
Appl. Math. J. Chinese Univ.
2024, 39(2): 311-318

Trace formula of the integro-differential operator on a

quantum graph

WEI Li-xiao YANG Chuan-fu

Abstract. In this paper we study the eigenvalue problem for integro-differential operators on a

lasso graph. The trace formula of the operator is established by applying the residual technique

in complex analysis.

§1 Introduction

The theory of differential operators on quantum graphs is a rapidly developing area of

modern mathematical physics. Such operators can be used to describe the motion of quan-

tum particles confined to certain low dimensional structures. Spectral properties of differential

operators in such structures, especially the integro-differential operators, have attracted consid-

erable attention during past years. Various aspects of spectral problems for integro-differential

operators were studied in [1,2,7-10,14,17,26,27]. In particular, the paper [17] considered the

eigenvalue problem for integro-differential operators with separated boundary conditions on

the finite interval and found a trace formula for the integro-differential operator. At the same

time, nonlocal and, in particular, integro-differential operators are of great interest, because

they have many applications (see [11]).

In this paper, we shall study the trace problem of integro-differential operators on a lasso

graph. The theory of regularized traces of Sturm-Liouville operators stems from the paper [4]

of Gelfand and Levitan. Later on, a number of authors turned their attention to trace theory

and obtained interesting results [6,12,13,15,16,18-25]. Trace formulas for differential operators

have many applications in inverse problem theory, the numerical calculation of eigenvalues, the

theory of integrable system, etc.

Consider the lasso graph G, represented in Figure 1, the lengths of both the edge e1 and the

loop e2 are equal to 1. The parameter x is introduced on each edge ei, i = 1, 2, where x ∈ (0, 1).

To be convenient, we set the orientations as follows: for the edge e1, the value x = 0 and x = 1
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correspond to the boundary vertex and the internal vertex, respectively; for the loop e2, both

ends x = 0 and x = 1 correspond to the internal vertex.
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Figure 1. Lasso graph.

Let y(x) = {yi(x)}i=1,2 be a vector function on the graph G, where yi(x) is a function on

the edge ei. Consider the integro-differential expressions

ly(x) :=

(
−y′′1 (x) + q1(x)y1(x) +

∫ x

0
M1(x, t)y1(t)dt

−y′′2 (x) + q2(x)y2(x) +
∫ x

0
M2(x, t)y2(t)dt

)
on the edges of G, where qi(x) and Mi(x, t) are real-valued functions, qi ∈ W 1

1 [0, 1], Mi ∈
W 1

1 (D), D := {(x, t) : 0 ≤ t ≤ x ≤ 1}.
We study the boundary value problem L(q,M) for the differential equations on the graph

G:

ly(x) = λ2y(x), x ∈ (0, 1), (1)

with the matching conditions

y1(1) = y2(0) = y2(1), y′1(1)− y′2(0) + y′2(1) = 0 (2)

in the internal vertex, and the Dirichlet boundary condition

y1(0) = 0 (3)

in the boundary vertex. In this paper, it is mainly divided into two parts: (1) the asymptotic

estimations of the eigenvalues of the operator L(q,M); (2) its regularized trace formula. We

point out that our results are an extension to those in [5]. In particular, when Mi(x, t) = 0, the

trace formula is consistent with that of the Sturm-Liouville operator on a lasso-graph.

§2 Characteristic function

Firstly, we calculate the characteristic function of the operator, and then we can transform

the eigenvalue problem into the roots of the entire function.

We shall use the following notation

[qi] =
1

2

∫ 1

0

qi(x)dx, (4)

Q+
i =

qi(1) + qi(0)

4
, Q−

i =
qi(1)− qi(0)

4
, (5)
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Mi =

∫ 1

0

Mi(x, x)dx, i = 1, 2. (6)

Suppose the solutions Si(x, λ) and Ci(x, λ) satisfy the corresponding equation (1) with

Si(0, λ) = 0 = S′
i(0, λ)− 1 and Ci(0, λ)− 1 = 0 = C ′

i(0, λ), i = 1, 2, respectively. Then we can

get (ref.[3])

Si(x, λ) =
sin(λx)

