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Trace formula of the integro-differential operator on a

quantum graph

WEI Li-xiao YANG Chuan-fu

Abstract. In this paper we study the eigenvalue problem for integro-differential operators on a
lasso graph. The trace formula of the operator is established by applying the residual technique

in complex analysis.

81 Introduction

The theory of differential operators on quantum graphs is a rapidly developing area of
modern mathematical physics. Such operators can be used to describe the motion of quan-
tum particles confined to certain low dimensional structures. Spectral properties of differential
operators in such structures, especially the integro-differential operators, have attracted consid-
erable attention during past years. Various aspects of spectral problems for integro-differential
operators were studied in [1,2,7-10,14,17,26,27]. In particular, the paper [17] considered the
eigenvalue problem for integro-differential operators with separated boundary conditions on
the finite interval and found a trace formula for the integro-differential operator. At the same
time, nonlocal and, in particular, integro-differential operators are of great interest, because
they have many applications (see [11]).

In this paper, we shall study the trace problem of integro-differential operators on a lasso
graph. The theory of regularized traces of Sturm-Liouville operators stems from the paper [4]
of Gelfand and Levitan. Later on, a number of authors turned their attention to trace theory
and obtained interesting results [6,12,13,15,16,18-25]. Trace formulas for differential operators
have many applications in inverse problem theory, the numerical calculation of eigenvalues, the
theory of integrable system, etc.

Consider the lasso graph G, represented in Figure 1, the lengths of both the edge e; and the
loop es are equal to 1. The parameter x is introduced on each edge e;, i = 1,2, where x € (0, 1).
To be convenient, we set the orientations as follows: for the edge e, the value z =0 and z =1
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correspond to the boundary vertex and the internal vertex, respectively; for the loop es, both
ends x = 0 and x = 1 correspond to the internal vertex.

Figure 1. Lasso graph.

Let y(z) = {yi(x)}i=1,2 be a vector function on the graph G, where y;(z) is a function on
the edge e;. Consider the integro-differential expressions
() [ Y@ F @ @) + fy M, )y (1)dt
y(x) T " x
—y5 () + q2(x)ya () + [ Ma(z,t)y2(t)dt
on the edges of G, where ¢;(x) and M;(z,t) are real-valued functions, ¢; € Wi[0,1], M; €
WD), D :={(z,t): 0<t <z <1},
We study the boundary value problem L(q, M) for the differential equations on the graph

G:
ly(z) = XNy(z), x € (0,1), (1)
with the matching conditions
y1(1) =y2(0) = 92(1),  ¥i(1) —y2(0) +y5(1) =0 (2)
in the internal vertex, and the Dirichlet boundary condition
y1(0) =0 (3)

in the boundary vertex. In this paper, it is mainly divided into two parts: (1) the asymptotic
estimations of the eigenvalues of the operator L(g, M); (2) its regularized trace formula. We
point out that our results are an extension to those in [5]. In particular, when M;(z,t) = 0, the
trace formula is consistent with that of the Sturm-Liouville operator on a lasso-graph.

82 Characteristic function

Firstly, we calculate the characteristic function of the operator, and then we can transform
the eigenvalue problem into the roots of the entire function.

We shall use the following notation

0= | wls, @
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1
M; :/ M;(x,x)dx, i=1,2. (6)
0

Suppose the solutions S;(z,A) and C;(x,\) satisfy the corresponding equation (1) with
Si(0,A) =0=S}(0,\) =1 and C;(0,\) =1 =0= C}(0,)), i = 1,2, respectively. Then we can
get (ref.[3])

Si(z, X) :sin()\)\m) - CO;&);;) /Ow qi(T)dT — sir;(/\):\f) </07” Qi(T)dT>2

* Sin/@x) {qi(x) I%‘(O) - ;/Om M;(r, T)dT] +o (elj\l;a) ,

i) =eos(aa) + 2 [ qiryar - 5D ([ oy :

(7)

2

cos(Az) [gi(z) —q;(0) 1 [7 olImA|z
+ A2 |: 4 9 o Mz(T,T)dT + o0 |>\|2 ,

(8)

and
2

Si(z,\) =cos(Az) + Sin;;x) /Oz qi(T)dr — co;()\/\zas) (/Ow qi(T)dT>

~ cos)E;\x) |:Qi(x) ;%(0) n % /Ox M;(, T)dT:| +o <e||l;n|x2|z) ,

Ci(x,\) = — Asin(A\z) + COS(Q)\x) /: qi(T)dr + Sinéi\x) (/0’” %(T)d7> 2

. sin()\)@) [Qi(x) IQi(O) +;/01 M;(r, T)dT} +o (elTATII) .

