t) Pmii Z 0 when |1§mu (t)| § 19mu and ‘Samu (t)| §

Omii, 1t requires that limy oo i (1) = =i and im0 Gmis (£) = —@mi without oscil-
lations. Therefore, (25) holds. Parameter adaptation laws (24) assure that U, (1) < 0 and
Qbmii (t) < 0 for gmii (0) = 1977”'1‘ (0) =0.

The derivative of (25) along (15) gives:
V (x (1)) = o1 (1) (22 (1) + V11 (21 (1)) + 11 (1) + s (1))
+ 0xo (t) (—axq (t — T) — Bcoszy (t) + v sinxy (L) cosz (t)
+ dcoswt + Vo (z2 () + a2 (t) + uz (t))

Fa(E) Q)+ B () B () +7 ()7 () + Axd () — Aad (t —7)

+ i (Dmisthmii (1) + Db (1)
n=1
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= o1 (t) w2 (t) — apwa (t — 7) 22 (t) — 0Bx2 () coszy (t) + 00 22 () coswt
+mxz( ) cosy (t) sina () + & ()& (1) + B (1) 5 (1) +7 (1) 4 (1

+ QZ mii (Ti (t)) + @mai (t) 24 i (z?m”ﬁm” + PrmiiPmii (t ))
F A2 () = A3 (t—7) + 0 Z 2 (8) us ()

< olwy () w2 (1) | — ox2 (¢ *nTz)lfvz (t) — oBwy (t) coszy (t) + ed w2 () coswi
+mx2( ) coszy (t) sinay (1) + @ (t) & (¢ )+ﬂ( )B(1)+7 ()5 (1)

+o Z mii Iz + Pmii ( )) Iz Z (ﬂmmﬁmii (t) + @mii%émii (t)) (26)

+)\x2() )\{EQ(t—T —1—9sz Yu; (t) .

Using Assumption 1, Lemma 1, and substltutlng the feedback control inputs (23) into (26)

implies:
V(x(t) < g (23 (t) + 23 (t) — 0 Z k2 (t) — o Z L (t t) tanh pa; (¢)

+Ax3 (t) — Aas (t — 7) + 04 (t) 2 (t — T) w2 (t) — paxs (t — 7)o (t)
+ 0B () x5 (t) coszy (t) — 0Bz (t) coszy (t) — 0¥ (t) x9 (t) cosz (t) sinzy (t)
+m$2( ) cosy (1) sinxy (t) + G (t) a (t )+5( )B(8)+7 (1) ()

+ Q Z mit x’L + QDmn + Z (ﬁmuﬂmu + @mn@mu ( ))
oY (Bt (1) + G (1) s (1) tamh pa (1)
n=1

< —gz R () — QZLn (t) tanh pa; (£) + 5 (o (8) + 3 (1)) + Aa3 (1

*)\fﬁz(t*T)Jerz(t*T)xg( )+o(a(t) —a)as (t—7)z2 (1)
+Q(5( )—ﬁ) xo (t) sinxy (t) — 0 (§ (t) — v) w2 (t) cosxy (t) sinzxy (t)

+aW &+ B0 50+ (1A ) +QZ(19W-¢ (@i (t) + Pmai () i (t)
+ Z (19m1179mn + (Pmu@mu ) + Y Z ( maii + Qomn ( )) T (t) tanh PL; (t)

< -0 (kn - ;) zi(t)—o (kzz - % - ) - QZ Li; (t) z; (t) tanh px; ()
A3 (b= 1)+ () (& (1) +ama (t— ) (1)) + B()(ﬁ(Hm())

A1) (@ (t) — pas (t) coszy (1) sinz, (t))
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+> (Qﬁmu' (i (£)) @i () + 0Vii (t) ; () tanh p; (t) + 19mu‘1§mii)
= (27)
+ > (eoman (@ () (8) + ois () 2 (8) tanh s () + Prmiionit) -

Substituting the value of & (t), ,é’(t), and 4 (t) in (27) yields:
. 1 Al
v (x(t) < —o (k ~5)at0-e(tm-3-3) 30