λ
− cos(λx)

2λ2

∫ x

0

qi(τ)dτ − sin(λx)

8λ3

(∫ x

0

qi(τ)dτ

)2

+
sin(λx)

λ3

[
qi(x) + qi(0)

4
− 1

2

∫ x

0

Mi(τ, τ)dτ

]
+ o

(
e|Imλ|x

|λ|3

)
,

(7)

Ci(x, λ) = cos(λx) +
sin(λx)

2λ

∫ x

0

qi(τ)dτ − cos(λx)

8λ2

(∫ x

0

qi(τ)dτ

)2

+
cos(λx)

λ2

[
qi(x)− qi(0)

4
− 1

2

∫ x

0

Mi(τ, τ)dτ

]
+ o

(
e|Imλ|x

|λ|2

)
,

(8)

and

S′
i(x, λ) = cos(λx) +

sin(λx)

2λ

∫ x

0

qi(τ)dτ − cos(λx)

8λ2

(∫ x

0

qi(τ)dτ

)2

− cos(λx)

λ2

[
qi(x)− qi(0)

4
+

1

2

∫ x

0

Mi(τ, τ)dτ

]
+ o

(
e|Imλ|x

|λ|2

)
,

(9)

C ′
i(x, λ) =− λ sin(λx) +

cos(λx)

2

∫ x

0

qi(τ)dτ +
sin(λx)

8λ

(∫ x

0

qi(τ)dτ

)2

+
sin(λx)

λ

[
qi(x) + qi(0)

4
+

1

2

∫ x

0

Mi(τ, τ)dτ

]
+ o

(
e|Imλ|x

|λ|

)
.

(10)

The following characteristic function can be obtained from the conditions satisfied by the

internal vertex (2) and the boundary vertex (3)

∆(λ) = S′
1(1, λ)S2(1, λ) + S1(1, λ)(S

′
2(1, λ) + C2(1, λ)− 2).

Using (7), (8) and (9), we obtain

∆(λ) =
(3 cosλ− 2) sinλ

λ
+

1 + 2 cosλ− 3 cos2 λ

λ2
[q1] +

2− 3 cos2 λ

λ2
[q2]

− (3 cosλ− 2) sinλ

2λ3

(
[q1]

2 +M1

)
+

(2 cosλ− 2) sinλ

λ3
Q+

1

− 3 cosλ sinλ

λ3

(
[q1][q2] +

[q2]
2 +M2

2
+

Q−
1 −Q+

2

3

)
+ o

(
e2|Imλ|

|λ|3

)
.

Define

∆0(λ) =
(3 cosλ− 2) sinλ

λ
.

Then, we can obtain that the zeros of ∆0(λ) are as follows:

µn = nπ, n ∈ Z\{0}, µ±
n = 2nπ ± arccos

2

3
, n ∈ Z.

Denote

γn =
{
λ : |λ| = (µn + 1/2)2

}
∪
{
λ : |λ| = (µ±

n + 1/2)2
}
.

We know that |∆0(λ)| > |∆(λ) − ∆0(λ)|, λ ∈ γn, for sufficiently large n. Then by Rouchè’s
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theorem, the number of zeros of ∆(λ) inside γn coincide with the number of zeros of ∆0(λ).

Denote the contours, traversed counterclockwise:

Cn = {λ ∈ C : |λ− µn| = δ} , D±
n =

{
λ ∈ C : |λ− µ±

n | = δ
}

for δ > 0 and the square contour Γn with vertices (i =
√
−1)

A(µ+
n + ε+ (µ+

n + ε)i), B(−µ+
n − ε+ (µ+

n + ε)i),

C(−µ+
n − ε− (µ+

n + ε)i), D(µ+
n + ε− (µ+

n + ε)i).

Therefore, on contours Γn or Cn, D
±
n , we have

∆(λ)

∆0(λ)
=1 +

1 + 2 cosλ− 3 cos2 λ

λ(3 cosλ− 2) sinλ
[q1] +

2− 3 cos2 λ

λ(3 cosλ− 2) sinλ
[q2]

− 3 cosλ

λ2(3 cosλ− 2)
[q1][q2]−

[q1]
2 +M1

2λ2
+

2 cosλ− 2

λ2(3 cosλ− 2)
Q+

1

− 3 cosλ

λ2(3 cosλ− 2)

(
[q2]

2 +M2

2
+

Q−
1 −Q+

2

3

)
+ o

(
1

|λ|2

)
.

