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Suppression and synchronization of chaos in uncertain

time-delay physical system

Israr Ahmad1,∗ Muhammad Shafiq2

Abstract. The mechanical horizontal platform (MHP) system exhibits a rich chaotic behavior.

The chaotic MHP system has applications in the earthquake and offshore industries. This

article proposes a robust adaptive continuous control (RACC) algorithm. It investigates the

control and synchronization of chaos in the uncertain MHP system with time-delay in the

presence of unknown state-dependent and time-dependent disturbances. The closed-loop system

contains most of the nonlinear terms that enhance the complexity of the dynamical system; it

improves the efficiency of the closed-loop. The proposed RACC approach (a) accomplishes faster

convergence of the perturbed state variables (synchronization errors) to the desired steady-state,

(b) eradicates the effect of unknown state-dependent and time-dependent disturbances, and (c)

suppresses undesirable chattering in the feedback control inputs. This paper describes a detailed

closed-loop stability analysis based on the Lyapunov-Krasovskii functional theory and Lyapunov

stability technique. It provides parameter adaptation laws that confirm the convergence of the

uncertain parameters to some constant values. The computer simulation results endorse the

theoretical findings and provide a comparative performance.

§1 Introduction

Chaotic systems have many exciting features, such as the strange attractor, highly complex

dynamics, sensitivity to initial conditions, inner randomness, and self-similarity [1]. Chaotic

signals are generally noise-like waveforms and have a broadband Fourier power spectrum. The

chaotic phenomenon can be found in chemical systems [2], electric circuits [3], hybrid electric

vehicles [4], gasoline engines [5], biological systems[6], and so forth. Due to the unpredictable

and complex behaviors of chaotic systems, control and synchronization of chaos have shown a

wide range of successful applications in many physical and engineering systems, such as elec-

tronic circuits [7], biological systems [8], aerospace technology [9], secure communications [10],
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and chemical system [11], among others. Various feedback control strategies have been pro-

posed to realize the suppression and synchronization of chaos, such as the twisting controller [3],

adaptive control scheme [7-8], adaptive sliding mode control (ASMC) technique [7, 9], impulsive

controller design [12], active and nonlinear control strategies [13], and so forth. The MHP is

an interesting system that displays a rich dynamical behavior, including regular and chaotic

[14]. The MHP system can rotate freely around the horizontal axis, which penetrates its mass

center. It is widely used in earthquake and offshore engineering [15]. Since the chaotic behav-

ior of the MHP system is aperiodic and sub-harmonic which produces broadband vibrations

within the system, the control and synchronization of chaos in the MHP system are essential

and challenging. The relevant literature reports some interesting works that design different

feedback control strategies to stabilize and synchronize chaos in the MHP system [14-18]. Using

the SMC technique, the article [14] studies the suppression of chaos in the MHP system with

external harmonic force and parametric uncertainties. A novel adaptive control strategy [15] is

developed to study the finite-time synchronization of two identical MHP systems. The authors

[16] investigate the circuit implementation and synchronization control of chaos in the MHP

system. The paper [17] studies the chaotic behavior and stabilization of chaos in a fractional-

order MHP system. The article [18] analyzes a new fuzzy adaptive prescribed performance

controller with unknown controller gain to investigate the suppression of chaos in the MHP

system.

Great efforts and expertise of the researchers have developed state-of-the-art control method-

ologies for the suppression and synchronization of chaos in the MHP system [14-18]. However,

there are still demands for complex feedback control schemes. The design of such chaos control

and synchronization techniques requires resolving the following challenging issues.

(i) The feedback controllers in [14-18] eliminate most of the nonlinear terms. Such cancel-

lation procedures require exact knowledge of the systems’ states and parameters. In practice,

the measurement of the states is erroneous as well as the parameters are unknown, and their

estimates are uncertain. As a result, the cancellation process leaves residual nonlinear terms

in the closed-loop. Such a feedback linearized closed-loop system performs weak operations

that include long time delay and sudden supply load disturbances. These factors leave adverse

effects on the performance of the controlled system, and the system may lose stability [19].

(ii) In practice, some unavoidable factors exist, such as the time delay, unknown state-

dependent, and time-dependent disturbances that influence the performance of the system

dynamics. The effect of time delay on chaotic systems is quite remarkable [20]. Chaotic systems

with time delay exhibit multi-stability and produce complex dynamics. The existence of time

delay in the physical systems has received considerable attention in the relevant literature

[20-22]. The increased efficiency requirements in the controller feedback control inputs have

demanded analyzing time-delays’ effect on the system dynamics [21]. The presence of time delay

in chaotic systems, controllers, and actuators can generate erroneous feedback control behaviors

that result in the instability of the closed-loop and degrade the control and synchronization

performance [21-22]. It is investigated that time delay in the MHP system exhibits more

complex dynamics and shows multiple chaotic regions [21]. In [14-18], the effect of time-delay

is not considered for the suppression and synchronization of chaos in the MHP system.
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(iii) The feedback control algorithms [14-18] produce large undesirable oscillations in the

control signals that further degrade MHP systems’ performance. A small delay can drive the

desired orbit away from the targeted equilibrium point.

(iv) The stabilization and synchronization control approaches [14-18] provide slow converg-

ing rates of the state (error ) trajectories to zero, affecting the performance of control method-

ology in practice.

(v) The reported controller schemes [15, 18] require the exact knowledge of the upper bounds

of the unknown state-dependent and time-dependent disturbances, which is hard to determine

in practice.

The suppression and synchronization of chaos in the uncertain time-delay MHP chaotic

system have rarely been studied and remain an open problem. Using the Lyapunov-Krasovskii

functional theory [23], this paper investigates the design of an RACC algorithm for the suppres-

sion and synchronization of chaos in the time-delay MHP system with uncertain parameters.

It is assumed that the unknown state-dependent and unknown time-dependent disturbances

perturb the time-delay MHP chaotic system. The proposed RACC algorithm establishes the

suppression and synchronization of chaos in the uncertain time-delay MHP chaotic system. The

Lyapunov direct method [24] proves the robust asymptotic stability of the closed-loop system at

the origin. Trajectories of the state variables and synchronization errors converge to the origin

without exhibiting overshoot. The RACC approach reduces the transient time and provides

faster convergence rates. This convergence behavior is verified graphically as well as analyt-

ically. The article gives a detailed analysis of the proposed RACC technique and parameter

adaptation laws. It also compares the performance of the proposed RACC algorithm with the

feedback controller schemes reported in the articles [7-9]. This article has the following main

contributions.

(i) Design a robust RACC algorithm that investigates the control and synchronization of

chaos in the uncertain MHP system with time delay. This controller establishes the robust

asymptotic stability of the closed-loop system at the origin.

