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The joint Laplace transforms for killed

diffusion occupation times

LI Ying-qiu'* CHEN Ye?

Abstract. The approach of Li and Zhou (2014) is adopted to find the Laplace transform
of occupation time over interval (0,a) and joint occupation times over semi-infinite intervals
(—o0,a) and (b, c0) for a time-homogeneous diffusion process up to an independent exponential
time eq for 0 < @ < b. The results are expressed in terms of solutions to the differential equations
associated with the diffusion generator. Applying these results, we obtain explicit expressions
on the Laplace transform of occupation time and joint occupation time for Brownian motion
with drift.

81 Introduction

Occupation time is one of the hot issues in the theoretical research on the stochastic process,
and is widely used in risk theory and financial models, see for example [1]-[12]. Some classical
results related to the Laplace transform on occupation time for examples of diffusion process
can be found in Borodin and Salminen [1]. In Cai et al [2] the Laplace transform of occupation
time is found for a jump-diffusion with two-sided exponential jumps by a standard approach
of specifying and solving the associated partial-integro-differential equation. Pitman and Yor
[12, 13], applied the excursion theory to obtain a formula for the joint Laplace transform of the
occupation times spent by the process either above or below a level up to a suitable random
time. In Landriault et al [6], an approximation scheme was proposed for the first time, which
combined with the fluctuation theory, gave th Laplace transform of occupation time for a
spectrally negative Lévy process(in short, SNLP). Such a method is also applied to study the
joint Laplace transforms of occupation time for time-homogeneous diffusion processes in Li and
Zhou [7]. Using the same approach, Li et al [8] found expressions of double Laplace transforms
for diffusion processes.
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In order to overcome the difficulty caused by the possible infinite activity of SNLP, Li and
Zhou [10] used a new approach of identifying the Laplace transforms with a fluctuation result
on the SNLP observed at independent Poisson arrival times to study the Laplace transforms
of pre-exit joint occupation time for SNLP. Li et al [11] used the Poisson approach to obtain
expressions of two-sided discounted potential measures for SNLP. For diffusion processes, the
approach also works as well. It was adopted to find expressions of potential measures that are
discounted by their joint occupation times over semi-infinite intervals (—oo,a) and (a,o00) in
Chen et al [3], and to obtain their joint Laplace transforms of occupation times over intervals
(a,r) and (r,b) before it first exits from either a or b for a < r < b in Chen et al [4].

In this paper, we adopt the Poisson approach of [10] to consider the Laplace transform
of occupation time over interval (0,a) and joint occupation times over semi-infinite intervals
(—o00,a) and (b,00) for one-dimensional time-homogeneous diffusion processes up to an inde-
pendent exponential time e, for 0 < a < b. The results are expressed in terms of solutions to
the differential equations associated with the diffusion generator. Our results generalize those
in [7] and our approach is different.

The rest of this paper is arranged as follows. In Section 2, we briefly introduce some
relevant knowledge about the diffusion process and some classical conclusions of exit problems.
In Section 3, we obtain our main results of occupation time related Laplace transforms and
some corollaries. In Section 4, using the conclusion of Section 3, we get the result of Brownian
motion with drift.

82 Preliminaries

In this paper, we consider a one-dimensional diffusion process X = (X;);>o defined on
a filtered probability space (Q,P, (%;)i>0), and take values in the interval I with endpoints
—o00 < I; <y < o0, which is specified by the following stochastic differential equation

dX; = pu(Xy)dt + o(X;)dWr, (2.1)
where W = {W;,t > 0} is a one-dimensional standard Brownian motion and X, = xq is
the initial value. Throughout the paper, we assume that equation (2.1) allows a unique weak
solution, i.e. there exists a constant K > 0 such that
u(z) = py)| +lo(z) —o(y)| < Kle —yl,  p’(x) +0(x) < K*(1+2?).

Two basic characteristics of diffusion processes X, the speed measure m and the scale

function s, are given by
m(dz) = m(z)de = ﬂdx s(z) = we*B(y)d
ette = 0, oy [y

for I; < x <y, where
Bw)i= [ 2u)/0*(5)dy.

Let p(-;-,-) be the transition density of X with respect to the speed measure for diffusion
processes, i.e.

P, (X; € dy) = p(t; z, y)m(dy).
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For A > 0, let g_ »(-) and g4+ A(-) be two independent positive solutions to the (generalized)
differential equation associated to the generator of X

S @)g" (@) + ula)g (x) = Agla), (22)

with g_ »(-) decreasing and g4 »(-) increasing. Here a solution g(z) to equation (2.2) satisfies
A m@e = g0 —g (@),

where

Then

where

W 1= g1 (@)g-x (2) = g (2)97 0 (@) = g3 (2)g- 1 (2) = gaon (2)97 2 ()
is the so-called Wronskian with ( B @)
. glzt+h)—g(z
g7 () = lim, s(z+h) —s(x)

It is known that w) is independent of x.