By applying the Taylor series expansion and simplifying, we can get

ln
∆(λ)

∆0(λ)
=
1 + 2 cosλ− 3 cos2 λ

λ(3 cosλ− 2) sinλ
[q1] +

2− 3 cos2 λ

λ(3 cosλ− 2) sinλ
[q2]−

[q1]
2

2λ2

− (1 + 2 cosλ− 3 cos2 λ)2

2λ2(3 cosλ− 2)2 sin2 λ
[q1]

2 − 3 cosλ

2λ2(3 cosλ− 2)
[q2]

2

− (2− 3 cos2 λ)2

2λ2(3 cosλ− 2)2 sin2 λ
[q2]

2 − 3 cosλ

λ2(3 cosλ− 2)
[q1][q2]

− (2− 3 cos2 λ)(1 + 2 cosλ− 3 cos2 λ)

λ2(3 cosλ− 2)2 sin2 λ
[q1][q2]−

M1

2λ2

+
2 cosλ− 2

λ2(3 cosλ− 2)
Q+

1 − 3 cosλ

λ2(3 cosλ− 2)

(
M2

2
+

Q−
1 −Q+

2

3

)
+ o

(
1

|λ|2

)
.

§3 Eigenvalue asymptotics

In this section, the asymptotic expression of eigenvalues of L(q,M) is obtained by applying

the Rouché’s theorem and the residue calculation.

By restoring to the integral identity, we can get the following formula

λn − µn =− 1

2πi

∮
Cn

ln
∆(λ)

∆0(λ)
dλ

=− 1

2πi

∮
Cn

[
1 + 2 cosλ− 3 cos2 λ

λ(3 cosλ− 2) sinλ
[q1] +

2− 3 cos2 λ

λ(3 cosλ− 2) sinλ
[q2]

− [q1]
2

2λ2
− (1 + 2 cosλ− 3 cos2 λ)2

2λ2(3 cosλ− 2)2 sin2 λ
[q1]

2 − 3 cosλ

2λ2(3 cosλ− 2)
[q2]

2
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− (2− 3 cos2 λ)2

2λ2(3 cosλ− 2)2 sin2 λ
[q2]

2 − 3 cosλ

λ2(3 cosλ− 2)
[q1][q2]

− (2− 3 cos2 λ)(1 + 2 cosλ− 3 cos2 λ)

λ2(3 cosλ− 2)2 sin2 λ
[q1][q2]−

M1

2λ2

+
2 cosλ− 2

λ2(3 cosλ− 2)
Q+

1 − 3 cosλ

λ2(3 cosλ− 2)

(
M2

2
+

Q−
1 −Q+

2

3

)
+ o

(
1

|λ|2

)]
dλ.

By calculating residues, we obtain

λn − µn =
(2− (−1)n2)[q1]

(3− (−1)n2)nπ
+

[q2]

(3− (−1)n2)nπ
+ o

(
1

n2

)
.

In the same way, we can get

λ±
n − µ±

n =
3[q1]

5µ±
n

+
2[q2]

5µ±
n

+
([q1]− [q2])

2

25(µ±
n )2 sinµ

±
n

− q1(1) + 3M2 − 2Q+
2

9(µ±
n )2 sinµ

±
n

+ o

(
1

n2

)
.

Therefore, we have proven the following theorem.

Theorem 3.1. The eigenvalues of the operator L(q,M), {λ2
n}n∈Z\{0} and {(λ±

n )
2}n∈Z, have

the following asymptotic expressions. For sufficiently large |n|

λn = nπ +
2(1− (−1)n)

(3− (−1)n2)nπ
[q1] +

[q2]

(3− (−1)n2)nπ
+ o

(
1

n2

)
,

and

λ±
n = µ±

n +
3[q1]

5µ±
n

+
2[q2]

5µ±
n

+
([q1]− [q2])

2

25(µ±
n )2 sinµ

±
n

− q1(1) + 3M2 − 2Q+
2

9(µ±
n )2 sinµ

±
n

+ o

(
1

n2

)
,

where [qi], Mi and Qi are defined by (4), (5), and (6), respectively.