(ii) The proposed RACC strategy reduces the transient time, increases the convergence

rates, and suppresses chattering in the control input signals.

(iii) The computer-based simulation results certify the efficiency and performance of the

proposed RACC approach and compare them with peer works [7-9].

The remaining article is organized as follows: In section 2, this paper presents the chaotic

MHP system dynamics and states some preliminaries. Section 3 demonstrates the problems

for the suppression and synchronization of chaos in the uncertain MHP chaotic system with

time delay and parametric uncertainties. Sections 4 and 5 provide solutions to Section 3 and

simulation results with a comparative study. The paper ends with the conclusions in Section 6.

§2 Chaotic Dynamics of the Mechanical Horizontal Platform

System

2.1 Symbols and notations

The paper uses symbols and notations described in Table 1.
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Table 1. Symbols and notations.

Symbols Description

A and a A denotes an n× n matrix whereas a
represents an n× 1 vector

R Real numbers
T Transpose of a matrix(vector)

x (t) = [x1 (t) x2 (t)]
T ∈ R2×1 State variables vector of the

MHP chaotic system (2)
α, β, γ, and δ Constant parameters of the MHP

chaotic system (2)
τ ∈ R+ Constant time-delay

ϑ (x (t))={ϑij (xi (t)), i, j = 1, 2 ⇒ ϑij (xi (t)) = 0} Unknown time-varying model
∈ R2×2 uncertainties present in the MHP

chaotic system (2)
φ (t)={φij (t), i, j = 1, 2 ⇒ φij (t) = 0} ∈ R2×2 Unknown external disturbances

acting on the MHP chaotic system (2)
ϑm={ϑmij ∈ R+, i, j = 1, 2 ⇒ ϑmij = 0} ∈ R2×2, ϑm and φm are the matrices of the

and least upper bound of ϑ (x (t)) and φ (t) ,
φm={φmij ∈ R+, i, j = 1, 2 ⇒ φmij = 0} ∈ R2×2 respectively

u (t) = [u1 (t) u2 (t)]
T ∈ R2×1 Control input vector

K={kij , i, j = 1, 2 ⇒ kij = 0} ∈ R2×2,
and Feedback controller gain matrices

L={lij , i, j = 1, 2 ⇒ lij = 0} ∈ R2×2

ϑ̂ (t)={ϑ̂ij (t) ∈ R+, i, j = 1, 2 ⇒ ϑ̂ij (t) = 0}
∈ R2×2, and Unknown bounded controller

φ̂ (t)={φ̂ij (t) ∈ R+, i, j = 1, 2 ⇒ φ̂ij (t) = 0} parameters in (23)
∈ R2×2

ρ, σ, η ∈ R+, ρ > 0, and 0 < η, σ ≤ 1 Controller parameters
ϱ, λ ∈ R+ Positive real constants

e The base of the natural logarithm
sgn(.) Signum function

2.2 Mechanical horizontal platform chaotic system

The MHP chaotic system is a subject of great interest due to its rich complex dynamical

behavior and has been extensively studied in the relevant literature. The chaotic MHP system

can be utilized in various engineering applications, including earthquake and offshore industries

[14]. The MHP system consists of an accelerometer and a platform located, as shown in Fig.

1. An accelerometer is placed on the left side of the platform. When the platform moves away

from the horizon, the accelerometer produces an output signal to the actuator. It generates a

torque to reverse the platforms’ rotation that balances the MHP system to its original position

[14-18]. The mathematical equation governing the chaotic dynamics of the MHP system [15]

can be described as follows:

Aẍ (t) +Bẋ (t) + rg sin (t)− 3
g

R
(C −D)cos (t) sin (t) = Fcosωt, (1)

where x (t) represents the rotation of the platform relative to the earth, A = 0.3, B = 0.5, and

D = 0.2 represent the moment of inertia for axes 1, 2, and 3, alternatively. g = 9.8 is the

gravitational acceleration, C = 0.4 denotes the damping coefficient, r = 0.1155633 represents
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the constant of accelerometer, R = 6.378 indicates the radius of the earth, and Fcosωt denotes

the harmonic torque with F = 3.4, and ω = 1.8.

Define [x (t) ẋ (t)]T=[x1 (t) x2 (t)]
T , then the equations of motion of the non-autonomous

MHP chaotic system is given by:

x (t) =

{
ẋ1 (t) = x2 (t)

ẋ2 (t) = −αx2 (t)− β cosx1 (t) + γ sinx1 (t) cosx1 (t) + δ cosωt
(2)

Fig. 1 shows the physical model of the MHP system.

Figure 1. Physical model of the MHP system.

2.3 Preliminaries

The following statements, assumptions, and lemmas are essential for this work.

(i) For A,B ∈ R, the following inequality holds:

|cosAsinB| = |cosA||sinB| ≤ 1. (3)

(ii) It follows from the differential mean-value theorem [25] that:

sinB − sinA

(B −A)
= cos θ,

where, θ ∈ [A,B] and (A < B) .

This implies that:

sinB − sinA = (B −A) cos θ (4)

(iii) For A ∈ R, the following trigonometric identity holds:

2sinAcosA = sin2A (5)

Lemma 2.1. For any non-negative real numbers P and Q:

P 2

2
+

Q2

2
≥ PQ. (6)

Proof. Let P and Q are any non-negative real numbers, then the following identity holds:

(P −Q)
2 ≥ 0 = P 2 +Q2 − 2PQ ≥ 0 ⇒ P 2 +Q2 ≥ 2PQ

⇒
P 2

2
+

Q2

2
≥ PQ. (7)

Lemma 2.2. For a positive real constant A and given a scalar B, the following identity holds:

A tanhAB = |A tanhAB| = |A|| tanhAB| ≥ 0. (8)
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Proof. From the definition of tanh(.), we have:

A tanhAB = A
2

eAB + e−AB
. (9)

Multiply right-hand side of (9) by eAB

e−AB yields:

A tanhAB = A

(
1

1 + e2AB

)(
e2AB − 1

)
. (10)

Now, if; { (
e2AB − 1

)
≥ 0, if B ≥ 0,(

e2AB − 1
)
< 0, if B < 0,

(11)

then, the following inequality can be obtained:(
e2AB − 1

)
≤ 0. (12)

Since,
(

1
1+e2AB

)
> 0 and using (12) gives:

A tanhAB = A

(
1

1 + e2AB

)(
e2AB − 1

)
≥ 0. (13)

Thus, for all positive A and a scalar B, if AB ≥ 0, then AB = |AB| = |A||B| ≥ 0 is true.

Consequently, it concludes that:

A tanhAB = |A tanhAB| = |A|| tanhAB| ≥ 0. (14)

A=1

A=5A=10

-2 -1 1 2

-1.0

-0.5

0.5

1.0

Figure 2. Behavior of the tanh(.) with different values of A.

