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A novel fractional case study of nonlinear dynamics via

analytical approach
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Abstract. The present work describes the fractional view analysis of Newell-Whitehead-Segal
equations, using an innovative technique. The work is carried with the help of the Caputo oper-
ator of fractional derivative. The analytical solutions of some numerical examples are presented
to confirm the reliability of the proposed method. The derived results are very consistent with
the actual solutions to the problems. A graphical representation has been done for the solution
of the problems at various fractional-order derivatives. Moreover, the solution in series form
has the desired rate of convergence and provides the closed-form solutions. It is noted that the

procedure can be modified in other directions for fractional order problems.

81 Introduction

In recent decades, several authors have found that non-integer-order derivatives and inte-
grals are very useful for describing materials and processes having various important properties.
The greater effect of the fractional derivative is observed when the past history of the results
is required as compared to the classical derivative and therefore the researchers are more inter-
ested in the topic of fractional differential equations (FDEs) [1-9]. Leibniz and L’Hospital were
the first to introduce the idea of fractional calculus but later on, the concept was used by many
researchers and has shown many applications in different research areas [4]. With the imple-
mentation of fractional differential equations [FDEs] to model different physical systems and
processes, FDEs have gained much attention from scientists and provide significant fractional
modeling of various phenomena in nature [10-17]. Many physical problems are governed by
FDEs, and several investigators have been interested in seeking the solution to these equations.
In various physical and engineering processes, FDEs have shown fundamental importance over
the last few decades. It has been investigated that fractional nonlinear FDEs are intensively

used in natural phenomena in various branches of applied natural sciences [18-29].
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It is almost very difficult to find the exact solutions to nonlinear FPDEs, so it is a research
field of greater importance and motivation. The nonlinear wave phenomena such as viscoelas-
ticity chemical processes, acoustics, electrochemistry, electromagnetic, material science, biology,
engineering and physics [30-38] are considered for its numerical and analytical investigations.
More effective procedures and techniques are needed for the solution of mathematical models

that can best analyze the real-world phenomena.

In this regard, several methods have been used to obtain the explicit solutions for the
nonlinear equations of integer order. However, very limited approaches are applied to solve F-
PDEs. such as Laplace Transform method (LTM) [39], Adomian Decomposition method (ADM)
[40], Elzaki Transform Decomposition method (ETDM) [41], Reduced Differential Transform
method (RDTM) [42], Natural Transform Decomposition method (NTDM) [43-44], Iterative
Laplace Transform method (ILTM) [45], Fourier Transform method (FTM) [46], solution by
ADM and Variational iteration method (VIM) with Shehu transformation is presented in [47]
Approximate-analytical method (AAM) [48], Homotopy Perturbation method(HAM) [49], and
Perturbation Iteration transform method (PITM) [50].

In the present research work, our focus point is to discuss the fractional view Newell-
Whitehead-Segal equation, using the coupling of Shehu transformation with Homotopy per-
turbation method (HPM). This new hybrid technique is known as the homotopy perturbation
transform method (HPTM). The HPTM solutions are calculated for some numerical examples
related to the problem of NWSEs. The series form solution with a higher rate of convergence
is seen by using HPTM. The nonlinearity of the problem is handled by using the present tech-
nique and we obtain the solutions in a sophisticated manner. Using the HPM, four case study
problems are solved of non-linear Newell-Whitehead-Segel equations. As compared to the exact

solution, the rapid convergence towards the exact solution is seen.

The Newell-Whitehead-Segel equation model is the relationship of the diffusion term effect

with the reaction term nonlinear effect.

The Newell-Whitehead-Segel equation is written as:
DB = ki, + ap — byp@ (1)

where k£ > 0 and is real whereas ¢ represents the unknown functions in variables p and 7 such
that 7 > 0. Also a,b are real numbers and q is a positive integer. The unknown function )
either denotes the distribution of temperature along the infinite thin tube or the fluid velocity
along the small diameter pipe with infinite length. The fractional derivative in equation (1)
is represented by the Caputo derivative operator and on the right-hand side, the second term
arp — bip(9 defines the source term.

