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Existence and numerical approximation of a solution to

frictional contact problem for electro-elastic materials

Othman Baiz! EL-Hassan Benkhira? Rachid Fakhar?

Abstract. In this paper, a frictional contact problem between an electro-elastic body and an
electrically conductive foundation is studied. The contact is modeled by normal compliance with
finite penetration and a version of Coulomb’s law of dry friction in which the coefficient of friction
depends on the slip. In addition, the effects of the electrical conductivity of the foundation are
taken into account. This model leads to a coupled system of the quasi-variational inequality
of the elliptic type for the displacement and the nonlinear variational equation for the electric
potential. The existence of a weak solution is proved by using an abstract result for elliptic
variational inequalities and a fixed point argument. Then, a finite element approximation of the
problem is presented. Under some regularity conditions, an optimal order error estimate of the
approximate solution is derived. Finally, a successive iteration technique is used to solve the

problem numerically and a convergence result is established.

81 Introduction

The study of piezoelectric materials remains an active research area and success of adaptive
devices has attracted the attention of industry and engineering researchers. Due to the in-
trinsic coupling between mechanical and electrical energy, these materials can serve as sensors,
actuators or transducers. This ability is widely used in various technical devices as ultrason-
ic medical equipment, fuel injection pistons or smart composites with integrated piezoelectric
layers. For this reason, considerable progress has been made with the modelling and analysis
of contact problems, and the engineering literature concerning this topic is rather extensive.
Different models have been developed to describe the interaction between the electrical and
mechanical fields which can be found in [18,16] and the references therein. A static friction-

al contact problem for electro-elastic materials was considered in [14,17] under the assumption
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that the foundation is insulated, and [4,16,17] under the assumption that the foundation is elec-
trically conductive. Some comprehensive references on analysis and numerical approximation of
variational inequalities arising from contact problems with or without friction for piezoelectric
materials include [10,11,9] and, more recently, [1,5,20,21].

The present paper is devoted to variational and numerical analysis of a problem of frictional
contact under a small deformation hypothesis. The process is static and the friction is described
by a slip dependent friction coefficient and a nonlocal regularized contact stress. The material’s
behavior is described by a linear electro-elastic constitutive law and the contact is modeled with
a normal compliance condition of such a type that the penetration is limited with unilateral
constraint and a regularized electrical conductivity condition. The resulting variational formu-
lation of the problem is different from that in [4] and represents a new mathematical model,
which is in a form of a system coupling a nonlinear variational inequality for the displacement
field and a nonlinear variational equation for the electric potential. We show the existence of
a unique weak solution for the model. Then, we perform a numerical analysis of the problem
and derive error estimates for the numerical approximations based on discrete schemes.

The rest of the paper is structured as follows. In Section 2, we introduce some notation and
preliminary and present a model for the process of frictional contact between the electro-elastic
body and the conductive foundation. In Section 3, we list assumptions on the data, derive a
variational formulation of the model and state our main result, the existence of a unique weak
solution of the problem in Theorem 3.1. The proof of the theorem is given in Section 4, where it
is carried out in several steps and is based on arguments of elliptic variational inequalities and
the Schauder fixed point theorem. In Section 5, we introduce a finite element approximation
for the variational inequality problem and we present the results of some error estimates for
the numerical approximation. Finally, in Section 6, we propose an iterative solution scheme to

solve the problem numerically and we prove its convergence.

§2 Problem statement

We consider a piezoelectric body occupying, in its reference configuration, a bounded do-
main Q C R, d = 2,3 with a sufficiently regular boundary I', partitioned into three disjoint
measurable parts I'1, T's and I's, such that meas(T'y) > 0. A volume force of density fy and
volume electric charges of density gg act in 2. The body is clamped on I'; and a surface traction
of density f2 acts on I'y. To describe the electric constraints of the body, we consider a partition
of Ty UT'y into two disjoint parts T, and T'y, such that meas(',) > 0. We assume that the
electrical potential vanishes on I';, and a surface electrical charge of density ¢o is prescribed on
I'y. In the initial configuration, the body may come in contact over I's with a rigid foundation.

To simplify the notation, we do not indicate explicitly the dependence of various functions on
the spatial variable 2 € Q. The indices 4, j, k, [ run between 1 and d, the summation convention

over repeated indices is used and the index that follows a comma indicates the partial derivative

with respect to the corresponding component of the independent variable, e.g. u; ; = g;“j. We
J
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denote by $¢ the linear space of second order symmetric tensors on R?. The inner products

and the corresponding norms on R% and $¢ are given by
u-v=uv;, v =(v- v)%, Vu,vo e RY, o7 = oi;Tij, |ITl = (7 7‘)% Yo, € %<

Throughout the paper, we adopt the following notation u = (u;) :  — R? for the dis-
placement field, o = (0;;) : © — $¢ for the stress tensor, D = (D;) : @ — R? for the electric
displacement field and E(p) = (E;(¢)) = —V for the electric vector field, where ¢ : @ — R
is an electric potential. Moreover, e(u) = (g4;(u)) where &;;(u) = 3(u;; + u;;) denotes the
linearized strain tensor, and “Div”, “div” are the divergence operators for tensor and vector
valued functions. Let v be the unit outward normal vector on I', then the normal and tangential