—0 Z Lii (t) 2 (t) tanh pa; () — Azl (¢ — 7)

n

+ Z 0Vmii (z; i () + 919“- (t) x; (t) tanh pz; (t) + ﬁmuémn)
(

N
(

M8

(t) z; ()
+ 0Pmii (i (1)) i (t) + 0@ii (t) x; (t) tanh px; (t) + @mii@nii)

I
—

n

V(x(t) < Vi (x(8) + Vi (x () + V,, (x (1) , (28)
where
. 1 A1
V(x(t) <—olkn—5)ait)—o(kn—5—5)23(t)
(oot
-0 Z L (t t) tanh pz; (t) — A\z2 (t —7),

n=1

(Qﬁ‘mii (i (8)) i (t) + 094 (t) 2; (t) tanh pa; (£) + ﬂmii’émii) ; (30)

Mg

Vo (x(t) =

Il
—

n
and

NE

V, (x (1) = (Wmii (zi (t) i (t) + opii (t) z; (t) tanh pz; (t) + sﬁmz@mm) : (31)

n=1

4.3 Stability analysis of Vi, (x(t)), Vi (x (1)), and V, (x(t))

(i) Analysis of Vi, (x (1))
Since —p Y 0" | Li; (t) z; (t) tanhpxl( ) < 0, and let us choose kj; > 5 ki1 >
Li; > 0, then Vi, (x (1)) <
(ii) Analysis of Vy (x (t)) nd v, ( (t))

To show that Vp (x (t)) < 0 and V,, (x (t)) <0, let us choose p < 1, and consider,

>
_l’_
N[=

, and

M8

Qﬁmn l‘z + Q’lgu ( ) P (t) tanh PL; (t) + ﬂmii’@mii (t))

3
I
—

E%g

|Qﬂmn Ty | + Qﬂu ( ) ] (t) tanh PL; (t) + ﬁmlﬂgmu (t))

(
(
(32)
(
(¢

Q
Il
-

3

tqu

|Q§mu xz ||-T'L | + 9797,1 ( ) P (t) tanh PL; (t) + ﬁmiiﬁmii (t))

3
Il
-

Mz

mu|xz | + Qﬁu ) 3 (t) tanh PT; (t) + ﬁmii’@mii (t)) .

3
I
-
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Using the update law Uy (£) (24) into (32) gives:

Vo (x(t) < (@ﬁmnm (t) | + olsi (t) @i (t) tanh p; (£) + i (— ol (U))
= o (t) w; (1) tanh oz; () < 0, (33)
because 9 (t) < 0. "
In the same way,
Vi (x (1)) = S50 ois () (1) tanh pa (1) < 0. (34)
Therefore,
V (x (1) < Vi (x (1) + Vi (x (1) + V,, (x (1)) < 0. (35)

From (35), it is established that all the state variable trajectories converge to zero and the
unknown parameters associated with the uncertainties and external disturbances converge to
some constants. It proves that the closed-loop (15) is global asymptotic stable [24]. Thus
lim; o0 ||x (t) || = 0.

4.4 Numerical simulations and comparative analysis

This subsection provides numerical simulations to evaluate the robustness and efficiency
of the proposed RACC approach (23). The initial states of the MHP chaotic system (2) are
taken as [z1 (0) x5 (0)]T = [-3.4 2.1]7. The actual values of the parameters for which the
MHP system is chaotic are set as o = %, 8 = 3.776, h = %, v =46 x127% and w = 1.8.
The feedback controller gains are chosen as k17 = koo = 2, and l3; = log = 1. The positive
real constants p, A\, 0,1, 0, and 7 are selected as p=A =1, 0 =19 =0.1,0p =2, and 7 = 0.1.
Consequently, in simulations, the following state-dependent and time-dependent disturbances
are added to (15), respectively.