§4 Trace

The section is devoted to obtaining the regularized trace formula of the operator L(q,M)

by applying contour integral.

First of all, using the derivative formula, we can obtain

d

dλ

(
λt ln

∆(λ)

∆0(λ)

)
= tλt−1 ln

∆(λ)

∆0(λ)
+ λt

(
∆′(λ)

∆(λ)
− ∆′

0(λ)

∆0(λ)

)
,

where t ∈ N, namely,

λt

(
∆′(λ)

∆(λ)
− ∆′

0(λ)

∆0(λ)

)
= −tλt−1 ln

∆(λ)

∆0(λ)
+

d

dλ

(
λt ln

∆(λ)

∆0(λ)

)
.

Taking t = 2 and combining with single-valuedness of ln
∆(λ)

∆0(λ)
along the contour Γn and

logarithmic integral formula, we can get
2n∑

k ̸=0,−2n

[λ2
k − (kπ)2] +

2n∑
k=−2n

[(λ+
k )

2 − (µ+
k )

2] +
2n∑

k=−2n

[(λ−
k )

2 − (µ−
k )

2]
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= − 2

2πi

∮
Γn

λ ln
∆(λ)

∆0(λ)
dλ

= − 2

2πi

∮
Γn

[
1 + 2 cosλ− 3 cos2 λ

(3 cosλ− 2) sinλ
[q1] +

2− 3 cos2 λ

(3 cosλ− 2) sinλ
[q2]

− [q1]
2

2λ
− (1 + 2 cosλ− 3 cos2 λ)2

2λ(3 cosλ− 2)2 sin2 λ
[q1]

2 − 3 cosλ

2λ(3 cosλ− 2)
[q2]

2

− (2− 3 cos2 λ)2

2λ(3 cosλ− 2)2 sin2 λ
[q2]

2 − 3 cosλ

λ(3 cosλ− 2)
[q1][q2]

− (2− 3 cos2 λ)(1 + 2 cosλ− 3 cos2 λ)

λ(3 cosλ− 2)2 sin2 λ
[q1][q2]−

M1

2λ

+
2 cosλ− 2

λ(3 cosλ− 2)
Q+

1 − 3 cosλ

λ(3 cosλ− 2)

(
M2

2
+

Q−
1 −Q+

2

3

)
+ o

(
1

|λ|

)]
dλ

=
2n∑

k ̸=0,−2n

(1− (−1)k)
4[q1]

3− (−1)k2
+ 2

2n∑
k=−2n

6[q1]

5
+

2n∑
k ̸=0,−2n

2[q2]

3− (−1)k2

+ 2
2n∑

k=−2n

4

5
[q2] +

2n∑
k=−2n

6
√
5

125µ+
k

([q1]− [q2])
2 −

2n∑
k=−2n

6
√
5

125µ−
k

([q1]− [q2])
2

+ [q1]
2 + 2[q1][q2] +

[q2]
2

3
+M1 + 3M2 −

2n∑
k=−2n

2
√
5

5µ+
k

M2 +
2n∑

k=−2n

2
√
5

5µ−
k

M2

+ 2Q−
1 −

2n∑
k=−2n

2
√
5

15µ+
k

q1(1) +
2n∑

k=−2n

2
√
5

15µ−
k

q1(1)− 2Q+
2 +

2n∑
k=−2n

4
√
5

15µ+
k

Q+
2

−
2n∑

k=−2n

4
√
5

15µ−
k

Q+
2 + o(1),

that is,

2n∑
k ̸=0,−2n

[
λ2
k − (kπ)2 − (1− (−1)k)

4[q1]

3− (−1)k2
− 2[q2]

3− (−1)k2

]