We refer to Chapter II of Borodin and Salminen [1] for the facts and more details about
diffusion processes.

Further, for A > 0, define

I, 2) = g- A1) g+ 2 (2) — 9-A(2)g+ A (Y)-
Let 7, := inf{t > 0 : X; = z} be the first passage time of X at level z with the convention
inf ¢ = co. Write
Bao[-] = E[-| Xo = 20], Ego[-;C] = Eg[-1c]

with 1o denoting the indicator function of an event, and we drop the subscript for initial value
if zg = 0.

For a < x < b and A > 0, we have the following well-known solutions to the exit problem:

e _ 95 (1‘) A _ 94+ (Z‘)
e = @ T T e 23)
—ATq. _ f)\($,b) —ATp. _ f)\(avx)
E.le $Ta < Tp) = @)’ E.le $Th < Ta) = @D’ (2.4)

see e.g. Borodin and Salminen [1], Feller [5] and Li and Zhou [7].
The potential measure for diffusion processes is needed for our main results in Section 3.
By definition, its expression is easily given as follows

/ P, {X; € dy}e Mdt = Gx(x,y)m(dy), A>0. (2.5)
0
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83 Main results

Throughout the paper, take e, to be an independent exponential random variable with rate
q. We first obtain the Laplace transform of occupation time denoted by
F(y) = Eye N o (s
Theorem 3.1 For any A > 0, we have for any y < 0,

_ _g+,q(y) 9+.4(y)
U= 0 a0 oy

for any y > a,

for any 0 < y < a,

. q 7fq+>\(yaa)+fq+>\(o>y) fq—'r)\(%a) fq—O—A( y) a
N PN R R AR O K RO R
where
=% f@=g
A= (10 [ Gratan) 4 (@) - V0) + 3 [ G0, =4 i) - Ua),
(-2 [ G0 25D () v +a [ qua,y)“‘”’qﬁgg (@) - U(),
(=2 [T Gt = ) - (- / Gooal0.9) 2 0m(ay)
af quy)g_’qg; @) [ Gunta y)g*’QE Jin(a),
v= [ Guatom@n -2 [ G, 9“8 (@)
+>\/ Gaals / Gaalss E; (dy).
Proof: Write 0 < Ty < Ty < --- for the arrival time of 1ndependent Poisson processes

with rate A, We also assume that these Poisson processes are independent of process X. By a

property of Poisson process we observe that f_(y) =P,{D_}, for event
D_={{Ti;}n{s<eq:0< X, <a} =0}

For independent exponential random variables T with rate A, using (2.3) and (2.5), we get

0 o
F(0) = Ple, < T} + / BT < ey, Xr € dy}f_(y) + / B{T < ¢y, Xz € dy}f_(y)

_ Be a4 ) / ’ / b e [VIP{X, € dy}f-(y)dt
+A/ / TP, € dy}f - (y)dt

= L[ G o)+ [ G0 G, 61
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0 e’}
f-(a) =Pu{e, < T} +[ Po{T < eq, X1 € dy}f-(y) +/ P AT < eq, X7 € dy} f-(y)
0 [es)
= Ee ¢ 4 ) —(@tNtp X, € dy) f_(y)d
e +/_w/0e {Xi edy}f-(y)dt
A / / eV, (X, € dy}f_(y)dt

0 [e's)
= Loa [ G emd) +A [ Gy, 69

For y < 0, using (2.3), we get
f-(y) =Pyleq <m0} +Py{ro < eq}f-(0)

9+,4¥) | 9+.4) .
9+,q(0) * g+,q(0) f- (0), (3.6)

=1—-E,e 7 +Eje 9 f_(0)=1—

for y > a, using (2.3), we get
f-(y) =Pyleq <1} +Py{7a < eg}f-(a)

—1—FEye 7 +Eye 7 f _(a) =1 — 2=

for 0 < y < a, using (2.4), we get

f-(y) =Ey[e” Aeq eq<To/\Ta}+IE €70 7 < eq A Tq] f=(0)
+Ey[e 7, < eq ATo)f-(a)
— p _|q_ /\(1 _ Eye—(q+/\)(ToATa)) +E [ —(g+XN)70. : 70 < Ta] f—(0)

+Ey[e” VT 7, < 1) f(a)

_ q fq+>\(yaa) +fq+)\(0ay)) + fq+)\(y7a)
q+A fa+x(0,0) fa+x(0,0)

qur)\ (07 y)
fQ+/\ (07 a)

f-(a).