Remark 3.1. In (14), the positive real constant A represents the steepness of the tanh(.), as

shown in Fig. 2.

§3 Problems Formulation: Suppression and Synchronization of

Chaos in the Uncertain Horizontal Platform System with

Time-Delay

3.1 Problem 1: Suppression of chaos in the uncertain MHP chaotic

system with time-delay

Most digital controllers, reconstruction filters, and analog antialiasing exhibit an inevitable

time delay during the process. Similarly, the human-machine and hydraulic actuators inter-

action show significant time-delay [21]. Therefore, it is interesting to study the suppression
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and synchronization of the MHP system with constant time-delay. This subsection presents

the problem formulation to suppress chaos in the MHP chaotic system with time-delay τ and

uncertain parameters. Let us introduce a constant time delay in the feedback of the state

variable x2 (t) and consider the following controlled MHP chaotic system when unknown state-

dependent disturbances ϑii (xi (t)), unknown times-dependent disturbances φii (t), and a control

effort u (t) ∈ R2×1 act on the MHP chaotic system (2). Then (15) represents the closed-loop

dynamics.

x (t) =


ẋ1 (t) = x2 (t) + ϑ11 (x1 (t)) + φ11 (t) + u1 (t)

ẋ2 (t) = −αx2 (t− τ)− β cosx1 (t) + γ sinx1 (t) cosx1 (t)

+ δ cosωt+ ϑ22 (x2 (t)) + φ22 (t) + u2 (t) .

(15)

Assumptio 3.1.The evolvement of a chaotic attractor in the bounded region assures the bound-

edness of the chaotic trajectories; it implies the boundedness of ϑii (xii (t)). In general, it is also

presumed that the unknown time-dependent disturbance signal φii (t) is the norm-bounded in

C1 [8]. Therefore, there exist unknown positive real constants ϑmii and φmii such that:

|ϑii (xii (t)) | ≤ ϑmii and |φii (t) | ≤ φmii, i = 1, 2, (16)

where ϑmii and φmii are upper bounds of the unknown state-dependent and time-dependent

disturbances in (16), respectively, which are unknown.

In this situation, it is desired to synthesize feedback control input vector u (t) that assures

the smooth and fast convergence of the closed-loop system (15) trajectories to the origin and

realizes the robust asymptotic stability of the equilibrium point at the origin with a sense that

lim
t→∞

∥x (t)∥ = 0.

3.2 Problem 2: Synchronization of two identical uncertain MHP chaot-

ic systems with time-delay

This subsection presents the problem formulation to synchronize two identical uncertain

MHP chaotic systems with constant time delay. Consider two coupled uncertain time-delay MH-

P chaotic systems, where x (t) and y (t) are vectors that represent states of the master and slave

uncertain time-delay MHP chaotic systems, respectively. Equations (17-18) describe the master-

slave system (MSS) arrangement when unknown state-dependent disturbances ϑM
ii (xii (t)) and

ϑS
ii (yii (t)) and unknown time-dependent disturbances φM

ii (t) and φS
ii (t) act on the MSS (17-

18), respectively.

(Master time-delay MPH chaotic system)

x (t) =


ẋ1 (t) = x2 (t) + ϑM

11 (x1 (t)) + φM
11 (t)

ẋ2 (t) = −αx2 (t− τ)− β cosx1 (t) + γ sinx1 (t) cosx1 (t)

+ δ cosωt+ ϑ11

(
xM
1 (t)

)
+ φM

11 (t)

(17)

(Slave time-delay MPH chaotic system)

y (t) =


ẏ1 (t) = x2 (t) + ϑS

11 (x1 (t)) + φS
11 (t) + u1 (t)

ẏ2 (t) = −αx2 (t− τ)− β cosx1 (t) + γ siny1 (t) cosy1 (t)

+ δ cosωt+ ϑS
22 (x2 (t)) + φ22

S (t) + u2 (t)

(18)
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Taking ei (t) = yi (t)−xi (t). Then, (19) gives the dynamical error system for the MSS (17-18).

e (t) =


ė1 (t) = e2 (t) +H11 (t) + u1 (t)

ė2 (t) = −αe2 (t− τ)− β (siny1 (t)− sinx1 (t)) +H22 (t)

+ γ (siny1 (t) cosy1 (t)− sinx1 (t) cosx1 (t)) + u2 (t) ,

(19)

where Hii (t)=ϑM
ii (yi (t))− ϑS

ii (xi (t)) + φii
S (t)− φii

M (t) , i = 1, 2.

Using (4) and (5), the error dynamical system (19) becomes:

e (t) =


ė1 (t) = e2 (t) +H11 (t) + u1 (t)

ė2 (t) = −αe2 (t− τ)− β e1 (t) cosθ

+
γ

2
(sin2y1 (t)− sin2x1 (t)) +H22 (t) + u2 (t)

(20)

Assumptio 3.2. Following Assumption 1, there exist positive real constants ϑM
ii , ϑ

S
ii, φii

M ,

and φii
S such that:

|ϑM
ii (xi (t)) | ≤ ϑS

mii, |ϑS
ii (xi (t)) | ≤ ϑM

mii,

|φM
ii (t) | ≤ φM

mii, and |φS
ii (t) | ≤ φS

mii, i = 1, 2,
(21)

Hence, it is concluded that

|ϑii

(
ySi (t)

)
− ϑii

(
xM
i (t)

)
| ≤ ϑmii, and |φii (t)− φS

ii (t) | ≤ φmii, i = 1, 2, (22)

where ϑmii and φmii are upper bounds of the unknown state-dependent and time-dependent

disturbances in (20) and (21), respectively. Therefore, without loss of generality, it is assumed

that ϑmii = φmii, i = 1, 2.

§4 Solution to Problem 1

4.1 Controller design

To stabilize the uncertain time-delay MHP chaotic system (15) at the origin, let us define

the following RACC functions:

u (t) =


u1 (t) = −k11x1 (t)− L11 (t) tanh ρx1 (t) +

(
ϑ̂m11 (t) + φ̂m11 (t)

)
tanh ρx1 (t)

u2 (t) = −k22x2 (t)− L22 (t) tanh ρx2 (t) +
(
ϑ̂m22 (t) + φ̂m22 (t)

)
tanh ρx2 (t) ,

+α̂ (t)x2 (t− τ) + β̂ (t) cosx1 + γ̂ (t) sinx1cosx1 − δcosωt,

(23)

where L (t) = [Lij (t) , Lij (t) = 0 for i ̸= j]2×2 and Lii (t) = [lii
(
Iii − ηe−σ|xi(t)|

)
]2×2,

α̂ (t) , β̂ (t) , γ̂ (t) , ϑ̂mii (t), and φ̂mii (t) , i = 1, 2 are the adaptation parameters. kii and Lii (t) ,

i = 1, 2 are the feedback gains.