In 1998, He introduced the homotopy perturbation technique [49-54]. Later, the nonlinear
non-homogeneous partial differential equations are solved using the HPM, which is a semi-
analytical technique [49-54]. The solution is assumed to be the sum of an infinite sequence
that converges rapidly to the exact results. This approach was used to solve both linear and

nonlinear equations. In the present research article, we proposed a new approximate analytical
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technique which is known as (HPSTM). The newly developed technique is the mixed form of
Shehu transform and HPM. It is investigated that the present technique is very effective in
finding the analytical solution of fractional NWSEs. The HPSTM results are very convincing
with the exact solutions to the targeted problems. The fractional problem results by using the
current method are also devoted to the fractional view analysis of the problems. It supports the
improved physical analysis of the models in terms of their experimental data. It is suggested
that the current technique can be modified to solve other fractional PDEs and their systems.
The rest of the article is structured as follows: In Section 2, we recall several basic properties
and define the Shehu transform and fractional calculus. In Section 3, the idea of Homotopy
Perturbation Shehu Transform Method is discussed. In Section 4, we explain many problems
to maintain the accuracy and efficiency of the proposed method, and Section 5 is devoted to

the conclusion.

82 Preliminaries

This section is related to some important definitions regarding fractional calculus and about
some of the Shehu theory. These preliminary concepts are mandatory to complete the present

research work.

2.1 Definition

The Rieman-Liouville fractional integral is defined by [6-§]

Igh(r) = ﬁ /OT(T — 5)7"1h(s)ds,

showing that the integral on the right side converges.

2.2 Definition

Fractional derivative in Caputo’s sense is given as [6-8]

I"Bfr n—1<p<nneN
p(t), B=n,n €N,

dry,

Dlp(r) =

2.3 Definition

Mittag Leffler function having two-parameter is defined as [6-8]:
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2.4 Definition

The Shehu transformation which is defined by S(.) for a function v(7) is expressed as [55-57]
S{v (1)} =V(s,u) = / v(r)e = (F)dr, T>0 s> 0. (4)
0

The Shehu transformation of a function v(7) is V(s,u): then v(7) is called the inverse of V(s,u)
which is defined as STV (s,u)} = v(7), for 7 >0,S71 is inverse Shehu transformation.

2.5 Definition

Shehu transform for fractional order derivatives [55-57]. The Shehu transformation for the

fractional order derivatives is expressed as

n—1

S {M) (T)} - %V(s,u) -3 (E)B_H v (0), n—1<pB<n, (5)

(2 u
k=0

§3 Homotopy Perturbation Shehu Transform Method

To explain the basic ideas of this approach, the following equation is considered [49-54]:
DI, 7) + Mplp(p, 7) + Nl (p, 7) = h(p, ), 7>0, 0<pB <1,
Y(p,0) =g(p), peR

Where D = % Caputo’s derivative, M[u], N[p] are the linear and nonlinear operators

(6)

respectively and h(u,7) is source function.
Using Shehu transformation [55-57] to (6), we have
SIDZ(u, 7) + Mu)vo(u, 7) + Nl (u, 7)) = S[h(p, 7)], 7>0,0 < <1,

_9w P _
R(p, s,u) = + g Shlp, )] = 5 SIM[ulv(w, 7) + Nipl$(u, 7).

s
Now, by taking inverse Shehu transform [55-57], we get
(v
60 7) = Flur) = 57 (2SI, ) + NG 7)) ®)
where ) 5 5
19 U 1 fu

Fu) =57 4 TG ] = g0+ 57 |25 8ThG ). (9

Now, perturbation technique having parameter € is given as
’l/)(,lt,T) = Ek’lpk(ﬂaT)? (10)

k=0
where ¢ is perturbation parameter and € € [0, 1].

The nonlinear term can be decomposed as

Nw(/vaT) = Zean(w)a (11)
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where H,, are He’s polynomials of the form g, 1,2 --- ,%,, and can be determined as
1 >
Hyy (0,91, ¥n) = ———=<DE [N [ D €' , (12
y(n+1) kzzo o )

where D¥ = g—; Using relation (10) and (11) in (7) and constructing the Homotopy , we get

E}WMmﬂ—FWﬂ—exGlﬁﬂME}WMmﬂ+§}%mwﬂ>. (13)
k=0 k=0 k=0

On comparing coefficient of € on both sides, we obtain
e 1/)0(#,7‘) - F(:U"T)v

uP

st r) = 57 [ U5 SOl ) + Ha(w))|.

ubB
& svalier) =57 [ ST () + Fr ().
: (1)

uP
e sl 7) = 57 | S S(OMua () + Hia (9]

k>0,ke N.
The component (i, 7) can be calculated easily, which leads us to the convergent series

rapidly. By taking € — 1, we obtain

M
W(p.7) = Jim Y ap(p, 7). (15)
k=1

The obtained result is in series form and converges quickly to the exact solution of the

problem.