Y11 (21 (t)) = 0.3sinbxy (), p11 (t) = 0.2c0s (3t) ,

Fas (3 (1)) = 0200523 (1) , o2 (1) = 0.25sin (4F) . (36)

Example 1: In this example, simulation results (Figs. 3(a-d)) are performed without a
control effort. Figs. 3(a-b) illustrate the 2-D phase portraits of the MHP chaotic system with
and without time delay, respectively, whereas Figs. 3(c-d) show the behavior of the MHP
chaotic systems’ state variables with and without time delay, respectively. These figures show
that the state variable trajectories keep oscillating in a bounded region. Fig. 4 shows that
the state variable trajectories x; (t),i = 1,2 converge to zero with significantly less active
oscillations under the control effort computed using (23). It also demonstrates that the state
variable trajectories converge to zero with a short convergence time (0.8 seconds) and good
quality of transient performance. Figs. 5(a-c) illustrate the convergence of the adaptation
parameters. It is shown that the adaptation parameters & (t), 3 (£) and 4 (t) with initial values
éo =1, By = 0.2 and 4o = 0.2, alternatively converge to their true values, and Vi; (t) and @;; (¢)
with initial values 9J;;0 = 0 and Yiio = 0, respectively converge to some constant under the
parameters adaptation laws (24).
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Figure 3. (a) 2-D chaotic attractor of the MHP system with time-delay, (b) 2-D chaotic attractor
of the MHP system without time-delay, (¢) Transient behavior of the state variable trajectories

of the MHP chaotic system with time-delay, and (d) Transient behavior of the state variable
trajectories of the MHP chaotic system without time-delay.
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Figure 4. Convergence of the state variable trajectories.

4.5 Comparative study

Example 2: This example re-simulates Example 1 using the controller proposed in the
research papers [7, 8]. The control signals u; (t) and usg (t) are synthesized by (i) the ASMC
technique [7] and adaptive control strategy (ACS) [8], described in (37) and (38), respective-
ly. These control signals in the closed-loop system (15) establish the control of chaos in the
uncertain time-delay MHP chaotic system. Assume that the initial conditions, design control
parameters, the time-delay 7, feedback gains, unknown state-dependent, and unknown time-
dependent disturbances are set the same for the benchmarking study.

(i) The ASMC technique [7]:

Uy (t) —XT2 (t) — kllml (f,) — lllsig (81 (t))
(t) = —kaasa (t) — l22sig (s2 (1)) + & () x2 (t — 7) (37)
+ B (t) sinxy (t) — 4 () coszy () sinay (t) — dcos wt,

u(t) =< us
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Figure 5. Convergence of the adaptation parameters (a) & (¢), 5 (£), 4 (), (b) Uy (t), and (c)
@i (t),1=1,2.

where s; (t) = p;x; (t) is the switching surface and p; > 0 is a real constant.
(ii) The ACS [8]:
up (t) = —xo (1) — k1121 (1)
w(t)=1{ ug(t) = —koowa (t) + & (t) mo (t — 7) + B (t) sinay (t) (38)
— 4 (¢) coszy (t) sinzy (t) — dcos wt

As compared to the feedback control approaches [7, 8], some of the advantages of the
proposed RACC algorithm (23) are outlined as follows:

(i) In the closed-loop system (15), the control strategies [7, 8] cancel out most of the linear
and nonlinear terms, which deteriorate the system dynamics’ complexity. Such a linearized
feedback closed-loop system performs weak operations, including long time-delay and sudden
supply load disturbances [18]. These factors leave adverse effects on the performance of the
controlled system, and the system may lose its stability. A hefty control effort is then required
to bring back the system to its equilibrium point. In such a situation, the controller may cause
the saturation problem. The proposed RACC scheme (23) facilitates the cancellation of a single
nonlinear term. Complex controlled industrial systems are safe, efficient, and ensure profitable
operations in various practical applications [26].

(ii) Figs. 6(a-b) demonstrate the convergence behavior of the state variable trajectories
x1 (t) and x2 (t) by (37) and (38), respectively. From the simulation results given in Fig. 6(a),
it is clear that the reported controller (37) achieves the stabilization of the closed-loop system
(15) after 1.1 seconds. Figs. 6(b) shows oscillatory behavior, and the state variable trajectories
do not achieve a steady state. The amplitude and transient time are two essential features in
control systems theory.