There are three fundamental components of the feedback controller in (23). The following items

summarize the role of these components.

(i) The linear term kiixi (t) stabilizes the closed-loop.

(ii) The nonlinear term Lii (t) tanh ρxi (t) provides smooth and fast convergence of the state

vector trajectories to the origin. Lii (t) is a variable gain given by Lii − ρLii ≤ Lii (t) ≤ Lii.

(iii) The nonlinear adaptive term
(
ϑ̂mii (t) + φ̂mii (t)

)
tanh ρxi (t) eradicates the effects of time-

varying unknown model uncertainties, external disturbances and suppresses chattering in the

control input signals.
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Remark 4.1. The proposed controller (23) introduces the smooth continuous tanh function

that suppresses chattering in the control inputs. The controller eradicates the adverse effect

induced by the time-delay, uncertain parameters, unknown state-dependent disturbances, and

unknown time-dependent disturbances. It stabilizes the closed-loop (23) at the origin with

faster-converging rates. The parameters kii, lii, σ, and η provide complete control over the

transient time and convergence rates. Larger values of kii, lii, σ, and η provide faster conver-

gence rates.

4.2 Robust asymptotic stability analysis

This sub-section analyses the main claim that the perturbed state variables converge to the

equilibrium point of the closed-loop.

Theorem 4.1. If the feedback control signals (23) are applied to (15), and the parameter

adaptation laws are given by (24), then the closed-loop system (15) is asymptotically stable at

the origin.
˙̂α (t) = −ϱx2 (t− τ)x2 (t) ,

˙̂
β (t) = −ϱx2 (t) , ˙̂γ (t) = ϱx2 (t) cosx1 (t) sinx1 (t) ,

˙̂
ϑii (t) = ˙̂φii (t) = −ϱ|xi (t) |, α̂ (0) = α̂0, β̂ (0) = β̂0, γ̂ (0) = γ̂0, ϑ̂ii (0) = ϑ̂ii0,

φ̂ii (0) = φ̂ii0, i = 1, 2,

(24)

where α̂0, β̂0, γ̂0, ϑ̂ii0 and φ̂ii0 are the initial values of α̂ (t), β̂ (t), γ̂ (t), ϑ̂ii (t), and φ̂ii (t),

alternatively.

Proof. Consider the following Lyapunov functional as:

V (x (t)) =

ϱ

2
xT (t)x (t) +

1

2

(
α̂2 (t) + β̂2 (t) + γ̂2 (t)

)
+
1

2

∞∑
n=1

(
ϑ̃mii (t)ϑmii + φ̃mii (t)φmii

)
+

λ

2

∫ t

t−τ

x2
2 (t) dt ≥ 0,

(25)

provided |ϑ̃mii (t) | ≤ ϑmii and |φ̃mii (t) | ≤ φmii, where ϑ̃mii (t) = ϑmii + ϑ̂mii (t),

φ̃mii (t) = φmii + φ̂mii (t), and α̃ (t) = α̂ (t)− α, β̃ (t) = β̂ (t)− β, and γ̃ (t) = γ̂ (t)− γ.

Remark 4.2. ϑ̃ii (t)ϑmii ≥ 0 and φ̃mii (t)φmii ≥ 0 when |ϑ̂mii (t) | ≤ ϑmii and |φ̂mii (t) | ≤
φmii, it requires that limt→∞ ϑ̂mii (t) = −ϑmii and limt→∞ φ̂mii (t) = −φmii without oscil-

lations. Therefore, (25) holds. Parameter adaptation laws (24) assure that ϑ̂mii (t) ≤ 0 and

φ̂mii (t) ≤ 0 for ϑ̂mii (0) = ϑ̂mii (0) = 0.

The derivative of (25) along (15) gives:

V̇ (x (t)) = ϱx1 (t) (x2 (t) + ϑ11 (x1 (t)) + φ11 (t) + u1 (t))

+ ϱx2 (t) (−αx2 (t− τ)− β cosx1 (t) + γ sinx1 (t) cosx1 (t)

+ δ cosωt+ ϑ22 (x2 (t)) + φ22 (t) + u2 (t))

+ α̃ (t) ˙̂α (t) + β̃ (t)
˙̂
β (t) + γ̃ (t) ˙̂γ (t) + λx2

2 (t)− λx2
2 (t− τ)

+
∞∑

n=1

(
ϑmii

˙̂
ϑmii (t) + φmii

˙̂φmii (t)
)
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= ϱx1 (t)x2 (t)− αϱx2 (t− τ)x2 (t)− ϱβx2 (t) cosx1 (t) + ϱδ x2 (t) cosωt

+ ϱγx2 (t) cosx1 (t) sinx1 (t) + α̃ (t) ˙̂α (t) + β̃ (t)
˙̂
β (t) + γ̃ (t) ˙̂γ (t)

+ ϱ

∞∑
n=1

(ϑmii (xi (t)) + φmii (t))xi (t) +

∞∑
n=1

(
ϑmii

˙̂
ϑmii (t) + φmii

˙̂φmii (t)
)

+ λx2
2 (t)− λx2

2 (t− τ) + ϱ

∞∑
n=1

xi (t)ui (t)

≤ ϱ|x1 (t)x2 (t) | − ϱx2 (t− τ)x2 (t)− ϱβx2 (t) cosx1 (t) + ϱδ x2 (t) cosωt

+ ϱγx2 (t) cosx1 (t) sinx1 (t) + α̃ (t) ˙̂α (t) + β̃ (t)
˙̂
β (t) + γ̃ (t) ˙̂γ (t)

+ ϱ
∞∑

n=1

(ϑmii (xi (t)) + φmii (t))xi (t) +
∞∑

n=1

(
ϑmii

˙̂
ϑmii (t) + φmii

˙̂φmii (t)
)

+ λx2
2 (t)− λx2

2 (t− τ) + ϱ

∞∑
n=1

xi (t)ui (t) .