components of the displacement field and stress tensor are given by
Vy =0V, Uy =V—U,V, O,=0V-V, Or =0V — 0,
The governing equations consist of the equilibrium equations, constitutive relations, strain-
displacement and electric field-potential relations. The equilibrium equations are given by
Dive+ fo =0, divD=g¢qy in Q. (1)
The linear constitutive equations that couple the mechanical and electrical quantities in the
piezoelectric materials can be written in the following form
o=5Fe(u) —EE(p), D==Ee(u)+ BE(p) in Q, (2)
where § = (fijr1) : 2 x 8% — $% is a linear elasticity operator, in which the elasticity coefficients
f(z) = (fijr(z)) may be function of position in a non-homogeneous materials, £ = (e;;i) :
Q x §¢ — R is a linear piezoelectric operator, § = (Bij) - Q2 x R¢ — RY is a linear electric

permittivity operator. We use £* to denote the transpose tensor of £ given by

Eo-v=0-E, Voe§lveRL (3)
The elastic strain-displacement and electric field-potential relations are given by
e(u) = %(Vu+ (Vu)t), E(p) = -V in Q. 4)
where (Vu)® = (u;;) is the transpose of Vu. Next, we prescribe the boundary conditions by
u=0 onTly, ov=/fy onTy, (5)
=0 only, D-v=gs only. (6)

We model the frictional contact on I's with

uy, < 9,0, + hy (0 —¢r)p,(u,) <0,

on I's, (7)
(u — g)(ow + hu (¢ — @u)pu(uy)) = 0,
oIl < plllurDIRow (u, )|
ol < p(llur )| Row (u, @) = u; =0 on I's, (8)

lorll = plllur ) Row (u, p)| = 3N € R*, o7 = —Du,

D -v=np.(uy)he(p —pr) onls. (9)
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In conditions (7), the function g represents the maximum interpenetration of body’s and
foundations asperities and ¢ denotes the electric potential of the foundation. This condition
(7) introduced in [3], represents the normal compliance contact condition with finite penetration
in which p, is a prescribed nonnegative function depending on the difference between the
potential of the foundation and the body’s surface and which vanishes when its argument is
negative and h, is a positive function. We note that (7) shows that when there is no contact (i.e.
u,, < 0), the reaction of the foundation vanishes and, therefore, o, = 0. When 0 < u,, < g, then
we have —o, = h, (¢ — ¢, )p,(u,), which means that the reaction of the foundation depends
on the normal displacement and the difference between the potential of the foundation and the
body’s surface. When u, = g, then —o, > h,(¢ — v,)p.(g9). We note that if p, = 0, the
condition (7) becomes the classical Signorini’s conditions with a gap g, i.e.,

w, <g, 0,<0, o,(u,—g)=0.

Relations (8) represent the Coulomb’s friction law in which g is the coefficient of friction
and R is a regularization operator. The introduction of the nonlocal smoothing operator R is
used for technical reasons, since the trace of the stress tensor on the boundary is too rough.
We note that the coefficient of friction p is assumed to dependi on the slip ||u,||, which leads
to a nonstandard frictional contact problem.

Finally, (9) is a regularized electrical contact condition (see [12]) where p. represents the
electrical conductivity coefficient, which vanishes when its argument is nonnegative, and h. is
a given function depending on the difference of the electric potential of the body’s surface and
the foundation.

This condition shows that when there is no contact at a point on the surface (i.e., u, < 0),
then the normal component of the electric displacement field vanishes, and when there is contact
(i.e., u, > 0) then there may be electrical charges which depend on the potential difference
between the foundation and the contact surface.

Now, we collect all the above conditions to obtain the following mathematical model,
Problem (P). Find a displacement field u : Q — R? and an electric potential ¢ : Q — R such
that (1)-(9) hold.

The variational analysis of the frictional contact Problem (P) will be presented in the next

sections, where we give our main existence and uniqueness result of the weak solution of (P).

§3 Variational formulation and main result

In this section, we state the hypotheses and derive the weak formulation of Problem (P).

First, we introduce the following functional spaces
H={u=(w)|u € L*(Q)}, H={o=(0y)|oy =05 € L*(Q)},
Hy = {u=(u;)|u; € H(Q)}, Hi1={c€H|Dive € H}.

These are real Hilbert spaces endowed with the inner products

(u,v)H:/uwidﬂs, (UvT)H:/UijTij dx,
Q Q
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(u, )i, = (u,0) g + (e(u),e(v))n, (0,7)n, = (0,7)n + (Dive,Div 1)y,
and their associated Euclidean norms || - || &, || - ||, || - |z, and || - ||, -

Let Hr = (HF%)d and let v : H; — Hr be the trace map. For every element v € Hy, we also
use the notation v to denote the trace yv of v on I'. Let H{ﬂ be the dual of Hr and let (-, -)r
denote the duality pairing between Hlla and Hp. For every o € Hi, ov can be defined as the
element of Hy. which satisfies the Green formula

(ov,yv)r = (0,e(v))n + (Divo,v) g for all v € Hy.

Moreover, if ¢ is continuously differentiable on €, then

(ov,yv) = / ov - vda.
r

1
Let us also introduce Hf, C L?(T'3), the space of normal traces on I' given by

1
HE, ={v, e ’(Ts); 3veH) v,=9v-v} (10)
1 1

The spaces Hy', and its dual Hp * can be endowed with the following norms
HU”“Hi B vienél{HUHHl,vy =qv-v} forall v, € HI?3, (11)

(o, vu)r, 1 1
lovl| -1 = sup ———= forall v, € HE and o, € Hp?, (12)

H,? 1ol s ’ ’

3 v, €HE, H?

_1 1
where (-, -)r, denotes the duality pairing between H.* and Hf, . Recalling the condition (5),

we introduce the following subspaces of Hy given by
V={veH; v=0 onIy},
and the set K of admissible displacements
K={veV;v,—g<0 onls}.