(iii) Table 2 compares the convergence rates in this paper and the feedback control ap-
proaches [7, 8].
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Figure 6. Convergence of the state variable trajectories by (a) ASMC technique (37) and (b)
ACS (38).
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From Table 2, the following inequality is obtained:

V(x(t) < Va(x(t) < Vi (x(1)). (39)
Fig. 7 compares the rate of convergence of the energy function in the present work and by the
control approaches (37-38 ), it verifies the inequality (39). It shows that the proposed controller
(23) accomplishes a rapid dissipation rate of convergence of the energy function to zero than the
other two controllers (37-38 ). Further, it affirms that the proposed RACC approach (23) uses
less energy than the other two. Faster convergence rates provide higher accuracy and better
disturbance rejection attributes.

(iv) Figs. 8(a-c) illustrate the transient behavior of the control input signals by proposed
RACC (23) and feedback control approaches [7, 8], alternatively. These figures show that the
feedback control signals (23) are chattering-free. The feedback control strategies [7] exhibit
chattering as shown in Fig. 8(b). Though the control signals in (38) are less active than the
proposed controller (23), note that the state variable trajectories in Fig. 6(b) do not achieve
the steady state and oscillate in the range of [—0.1, 0.1]. Fig. 4 shows that the state variable
trajectories reach the vicinity of zero smoothly in a shorter time than the other two feedback
controllers.
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Table 2. Comparison of the convergence rates.

Feedback controller ~ Energy function V' (x (¢)) Rate of convergence of the
energy function V (x (t))
RACC (23) Eq. (25 V(x(t) < =Vkr (x(t)
Vi) = 3T (0x(0)
ACS 371+ (@O+FO+F0) Vix®) < -xT (1) k- N)x(0)
+A [ a3 ()dt >0
Va (x () = 387 (1) (1)
ASMC (38) +3 (52 (1) + B2 () + 72 (t)) Vo (x(t) < —sT () (k — A)s (t)
+3 [L . s3(t)dt >0 ~Lis(t)|
------ u1(f) 2 ‘-‘ m=e=n= i)
i —_— ) ; ‘ EE—
go =
-1 )" -1
|
o 4 ] 8 10 i
Time (s) Time (s)
(a) ()
) o e SRR R S u(r)
: — u2lt)
= 9 e ek Dl
4
0 4 [ 3 10
Time (s)

[(a]

Figure 8. The transient behavior of the control input signals, (a) RACC approach (23), (b)
ACS (37), and (c¢) ASMC technique (38).

85 Solution to Problem 2

5.1 Controller design

To stabilize the synchronization error system (20) at the origin, Eq. (40) gives the design

of the RACC functions.
uy (t) = —kuier () — L1 () tanh pey (2)
u (t) = U2 (t) = —kogen (t) — Loo (t) tanh pe2 (t)

(émn (t) + Sm11 (t)) tanh pe; (¥)
(@mm (t) + G (t)) tanh pes (1) ,

+a(t)es (t—7)+ B (t)er (t) +
(40)
where L(t) = [L”A (t),Lij (t) =0 fOT ) 7é j]2><2 and L” (t) = [l“ (I“ —’I’]e_o‘e'i(t)‘)]gxz,

a(t) NG ), 5 (), Omii (t), and @i () ,4 = 1,2 are the adaptation parameters. k;; and Ly; (t) ,4
= 1,2 are the feedback gains.
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5.2 Robust asymptotic stability analysis

Theorem 5.1. If the feedback control signals (40) are applied to the MSS (17-18), and
(41) gives the parameter adaptation laws, then the MSS (17-18) realizes the asymptotic stable
synchronization.

a(t) = —Qez(t—T)ez( ),B(t) = —oer (Hea (1),
(t) (sm2y1( ) — sin2xq (t)) ea (1),

Dii (1) = %z()——g\ez( )|, &(0) = ao, 5(0) = fo,
4(0) = Ao, Vi (0) = Dsio, i (0) = Piioyi = 1,2,
where G0, Bo, 50, Piio and G0 are the initial values of @& (¢), B(t), 5 (t), Ui (1), and @y (t),
alternatively.