(3.8)
Putting (3.6), (3.7) into (3.4), (3.5), respectively, we can get the first-order equations of f_(0)

and f_(a) for two variables:

0 (e’
Fo=tieaf Garn(0)0 = 28 ay) 3 [ a0, = =4y

(1- f-(0) +

9+.4(0) 9—.q(a)
3 [ G0 D © 43 [ 6,00 2 a1,

fola) =L+ /\/ Gorn(a )t — 210y ay) */:O Gara(a:9)(1 = (=2 05)m(dy

q 9+,q (0)
9+,4(Y) > 9-.4v)
+\/m0ﬁmmw;?mymwﬁ4m+xl Gyoalon) =2 Bm(a) (o)

We can obtain,
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with A, B and C' given by

A= (1=7 [ Gpnten =)

0 oo
x [EA +A / _Ganr(0.)(1 - Ziijﬁoi Jm(dy) + A / G (0,9)(1— f}‘z%)m(dy)}

A [ G0 =4 m(ay
g 0 . _ 9ra®), > 94,
xL+A+A/mGﬁm,wu Bealtyiniay) 43 [ Gyanlan (1 - Z2 )|
(1-A / Geira y)g EZ; (dy)) - U(0) + A / Gq+,\(0,y)3_’:8;m(dy)-U(a),
B=1—A/ Gﬁmow%”5§<y»
q 0 9+.4(y) > 9-q(v)
X [Q"‘)\ + /\/OO Gg+a(a,y)(1 - 791(](0) ym(dy) + )\/a Gg+a(a,y)(1 - P )m(dy)]
0
a Gﬁxawjﬁgmmm
9+,4(y) > _9-aly)
X[**/‘(%“ L= SR Emia@) £ [ Gas0 gﬂAw)(wﬂ
0
(Y Gﬁxowﬁj%i(@»lﬂm+A/:<%Hmngﬁﬁmwwwmw

and

= 1— / Gq+)\ay EZ; (dy)) 1— / Ga+2(0, y)gizgg;m(dy))

—A/'Gﬁxowjﬂ@i WA [ Grta 28 may)
Putting f_(0) and f_(a) into (3.6),(3.7),(3.8), respectively, we can get the results of theorem
3.1.

For 0 < a < b, we consider the Laplace transform of joint occupation times over semi-infinite
intervals (—oo,a) and (b, c0) for one-dimensional time-homogeneous diffusion processes killed
at an exponential rate. Define f, (y) := E e - Jo "t o) (Xo)ds=2s [5 Lo,00) (Xs)ds

Theorem 3.2 For any A_, A+ >0, with A_ # A, , we have

for any y < a,
_ q A (v) 9+.q+2_ (v) .
Fly) = q+ A 1 9+,q+)_ (a)) * I+.q+x_ (@) f+(a) 3.9)
for any y > b,
f.l,_(y) — q 1 _ g—7q+)\+ (y) + g—,Q+)\+ (y) f+(b), (310)

q+ A 9—qgixs (0)7 g qua (b)
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for any a < y < b,

_ _ fq(y7b)+fq(a7y) fq(y»b) a fq(a»y)
f—‘r(y) =1 fq(a7b) + fq(a,b)f+( )+ fq(a,b) f+(b)7 (311)
where f,(a) = D/F.f,(b) = E/F,

b o
Di= 1= ) [ Haman -2 [T 1 @man)| v
0o b
s [T @ + 02 [ e - ve

= {(A_ ) [ " by bym(dy) + |

— 00

+ [1 ey " Has g Bymidy) — /

— 00

P t-0ean [ " H(aiy.bm(dy) - A /

— 00

LOm(an)] Vi
 L@m(ay]| - vo),

I (@m(ay)|

(oo}

x [1 — (O + /\+)/:H(b;a7y)m(dy) - A i I(b)m(dy)]

- [T E@man + oo | ' H(a: i)
x {(A_ ) [ " by bym(ay) + |

— 00

f+<b>m<dy>} ,

o) =G, o ] 100G, e 2220
g\=" —4q +

It.atr_(Y)
I (%) == Gaa_ 1y (fﬂ,y)ﬁ/\w)a
q -

q g /°° 9—q+x. (V)
V() := + G , 1—-———""""")m(d
() q+ )\_ T )\+ q+)\+ y q+)\_+>\+( y)( g_7q+>\+ (b)) ( y)
qr+

@ G+,q+X - (y)
+ P [m Goir_ta, (Hy) (1 - m)m(dy)

b
fa,0) + fola,y)
+O- 40 [ G (- 1 D)) ay).
a fq(a,b)
and 0 < T7F < Ty7 < --- for the arrived times of two
independent Poisson processes with rates A_ and A, respectively. We also assume that Poisson
processes are independent of process X. Define

Proof. Write 0 <17 < Ty < ---

Dy ={{T7}nN{s<e:—0<Xs<al=0={T"}N{s<e;:b< X5 < oco}},
using a property of Poisson processes that fi(y) = P,{D,}.