(26)

Using Assumption 1, Lemma 1, and substituting the feedback control inputs (23) into (26)

implies:

V̇ (x (t)) ≤ ϱ

2

(
x2
1 (t) + x2

2 (t)
)
− ϱ

∞∑
n=1

kiix
2
i (t)− ϱ

∞∑
n=1

Lii (t)xi (t) tanh ρxi (t)

+ λx2
2 (t)− λx2

2 (t− τ) + ϱα̂ (t)x2 (t− τ)x2 (t)− ϱαx2 (t− τ)x2 (t)

+ ϱβ̂ (t)x2 (t) cosx1 (t)− ϱβx2 (t) cosx1 (t)− ϱγ̂ (t)x2 (t) cosx1 (t) sinx1 (t)

+ ϱγx2 (t) cosx1 (t) sinx1 (t) + α̃ (t) ˙̂α (t) + β̃ (t)
˙̂
β (t) + γ̃ (t) ˙̂γ (t)

+ ϱ
∞∑

n=1

(ϑmii (xi (t)) + φmii (t))xi (t) +
∞∑

n=1

(
ϑmii

˙̂
ϑmii (t) + φmii

˙̂φmii (t)
)

+ ϱ
∞∑

n=1

(
ϑ̂mii (t) + φ̂mii (t)

)
xi (t) tanh ρxi (t)

≤ −ϱ

∞∑
n=1

kiix
2
i (t)− ϱ

∞∑
n=1

Lii (t)xi (t) tanh ρxi (t) +
ϱ

2

(
x2
1 (t) + x2

2 (t)
)
+ λx2

2 (t)

− λx2
2 (t− τ) + ϱx2 (t− τ)x2

2 (t) + ϱ (α̂ (t)− α)x2 (t− τ)x2 (t)

+ ϱ
(
β̂ (t)− β

)
x2 (t) sinx1 (t)− ϱ (γ̂ (t)− γ)x2 (t) cosx1 (t) sinx1 (t)

+ α̃ (t) ˙̂α (t) + β̃ (t)
˙̂
β (t) + γ̃ (t) ˙̂γ (t) + ϱ

∞∑
n=1

(ϑmii (xi (t)) + φmii (t))xi (t)

+
∞∑

n=1

(
ϑmii

˙̂
ϑmii (t) + φmii

˙̂φmii (t)
)
+ ϱ

∞∑
n=1

(
ϑ̂mii (t) + φ̂mii (t)

)
xi (t) tanh ρxi (t)

≤ −ϱ

(
k11 −

1

2

)
x2
1 (t)− ϱ

(
k22 −

λ

2
− 1

2

)
x2
2 (t)− ϱ

∞∑
n=1

Lii (t)xi (t) tanh ρxi (t)

− λx2
2 (t− τ) + α̃ (t)

(
˙̂α (t) + ϱx2 (t− τ)x2 (t)

)
+ β̃ (t)

(
˙̂
β (t) + ρx2 (t)

)
+ γ̃ (t)

(
˙̂γ (t)− ρx2 (t) cosx1 (t) sinx1 (t)

)
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+
∞∑

n=1

(
ϱϑmii (xi (t))xi (t) + ϱϑ̂ii (t)xi (t) tanh ρxi (t) + ϑmii

˙̂
ϑmii

)
+

∞∑
n=1

(
ϱφmii (xi (t))xi (t) + ϱφ̂ii (t)xi (t) tanh ρxi (t) + φmii

˙̂φmii

)
.

(27)

Substituting the value of ˙̂α (t),
˙̂
β (t), and ˙̂γ (t) in (27) yields:

V̇ (x (t)) ≤ −ϱ

(
k11 −

1

2

)
x2
1 (t)− ϱ

(
k22 −

λ

2
− 1

2

)
x2
2 (t)

− ϱ
∞∑

n=1

Lii (t)xi (t) tanh ρxi (t)− λx2
2 (t− τ)

+
∞∑

n=1

(
ϱϑmii (xi (t))xi (t) + ϱϑ̂ii (t)xi (t) tanh ρxi (t) + ϑmii

˙̂
ϑmii

)
+

∞∑
n=1

(
ϱφmii (xi (t))xi (t) + ϱφ̂ii (t)xi (t) tanh ρxi (t) + φmii

˙̂φmii

)
V̇ (x (t)) ≤ V̇KL (x (t)) + V̇ϑ (x (t)) + V̇φ (x (t)) , (28)

where

V̇ (x (t)) ≤ −ϱ

(
k11 −

1

2

)
x2
1 (t)− ϱ

(
k22 −

λ

2
− 1

2

)
x2
2 (t)

− ϱ
∞∑

n=1

Lii (t)xi (t) tanh ρxi (t)− λx2
2 (t− τ) ,

(29)

V̇ϑ (x (t)) =
∞∑

n=1

(
ϱϑmii (xi (t))xi (t) + ϱϑ̂ii (t)xi (t) tanh ρxi (t) + ϑmii

˙̂
ϑmii

)
, (30)

and

V̇φ (x (t)) =

∞∑
n=1

(
ϱφmii (xi (t))xi (t) + ϱφ̂ii (t)xi (t) tanh ρxi (t) + φmii

˙̂φmii

)
. (31)

4.3 Stability analysis of V̇KL (x (t)), V̇ϑ (x (t)), and V̇φ (x (t))

(i) Analysis of V̇KL (x (t))

Since −ϱ
∑∞

n=1 Lii (t)xi (t) tanh ρxi (t) ≤ 0, and let us choose k11 > 1
2 , k11 > λ

ϱ + 1
2 , and

Lii > 0, then V̇KL (x (t)) ≤ 0.

(ii) Analysis of V̇ϑ (x (t)) and V̇φ (x (t))

To show that V̇ϑ (x (t)) ≤ 0 and V̇φ (x (t)) ≤ 0, let us choose ρ ≤ 1, and consider,

V̇ϑ (x (t)) =

∞∑
n=1

(
ϱϑmii (xi (t))xi (t) + ϱϑ̂ii (t)xi (t) tanh ρxi (t) + ϑmii

˙̂
ϑmii (t)

)
≤

∞∑
n=1

(
|ϱϑmii (xi (t))xi (t) |+ ϱϑ̂ii (t)xi (t) tanh ρxi (t) + ϑmii

˙̂
ϑmii (t)

)
=

∞∑
n=1

(
|ϱϑmii (xi (t)) ||xi (t) |+ ϱϑ̂ii (t)xi (t) tanh ρxi (t) + ϑmii

˙̂
ϑmii (t)

)
≤

∞∑
n=1

(
ϱϑmii|xi (t) |+ ϱϑ̂ii (t)xi (t) tanh ρxi (t) + ϑmii

˙̂
ϑmii (t)

)
.

(32)
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Using the update law
˙̂
ϑmii (t) (24) into (32) gives:

V̇ϑ (x (t)) ≤
∞∑

n=1

(
ϱϑmii|xi (t) |+ ϱϑ̂ii (t)xi (t) tanh ρxi (t) + ϑmii (−ϱ|xi (t))

)
=

∞∑
n=1

ϱϑ̂ii (t)xi (t) tanh ϱxi (t) ≤ 0, (33)

because ϑ̂ (t) ≤ 0.

