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Equivalence between the internal observability and
exponential decay for the Moore-Gibson-Thompson

equation

LIU Wen-jun TU Zhi-yu

Abstract. This paper is concerned with a third order in time linear Moore-Gibson-Thompson
equation which describes the acoustic velocity potential in ultrasound wave program. Influenced
by the work of Kaltenbacher, Lasiecka and Marchand (Control Cybernet. 2011, 40: 971-988), we
establish an observability inequality of the conservative problem, and then discuss the equiva-
lence between the exponential stabilization of a dissipative system and the internal observational

inequality of the corresponding conservative system.

81 Introduction

The Moore-Gibson-Thompson (MGT) equation is known as the linearization of the Jordan-
Moore-Gibson-Thompson equation, which is driven by a wide range of applications such as the
medical and industrial use of high-intensity ultrasound in lithotripsy, thermotherapy, ultrasound
cleaning and sonochemistry. The original derivation dates back to Jordan [10], Stokes [25],
Moore and Gibson [18] and Thompson [27]. We refer to Lasiecka et al. [1,3,12-14] for a helpful
background on the subject and a deep list of references for the physical motivations of MGT
models.

Let (H,(-,-),]| - ||) be a real Hilbert space and let A be a strictly positive self-adjoint linear
operator on H with a dense domain D(A) C H. We consider the following abstract MGT
equation

Tug + qugg + Au + bAuy = 0, (1.1)
with the initial conditions
w(0) = ug, u(0) = w1, up(0) = ug, (1.2)
where 7, «, ¢, b are strictly positive physical parameters inherited from modeling process, func-
tions ug, w1 and us are prescribed data.
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In 2011, Kaltenbacher, Lasiecka and Marchand [11] first discussed MGT equation (1.1).
Setting the parameter v := o — CZTT > 0 and defining the energies

2 2
Bot) = Sl + 5 AR
9 2 2 2 2
T c b 1 c ¢
E(t) = 5 Ut + 3%5 + B H.Aé (Ut + b“) + %’YHUtHQ’

they showed that when v > 0, problem (1.1)-(1.2) is well-posed and the total energy £ = E+E,
is exponentially stable; while when v = 0, E(u, ut, uy; t) is conserved. After this seminal work,
an increasing interest has been developed to study the MGT equation [2,4,5,14-17,22] or other
related equations [6-8,19-21].

In 2016, Lasiecka and Wang [13, Section 2| gave a slightly different proof of the above

exponential stable result. For % < k < 2, they defined the energy of problem (1.1)-(1.2) as
2

b .2 2
E(t) :g e + kg ||® + = HA2 (ut + Cu>

kT s« i 2 bc2 2 (1.3)
ST ()l + 5 (6= 5 ) 4t
and showed that ) )
E(t) ~ F(t) := \|utt||2+HA%utH +HA%uH , (1.4)

where F'(t) is the norm generated by phase space H which will be defined in Section 2. Conse-
quently, we can get from [11,13] that
E(t) ~ F(t) ~ E()
and there exist w > 0, M > 0 such that &(u, us, usy; t) satisfies, for all ¢ > 0,
E(t) < Me “"£(0). (1.5)
Motivated by the stabilization of problem (1.1)-(1.2) and some pioneer works of Haraux [9],
Tebou [26] and Ramos et al. [23,24], we are interested in considering an internal observability
inequality and establishing the equivalence between exponential stabilization and observability
of MGT equation. Although the model discussed in this paper is the Moore-Gibson-Thompson
equation, we believe that this method can be extended to other models with appropriate mod-
ifications.
The plan of this paper is as follows. In the next section, we recall some basic assumptions
and state our main result Theorem 2.1. In Section 3, we prove the inequality of observability
by the multiplier method. The proof of our main result is established in Section 4.

82 Preliminary and main result

In this section, we shall present some assumptions and state the main result of the problem
on a phase space H which will be defined below. Throughout this paper, we use C' to denote
generic positive constants, the values of which may change from one line to the next, unless we
give a special declaration. To the solution trajectory, we define the phase space

HzD(A%) xD(A%) x H.

In order to study problem (1.1)-(1.2), we make the following assumptions:
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(A1) The parameters in the equation satisfy
2«
~ <z
b — T
(A2) There exists A\g > 0 such that
lw|[? < Aol AZw|?, ¥ w e H.