Since meas(I'1) > 0, it follows from the Korn’s inequality that there exists a constant ¢ > 0
depending only on €2 and I'; such that

le()ll#n = ekllvlle,  VoeV. (13)

Over the space V, we consider the following inner product and associated norm
(w,0)y = (e, e, ully = le(®) s = (u,u)i- (14)
From (13) it follows that || - ||z, and || - |v are equivalent on V. Therefore (V.| - ||v) is a

Hilbert space. Moreover, by the Sobolev trace theorem, (13) and (14), there exists a constant

co > 0 depending only on , I'; and I'; such that
vl L2 (rya < collv]lv for all v € V. (15)
For the electric unknowns of the contact problem, we introduce the spaces
W={yeH (Q)/%=00nT,},
W ={D = (D;) € H'(Q)?/ (D;) € L*(Q)?, divD € L*()}.
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These are real Hilbert spaces with the inner products

(o, V)w = (p, V) 1), (D, E)w = (D, E)p2q)e + (div D,div E)2(q).
The associated norms are || - ||w and || - ||w, respectively. Since meas(I'y) > 0, the following

Friedrichs-Poincaré inequality holds
IVelw = crl[¢llw for all ¢ € W. (16)

where cp > 0 is a constant which depends only on 2 and I',. Moreover, by the Sobolev trace

theorem, there exists a constant ¢; > 0 depending only on 2, ', and I's, such that

1€l 2(rs) < c1ll€llw for all § € W. (17)
When D € W is a sufficiently regular function, the following Green’s type formula holds,
(D, V&) 2y + (div D, &) p2(q) = / D -véda for all € € HY(Q).
r
To study Problem (P), we need the following assumptions on the data’s problem.
(h1) The elasticity operator § = (fijm) @ © X 8¢ — 89 the electric permittivity tensor
B=(8i): Qx R? — R satisfy the usual properties of symmetry and ellipticity

fijit = fint = fuwig € L7() , Mg = sup 1 fijill Lo (0,
i.j.k,

Bij = Bji € L=(Q) , Mg = sup ||Bijll L~ (),
i,
and there exists mg, mg such that for all £ € g, ¢ € R?
figer(2) &6 = mg €17, Bij(x) GG = mg ||C]1%, ae. x €.

(h2) The piezoelectric tensor £ = (e;;x) : © x $¢ — RY, satisfies

€ijk = €ikj € LOO(Q) , Me = Sup; ; k IeiijLoe(Q).

(h3) The function p, : I's x R = R4, (r = e, v) satisfies the following hypothesis

(a) there exists M,, > 0 such that |p,(z,u)| < M,, for all u € R, a.e. z € I's,

(b)  — p,(x,u) is measurable on T's for all u € R and is zero for all u < 0.
(h4) The function h,. : I's x R — R, (r = e, v) satisfies the following hypothesis

(a) there exists My, > 0 such that |he(x, p)| < Mj,, for all ¢ € R, a.e. z € T3,
(b) there exists My, > 0 such that 0 < h,(z,¢) < M, for all p € R, a.e. z €T3,

(¢) x> h.(x,p) is measurable on I'3 for all ¢ € R.
(hs)The coefficient of friction p : I's x Ry — R, satisfies

(a) there exists p* > 0 such that 0 < p(z,u) < p* for all u € Ry, a.e. x € ',

(b) the function x — u(x,u) is measurable on I's for all u € R.

(hg) We assume that p,, h, and p are lipschitz continuous functions in the following sense
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(a) 3L, >0, |pr(z,u1) — pr(z,u2)| < Ly, |ur — ug|for all us,us € R, a.e. x € T's,
(b) 3Ly, >0, |he(x,01) — hpe(z,902)| < Lp, |1 — o for all 1,02 € R, a.e. x € 'y,
() 3L, >0, |p(x,u) — p(z,v)| < Lyju—o| for all u,v € Ry, ae. x €T,
1
(h7) We suppose that 2 : Hp.,> — L>(I'3) is a linear and continuous. We denote | R|| = cr.

(hs) The forces, the traction, the volume and surface charge densities satisfy

fo € LA(Q)4, fo € LA(T2)4, qo € L3(Q), g2 € L*(Ty).

(hg) The potential of the contact surface and the gap satisfy
or € L*(T'3), g€ L*(Ts).

Elements f € V and g. € W are defined as

(fw)V:/fomdx—i— fo-vda forallveV, (18)
Q s
(e, )w = / qo€ dx —/ g€ da for all £ € W. (19)
Q Iy
We define the following R-valued mappings ji, jo and j defined on V- x W x V by
J1(u, . v) = /F u(l[ur ) [Row (u, )] [lvr | da, (20)
3
Jalisipe0) = [ hule = or)p(u) vy da (21)
I's
j(“v%”) :jl(u7@vv)+j2(u7@7v)7 (22)
and the mapping j3 : V x W x W — R given by
O O (23)
3

Keeping in mind (hg)-(hg) and (hs3)-(hs), it follows that the integrals in (18)-(23) are well-
defined. Under these notations, the Green formula implies that if (u, o, ¢, D) are sufficiently
regular functions satisfying (1)-(9), then we obtain the variational formulation of Problem (P).
Problem (PV). Find a displacement field u € K and the electric potential ¢ € W such that :
(Se(u),e(v) —e(u))n + (€7Ve,e(v) — e(u)) L2 ()e + J(u, ¢, v) — j(u, @, u)

> (f,v—u)y forallv e K,
(BV@,VE) 12y — (Ee(u), V&) L2()a + Ja(u, 9, &) = (e, §)w for all £ € W. (25)

Now, we are able to state our main result that we will prove in the next section.