In the same way,

V̇φ (x (t)) =
∑∞

n=1 ϱφ̂ii (t)xi (t) tanh ρxi (t) ≤ 0. (34)

Therefore,

V̇ (x (t)) ≤ V̇KL (x (t)) + V̇ϑ (x (t)) + V̇φ (x (t)) ≤ 0. (35)

From (35), it is established that all the state variable trajectories converge to zero and the

unknown parameters associated with the uncertainties and external disturbances converge to

some constants. It proves that the closed-loop (15) is global asymptotic stable [24]. Thus

limt→∞ ||x (t) || = 0.

4.4 Numerical simulations and comparative analysis

This subsection provides numerical simulations to evaluate the robustness and efficiency

of the proposed RACC approach (23). The initial states of the MHP chaotic system (2) are

taken as [x1 (0) x2 (0)]
T = [−3.4 2.1]T . The actual values of the parameters for which the

MHP system is chaotic are set as α = 4
3 , β = 3.776, h = 34

3 , γ = 4.6 × 12−6, and ω = 1.8.

The feedback controller gains are chosen as k11 = k22 = 2, and l11 = l22 = 1. The positive

real constants ρ, λ, σ, η, ϱ, and τ are selected as ρ = λ = 1, σ = η = 0.1, ϱ = 2, and τ = 0.1.

Consequently, in simulations, the following state-dependent and time-dependent disturbances

are added to (15), respectively.

ϑ11 (x1 (t)) = 0.3sin5x1 (t) , φ11 (t) = 0.2cos (3t) ,

ϑ22 (x2 (t)) = 0.2cos2x2 (t) , φ22 (t) = 0.25sin (4t) .
(36)

Example 1: In this example, simulation results (Figs. 3(a-d)) are performed without a

control effort. Figs. 3(a-b) illustrate the 2-D phase portraits of the MHP chaotic system with

and without time delay, respectively, whereas Figs. 3(c-d) show the behavior of the MHP

chaotic systems’ state variables with and without time delay, respectively. These figures show

that the state variable trajectories keep oscillating in a bounded region. Fig. 4 shows that

the state variable trajectories xi (t) , i = 1, 2 converge to zero with significantly less active

oscillations under the control effort computed using (23). It also demonstrates that the state

variable trajectories converge to zero with a short convergence time (0.8 seconds) and good

quality of transient performance. Figs. 5(a-c) illustrate the convergence of the adaptation

parameters. It is shown that the adaptation parameters α̂ (t), β̂ (t) and γ̂ (t) with initial values

α̂0 = 1, β̂0 = 0.2 and γ̂0 = 0.2, alternatively converge to their true values, and ϑ̂ii (t) and φ̂ii (t)

with initial values ϑ̂ii0 = 0 and φ̂ii0 = 0, respectively converge to some constant under the

parameters adaptation laws (24).
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Figure 3. (a) 2-D chaotic attractor of the MHP system with time-delay, (b) 2-D chaotic attractor
of the MHP system without time-delay, (c) Transient behavior of the state variable trajectories
of the MHP chaotic system with time-delay, and (d) Transient behavior of the state variable
trajectories of the MHP chaotic system without time-delay.
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Figure 4. Convergence of the state variable trajectories.

4.5 Comparative study

Example 2: This example re-simulates Example 1 using the controller proposed in the

research papers [7, 8]. The control signals u1 (t) and u2 (t) are synthesized by (i) the ASMC

technique [7] and adaptive control strategy (ACS) [8], described in (37) and (38), respective-

ly. These control signals in the closed-loop system (15) establish the control of chaos in the

uncertain time-delay MHP chaotic system. Assume that the initial conditions, design control

parameters, the time-delay τ , feedback gains, unknown state-dependent, and unknown time-

dependent disturbances are set the same for the benchmarking study.

(i) The ASMC technique [7]:

u (t) =


u1 (t) = −x2 (t)− k11x1 (t)− l11sig (s1 (t))

u2 (t) = −k22s2 (t)− l22sig (s2 (t)) + α̂ (t)x2 (t− τ)

+ β̂ (t) sinx1 (t)− γ̂ (t) cosx1 (t) sinx1 (t)− δcos ωt,

(37)
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Figure 5. Convergence of the adaptation parameters (a) α̂ (t), β̂ (t), γ̂ (t) , (b) ϑ̂ii (t), and (c)
φ̂ii (t) , i = 1, 2.

where si (t) = µixi (t) is the switching surface and µi > 0 is a real constant.

(ii) The ACS [8]:

u (t) =


u1 (t) = −x2 (t)− k11x1 (t)

u2 (t) = −k22x2 (t) + α̂ (t)x2 (t− τ) + β̂ (t) sinx1 (t)

− γ̂ (t) cosx1 (t) sinx1 (t)− δcos ωt

(38)

As compared to the feedback control approaches [7, 8], some of the advantages of the

proposed RACC algorithm (23) are outlined as follows:

(i) In the closed-loop system (15), the control strategies [7, 8] cancel out most of the linear

and nonlinear terms, which deteriorate the system dynamics’ complexity. Such a linearized

feedback closed-loop system performs weak operations, including long time-delay and sudden

supply load disturbances [18]. These factors leave adverse effects on the performance of the

controlled system, and the system may lose its stability. A hefty control effort is then required

to bring back the system to its equilibrium point. In such a situation, the controller may cause

the saturation problem. The proposed RACC scheme (23) facilitates the cancellation of a single

nonlinear term. Complex controlled industrial systems are safe, efficient, and ensure profitable

operations in various practical applications [26].

(ii) Figs. 6(a-b) demonstrate the convergence behavior of the state variable trajectories

x1 (t) and x2 (t) by (37) and (38), respectively. From the simulation results given in Fig. 6(a),

it is clear that the reported controller (37) achieves the stabilization of the closed-loop system

(15) after 1.1 seconds. Figs. 6(b) shows oscillatory behavior, and the state variable trajectories

do not achieve a steady state. The amplitude and transient time are two essential features in

control systems theory.

(iii) Table 2 compares the convergence rates in this paper and the feedback control ap-

proaches [7, 8].



430 Appl. Math. J. Chinese Univ. Vol. 39, No. 3

x1(t)

x2(t)

0.0 0.5 1.0 1.5 2.0
-4

-3

-2

-1

0

1

2

Time (s)

(a)

x
(t
)

0 2 4 6 8
-1.0

-0.5

0.0

0.5

1.0

Time (s)

(b)

x
(t
)

Figure 6. Convergence of the state variable trajectories by (a) ASMC technique (37) and (b)
ACS (38).

V

(x(t))

V

1(x(t))

V

2(x(t))

0.0 0.5 1.0 1.5 2.0 2.5 3.0
-60

-50

-40

-30

-20

-10

0

Time (s)

V
 (
x
(t
))
,
V
 1
(x
(t
))
,
V
 2
(x
(t
))

Figure 7. Convergence rates comparison.