For independent exponential randow variables T_ and 7', with rates A_ and A, respectively,
using (2.3) and (2.5), we have

b
fil@) =Pufey <T- AT+ [ BTy <A T X, € ) F(0)

+/ P A{T_ <es ATy, Xp € dy}tfi(y)
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0o b o]
=/ e‘“‘“”tqe‘qth)\_// e IR X, € dy} fy (y)dt

0 a JO

A / / e IR—EAP (X, € dy}fy (y)dt
b 0
b )

o [ [T e, ;€ dy) £
a 0

a o0
+ / / e AT (X, € dy} fi(y)dt
—o0 J0

-
q+A_+A+

+ A4 /_“ Gora_iag (@, y) fr(y)m(dy) + A= /boo Gyir ir, (@, y) [ (y)m(dy), (3.12)

b
+ (A + )\+)/ Goia_+r, (a,y) f+(y)m(dy)

b
£e0) =Pufey <T- AT+ [ BT <oy AT Xr, € dy}a)

— 00

+ /:O Po{T_ <eq AT}, X1 € dy}fi(y)

= /000 e~ A=FAgematqp 4 A /b /000 e AHA-FAIP, X, e dy} £y (y)dt
o [T [T ety i e
o [ b / T e (X, € dy) f, ()t

i [ [T ey e ag
—o0 J 0O

-
q+A_+A+

+ /\+/ Garr_+ay (0:y) f(y)m(dy) + A /b Garr 4y (b,y) f(y)m(dy). (3.13)
For any y < a, using (2.3), we have
Fr(y) =Byle™ 156y < o] + Eyle™ 574 < €] fy(a)
= Eye_’\*eq -E, [6_)\’6‘7;7'@ < eq) + Eye_(q'*')‘*)T“er(a)

b
O A / Gain_in, (b,9) f1 (y)m(dy)

q _ ; o)
= i (I Eye (@A) L B e AT f (a)
q 9+,q+2_ (y) 9+,q+X1_ (y)
= 1- + f+(a); 3.14
q+ A ( 9+,q+2— (a)) I+.q+x_ (@) +(@) (3.14)

for any y > b, using (2.3), we have
fr(y) =Byle ™56y <] + Eyle™ 757, < eg] f1(b)

q - ™ - i
= q+ Ay (1-Eye (a+2+) ") +Eye (@2, (b)
4 g Iy Gan (), (3.15)

B q+ Ay 9— g+ ¢ (b) 9—,q+X4 (b)
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for any a < y < b, using (2.4), we have

f+(y) =Pyleq < Ta A1) + Py(1a < eqg AT) f1(a) +Py(1 < eqg ATq) [+ (D)
=1-Ey(e 77, <) —Ey(e™ ;1 < 7q)
+Ey(e7 70 < 1) f1(a) + Ey(e™ ™51 < 74) f1 (D)

1 fa(y,0) + fola,y) | fq(y,b) fq(a Y)
R A PR A b)“ * L O (316)
Combining (3.12), (3.13), (3.14),(3.15)and (3.1

6), after some algebras, we can get :

fr@|1- 0o [ " 0y, Bymidy) — [ rtama)

_ ﬁﬂh +A+)/aqu“—“+(“’y)( faly, fi(z ];q)(a D))
8 [ et

+qqfi / G fan)(1- ] g) (dy)

[ )+ A+ ) / H(a a,y)m <dy>}f+<>

— V() + [ / I (@ym(dy) + - +A,) / H(aia,pym(an)| £-0),

X0 [1 ey "l a,ymidy) — 1 A f<b>m<dy>}

and

_ q ’ Fa(y,0) + fo(a,y)
= o, T / Gar—tx (by) (1 = 25 )m(dy)
QA - [~ I—q+x. ()
+ q + )\+ /b Gqu)\,-'r)ur (b? y)(l - m)m(dy)
)\ a
+ q(i_ ;7 [m Gair_tr, (byy) (1 — w)m(dy)

+ [()\ +)\+)/abH(b;y,b)m(dy)+)\+/_;Lr( ym(d )}ﬁ( )

b a
=V<b>+[<A+A+> [ b+ [ I+(b)m(dy)]f+(a)-

By the above equations, we have fi(a) = % and f,(b) = £

X > Where
p=[1-0 a0 [ HGapman -2 [T L @mn)| v

b

- [(A_ +Ap) / " H by, Bymldy) 0, / OO 1+<b>m<dy>} V(a)
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a

" [1 anyi " By, b)m(dy) - A /

— 00

I+<a>m<dy>] V),

a

F= [1 ey " ey Hm(dy) — A, /

— 00

L (am(ay)

r b oo
< 1= 0c o [HGapm@n) < [T o)

- /boo I_(a)ym(dy) + (A= + Ay) /:H(a;a,y)m(dy)}

a

b
< (O [ Hybman) + s [

L —0o0

L 0y

and

q qA_
V()= +
() q+)\7+)\+ q+)\+

*° 9—,q+X4 (v)
/b Gar+x, (hy) (1= m)m(dy)

g Goon s () (1= T2y )

q+ A I+.q+x_ (@)
b
+ (A + A+)/a Gair+x, (hy) (1= fq(y’;z(z,g(%y))m(dy)-

407

Putting f (a) and f4(b) into (3.9), (3.10) and (3.11), respectively, we can obtain the results

of Theorem 3.2.