84 Test Problems

Four cases of nonlinear diffusion equations are presented to demonstrate the capability and
the reliability of the suggested technique.

4.1 Case: 1

The Newell-Whitehead-Segel equation for a = 2,0 = 3,k = 1 and ¢ = 2 becomes:

DBy =, + 2 —3¢% 0<B <1, (16)
with initial conditions
(1, 0) = A (17)
Taking Shehu Transform of (16), we have
sP sf-1
ST = 0 (1,0) = + S (e + 20 = 347). (18)

Shp(p, 7)) = %A + Z—Z [S (Y + 20 — 30°)] . (19)
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Figure 2. The solution graph of example 1, (a) Exact solution and (b) HPSTM solution at

=1

Taking Inverse Shehu Transform, we obtain

Ylus7) = A+ 57 [ZZ {8 (W + 20— 3w2)}} :

(20)

Now, applying the above-mentioned homotopy perturbation technique as in (13), we get

> e dulu,7)
k=0

=A+e <S_1
k=0

Comparing the same power coefficient of €, we get
€ 1 abo(p, ) = X,

(21)

s l@ewk(m)w +2 3" () - 3() eww))?] D @)
k=0 k=0

B B
e pr(p,m)=5"" (Z[;SWOW + o — wé]) =A2- 3)\)%’
g (4 N DNV
1 9a(p7) = ST 5 Sau + 1 = 2ot] | = 202 - 3N)(1 SA)F(QBJF 1)’

Now, by taking e — 1 we obtain convergent series form solution as

Y(p,7) = 1o + 1 + o + -+
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8 726
=A4+A2-3N)=—+222-3N)1-3N)=—r—~+ - . 24
e ESVREACRE LRIy (24)
Particularly, putting 5 = 1, we get the exact solution
=2 X exp?”
= 3 . 25
w(ﬂvT) %2 + A\ — )\eXPQT ( )
4.2 Case: 11
The Newell-Whitehead-Segel equation for a = 1,0 =1,k = 1 and ¢ = 2 becomes:
DI =+ (1 —9), 0<B <1, (26)
with initial conditions )
P(p,0) = ————. (27)
(1+ expve)?2
Taking Shehu Transform of (25), we have
sf sP—1
U*BSWJ(M,T)} Zlﬂ(o)(M’O)uﬁ‘FS(wuu"’iﬁ(l — ). (28)
Sl = 1S (01— ) 29)
yT) = = I B - :
: S(1+expve)2 7 M
Taking Inverse Shehu Transform, we obtain
1 i [u?
Bl = 57 [ S (s + w1 - )] (30)
(14 expvs)? s

Now, applying the above-mentioned homotopy perturbation technique as in (13), we get
o0

> Fn(p,7) (31)
k=0
= ————+e (ST | S| QU vl ) + D F ()1 = Y () || ] -
(1+exp¥s)? ( lsﬁ LE_: Eap 2
(32)
Comparing the same power coefficient of €, we get
1
e o(u, ) = g,
(1+expve)?
s 5 N 8
1 1 fu 9 exp T
€ : ,T) =258 — S + o — > = = N ;
uP 25 exp% (—1+ 2exp%) 728
2 -1
: ,7)=2S — S5 + P —2 = — = ,
€ 1 a(p, 7) (SB (V1 + 1 ¢0¢1]> 13 ( 0+ oxp )t > T2 +1)
(33)
Now, by taking ¢ — 1 we obtain convergent series form solution as
Y, 7) =to + 1+ o+
o - L
B 1 5  expVs 8 +§ exp Ve (—1 + 2expVe) 728 N
(1+ exp%)2 3(1+ eXp%)3 rg+1) 18 (1+ exp%)4 r'@2s+1)
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Taking Shehu Transform of (34), we have
§8 -1

3810, 7] = 0O (1. 0) "5 + S (W + 0 = 47). (38)
B
S(p, )] = E;&Q + % (S (Y + v — )] . (39)
(1+expvio)s 9
Taking Inverse Shehu Transform, we get
B
BT = e 57 S (v - )}, (40)
(14+expvio)s &