From Table 2, the following inequality is obtained:

V̇ (x (t)) ≤ V̇2 (x (t)) ≤ V̇1 (x (t)) . (39)

Fig. 7 compares the rate of convergence of the energy function in the present work and by the

control approaches (37-38 ), it verifies the inequality (39). It shows that the proposed controller

(23) accomplishes a rapid dissipation rate of convergence of the energy function to zero than the

other two controllers (37-38 ). Further, it affirms that the proposed RACC approach (23) uses

less energy than the other two. Faster convergence rates provide higher accuracy and better

disturbance rejection attributes.

(iv) Figs. 8(a-c) illustrate the transient behavior of the control input signals by proposed

RACC (23) and feedback control approaches [7, 8], alternatively. These figures show that the

feedback control signals (23) are chattering-free. The feedback control strategies [7] exhibit

chattering as shown in Fig. 8(b). Though the control signals in (38) are less active than the

proposed controller (23), note that the state variable trajectories in Fig. 6(b) do not achieve

the steady state and oscillate in the range of [−0.1, 0.1]. Fig. 4 shows that the state variable

trajectories reach the vicinity of zero smoothly in a shorter time than the other two feedback

controllers.
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Table 2. Comparison of the convergence rates.

Feedback controller Energy function V (x (t)) Rate of convergence of the
energy function V (x (t))

RACC (23) Eq. (25) V̇ (x (t)) ≤ −V̇KL (x (t))
V1 (x (t)) = 1

2x
T (t)x (t)

ACS (37) +1
2

(
α̃2 (t) + β̃2 (t) + γ̃2 (t)

)
V̇1 (x (t)) ≤ −xT (t) (k− λ)x (t)

+λ
2

∫ t

t−τ
x2
2 (t) dt ≥ 0

V2 (x (t)) = 1
2s

T (t) s (t)

ASMC (38) + 1
2

(
α̃2 (t) + β̃2 (t) + γ̃2 (t)

)
V̇2 (x (t)) ≤ −sT (t) (k− λ) s (t)

+λ
2

∫ t

t−τ
s22 (t) dt ≥ 0 −L|s (t) |

Figure 8. The transient behavior of the control input signals, (a) RACC approach (23), (b)
ACS (37), and (c) ASMC technique (38).

§5 Solution to Problem 2

5.1 Controller design

To stabilize the synchronization error system (20) at the origin, Eq. (40) gives the design

of the RACC functions.

u (t) =


u1 (t) = −k11e1 (t)− L11 (t) tanh ρe1 (t) +

(
ϑ̂m11 (t) + φ̂m11 (t)

)
tanh ρe1 (t)

u2 (t) = −k22e2 (t)− L22 (t) tanh ρe2 (t) +
(
ϑ̂m22 (t) + φ̂m22 (t)

)
tanh ρe2 (t) ,

+ α̂ (t) e2 (t− τ) + β̂ (t) e1 (t) +
1

2
γ̂ (t)

(40)

where L (t) = [Lij (t) , Lij (t) = 0 for i ̸= j]2×2 and Lii (t) = [lii
(
Iii − ηe−σ|ei(t)|

)
]2×2,

α̂ (t) , β̂ (t) , γ̂ (t) , ϑ̂mii (t), and φ̂mii (t) , i = 1, 2 are the adaptation parameters. kii and Lii (t) , i

= 1, 2 are the feedback gains.
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5.2 Robust asymptotic stability analysis

Theorem 5.1. If the feedback control signals (40) are applied to the MSS (17-18), and

(41) gives the parameter adaptation laws, then the MSS (17-18) realizes the asymptotic stable

synchronization. 

˙̂α (t) = −ϱe2 (t− τ) e2 (t) ,
˙̂
β (t) = −ϱe1 (t) e2 (t) ,

˙̂γ (t) =
ϱ

2
(sin2y1 (t)− sin2x1 (t)) e2 (t) ,

˙̂
ϑii (t) = ˙̂φii (t) = −ϱ|ei (t) |, α̂ (0) = α̂0, β̂ (0) = β̂0,

γ̂ (0) = γ̂0, ϑ̂ii (0) = ϑ̂ii0, φ̂ii (0) = φ̂ii0, i = 1, 2,

(41)

where α̂0, β̂0, γ̂0, ϑ̂ii0 and φ̂ii0 are the initial values of α̂ (t), β̂ (t), γ̂ (t), ϑ̂ii (t), and φ̂ii (t),

alternatively.

Proof. Consider the following Lyapunov functional as:

V (e (t)) =

ϱ

2
eT (t) e (t) +

1

2

(
α̂2 (t) + β̂2 (t) + γ̂2 (t)

)
+

1

2

∞∑
n=1

(
ϑ̃mii (t)ϑmii + φ̃mii (t)φmii

)
+

λ

2

∫ t

t−τ

e22 (t) dt ≥ 0,

(42)

provided |ϑ̃mii (t) | ≤ ϑmii and |φ̃mii (t) | ≤ φmii, where ϑ̃mii (t) = ϑmii + ϑ̂mii (t),

φ̃mii (t) = φmii + φ̂mii (t), and α̃ (t) = α̂ (t)− α, β̃ (t) = β̂ (t)− β, and γ̃ (t) = γ̂ (t)− γ.

The derivative of (43) along (20) and substituting the control inputs (40) yields:

V̇ (x (t)) = ϱ (e1 (t) e2 (t))− ϱ
∞∑

n=1

kiie
2
i (t)− ϱ

∞∑
n=1

Lii (t) ei (t) tanh ρei (t)

+ ϱα̂ (t) e2 (t− τ) e2 (t)− ϱαe2 (t− τ) e2 (t)− ϱβe1 (t) e2 (t) cosθ

+ ϱβ̂e1 (t) e2 (t) +
1

2
ϱγ (sin2y1 (t)− sin2x1 (t)) e2 (t)

− 1

2
ϱγ̂ (t) (sin2y1 (t)− sin2x1 (t)) e2 (t) + ϱ

∞∑
n=1

(ϑii (ei (t)) + φii (t)) ei (t)

+

∞∑
n=1

(
ϑmii

˙̂
ϑii (t) + φii

˙̂φmii (t)
)
+ ϱ

∞∑
n=1

(
ϑ̂mii (t) + φ̂mii (t)

)
ei (t) tanh ρei (t)

+ λe22 (t) + ϱe2 (t− τ) e22 (t) + α̃ (t) ˙̂α (t) + β̃ (t)
˙̂
β (t) + γ̃ (t) ˙̂γ (t) .