Remark. Let y =0, a — 0+ and y = b, a — 0+, respectively, in Theorem 3.2, we can get

the Theorem 3.2 in Li and Zhou [7]. We refer to Li and Zhou [7] for more details.
Define

gi(y) =B e - Jo " Lmoo,a) (Xe)ds=A4 [577 La,00) (Xs)ds

Let b — a in Theorem 3.2, we obtain the following result.

Corollary 3.1 For any y < a,

q Itatr W)\ Grger (y)
9+y) = L- + g+(a);
+( ) q+ A ( 9+,q+X_ (a) 9+,q+X_ (a) +( )
for any y > a,
q [ W () N S (7))
9+(y) = 1- + a),
+( ) q+ At 9—7Q+/\+(a)) g—,q+>\+(a) +( )
where
()= 2
9+ Nv
q qAq /a It .q+x_(Y)
= G 5 1 - d
GFA+ AL gral Jo T (@) g+,q+Af(a))m( v)
qr_ /°° 9—qtx. (Y)
G a,y)(l — ————")m(dy),
q+)\+ " Q+)\,+/\+( y)( I airs a)) ( y)

“ 9+.q1xr_(Y)
Nimta [ Guonon (0 220y -
oo I+.q+x_(a)

(3.17)

(3.18)
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e g—,q+A+ (y)
A / Goir in. (a,y)d=a2e ) g0,
. q+A +k+( y) I girs (a) ( )

Letting Ay = 0, in Theorem 3.2, we obtain the following simplified expressions.

Corollary 3.2 For y = a,

A faoo Gga_(a,y)m(dy) — Wi;f .
L= A [ Gyin_(a,9) =2 m(dy)

g—.,qla

f+(a) = Eae_A* j‘ocq 1(7oc,a)(Xs)ds =1 -+

for any y > a,
E e—)\_ foeq 1(,oo,a)(Xs)dS -1— g—,q(y) + g—,q(y) f+(a),
Y g-q(a) ~ g-q(a)
for any y < a,
B e e (Xds — 4 _ Grarr ¥)y | Granr () ().
Y q+ A ( Jrg+r- (@)’ Giqea_(a)
Letting A\_ = 0, in Theorem 3.2, we obtain the following simplified expressions.

Corollary 3.3 For y = b,

b
M J? o Gan, (0, y)m(dy) —

Fo(b) = Bye+ Jo" Lo (Xo)ds — 1 4
L= Ap [* G, (by) 228 m(dy)

)

9+,q()
for any y > b,
E, e M Jo T 1 (p,00) (Xs)ds _ q 1 J—.a+ry (v) + J—.a+ry ) £ (b);
Y q+ A+ 9—a+2r:(0)" " g q4a, (D)
for any y < b,

E e—)\+ f;q 1(b,oo)(Xs)dS - 1— g-‘r,q(y) 4 g+7q(y)f (b .
Y 9+,q(b)  g+4,4(b) +()

84 Examples

In the following section, we apply the results in Section 3 to Brownian motion with drift
to compare with the known result. Let X; = ut + W} be a Brownian motion with drift. The
corresponding differential equation is reduced to

1
39" (@) +pg'(z) = Ag(z),  A>0,
with two independent solutions g, »(z) = "tV 2N g | (3) = (=H=VI2+2NT ge0 pages
127-128 of [1]. We also have m(dz) = 2e*#*dz,wy = 2¢/p2 + 2, and
wgle*(;ﬂr\/u2+2/\)we(*u+\/u2+2>\)y’ y <z,

G)\ z,Yy)=
(=9) wilef(;ﬂr\/u2+2>\)ye(*#+\/u2+2>\)m’ y > .

Moreover,
Hlz,y) = e—u(w+y)(e\/u2+2>\(y—f) — e—m(y—w)) = e—u(ac+y)sh( 12+ 2\ (y — x))
Denote Ty = v/p1% 424, Tgpr := /112 +2(q + ).
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By Theorem 3.1, with some computations, we have

9+.4(Y) _ 6(*#+\/u2+2q)y’ 9-.a(y) — e(#+\/u2+2q)(a*y)’
9+.4(0) g—q(a)

faia(0,9) = e Msh(y/ 2+ 2(q + N)y) = e " sh(Tqiay),
Foraly,a) = e sh(\/12 +2(g + A)(a —y)) = eV sh(Lorala —y)),
Juer(0,a) = e sk (y/IZF 3g F X)) = ¢ 5h(Xgsr0).