(24)

Theorem 3.1. Assume that (hy)-(hs) and (h7)-(hg) hold. Then
1. Problem (PV') has at least one solution (u,p) € K x W.

2. Under assumptions (hg), there exists L* > 0 such that if
Mhl/Lpl/ + Mpl/LhU + MheLpe + Mchhe + ,U* + L,u < L*,

then, Problem (PV') has a unique solution.
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84 Proof of Theorem 3.1

In this section, we assume that assumptions (hi)-(hg) hold. The proof is based on fixed
point arguments, similar to those used in [4,9], but with a different choice of the operators, and
it will be carried out in several steps. First, we consider the product spaces X =V x W and
Y = L*(T'3)? endowed with the following inner products

1=3
(7,9)x = (wo)v + (9, Ow, (@), = Z(m7ai)L2(F3)7 (26)

forall x = (u, ),y = (v,€) € X, n=(n1,m2,13),® = (a1, a2, 03) € Y and associated Euclidean
norms ||.||x and ||.]]y. Let U = K x W be nonempty closed convex subset of X. We define the
operator A : X — X, the function J : X x X — R and the element F' of X by

(Az,y)x = (Fe(u),e(v))u + (E"Vp,e(v)) L2y + (BVe, VE)) L2()a

— (Ee(u), V€ 2(ya, Yz =(u9),y= (v, €X, (27)
(Fy)x = (f,o)v + (g, w, Yy=(v,§€X, (28)
J(@,y) = ji(u, o, v) + jo(u, p,0) + Js(u, 9,8) . Vo= (u,9),y=vEeX. (29

Then, we have the following equivalence result,
Lemma 4.1. The couple x = (u, ) is solution of Problem (PV) if and only if

(Az,y —2)x + J(z,y) — J(z,2) > (F,y —x)x, Vy e U. (30)
Proof. Let x = (u, ) € X a solution of (24)-(25), and y = (v,£) € U. We replace £ in (25) by
& — ¢, add the corresponding inequality to (24), and use (27)-(29) to obtain (30). Conversely,
let x = (u, ) be a solution to the quasivariational inequality (30). For any v € K, we take
y = (v, ) in (30), to obtain (24). Then for any £ € W, we take successively y = (u, p — &) and
y = (u, o+ &) in (30) to obtain (25). This completes the proof of Lemma 4.1.

Next, let 7 = (91,72,73) € Y be given, we define the following closed convex sets of L2(I's) [
Ki={m € Lz(ria); 71 > 0 and HanL2(P3) <k}, Ke={me€ L2(F3) ; ||772||L2(1"3) <k},
Ks={ns € L*T3) 5 |msllzersy < ksl

where constants k1, ke and k3 will be specified later. We also define on X the R-valued functions

Tw) = [ el da for ally = (0.6) € X, (31)

s
7w = [ modaforally = (1,6 € X, (32)

s
Tw) = [ médaforally = (0,9 € . (33)

I's

and the element F of X given by

(F",y)x = (Fy)x — J(y) — JI(y) for all y = (v,€) € X. (34)

Using these notations, we construct the following intermediate problem.
Problem (PV™"). Let n = (n1,m2,m3) € K1 X Ko x K3. Find x,; = (uy,¢y) € U such that

(Azy,y —zp)x + I (y) = T (29) = (F",y — wy)x for ally € U. (35)
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The unique solvability of Problem (PV™) follows from the following lemma.

Lemma 4.2. For any n € K1 X Ko X K3 assumed to be known, we have
1. Under (h1)-(hs) and (hg)-(hg), Problem (PV™") has unique solution x, = (u,,p,) € U.
2. The solution x,) = (uy, pn) of Problem (PV™) depends Lipschitz continuously on 1.

3. There exists a constant ca > 0 such that the solution of Problem (PV™) satisfies
[znlle < ca(IElx + lnlly)- (36)

Proof. 1. We consider two elements z1 = (u1, p1) and z2 = (ug, p2) of X. Using (27), (3), (17)
and (h1), there exists m4 = min(mg, mg) > 0 such that

(Azy — Axg, 1 — x2)x > mallrs — 22 %- (37)

In the same way, using (h1)-(hs3), there exists a constant M4 = 2 max (Mg, Mg, Mg) such that

|Az1 — Azsl|x < Mallzy — z2||x- (38)

Then, by combining (37) and (38), we get that the operator A : X — X is strongly monotone

and Lipschitz continuous. Moreover, it follows from (31) and (26) that the function J7 is

convex and Lipschitz continuous and then J{ is a fortiori lower semicontinuous. From the

definitions (28) and (32) it is easy to see that the function F” defined by (34) is an element of X.

Recalling that U is a closed convex nonempty subset of X, it follows from standard arguments

on variational inequalities that there exists a unique solution x,, = (uy, ¢,) of Problem (PV").
2. Let n' = (ni,nd,nd),n* = (0}, n3,nm3) € Y. It follows from (35) that

(Azy,y —z1)x + J" (y) — J{ (1) > (F™,y — x1)x for all y € U,
(Aza,y — x2)x + J{?(y) — J{?(x2) > (F™,y — x2) x for all y € U.
Taking y = x5 in the first inequality and y = 1 in the second inequality, we obtain
(Azy — Azp, 11 — 22)x

< JM(@2) = (@) + P (21) = PP (22) + I (20— 32) + T (21 — 22)

< [t =) Qe =l e [ = 08) = )
3

I's
+ [ =) (o1 = 2) do
3

<t = nillzrg) llur — wallpzrgye + Ing = 03l L2 (rs)llur — w2l L2 (rg)a

+lnz = n3llz2s) ler = @2ll2(ry)-
Using (37), (15), (17) and (26) we find that
V6 max(co, ¢1)

1 2
— . 39
" ln" —n*lly (39)

From the previous inequality the second part of Lemma 4.2 is proved.