)
( (41)

Proof. Consider the following Lyapunov functional as:

Lem e (t)+ 5 (a2 0+ 52 () +4* () + ;f:( Dot (1) s + G (1) i

Ve = T
+f/ e2 (t)dt >0,
2 t—T1
(42)
provided Ui (t) | < Vpmii and |Grmii () | < @i, where Ui (£) = Irmii + Vi (1),
Pmii (1) = Pmii + Pmii (1), and & (1) = & (t) —a, B(t) = B(t) — B, and ¥ (1) =5 (¢) — 7.
The derivative of (43) along (20) and substituting the control inputs (40) yields:
V(x(t) =o(e1(t)es(t)) — 0 Z ke (t) — o Z L;; (t) e; (t) tanh pe; (t)
n=1
+ 0a (t)es (t —T)ea (t) — paes (t —7) es (t) —Qﬂel( ) es (t) cost
5 1 ) .
+ ofer (t) ez (1) + 297 (sin2ys (t) — sin2x1 (t)) e2 (t)
1 ‘ (43)
= 507 (1) (sin2y; () — sin2z, (t )+ QZ ii (€i (1)) + i () € (t)
n=1

+ Z ( miiVii + ‘PM‘Pmm ) +o0 Z ( mii + Pmis ( )) €; (t) tanh pe; (t)

+/\€2(t)+962(t—7)€§(t)+54(t)@(t)+ﬁ(t)ﬁ(t)+i(t)ﬁ(t)-

Remark 5.1. The rest of the procedure for the robust stability analysis is similar to that given
in subsections 4.2 and 4.3. Therefore, the details are omitted here.

5.3 Numerical simulations

This subsection provides numerical simulations to evaluate the robustness and efficiency of
the proposed RACC approach (40) in synchronizing two identical MHP chaotic systems (17-
18) with time delay. The initial states of the MSS (17-18) are taken as [z1 (0) 2 (0)]T =
[-3.4 2.1]7 and [y1 (0) y2(0)]7 =[0.78 —2.9]7. The feedback controller gains are chosen as
k11 = koo = 10, and l11 = lo2 = 1, and the positive real constants p, A, o, 7, o, and 7 are selected



Israr Ahmad, Muhammad Shafig. Suppression and synchronization of chaos in uncertain... 433

asp=A=1,0=n=0.1,0 =2, and 7 = 0.1. Consequently, in simulations, the following
state-dependent and time-dependent disturbance signals (44) are added to the MSS (17-18),
respectively.

OM (21 (1)) = —0.3sin3zy (t), 05 (25 (t)) = —0.2c0s22 (1),

9%, (41 (£)) = 0.25c052y1 (1), 03, (y2 (£)) = —0.35¢c0s6y, (t) , ™M (t) = —0.2cos5t, (44)

©D (1) = 0.25sin4t, @7 (t) = —0.2c083t, 05, (t) = 0.25sin3t.

Example 3: In this example, Fig. 9(a) shows the transient behavior of the synchronization
error vector trajectories e; (t),7 = 1,2 without considering the feedback controller in (40). Fig.
9(b) demonstrates the convergence behavior of the synchronization error vector trajectories
e; (t),i = 1,2 using the RACC effort computed in (40). Fig. 9(b) illustrates that the error
trajectories converge to zero with a short convergence time (0.3 seconds) and good quality of
transient performance.

(i)
elt)

L] 0.2 4 [LX3 (LR 1.0
Time (s) Time (s)
(a) (b}

Figure 9. (a) Transient behavior of the error trajectories without control input, and (b) con-
vergence behavior of the synchronization error trajectories.

mmemem ()

ealr)

elr)

0.0 0.2 0.4 0.6 0.8 1.0 0 2 4 3 ] ].Ul
Time 51 Time (s)
(a) (bh

Figure 10. The convergence of the error signals e; (t),7 = 1,2 by (a) ACS (45) and (b) ASMC
technique (46).