If < C < 2, we can pick up a constant k such that % S <k < 2 and set the energy of problem

(11)-(1.2) as

T b c? ?
gu(t) :* Hutt + kUt||2 —|— - HAé (Ut + U)
b
" (2.1)
AT (% 2, ¢ (%
3 (T k) el + 2 < b)HAW’ ’
which satisfies 4 ) ,
@ c
SEul) = —r (; - k) ]| — b (k - b) ‘ Abu, (2.2)
Inspired by Ramos et al. [23], we consider the following conservative problem
2
TVt + %ﬂ}tt + A Av + bAv, =0, (2.3)
with the initial conditions
v(0) = vg, v:(0) = v1, v1(0) = va, (2.4)
when % = 2. In this case, the energy of conservative problem is given by
T 2 I b 1 c? 2
5v(t) = 5 Vet + 3’Ut + 5 ’AZ ('Ut + b'U> s (25)
which satisfies the conservative law d
a&,(t) =0. (2.6)
Now we consider z(z,t) = u(z,t) — v(x,t), where z(z,t) is the solution of the auxiliary
problem
c? c?
T2t + (a — bT) Ut + ?TZ“ + CQ.AZ + b.AZt = 0, (27)
with the initial conditions
) 2(0) = Zt(O) = ztt(O) = 07 (28)
for the case §- < £. It is easy to see that the energy associated with system (2.7)-(2.8) is in
the form of
T 2 7 b 1 c? 2
gz(t) 25 2t + ?Zt + 5 HA2 (Zt + bz) s (29)

which gives

d AT c?
agz(t) = — <O& — b) (Utta 24t + bzt) . (210)

Our main result reads as follows.

Theorem 2.1. (Equivalence between stabilization and observability). The following estimates
are equivalent.

(i) Suppose that % = 2. There exist C(T) > 0 and T > Ty such that for all (vo,v1,v2) € H,
we have

£,(0) < C(T) /OT (Hvtt(t)”? + HA%WHQ) at. (2.11)
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(ii) Suppose that % < 2. There exist M > 0 and w > 0 such that for all (ug,u1,u2) € H,

=
we have

Eu(t) < Me™“'&,(0), Vt>0. (2.12)

§3 Internal observability

In this section, we will prove the inequality of internal observability of system (2.3)-(2.4) by
using the multiplier method.

Theorem 3.1. Suppose that % = 2 and let (vo,v1,v2) € H. Then for all T > 301, there exists
C(T) > 0 such that the following estimate holds true

£,(0) < O(T) /OT <||vtt(t)|2 + HA%vt(t)HQ> dt, (3.1)

2 4
o1 = max{c THE3CT Mo, 2’\°g+b} and o9 = max{T b+ % T’\O}.

where C(T') = T 57)

Proof. Multiplying (2.3) by %v and integrating by parts on (0,7") x H, we have
c? cAr r

< [T(vtt,v) gl + 5 (vt’v)]o

+/0 (b Hsz H2+b<Aévt(t),C;A%v(t))>dt

4 T
c*r
e A O
then we rewrite this equality as
c? T

= {T(vtt,v) + %(vt,v) - (; bT> o2 — & HszH K
+ /OT <7 2 +bHA5 (w(t) + C;v(t)> 2) dt (3.2)
:/OT <T on(®)] + b HA%ut(t)\f 4 (C;T n C;T) ||Ut(t)|2> dt.

From (3.2), we can get
2

v (t) + %w)

2

b+ 2¢2 20 a2t T
2 w0 + S0 - T 2 - 5[4 +2/ E,(t)dt
b b 2b 2 o o

/T (Tvtt( I +bHA2Ut t)H2 2b2 |'Ut()|2> e
0

+
For the first term in the left-hand side of (3.3), we apply Young’b inequality and (A2) to get
c? 27 b+ 2¢21
D L

(3.3)

c
- T(Uttv ) (’Uh
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c T L2
<3 [202 ol + STl + ST ol + S ol + D2 2 4 [t ]
Arb 9 Tb+3c7' o1l + 2)\OCT+02b
S? [2CQ||Utt|| o AollAZve[” + H H } (34)
T b b+ 3ctr 1 12 2N T+b
i S B
then 1t is easy to see that
2 AT b+ 2¢2T 2 112
7 7(vet,v) + T(Ut;?)) - Tllth2 —5 HAév ’ ‘
2rb + 3¢ 2\ b
§3max{1,c T ;; “T o, 02* }&,(t) (3.5)
2rb + 3¢ 2 b
:3max{c T 2;) < T)\o, 071;+ }Sv(t).
Noting that &,(t) = &,(0), we arrive at
2 2 b+2
2 e+ S -T2 S a2 -enco, 00

with o7 = max { 0271’523047)\0, s } If we now combine (3.3) and (3.6), then we obtain

21— 3) ,0) < | ' (Fleatol + (b+c o) atuo Va6

Thus, it is easy to show that

£u0) < 52 [ (et + [ atuo ) (33

4
where ngmax{r,bJr %} O

84 Proof of Theorem 2.1

In this section, we will prove an equivalence between the stabilization of system (1.1)-
(1.2) and the observability of the corresponding conservative system. The proof is based on
appropriate decomposition of the solution and the energy method.