(43)

Remark 5.1. The rest of the procedure for the robust stability analysis is similar to that given

in subsections 4.2 and 4.3. Therefore, the details are omitted here.

5.3 Numerical simulations

This subsection provides numerical simulations to evaluate the robustness and efficiency of

the proposed RACC approach (40) in synchronizing two identical MHP chaotic systems (17-

18) with time delay. The initial states of the MSS (17-18) are taken as [x1 (0) x2 (0)]
T =

[−3.4 2.1]T and [y1 (0) y2 (0)]
T = [0.78 − 2.9]T . The feedback controller gains are chosen as

k11 = k22 = 10, and l11 = l22 = 1, and the positive real constants ρ, λ, σ, η, ϱ, and τ are selected
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as ρ = λ = 1, σ = η = 0.1, ϱ = 2, and τ = 0.1. Consequently, in simulations, the following

state-dependent and time-dependent disturbance signals (44) are added to the MSS (17-18),

respectively.

ϑ̂M
11 (x1 (t)) = −0.3sin3x1 (t) , ϑ̂

M
22 (x2 (t)) = −0.2cos2x2 (t) ,

ϑ̂S
11 (y1 (t)) = 0.25cos2y1 (t) , ϑ̂

S
22 (y2 (t)) = −0.35cos6y2 (t) , φ

M
11 (t) = −0.2cos5t,

φM
22 (t) = 0.25sin4t, φS

11 (t) = −0.2cos3t, φS
22 (t) = 0.25sin3t.

(44)

Example 3: In this example, Fig. 9(a) shows the transient behavior of the synchronization

error vector trajectories ei (t) , i = 1, 2 without considering the feedback controller in (40). Fig.

9(b) demonstrates the convergence behavior of the synchronization error vector trajectories

ei (t) , i = 1, 2 using the RACC effort computed in (40). Fig. 9(b) illustrates that the error

trajectories converge to zero with a short convergence time (0.3 seconds) and good quality of

transient performance.

Figure 9. (a) Transient behavior of the error trajectories without control input, and (b) con-
vergence behavior of the synchronization error trajectories.

Figure 10. The convergence of the error signals ei (t) , i = 1, 2 by (a) ACS (45) and (b) ASMC
technique (46).

5.4 Comparatve study

Example 4: This example re-simulates Example 3 using the feedback controllers proposed

in [8, 9] to analyze the comparative performance and efficiency of the proposed controller (40).

The control signals u1 (t) and u2 (t) synthesized by the ACS [8], and the ASMC technique

[9] are described in (46) and (47), respectively. These feedback controllers are applied to the
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Figure 11. Convergence rates comparison.

Figure 12. The transient behavior of the feedback control inputs, (a) RACC approach (40), (b)
ACS (45), and (c) ASMC technique (46).

closed-loop system (22) to establish synchronization (17-18). For the benchmark, assume that

initial conditions and controller design parameters are the same for both systems.

(i) The ACS [8]:

u (t) =


u1 (t) = −e2 (t)− k11e1 (t)

u2 (t) = −k22e2 (t) + α̂ (t) e2 (t− τ) + β̂ (t) (siny1 (t)− sinx1 (t))

− γ̂ (t) (cosy1 (t) siny1 (t)− cosx1 (t) sinx1 (t)) ,

(45)

(ii) The ASMC technique [9]:

u (t) =


u1 (t) = −e2 (t)− k11e1 (t)− l11sgn (s1 (t))

u2 (t) = −k22e2 (t)− l22sgn (s2 (t)) + α̂ (t) e2 (t− τ)

+ β̂ (t) (siny1 (t)− sinx1 (t))

− γ̂ (t) (cosy1 (t) siny1 (t)− cosx1 (t) sinx1 (t))

(46)

where si (t) = µiei (t) , i = 1, 2 is the sliding surface and µi > 0 is any real constant.

Figs. 10(a-b) depict error vector trajectories convergence behavior accomplished by the adaptive

controller in (45) and the ASMC technique in (46), respectively. These figures demonstrate that

the ACS (45) establishes the synchronization in 0.7 seconds with reduced oscillations. Fig. 10(b)

shows oscillatory behavior, and the error vectors do not achieve a steady state and oscillate

in the range of [−0.5, 0.5]. Table 3 compares the convergence rates in this paper and by the

synchronization control approaches [8, 9].
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Table 3. Comparison of the convergence rates.

Feedback controller Energy function V (x (t)) Rate of convergence of the
energy function V (x (t))

RACC (40) Eq. (42) V̇ (e (t)) ≤ −V̇KL (e (t))
V1 (e (t)) =

1
2e

T (t) e (t)

ACS (45) +1
2

(
α̃2 (t) + β̃2 (t) + γ̃2 (t)

)
V̇1 (e (t)) ≤ −eT (t) (k− λ) e (t)

+λ
2

∫ t

t−τ
e22 (t) dt ≥ 0

V2 (e (t)) =
1
2s

T (t) s (t)

ASMC (46) + 1
2

(
α̃2 (t) + β̃2 (t) + γ̃2 (t)

)
V̇2 (e (t)) ≤ −sT (t) (k− λ) s (t)

+λ
2

∫ t

t−τ
s22 (t) dt ≥ 0 −L|s (t) |

The inequality (47) is obtained using Table 3.

V̇ (e (t)) ≤ V̇2 (e (t)) ≤ V̇1 (e (t)) . (47)

The simulation results in Fig. 11 verify the inequality (47), where V̇ (e (t)) determines

the rate of convergence. Fig. 11 and inequality (47) confirm that the synchronization rate of

convergence in the present work is faster than the others [8, 9]. Figs. 12(a-c) illustrate the

transient behavior of the feedback terms in the proposed RACC approach (40) and by (45-46).

These figures show that the control input signals in the proposed RACC strategy (40) are less

active than (46). Though the ACS (45) has reduced oscillations compared to the proposed

RACC approach (40), the synchronization error vectors remain oscillatory and do not achieve

the steady state.

§6 Conclusions

This paper proposes a robust adaptive continuous-time control strategy that investigates the

control and synchronization of chaos in the uncertain horizontal platform chaotic system with

time delay. The proposed controllers establish oscillation-free convergence of the state variable

and synchronization error trajectories to the origin with a shorter transient time and faster

convergence rates. The Lyapunov stability theory proves the robust asymptotic stability of the

closed-loop at the origin. The paper gives a detailed analysis of the proposed control strategy.

This paper also provides parameter adaptation laws that confirm the uncertain parameters’

convergence to some constant values. Numerical simulations further validate the theoretical

findings. The modified version of the proposed controller will be analyzed for the finite-time

suppression and synchronization of fractional-order horizontal platform chaotic systems with

uncertain parameters and time delay.
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