21 — 22l|x <

3. For all n = (n1,m2,m3) € K1 x Ko x K3, we denote by x, = (uy, ) the corresponding
solution of Problem (PV™). Then we have

(Azy,y —ag)x + J{(y) = J{'(2g) > (F",y —2y)x VyeU.
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Taking y = 0 in the above inequality, we obtain
(A y)x + I (g) < (F7, ) x. (40)
As 1 > 0, then J{(z,) > 0. it follows from (40), (37), (26), (16), (17) and (34) that
legllx < ca(IFlx + Inelar) + Insllzars): (41)
and it comes from this inequality that
lznllx < B (1F]x + lInlly),

, which concludes the proof of Lemma 4.2. O

max(1,co,c1)

where ¢y = e

max (1,2 max(cp,c1))
ma

with ¢}, =
In this step, we consider the operator A : Y — Y defined by

An = (u(llugs )| Row (un, o)l ho(on — 0r)pu(tny) s pe(unp)he(ey —¢r)),  (42)
where (uy,, ) is the unique solution of (PV™) corresponding to . Using assumptions (hs)—(hs)
and (h7), we can easily see that operator A is well defined. Next, we will prove that the operator

A has fixed point and to this end, we need the following result:

Lemma 4.3. Let x, be a solution of (PV™"), the mapping n +— x, is weakly continuous on'Y .

Proof. Let (n,) = (M1n, N2n, N3n) be a subsequence of Y converging weakly to n = (11, 12,73).
We denote by ,,, = (uy, ,¢y,) € U the solution of (PV") corresponding to 7,,. Then we have

(Azy,,y = 2q,)x + 7" (y) = J{" (g,) 2 (F™7,y — 2, ) x forall y € U. (43)
Taking y = 0 in inequality (43) and using (31), we deduce
(A, ) x + J7 (2n) < (F", 2) x - (44)

Using J7 (z;,) > 0 and the strong monotonicity of A, it follows from (31), (32) and (26) that
Joallx < e2(1Flx + lally).
Then, we deduce that the sequence (x,,,) is bounded in X. Hence, there exists T = (u,9) € X
and a subsequence, denote again (z,,, ), such that (z,, ) converges weakly to Z, i.e.,
Uy, 0w in V and ¢,, =@ in W.
Since U is closed convex set in a real Hilbert space X, it is weakly closed set and then z € U.
We next prove that Z is a solution of (PV™"). First, we need to prove that
(F"y—ap )x = (Fy —2)x. (45)
Indeed, we have
2 (0 = B) = T3 (0 — )|+ 1T (€ = ) — TP (€ — 0,
< |lnlly (I, = llp2raye + len, — @llzars))-
——

bounded
Since the trace map v, : V — L2(I'3)¢ is compact operator, the weak convergence Uy, — U

in V leads to the strong convergence u,, — @ in L? (I'3)?. Similarly, since the trace map 7o :
W — L?(I'3) is compact, the weak convergence ©n, — ¢ in W implies the strong convergence
¢y, — @ in L?(I's) and hence, we get (45). Now, it follows from (43) that

(Azy,y — 2, )x = (F"y — 2y, )x — (J{"(y) = J{" (@) — (J7"(@) = T (20,,)
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for all y = (v,€) € U and by using (31) and (26), we can see that

[ (@) = " (@ )| < Dl 10 = w22 (0y)a

< mnlly 12 = 2, | 22(rayax 2 rs)-
——

bounded
We recall that (915, J2n, 73n) is said to be weakly convergent to (n1,12,73) in Y if

(Mn,> 1) L2(ry) = (N1501) L2(05)s (N2n, @2) L2(rg) =+ (N2, G2) L2(1y)s (M3ns @3) L2(0y) = (03, 3) L2(Iy)s
for all (ay,as,a3) €Y.
Let y = (v,€) € X and Taking a; = ||v]|, then,

(Mns 1oz D22 s) = (s lorl) 2 rs)-
Using (31), we find

i (y) = / i lor llda = (s o2 1) o) = T ()
3

which prove that the convergence ”.J" (y) — J{(y)” holds.

/ m lorllda = (s, [or ) 2(oay,
I's

Then, we conclude

limsup(Az,, . 2, —y)x < (F,3 —y)x + (1) - J7(@), VyeU. (46)

n—-+o0o

Moreover, we obtain from (46) that

limsup(Ax,,, z,, — T)x
n——+o0o

< limsup{(Azy,, 2y, —y)x + [ Azy, [ x[ly — Zllx}

n—-+oo
S (FLE—y)x + () - (@) + lin sup [Azy, Ix]ly — #[x,
n—+oo

for all y € U. Since ||Az,, || x is bounded, we take y = & in the previous inequality to get

limsup(Axy,,, z,, —Z)x < 0. Using the pseudomonocity of the operator A, we deduce
n—-+00

(AZ,z —y)x < liminf(Ax,, ,x,, —y)xforall y € U. (47)

n——4oo

Combining now (43), (45) and (47), we deduce
{ zeU (48)
(AZ,y —2)x + J{(y) = /(@) > (F"y = T)x, Yy = (v,§) €U.
From (48), we find that ¥ is a solution of Problem (PV") and from the uniqueness of the
solution of the variational inequality (48), we obtain Z = z,. Since z,, is the unique weak limit
of any subsequence of (z,, ), we get that the whole sequence (z,,,) is weakly convergent to z,

in X and that ensures the weak continuous of the mapping 1 — z, from Y to X. O
Lemma 4.4. A is an operator of K = K1 x Ko x K3 into itself and has at least one fized point.