Proof of Theorem 2.1. (i) = (i1). Noting that u = v + z, (ug,u1,u2) = (vo,v1,v2) and z(0) =
zt(0) = z4(0) = 0, we obtain

E.(t) = — (a - CZT) /0 t <utt<s), 2u(s) + fa(s)) ds
A [nutxsw n
(«-) [ l|“tt(8)||2 +

vee(8) + %vt(s)
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2] ds
(4.1)
0

4b2+3>\ 4 2 t N 2
A (0 S [ (o + Ao )
0

where we have used (2.10), Young’s inequality and (A2). Applying Gronwall’s lemma to (4.1),
we have, for all 0 <t < Ty,

£.(t) < My exp <2 (a _ CQ;) TO) /OTO <||utt(s)||2 + HAéut@)HQ) ds, (4.2)

-
where My = %}%AO& (a— CZTT) From (2.1), (2.5), (2.11) and (4.2), we arrive at, for some
positive constant C,

£.(0) < (1 + if) £,(0)
< (1 + if) () /OTO (||vtt(t)||2 4 HA%%@)HQ> dt

<9 (1 n l;’j) o(T) /OT° (|utt(t)|2 + HA%ut(t)HQ + 2] + HA%zt(t)]f) dt

<a | ! (Il + [t unco]|) ar

where we have used the fact that v = u — z together with Young’s inequality.
On the other hand, from (2.2) we have

(%K) /0T° e (£)]*dt + b (’“ - Czj) /OTO

=£,(0) — Eu(Th).
Then there exists some positive constant Cy such that
To ) 2
/ (||utt(t)||2 + [[Adw) ) dt < Oy (£4(0) = Eu(Th)) - (44)
0
Combining (4.3) and (4.4), we get that
Eu(To) < Eu(0) < C105 (E4(0) — Eu(Th)) - (4.5)

(4.3)

L 2
Afut(t)H at

Thereafter

C1Cs
Eu(Th) < ————E4(0).
(Th) < g5 ul0)

Then as in [28], we can get the decay result.

(i1) = (i). In view of (2.2) and (ii), we get, for Ty > T* = In 2M% 53 =1 4 2%

w

Eu(T1) =E,(0) — 7 (% - k) /OTI e (£)]| 2t

)

N 2
Afut(t)H dt
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and

Eu(T1) < ——£,(0) <

1
- 20’3 551)(0)

Consequently, we can arrive at

Ty 2 T
<or (% - k) / e (£)]|2dt + 2b (k - Cb> /
0 0

2
A%ut(t)H dt

(4.6)
T N 2
<2(a— 7k + bk — ?) / <||utt(t)||2 + HAEut(t)H ) dt.
0
Let us apply u = v + z to (4.6), which we rewrite as
T 1 2
£,(0) <2 (o — 7k + bk — ¢2) / <|vtt(t)||2 + Hszt(t)H ) at

0 (4.7)

+2 (o — 7k + bk — ¢?) /OT1 <||ztt(t)||2 + HA%zt(t)Hz) dt.

As in the previous computations in (4.1), we can deduce that

2T t 2 2 2 2
E.(t) < (a - b) /0 [utt(s)n2 + % z11(8) + 32[»(5) + % vee(8) + zvt(s) ] ds
2, t c? 2
< (a - Cb) /0 [2”2”(3)”2 + % 2u(s) + Sals)| [ ds

2 ) / [3””* I + 5 s >|2} as
Sg (a - Cj:) /Ot E.(s)ds
# 220 (- €0 [ (oo + A2 s,

then we can finally get

£.(t) < My exp (i ( ¢ >T1> /OTI (||vtt(s)||2 + HAéut(s)\f) ds, (4.8)

where M7 = M (a - ) Combining (4.7) and (4.8) leads to the inequality

a0 <0 [ (ltl + 43| ) o

where Cj3 is a positive constant that depends on 77 and the physical parameters of our problem.

+
/N
Q
I

Q
=

This completes the proof. O
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