The following characteristic function can be obtained from the conditions satisfied by the

(9)

(10)

internal vertex (2) and the boundary vertex (3)
AN) = S1(1,A)82(1,A) + S1(1, ) (S3(1,A) + Ca(1, ) = 2).
Using (7), (8) and (9), we obtain
(3cosA —2)sinA 1+ 2cos\ — 3cos? A 2 —3cos? )\

Ay =BemADsinA - ] + 230 A )
~ (3cos )\2;32) sin A (lar]? + M) + (2 cos )\/\—3 2) sm)\Ql+
3cos Asin A (2 + My  Qp — Q2+ e2TmA|
e <[¢11][q2] + 5 + = +o o)

Define 3 A~ 2)sin\
cos A — 2)sin
Ap(N) = \ .

Then, we can obtain that the zeros of Ag()\) are as follows:

o =nm,n € Z\{0}, pE = 2nm + arccos g, n € Z.
Denote
o= {0 = (1723 U 0 ] = (i +1/2)2).
We know that |Ag(A)] > |[A(A) — Ag(N)]|, A € 7n, for sufficiently large n. Then by Rouche’s
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theorem, the number of zeros of A()) inside 7, coincide with the number of zeros of Ag(\).
Denote the contours, traversed counterclockwise:
Co={AN€C: [A\—p,|=6}, DI={NeC:\—pl|=5}
for 6 > 0 and the square contour I',, with vertices (i = v/—1)
Alpy + €+ (i +)i), Bl—py — &+ (py +2)i),
C—py — €= (b +)0)s D(psy + — (py +€)i).
Therefore, on contours I';, or C,, Df, we have

AN 1—|—2cos)\—3c052)\[ [+ 2 —3cos? A (5]
Ao(N) A(Bcos A — 2)sin A « A(3cos A — 2)sin A 2
3cos A [@1)? + M,y 2co0sA\—2

© A2(3cos A — 2) lanllae] - 2X2 A2(3cos A — 2) @

3cos A 24+ M. . —QF 1
_ cos [q2]? + Mo n Qi — Q3 +ol—).
A2(3cos A — 2) 2 3 | A2
By applying the Taylor series expansion and simplifying, we can get
A(N)  1+42cosA—3cos? A 2 —3cos? A [q1]?
n = —— o]+ — a2 — 513
Ap(A)  A(BcosA —2)sin A A(3cos A — 2)sin A 2
B (14 2cos X — 3cos? \)? 2 3cos A lgo]?
2X2(3cos A — 2)2sin? A n 2X2(3cos A —2) @
(2 — 3cos? \)? 5 3cos A
2X2(3cos A — 2)2sin? A g2 A2(3cos A —2) larllae]
(2 —3cos? A)(1+2cos A — 3cos? ) M,

_ )\2(3 COS)\ _ 2)2 Sil’lz )\ [qquQ] - ﬁ

22003)\—2 QF - 3cos A %_’_QI—Q; Yo 1 .
A2(3cos A —2) A2(3cos A —2) \ 2 3 [A|2

1

§3 Eigenvalue asymptotics

In this section, the asymptotic expression of eigenvalues of L(q, M) is obtained by applying
the Rouché’s theorem and the residue calculation.

By restoring to the integral identity, we can get the following formula

1AW
1 1+2cos A — 3cos? A 2 —3cos? A
=5 — o] + — 42
271 Jo, | AM(Bcos A —2)sin A A(3cos A — 2)sin A
[@1]*>  (142cosA—3cos? \)? ., 3cos A

- (1] [q2]?