Now, applying the above-mentioned homotopy perturbation technique as in (13), we get

Z €k'(/)k(,u7 T) (41)
k=0
uﬁ o0 o0 oo
= ;37;2 +e <S_1 59 l(z € Pr (1, 7)) s + Z€k¢k(uvT) - (Z " (1, 7')>41 ]) :
(1+expvio)s 5 k=0 k=0 k=0 )

Comparing the same power coefficient of €, we get

1
e Yo(p,7) = DTN
(1+expvio)s

)

3
exp Vot 8

B
1. _q-1 (U o) 7
€ hi(p,m) =25 <sﬁ Sloun + %o 1/’0}) =5 (1+exp%)% rB+1)

P 49 (2 exp 310'“ —3) exp \/310“ 7-25
2, =51 U—S I _ v .
€ w2 (,Lt, T) Sﬂ [wluu wl wowl] = 750 (1 exp\;%)% 1_‘(26 1)

(43)
Now, by taking e — 1 we obtain convergent series form solution as
Y(p,7) = tho + 1 + P2+ -+
B 1 7 exp\/%“ 8 49 (2 exp\/%” -3) exp\/%“ 728 n
(1 + exp%)% b (1 —+ exp%)% F(ﬂ + 1) 50 (1 -+ exp%)% F(2ﬁ + 1) '
(44)
Particularly, putting 5 = 1, we get the exact solution
1 3 7
,7)=| =tanh [ ———= - —T . 45
o) = (gt (- (- =) (45)
4.4 Case:IV
The Newell-Whitehead-Segel equation for a = 3,b = 4,k = 1 and ¢ = 3 becomes:
DIy =+ 39 — 4%, 0< <1, (46)
with initial conditions /e
3 expV o
P(p,0) = \/7 — . 47
(1, 0) L oxpVor 1 oxp (47)
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Taking Shehu Transform of (43), we have

S8 6—1
310, = 001,00 5 + S (W + 300 — 407 (48)

1 [3 expV® uP \
S[w(MT”_S\/;expﬁuexpf + g[ (Yup + 30 — 4°)] . (49)

Taking Inverse Shehu Transform, we get

/3 exp\/é“ L [W 3
s =\ § s [ s (=] o

Now, applying the above-mentioned homotopy perturbation technique as in (13), we get

Vou [ & 0
Ze (7 —\/> iy z, +6< S lzﬁs [(Z i () +3 ) e, 7)
k=0

expf“ + exp k=0

- ( kwk ,LL, ‘| )
k=0
(51)
Comparing the same power coefficient of €, we get
3 exp\f
0
O o) = 2
4exp‘fﬂ+ex Pu
Véu oy, B
1 1w 4 9 /3 expV®exp2 T 59
¢ () =5 (swo +wo—¢)=\[ , (52
1( ) $B [ iy O] 2V 4 (exp\/él‘-l-expi )2 F(ﬁ_l_ 1)
_ Uﬂ
€ a(p,7) =571 (S[,S[ww + 1 — 4¢8¢1]>
81 [BexpVexp T (—expVO pexp T 7
4V (expYBu +exp 3 )3 F@s+1) (53)

(c)

Figure 5. The (a)Exact solution and (b) HPSTM solution (c)Error graph of example 4 at g = 1.
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Now, by taking ¢ — 1 we obtain convergent series form solution as

V(p,7) =0+ 1+t

_ \/3 exp\/é" 9 \/§ exp‘/é“ expgﬂ T8

V4 expVoK 4 exp Fh *t3Va (expVor + exper)2 D(A+1) (54)
81 [3expYon expé“(— expVor 4 expgﬂ) 728
4 V4 (expVoh + exp 5 )3 L2 +1) T

Particularly, putting S = 1, we get the exact solution

V6
ww,ﬂ:\/z o (55)

expVor 4 exp(*2H—537)

85 Conclusion

The analytical view of fractional Newell-Whitehead-Segel is done via the Homotopy pertur-
bation transform method. The closed contact between the exact and obtained solution is shown
by its graphical representation. The plot of fractional order problem solutions has confirmed
the convergence of fractional solutions towards a solution at integer order of the targeted prob-
lems. The higher accuracy is achieved with a small number of calculations. The effective and
straightforward implementation attracts the researchers to analyze the fractional view of other

problems in different areas of applied science.
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