Proof. Let be n = (n1,12,n3) € K =K1 x K2 x K3. Then, we have

Imllzrs) < ks lm2llzzersy < k2 and ([nsllpery) < ks,
which implies that ||n]ly < ki + k2 + k3. From (42), it follows that

Ay < [lpClugr DI Row (wns o)l 2wa) + [1Pw(0n = @r)pw (W)l L2(rs)
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+ pe(un)he (@ = @)l L2rs)-
Moreover, from assumptions (hs) and (h4), we obtain
1w (n = r)pu (gl L2(ry) < Mpy Mp,meas(I'3)
Hpe(UW)he(%On - ‘PF)HL2(F3) < MheMpemeas(FB)

=g

= ko, (49)
— ks.

-

For all u, € K, ¢, € W satisfying (1), (4), (5) and (hg), the element o, (uy,p,) of Hp? is
defined, for all v € V' with v, = 0 on I's, as follows (see [2,7]),

(o (un, ) vu)p, = (Fe(uy) + EVey, e(0)n — (f,v)v- (51)
Using (12), (51) and the trace theorem (see [11]), there exists ¢y > 0 such that
<Uu(un7 @n)avu>

T
= sup Tol 2 > < cr(lluglly + legllw +I1flv). (52)
v HFES

w1 = s
vEHR,
Moreover, it follows from (hs), (hr), (36), (52) and (41) that
(s D[ Ro (s o)l 2(ry) < pemeas(Ts) 2 erer (V2|zy[lx + [ fllv)
< p*meas(Ts)? crer [e2V2(|Imal cary) + Insllzoea) + [ Fllx) + [ £llv]
< w*meas(I's)? crer [62\@(162 + ks + | Fllx) + I fllv] = k. (53)
Combining (53), (49) and (50), we get
IAM)[ly < k1 + k2 + k3.
Hence, A is an operator from K = K1 x Ko X K3 into itself. Note that K is a nonempty convex
and closed subset of the reflexive space Y. Then, K is weakly compact. Using the proprieties of
De, he, ty hy, p, and R, we can deduce that A is weakly continuous and then, by the Schauder

fixed point theorem, the operator A has at least one fixed point. O

In the last step, we have all the ingredients to provide the proof of Theorem (3.1). For
the existence part, let n* be the fixed point of A. We denote by z* = (u*, ¢*), the solution of
Problem (PV™) for n = n*. The definition of A and (PV™") imply that 2* is a solution of (PV)
and that leads to the existence part of Theorem (3.1). For the uniqueness part, let z; = (ul, ¢!)
and xy = (u?, ¢?) denote two solutions of Problem (PV). It comes from (30) that

(Azy,y —x1)x + J(21,9) — J(21,21) > (F,y —21)x for all y € U,

(Azo,y — x2)x + J(22,y) — J(22,22) > (Fly — 22)x for all y € U.
Taking y = x2 in the first inequality, y = x1 in the second, we add obtained inequalities to get

(Azy — Az, 20 — 21)x < J(z1,22) — J(21,21) + J(22,21) — J(22, 22). (54)
By using (29), we obtain
(Azy — Azg, 20 — x1)x < G1 + Ga + G, (55)
where
G1 = ji(ur, o1, u2) — j1(us, o1, ur) + ji(uz, p2,u1) — ji(ug, g2, u2),
G2 = ja(u1, p1,u2) — jo(ur, o1, u1) + Ja(uz, @2, u1) — J2(u2, 92, u2),
Gz = ja(u1, 1, p2) — Ja(ur, o1, 1) + Ja(uz, 2, 01) — ja(uz, p2, 2).
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From (20), we deduce
G =/F plllurr {1 Row (ur, 1) = [Row (uz,s 2) |} (lurr || = [luar]) da
3

[ VB G o) ) = iz D) el = ) (56)
Using (hs), (he)(c), (15) and (26), we obtain, after some algebraic manipulations that
G1 < pwierer (1 — w2llw + llur — uzllv) lur — uz|[L2(r,)
+ [Row (uz, 02) |l oo (rg) Lyullur — uallpzrg)allur — uall L2 (ry)a
< {2u*crerco + Luch||Roy (us, 92) || oo (rg) } 21 — 2215 (57)
Next, it follows from (21) that

G — / ho(01 — o) {Pouny) — po ()} (1 — uz) da
I's

+ [ Dl helor = or) = hulea = or)} (i1, = ) do. (5%)
Keeping in mind (h3)—(h43 and (he)(b), it follows from (15), (17) and (26) that
G2 < Mpy Lyy|lur — ual|p2(ry)allur — uallL2(ry)a
+ Mpy Lnollo1 — p2llp2(rs) lur — vzl p2(ry)e
< My Ly c§ + My, Lpycocr } oy — 22| (59)
Moreover, it follows from (23) that

Gy = / pe(un){he(r — 9) — helps — r)} (91 — 92) da

+ [ heter = e petun) ~ puluz)} (o1 ~ p) da (60)
Is
Recalling (hs)-(h4) and (he)(a), it comes from (15), (17) and (26) that
G3 < MpeLpel|lur — uallp2(rgyeller — w2llz2(rs)
+ MpeLnellpr — @22y lle1 — w22 rs)
< {MpeLpecico + MpeLpeci} |1 — m2|%- (61)
Combining (54)-(61), (53) and using (37), then there exists a constant M; > 0, such that
M *
lz1 — 172”%( < mii{ﬂ + Ly + Mpy Lpy + Mpy Ly + MpeLpe + MpeLhe}Hxl - 932”%(
Let L* = 772, then if we have
J
,u* + L,u + MhuLpu + MpuLhu + MheLpe + MpeLhe < L*,

we get 1 = Xo.