For any y < 0, we have

1 -
Gara(0,y) = me( ey,
q

0
A Tgpn—p
A / Gaix(0,y)m(dy) = hs ,
Q+)\( y) ( y) 2(q+>\) Tq+)\
0
g+,q(y) Tq+>\ - Tq
)\/ G 0,y)——>-m(dy) = ———.
—o q+/\( y)g+7q(0) ( y) 2Tq+>\
1
2T g4x

0
A/_ Gyala, y)m(dy) = 3

Gq+)\ (a/, y) = 6_(H+T‘H’>‘)ae(_ﬂ+’rq+>\)y’

A Toix— 'ue—(lH-TquA)a
g+2A) Tgpa ’

0
9+.4(y) Torx =Yg _(uiryin)a
/\/ Ggta(a,y) m(dy) = e TR arAJa,
—o0 " 9+.,4(0) 2T g4
For any y > a, we have

GquA (07 y) =

e—(/H‘Tqu)\)y,
2T g4

- AT + . "
)\/ Gy+2(0,y)m(dy) = OESY ?—1)\ Me(/ Toir) ,
@ q

- 9-.q(y) Torx =Yg (u-r,i0)a
)\/ G 0, m(dy) = e\ Fata)a,
" q+>\( y)g—7q(a) ( y) 2Tq+)\
1

2T g4

> A Ygpa+p
>\/ GQ+)\<a7y)m(dy) = 2(q + )\) qf-;: x ;
a q

= 9-.a(y) Tgr =Ty
)\/ Gyia(a,y m(dy) = .

" q+ ( )g_ﬂ(a/) ( ) QTq+)\
Further, we can compute

0 0
00 = 3 [ Gunum(n) =2 [ G2 nay)

Gyir(a,y) = R CaR PRSP TR PRSVLY

— 00 —o0 g-hq(o)
N AEING dy) A [ Goon (0,972 W)
+ ¢+ (0, y)m(dy) a+ A ( 73/)9 (a)m( Y)
a a —q
q A Yo —p Yen =Ty

= +
g+A 2(g+A) Yo 2T g4x

409
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A Yot 4 urea _ Torr =Yg
2(q+ ) Tgia 20 g4n

r=Tgyx)a

1
= [ ((g+ )Y+ g gin — M) + (g + N Ty — gTgpn + Ap)elrTarr)al,
2(g+ M) Yyt {((q )Tq +qTq+ f‘) ((q )Tq = q¥g4a u)e

0 0
U =543 [ Gonlanmidn) =2 [ Gor(a) Z48miay)

A [T Gpalapmian - [ Gpatan®s %§<@>
—(

Bb+Yqrx)a

-1 4 A Yo F o=t Tair)a _ Tor— T
g+ 2@+ Ty 20540
A Yo+ p Yo =Ty
2(g+A) Ygpn 20 g 4x
B 1
C2(q+ M) Yoy

A= (-3 [ Goalan) =1 0m(@) - U0+ [ Goa0) =10 mian) - Ula)

q(a)
Tqu)\ + T 1
= A T —A
2Tgx 2(¢+ AT, [(q Y+ G Tir =M
Torr+ 71, 1
2Tq+)\ 2(q + )\)Tq+)\
Tq+)\ - T

1
9o(n=TYoyx)a___ = +N7Y, +gT + A\
2Tyn Ba T N Ty (0 VTt aTarr + 2]

Tq«i»)\ - Tq (F‘f’r ) ]. _ T
—ara "4 et~ (g4 A)Y, — qLgpr — Ap]e” Bt e,
2T, Ba T N Ty (VY= 0 Tarr = M)

(4Tq+/\(q + )‘)eTq-Ma)A = (Tq+>\ +7 )[(q + )\)Tq + qTq+>\ - )\U} BTG+AG

{((q F MY+ qTqun + M) + ((q+XN)Tq — qLgin — Ap)e W Tarr)e

+ [(g+ M)y — g g + Ap]elt=Yarr)e

+ (Tgra + ) [(g+ X)Tg = qTgpn + Apfet®
+ (Tora = To)[(g + N Ty +qTgin + Aue
+ (Tgr — )[(q + )T =g — /\M]E_Tq“a

=2(q+ N) (1% + 2¢ + N)sh(Tyiaa) +2(q + N TyuaTech(Tyira)
= MTqun = 1) (Tgr — Tg)sh(Yqsaa)
AT r (X p) (T2 — ),

B3 [ G0 2 Wm@y) 0@+ VO [ Guonta 21D may)

9+.4(0) 9+.4(0)
Tq+A + Tq 1
= F AT+ g gen + A
2Tq4n 2(0+A)Tg4n [(q JYat 0laes ,u]
Ton+ 7y 1 T
+ 4 + A Tyin — Aple BHTarr)a
Mooy 3T N Toms (g 4+ Mg = qTgra — Aple”
T -7 1
ZaHAT g —(ptTggN)a - [(g 4+ N)Yq + q g — M

2T g4 2(q + A)Tg4a
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Torrn—T . 1 .
4+ 4 4 o= (1+Tgtr)a (q + )\)’I‘ —qYn + A e(t=Tqtr)a
2Tq+)\ 2((] + )\)Tq+)\ [ 4 1 } ’