T 202 2X2(3cos A — 2)2sin® A © 2X2(3cos A — 2)



WEI Li-ziao, YANG Chuan-fu. Trace formula of the integro-differential operator on a... 315

(2 — 3cos? \)? 9 3cos A
- 2X2(3 cos A — 2)2sin? A la2]” - A2(3cos A —2) lanllae]
(2 —3cos? \)(1 +2cos XA — 3cos? \) M,
- A2(3cos A — 2)2sin? \ lanlla] - 222

2cosA—-2 3cos A QT —QF 1
+)\2(3cos)\f2)Q A2(3cos A —2) ( s tT 3 3 to | A2 ax.

By calculating residues, we obtain

o 2=(=)"2)[] (2] (1
S o) T e e ( )

In the same way, we can get

At _ 3l n 2[go] n (o] = [2)® @) +3M —2Q7 Lo (1)
TN Bum o Bpa o 25(u)?sin g (g )? sin pizy n?)’
Therefore, we have proven the following theorem.

Theorem 3.1. The eigenvalues of the operator L(q, M), {\2},en oy and {(Af)?}nez, have
the following asymptotic expressions. For sufficiently large |n|
2(1-(=1)") [g2] 1
)\n = 5 |
"t s W BT e 0 2

3lq1] 2[qo]
/\$:Mn+5i+5i

and

(lq1] N

25(pis)? sin i 91 )2 sin pi
where [q;], M; and Q; are defined by (4), (5), and (6), respectively.

—l@)?® @) +3M — 207 +O< 1 )

84 Trace

The section is devoted to obtaining the regularized trace formula of the operator L(q, M)
by applying contour integral.
First of all, using the derivative formula, we can obtain

d (o AN Y yeeny A (AO) A
D <“ Ao(/\)>t)\ ! Aom“ (A(A) A0<A>>’

where ¢t € N, namely,
d
— [ Af1
d/\ (
AN
along the contour I',, and

\t (A’()\) B A()()\)) _
A0(/\))

AA) - Ao(N)

Taking ¢ = 2 and combining with single-valuedness of In

logarithmic integral formula, we can get
2n 2n 2n

R (o R W (OO e (779 b R W (OO e (7 ki

k#0,—2n k=—2n k=—2n
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2 A(N)
-2 4 Al
ori b AR

__lj{ 1+2cos/\—3cos2/\[ 1+ 2 —3cos? A\ 0]
2w Jp, | (BcosA—2)sinA n (3cos A —2)sin A ©

_@]* (1 42cos A —3cos? )\) ol - 3cos A (ga]?
20 2X\(3cos A — 2)2sin® A 2A(3cos \ — 2) 2
(2 — 3cos? \)? 5 3cos A
2X(3cos A — 2)2sin? \ lg2] A(3cos A —2) lan]la:]
_(2—30052)\)(1—|—2cos)\—30052)\)[ 1] - M,
A(3cos A — 2)2sin? A MRl 5%

2cosA -2 . 3cos A Qr — Q7 Q7 1
- dA
* )\(SCOS/\—Q)Q1 A(3cos A — 2) < 3 * 3 to 1Al

- 3 <1—<—1>k>3_31 R Z Z

dX

o =N S
- 2_2 loa] + Z e (]~ ) - _Z éf (1] - laa])
+lal? + 2la]le] + 2 _Z 2t _Z 2o
0= 30 2 3 M -0ps 30 o
- kzzn% 14!; Q5 +o(1),

that is,
; [Ai = (= 0 —4&)'@2 3 —ZEW]
v Z [(A;:)? ) - gl l] - f%ﬁ (1]~ a2)?
#2204 2 - QQ] Z [(A;)? - )
- Sl = Jle + o ()~ )~ 220 = 20y 2 ]

2
= of)lao] + ol + B 0y 430, + 207 205 +o(1)

Taking n — +o00, we can get the following theorem.



WEI Li-ziao, YANG Chuan-fu. Trace formula of the integro-differential operator on a... 317

Theorem 4.1. The trace formula for the eigenvalues of the operator L(q, M) is as follows:

2 2 n 4 2
> {An — ()7 = (= (=1)") 53— ([311])112 “3- ([321])"2]

neZ\{0}
6 2[
2 _ 29
nez
6 4 2\/5
—lq1] — =[g2] — A
Y O = () - slal = £le] S
nez
= 2lgi i) + [ + 25 4 0ty 4500, 1 207 205,
1
where [q;], M; and Q; are defined by (4), (5), and (6), respectively, (hé )

3

= sz — 55 (o] — [a2])”.
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