85 Numerical approximation

Now, we introduce a finite element approximation of (PV) and we derive, under some reg-
ularity assumptions, an optimal error estimate. Let h > 0 be a discretization parameter, we

consider the following finite-dimensional spaces V" and W approximating V' and W, respec-
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tively, given

vh =" e C(@), v‘hTT eP(Tr), Tre v"=0onT1} CV,

wWh = {o" e ), ga‘hTr eP(Tr), Tret, " =00onT,} CcW,
where ) is assumed to be a polygonal domain, 7 denotes a regular family of triangular finite
element partitions of Q, and P; (T'r) represents the space of polynomials of global degree less or
equal to one in an element T'r of the triangulation. We consider the nonempty finite-dimensional

closed convex sets of admissible displacements with V", defined by
Kh=Knvh={w"h eV v <0o0nTs}.
Then, we introduce the following finite element approximation of Problem (PV).
Problem (PV"). Find a displacement u" € K" and the electric potential o" € W' such that

(Fe(u), e(v") = e(u)p + (E°Ve", e (") = e(u")) p2(ya + j(u", ", 0")
—j(u " ") > (f0" —ut)y, Vot e K (62)

(BV", VE) L2 (s — (Ee(u"), VE) oy + s (u”, ", €") = (4, €"w, VEM € W (63)
The unique solvability of the Problem (PV") follows from arguments similar to those used
in the proof of Theorem 3.1. Our main purpose here is to estimate the numerical errors u — u”
and ¢ — @". Therefore, for the sake of simplicity, everywhere in the sequel C' will denote a
positive constant which may depend on the data but independent of h and whose value may

change from place to place. Moreover, we derive the following error estimate result.
Theorem 5.1. Assume the conditions of Theorem 3.1 hold. Let (u, ) and (u", ") denote the

solutions of (PV') and (PV"), respectively. We have the following error estimate :

lu—=u™ 1+l ="} < C {llu— 0"} +llu—v"ll2ya +llo =€ Fy + llo = "l L2y}, (64)
for all (v &M € K" x W, where C is linearly depending on ||ully and ||¢||w -
Proof. Let UM = K" x Wh c U. Using Lemma 4.1, it is easy to see that 2" = (u”,©") is a
solution of Problem (PV") if and only if

(A", y" — ") x + J (2", y") = J (2", 2") > (F,y" — ") x for all y* € U™ (65)
We take y = 2" in (30) and we combine the obtained inequality with (65) to get
(Az — Azh x — 2")x < (Az" y" — 2)x + (F,x —y")x + G for all y" € U", (66)

where
G =J("y") — J(a", 2") + J(x,2") — J(z,2)
= (") — J(,2)} + () — S ) + I (@) — Iy}
+{J(@", x) — J(" ™) + T(x,2") — J(z, )}
Using (37), (29) and the above inequality, we obtain
mallz — 2% < S1 4+ S+ S3+ Su, (67)
where

Sl = (Aifh»yh _x)X + (F,.’E _yh)Xa
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‘52 = jl(u7907vh) 7‘7‘1(”7@3“) +.].2(7“L7907vh) 7‘7‘2(”7@3“)
+j3(ua vafh) - j3(u7 2 80)7

83 = jl(uh7(phzvh) _.jl(uha(phau) +j1(u,<p,u) _jl(ua<pvvh)
+j2(uh7(phavh) 7j2(uh,30hau) +j2(ua§07u) 7j2(ua903vh)
+j3(uh7§0h7§h) _j3(uh7(ph7(p) +]3(U,<P7(P) _j3(u7(p790h)7

84 = jl(uh750h,u) 7j1(uh7(ph7uh) +j1(ua§07uh) 7j1(u7907u)

+ g2 (u o u) = Ga(ul, @)+ o (u, 0, 1) = Ga(u, o, )
+Ja(u”, @ ) = ja(u”, " O") + Galu, 0, ") = Ga(u, ¢, ).
Now, by using property (38) of the operator A, we have
Sy = (Az" — Az y" —2)x + (Az,y" —2)x + (F,z —y")x
< Malla" — | xlly" =zl x + Mallz|x|ly" = zlx + | Flx]z - y"[x. (68)
From (20)-(23) and (hs)-(h7) we obtain

S = /F il D) IRow (s )] (fe] = fuel) da+ /F ule = rlpom) (v — )

+ [ (o - pr) (€ - ) da (69)
s
* 1
< 1| Ry (u, @) || Lo (rgy meas(Ts) 2 0" — ull p2(py)a
+ My, My, meas(Ts) % [[v" — ul| 2(rya + Mpe Myemeas(Ts) 2 [|€" = @] 2(r).
We proceed now estimate Ss. First, we use (20) to see that
jl(uh7 @hv Uh) - jl(uh; Sﬁh, u) + jl(ua ©s u) - jl(u7 ¥, Uh)