(4Tq+)\(q + )‘>6TQ+AG)B (Tgpr + 7T )[(q + AT +qTqn + )\M] Yatre
+ (Torn + To)[(g+ )Ty = qLgrn — Auje™
+ (Tapr = L) [(g+N)Tg +qTgpn — Aufe
+ (Tgur = T [(g+ M) Tg — qgpa + A e Tarre
=2(q + \)(* 4+ 2q + N)sh(Tyira) + 2(q + N Yy nTych(Yyra)
= ML + 1) (Tgin — Tg)sh(Tgira)
AT (T, — )T — ),

c=@-af" Gqﬂam;’ 8 (1-X / GqHOyg*qgi (dy)

A / EN( E; dy) -\ / OOGqH(a,y)g*’q(y’m(dy)

9+,q(0)
_ Yo+ 71, . RPN JF Tq _ Tor — Ty et=Tasx)a Tor -1y e~ (1+Tqrx)a
2T g4 2T g4 2Tg4a 2T g4
(T + 79 (Tgan = Ty
7, o,

= 20° +49+ 20+ 200\ Ty 20° +4g 42X — 27T, e—2Tqxa
2 5 7
4Tq+>\ 4Tq+)\
(4750 (g + NN C = (g + N)(2p% +4g + 20 + 2T 13 Tg)eFatre
— (g4 N)(2p% +4g + 23 — 2T\ Tg)e™ Torre

2(q + N) (1% + 2¢ + N)sh(Tgiaa) + 2(q + N TyiaYech(Typra).

672Tq+,\a

So
fo) = A (gt Vel A
- C (472, (g+ Ne¥arra)C
= [2((] + N) (1% +2q + N)sh(Ygina) +2(q + N) Y guaYech(T i ra)
=My = (Tyin = Ta)sh(Yyiaa) = 2T (T, + (7002 = )
{ (q+ N (1% 4 2q + N)sh(Yypna) +2(q + /\)Tqﬂrqch(TqHa)]
1 )\(Tq+)\ — ,LL)(T(H_)\ — Tq)sh(’rq_;_)\a) + 2>\Tq+)\(’rq + ‘u)(e'rq-*—ka — 6/»“1)
2(q+ N (2 +2q + Nsh(Ygaa) + 2(g + AT gurYech(Yyira)
A
=1- S 4.1
g+ A" (41)
B (472, (g + \eYer*)B
f— (a) — ( q+A(q ) )

C (472, (q+ N)eTera)C

2(q + N (1% +2q + N)sh(Tyiaa) + 2(q + N Ty aTych(Tyira)
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=MLy )(Tyin = Ty)sh(Cya) = 2T (X = )77 = eo0)

|2 N+ 204 N (L130) + 20+ )Ty Toch(Vyir0)|

A(Cgir + 1) (Tgia = Tg)sh(Tgaa) + 20T g5 (Tg — p) (X oA — e74e)
2(q + A)(p2? + 2q + N)sh(Ygira) + 2(q + A LgraYoch(Terra)

Sa; (4.2)

=1

A
g+ A
where
(Tgrn = 1) (Tgrn = Tg)sh(Tyaa) + 2T g4n(Tg + pr) (€02 — ek
2(p2? +2¢ + N)sh(Tgpra) + 2T 42 Tech(Y gira)
(Tgir + 1) (Tgia = Tg)sh(Tgraa) + 2T a(Ty — p)(eFa® — e 1)
2(,&2 + 2q + A)Sh(Tq_A'_)\a) + 2Tq+>\chh(Tq+>\a) ’
Putting (4.1) and (4.2) in (3.6), (3.7) and (3.8), respectively, for any y < 0, we have
E.e Jo @ 10,0y (Xs)ds _ 1 9+7q(1/) + g+,q(y) F-(0)
! 9+.4(0)  91.4(0)

=1 — e(mprViuit29)y e(—lt+\/u2+2q)y(1 _ A So)
g+ A

=1— ﬂe(—uﬂ/uz’wq)y. (4.3)
q+A ’

S() =

)

S, =

for any y > a, we have

E et lom(X0ds _ 1 _ 9=a(¥) . 9-a(v) f-(a)
Y g—q(a)  g-q4(a)

=1 — enrVr2+29)(a—y) | e(u+\/u2+2q)(afy)(1 _ LSQ)
q+A
_ 1 - M urviE 2 a-y), (4.4)
g+ A

for any 0 < y < a, we have
Eye—A foeq 1(0,@) (Xs)ds

_ q . fq-‘r)\(yaa) +fq+>\(05y) fq+>\(y7a) fq+/\(07y)

PSS fon@a) T fa0a) O F 0

_ 49 _ fera(y,a) + fo4a(0,y) faraly; a) _ A fa+2(0,y) _ A
PSS on@a) T Fa0a T A 0 T gt

¢ A= S0) fia(y:0) | ML= S) fir(0,9)
2 A L0 atr im0

__a M= S0) sh(Tgir(a—y))e L AM-5) sh(Yqpay)et @) @5
RS g+ A sh(Tg4aa) q+ A sh(Tepra) '
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By Corollary 3.1, with some computations, we have
J4,q+2- (y) — omuty/u2+2(g+2 ) (y—a) _ (—pt+Totr_)(y—a)