+

2n∑
k=−2n

[
(λ+

k )
2 − (µ+

k )
2 − 6

5
[q1]−

4

5
[q2]−

6
√
5

125µ+
k

([q1]− [q2])
2

+
2
√
5

5µ+
k

M2 +
2
√
5

15µ+
k

q1(1)−
4
√
5

15µ+
k

Q+
2

]
+

2n∑
k=−2n

[
(λ−

k )
2 − (µ−

k )
2

− 6

5
[q1]−

4

5
[q2] +

6
√
5

125µ−
k

([q1]− [q2])
2 − 2

√
5

5µ−
k

M2 −
2
√
5

15µ−
k

q1(1) +
4
√
5

15µ−
k

Q+
2

]

= 2[q1][q2] + [q1]
2 +

[q2]
2

3
+M1 + 3M2 + 2Q−

1 − 2Q+
2 + o(1).

Taking n → +∞, we can get the following theorem.
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Theorem 4.1. The trace formula for the eigenvalues of the operator L(q,M) is as follows:∑
n∈Z\{0}

[
λ2
n − (nπ)2 − (1− (−1)n)

4[q1]

3− (−1)n2
− 2[q2]

3− (−1)n2

]

+
∑
n∈Z

[
(λ+

n )
2 − (µ+

n )
2 − 6

5
[q1]−

4

5
[q2] +

2
√
5

5µ+
n
A

]

+
∑
n∈Z

[
(λ−

n )
2 − (µ−

n )
2 − 6

5
[q1]−

4

5
[q2]−

2
√
5

5µ−
n
A

]

= 2[q1][q2] + [q1]
2 +

[q2]
2

3
+M1 + 3M2 + 2Q−

1 − 2Q+
2 ,

where [qi], Mi and Qi are defined by (4), (5), and (6), respectively, and A = M2 +
q1(1)

3

− 2

3
Q+

2 − 3

25
([q1]− [q2])

2
.
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[16] V A Vinokurov, V A Sadovnichĭı. The eigenvalue and trace of the Sturm-Liouville operator as

differentiable functions of a summable potential, Doklady Mathematics, 1999, 365(3): 295-297.

[17] Y P Wang, H Koyunbakan, C F Yang. A trace formula for integro-differential operators on the

finite interval, Acta Mathematicae Applicatae Sinica, 2017, 33(1): 141-146.

[18] C F Yang. Regularized trace for Sturm-Liouville differential operator on a star-shaped graph,

Complex Analysis and Operator Theory, 2013, 7(4): 1185-1196.

[19] C F Yang. Trace and inverse problem of a discontinuous Sturm-Liouville operator with retarded

argument, Journal of Mathematical Analysis and Applications, 2012, 395(1): 30-41.

[20] C F Yang. Trace for differential pencils on a star-type graph, Zeitschrift für Naturforschung A,

2013, 68(6-7): 421-426.

[21] C F Yang. Trace formulae for matrix integro-differential operators, Zeitschrift für Natur-

forschung A, 2012, 67(3-4): 180-184.

[22] C F Yang. Trace formulae for the matrix Schrödinger equation with energy-dependent potential,

Journal of Mathematical Analysis and Applications, 2012, 393(2): 526-533.

[23] C F Yang. Traces of Sturm-Liouville operators with discontinuities, Inverse Problems in Science

and Engineering, 2014, 22(5): 803-813.

[24] C F Yang, Z Y Huang. Spectral asymptotics and regularized traces for Dirac operators on a

star-shaped graph, Applicable Analysis, 2012, 91(9): 1717-1730.

[25] C F Yang, Z Y Huang, Y P Wang. Trace formulae for the Schrödinger equation with energy-

dependent potential, Journal of Physics A Mathematical and Theoretical, 2010, 43(41), DOI:

10.1088/1751-8113/43/41/415207.

[26] V A Yurko. An inverse spectral problem for integro-differential operators, Far East Journal of

Mathematical Sciences, 2014, 92(2): 247-261.

[27] V A Yurko. Inverse problem for integro-differential operators, Mathematical Notes, 1991, 50(5):

1188-1197.

School of Mathematics and Statistics, Nanjing University of Science and Technology, Nanjing 210094,

China.

Emails: 119113011120@njust.edu.cn, chuanfuyang@njust.edu.cn