= | Ry (u, @) [{nlu 1) = n(llur D} {07l = llur |} da

+ /Fs pllu D Row (u”, ") = [Ro (u, ") [} {Ilv7 ]| = [lu- [ }da.
Recalling (hs), (he)(c) and (h7), it comes from (15), (16) and (26) that
(s o) = gl @ w) + i (us ) = ga(u 0, 0")
< C{u" + Lyl Roy (u, @) = o Mo — 2" x [l = 4" |- (70)
After easy algebraic manipulations, using (hs),(h4),(he)(a)(b), (15),(16), and (26) we get
J2(u", Q" 0") = ja(u, o ) + Ga(u, 0, u) = ja(u, 0, 0")
< C{Mn, Ly, + My, Ly, }w = 2"||x]lz — 5" x- (71)

Similarly, from (23) and using the assumptions on p. and h,, we have
j3(uh7 Sﬁha gh)ij?)(uha Qpha QD) + j3(ua ®, 90) - j3(ua P, (ph)
< C{My, L, + My Ly Yz — 2" x|z — y" || x. (72)
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Then, we combine (70), (71) and (72) to obtain
Sz < C{u" + Lyl Roy (u, 0)l Lo~ (rs) + M, Ly,
+ My, Ly, + My, Ly, + My, Ly, Yo —a"||x |z — y" | x. (73)
Proceeding in a similar way, we can obtain the following inequality
Sy < C{u" + Lyl|Row (u, @) || Loe (1) + Mh, Ly,
+ My, Ly, + My Ly, + My, Ly, }Ho —2"| % (74)
Finally, by introducing (68)-(79) into (67) and applying Young’s inequality ab < na? + ﬁbQ for
a=|x—2"||x, b=z —y"||x and n > 0, we get after some simplifications that
lz = a"|% < C{llz = "% + 0" = ullL2qrye + 1€" = ellz@y}, Vy" € U
Then, the previous inequality combined with (26) leads to (64). O

We notice that the above error estimate is the basis of the convergence order analysis. Moreover,

we assume the following additional regularity conditions

ue H* (), wr, € H*(T'3)%, ¢ € H*(Q), o, € H*(I'3). (75)
Let II"u € V" and II"¢ € W" be the piecewise linear interpolant of v and ¢, respectively. The
standard finite element interpolation theory yields (see [6,p. 133] and [19, p. 54] for details)

lu = Tully < ehlulm@ye, Il —Tollw < chlelrz@),
lu = Tul| p2rgye < ¢ B? fulpzayas e = 0l L2,y < ¢ B2 |o|u2(ry)-
We state the following result which is a direct consequence of (64).
Theorem 5.2. Assume the conditions of Theorem 3.1 hold. Let (u,¢) and (u", ") denote
the solutions of Problem PV and PV, respectively. Under the regularity assumptions (75), we
have the optimal order error estimate
lu—u"llv + o = ¢"lw < Ch.

The previous theorem states that, under the regularity conditions (75), the convergence order
for the numerical solution is optimal. Furthermore, if the regularity conditions are different,

the error estimate need to be changed accordingly, but it follows easily from (64).

86 Iteration Method

In this section, we propose an iterative solution scheme for the finite element system (62)-
(63) which is based on the method of successive approximations by a fixed-point iteration
method. This follows from a discrete analog of the proof of Theorem 3.1. Given an initial guess
(ul, k), we define the sequence (ul, ") € K" x W" as follows:

(Fe(upir) e(0") = e(upin))m + (E7Veh1,6(0") = e(ugs 1)) 20

+j(uz,g0f“vh) *j(uszzanLH) Z (fa Uh - U?L-‘rl)v for all vh € Kh7 (76)

(6V@'Z+17 vEh)LQ(Q)"l - (55(UZ+1)7 Vgh)L2(Q)d + j3(u2v <)0:l17 fh)
= (ge, &)y for all " € W, (77)
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The following theorem gives the convergence analysis of the iterative method given by (76)-(77).
Theorem 6.1. Under the assumptions of Theorem 3.1 and the same value of L*, the iteration

method defined by (76)-(77) converges, i.c.,

ul —u|lv =0, |of =" |lw =0 as n — +oc.

Proof. Using Lemma 4.1, we see that 2" = (u’, ") is the solution of the problem (76)-(77) if
(Azpir,y" = 2n)x + (@, y") = T, 2hin) = (Fy" —any)x forally” € UM (78)
Taking y" = 2! |, in (65), y" = z" in (78) and adding the two obtained inequalities to get
(Az" — Awy g o = ) x < (@ 2l yq) = J(@2h) + Iy, 2) = T(ag, 2 ).
Then, as done in the proof of Theorem 3.1, we obtain, after some manipulations, that
J@h af ) = I ("2 + T (e, 2") = (@, 2 )
< My{p*+ Ly + My Lpy + My, L, (79)
+ MpeLpe + MyeLpe }l|lz" — 2| x 2" — 2541 x-

Thus, we have
/”'* + Lu + Mhl/Lpl/ + Mpl/LhV + MheLpe + MpeLhe

la" = ap 1 llx < T la" — 2| x
Under the stated assumptions, we have k = ”*+L“+Mh"L””+Mp2€h“+MheL”e+M”eLh'e < 1. Then
2zt — 2"y < ck™. (80)

Finally, the following convergence result hold,

zf — ™|l — 0 as n — +oo.
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