I+.q+r_(a) 7
9—a+2¢ (y) _ e(p+,/p2+2(q+)\+))(a—y) — e(/L+Tq+>\+)(a—y)
9—, g+t (a
for any y < a, we have
Gorr_tas(a,y) = 5 : e~ W e )ag(—kt T tay )y
gHA—+Ay
¢ Torr_ 4, — B
Gyir_+a. (a,y)m(dy) = T ,
| Gurr o fanmiay) = st F W T

‘ J+.a+r_(y) Toir_4ar — Tara
Gar_+r, (@, y)=———m(dy) = :
[m a+ + Gt .q+r_(a) 204 T yrr 2,

for any y > a, we have
e ara_ta)a =t Tora_+a )y
)

1
G on (@) =g 2
gHA_+Ay

>~ Torr+x t o
| Gunn(apmidy) = 5

(@+ A=+ A)Tgrr 2,

> 9—qtry (V) Torn +a, — Topay
Ggir 1, (a,y)———F<m(dy) = )
/a aAT +( )97,q+A+ (a) (dy) 2)\qu+/\7+/\+

Further, we can compute

q qA+ /a I+.qix_(Y)
= G 5 1 - /N d
P W VIR Wl B At (@9 Gia+r- (a)>m( v)

A /Oc Garr_tas (a,9)(1 - w)m(dy)

q+ Ay 9—.q+x1 (a)
_ q qA+ ( Tq+A7+/\+ — K _ Tq+A,+,\+ - Tq+,\>
GHA+AL A \2(0+F A+ A 0) T 4as 224 T gra_+a,
LS < Torr_ 2, + 4 C Ygraiag — Tq+/\+)
q+/\+ 2(q+/\_+/\+)Tq+>\_+>\+ 2)\_Tq+>\_+)\+

q q
_|_
(Tgur W) Tgin+ar (Tgany — 1) Tapn_4ay

_ q(’rq-H\f + Tq+/\+)
(Togun +m)(Tgrn, — )T giata,

“ It.q+r_ (Y)
N=1-X / Carria (a,y) Lrt2=¥)
—0 9+,q+>\_(a)

m(dy)



LI Ying-qiu, CHEN Ye. The joint Laplace transforms for killed diffusion occupation times 414

o 9— g2, ()
*/\—/ Gotr_+rg (@, y)———— =
a A +( )g*,4+>\+(a’)

_ Tq+>\7+>\+ - Tq+,\7 Tq+>\7+/\+ - Tq-‘:-/\+ _ Tq+>\7 + Tq+>\+
=1-); — A .

m(dy)

20+ gn 4y 2A-Tgia +ay 20T g+,

So
g+(a) =Eqe - ST ooy (XD A [ ey (Xo)ts _ M 2 (4.6)

N (Torr +1)(Tasn, —n)
Putting (4.6) in (3.17) and (3.18), respectively, for any y < a, we have

Eye*** S0 L Coo,a) (Xs)ds—Ag Jo La 00y (Xs)ds _ Q)\ (1 _ I+,a+x- (Y) 4 I+,a+x_(¥) - (a)
q+A- Grqixr_ (@)’ gigea_(a)
_ g (—p+Teix ) (y—a) 2q (—n+Tarn ) (y—a)
= 1—e at + e a
q+ A ( ) (Togrr + ) (Tgurns — 1)
q q 2q (—H+Tqir_)(y—a)
= - - e A ; 4.7
q+ A (q A= (Yo + 1) (Tgpn, — M)> .7
for any y > a, we have
Eye‘A* S5 91— ooa) (Xa)ds =My [ @ L(a,00)(Xs)ds
q J—ars W)\ | 9—atr (¥)
= L= +(a)
q+ At 9—a+r:(@)” " g—g+a.(a)
g (14 Tga, )(a—y) 29 (B+Tqix, )(a—y)
= 1—e iy + e a+rg
q+ At ( ) (Tgr + 1) (Tgpr, — 1)
q q 2q (u+Tgrry ) (a—y)
— _ _ e T AL . 48
G T Wy T (T ) (*5)
By Corollary 3.2, we have
Yotp —
Tor_+u’ y=1a
A ot L(cooa) (Xs)ds A (Lgtp) (= +Terr_)(y—a)
Eye Jo™ tmoo e (Xedds = q+q>\7 T (q+>\7)(Tq+Ali )¢ P Ly <,
A-(Tgpa_—p) Y, )(a—
1— T +Tq)e(u+ a)(a—y) y > a.
By Corollary 3.3, we have
Yo—p —
Toon, i y=>o
Ay [ST 100y (Xs)ds A (Tgpay +41) T ) (y—b
Bye ot oo (Kb = (1 — e Y, y<b
A (Yq—p) (+Yq4x, ) (b—y)
q+q>\+ + (Q+>\+;r(Tq+A+ T e Yoy>b

The above results are consistent with pages 155-162 in [1].
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