5.4 Comparatve study

Example 4: This example re-simulates Example 3 using the feedback controllers proposed
in [8, 9] to analyze the comparative performance and efficiency of the proposed controller (40).
The control signals wu; (¢t) and wus () synthesized by the ACS [8], and the ASMC technique
[9] are described in (46) and (47), respectively. These feedback controllers are applied to the
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Figure 12. The transient behavior of the feedback control inputs, (a) RACC approach (40), (b)
ACS (45), and (c¢) ASMC technique (46).

closed-loop system (22) to establish synchronization (17-18). For the benchmark, assume that
initial conditions and controller design parameters are the same for both systems.
(i) The ACS [8]:
up (t) = —ea () — kyreq (1)
u(t) =< ug(t) = —kages (t) + é (t) ex (t —7) + B (t) (sinyy (t) — sinxy (1)) (45)
— 4 (t) (cosyx (t) sinyy () — coszy (t) sinzy (1)),

(ii) The ASMC technique [9]:
up (1) = —eq (1) — k11e1 (1) — l11sgn (s1 (¢))
up (t) = —kazea (t) — laasgn (s2 (1) + & (t) ez (t — 7)

+ B (t) (sinyy (t) — sinay (1))

=4 (t) (cosyr () sinys () — coswy (t) sinay ()
where s; (t) = pie; (t),4 = 1,2 is the sliding surface and p; > 0 is any real constant.

u(t) = (46)

Figs. 10(a-b) depict error vector trajectories convergence behavior accomplished by the adaptive
controller in (45) and the ASMC technique in (46), respectively. These figures demonstrate that
the ACS (45) establishes the synchronization in 0.7 seconds with reduced oscillations. Fig. 10(b)
shows oscillatory behavior, and the error vectors do not achieve a steady state and oscillate
in the range of [—0.5, 0.5]. Table 3 compares the convergence rates in this paper and by the
synchronization control approaches [8, 9].
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Table 3. Comparison of the convergence rates.

Feedback controller ~ Energy function V' (x (¢)) Rate of convergence of the
energy function V (x (t))
RACC (40) Eq. (42 Viet) < Vs (e (D)
Vi(e(t) = ze’ (H)e(t)
ACS (45)  +3(@O+FPO+F0) Vile®) < —e" (1) (k- Ne()
AL e (t)dt>0
Va(e(t) = 38" (t)s(t)
ASMC (46)  +5 (@20 + B 1) +7 (1) Vale(®) < —sT (1) (k= N)s(t)
A s3()dt>0 —Ls(t)|

The inequality (47) is obtained using Table 3.
Vie(t) < Vale(t) < Vi(e(t)). (47)
The simulation results in Fig. 11 verify the inequality (47), where V (e(t)) determines
the rate of convergence. Fig. 11 and inequality (47) confirm that the synchronization rate of
convergence in the present work is faster than the others [8, 9]. Figs. 12(a-c) illustrate the
transient behavior of the feedback terms in the proposed RACC approach (40) and by (45-46).
These figures show that the control input signals in the proposed RACC strategy (40) are less
active than (46). Though the ACS (45) has reduced oscillations compared to the proposed
RACC approach (40), the synchronization error vectors remain oscillatory and do not achieve
the steady state.

86 Conclusions

This paper proposes a robust adaptive continuous-time control strategy that investigates the
control and synchronization of chaos in the uncertain horizontal platform chaotic system with
time delay. The proposed controllers establish oscillation-free convergence of the state variable
and synchronization error trajectories to the origin with a shorter transient time and faster
convergence rates. The Lyapunov stability theory proves the robust asymptotic stability of the
closed-loop at the origin. The paper gives a detailed analysis of the proposed control strategy.
This paper also provides parameter adaptation laws that confirm the uncertain parameters’
convergence to some constant values. Numerical simulations further validate the theoretical
findings. The modified version of the proposed controller will be analyzed for the finite-time
suppression and synchronization of fractional-order horizontal platform chaotic systems with
uncertain parameters and time delay.
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