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On entire solutions of some Fermat type

differential-difference equations

LONG Jian-ren QIN Da-zhuan

Abstract. On one hand, we study the existence of transcendental entire solutions with finite
order of the Fermat type difference equations. On the other hand, we also investigate the
existence and growth of solutions of nonlinear differential-difference equations. These results

extend and improve some previous in [5,14].

81 Introduction

It is well-known that the growth of solutions of complex differential equations is an important
topic in complex analysis theory, many results can be found in [11], in which Nevanlinna theory
is an effective research tool. The growth of solutions of complex difference equations and
differential-difference equations is a very interesting topic to which many related results have
been obtained, see [2,3,10,15,17] and the references therein. This paper is devoted to considering
the properties of solutions of complex difference equations and differential-difference equations.
Nevanlinna theory will play an important role in this paper, we assume that the readers are
familiar with standard notation and fundamental results of Nevanlinna theory, see [9,11] for
more details. Let f be a meromorphic function in the complex plane, we use p(f) to denote
the order of growth of f.

The following equation

)" +g(2)" =1 (1)
can be regarded as the Fermat diophantine equations ™ + y™ = 1 over function fields, where n
is a positive integer. Gross [6] obtained that (1) has no transcendental meromorphic solutions
when n > 4. Montel [16] proved that (1) has no transcendental entire solutions when n > 3.
If n = 2, Gross [6,7] obtained that (1) has the entire solutions f(z) = sin(h(z)) and g(z) =
cos(h(z)), where h(z) is an entire function; no other entire function solutions exist. The other
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. . 2 1-6(2)?
non-constant meromorphic solutions of (1) can be stated as f(z) = % and g(z) = %
for n = 2, where ((z) is a non-constant meromorphic function. Since then many researchers
have obtained further results on Fermat type difference and differential-difference equations.
For the case of n # m, Yang [21] investigated the generalization of the Fermat type functional

equation (1) as the following equation

f(2)"+g(z)" =1, (2)
and proved that if m and n satisfy - + 1 < 1, then the equation (2) has no non-constant
entire solutions. From which the cases of m > 2 and n > 2 are clear. Motivated by the above,
many authors considered equations such that g(z) has a special relationship, such as derivative
f'(2), shift f(z+c) or g-difference f(gz), with f(z) in (2) when m = n = 2, called Fermat type
equations, for example see [14,18,19,23] and the references therein.

Yang and Li [23, Theorem 1] considered the entire solutions of the equation

F)?+ f(2)? =1, (3)
and obtained that the transcendental meromorphic solutions of (3) must have the form f(z) =
%(pe_iz—i— pe'?), where p is a constant. Furthermore, Tang and Liao [19, Theorem 1] investigated

the entire solutions of a generalization of (3) as the following equation

f(2)? + P(2)* P (2)* = Q(2), (4)
where P(z) and Q(z) are non-zero polynomials. They showed that if f(z) is a transcendental
meromorphic solution of (4), then P(z) = A(constant), Q(z) = B(constant), k = 2n + 1
for some nonnegative integer n and f(z) = bcos(az + ¢), where a, b, ¢ are constants such that
Aa* = £1, b¥* = B. Since the difference analogue of logarithmic derivative lemma [2,10] is
valid for finite order meromorphic functions, the finite order solutions of difference equations
can always be considered. Liu [12, Proposition 5.1] considered the finite order entire solutions

of the difference equation

FP+fE+e? =1, (5)
and proved that the transcendental entire solutions with finite order of (5) must satisfy f(z) =
sin(Az + B), where B is a constant, A = W, k is an integer, and c is a non-zero constant.
If f(z2 4 ¢) is replaced by f(z +¢) — f(z) in (5), then the following equation

@ +1fE+o - fR) =1 (6)

has no transcendental entire solutions with finite order, see [12, Proposition 5.3].
This paper is organized as follows. In Section 2, some results are shown for Fermat type
difference equations, the proofs of these results are given in Section 3. Some results are shown
for Fermat type differential-difference equations in Section 4, and the proofs of these results are

given in Section 5 and Section 6 respectively.

82 Fermat Type Difference Equations

Concerning the properties of solutions of Fermat type difference equations, many results
have been obtained by different researchers. Liu considered the entire solutions of (7) and (8)
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below, which are generalizations of (5), and obtained the following two results.

Theorem 2.1. [14, Theorem2.1] Let P(z) and Q(z) be two non-zero polynomials. If the

difference equation

F)?+P(2)*f(z+c)* = Q(2) (7)
admits a transcendental entire solution of finite order, then P(z) = £1 and Q(z) reduces to a
constant q. Thus f(z) = \/qsin(Az + B), where B is a constant, A = W, k is an integer.

Theorem 2.2. [14, Theorem2.3] There is no transcendental entire solution with finite order

of the equation
F(2)? + P(2)2(Lcf(2)? = Q(2), (8)
where A f(z) = f(z+¢) — f(2), P(z) and Q(z) are two non-zero polynomials.

According to Theorems 2.1 and 2.2, it is natural to ask: what happens on the growth of
solutions of differential equations when P(z) and Q(z) are replaced by transcendental entire
functions in (7) and (8) respectively. Here, we consider the question, and obtain the follow-
ing result, in which the coefficient P(z) is replaced by a(z)e’ (), improving the result of the
Theorem 2.1.

Theorem 2.3. Let P(z) be non-constant polynomial, and o(z) and Q(z) be non-zero polyno-

mials. Then the difference equation
J(22 + a2 () [z 4+ 0 = Q(2) (9)

do not have the transcendental entire solution with finite order.

We have the following result when the Q(z) is replaced by Q(z)e** in (9) too, where ) is a
non-zero constant. Here, we consider the case Q(z) = a(z) = 1.

Theorem 2.4. Let P(z) = anz™ + -+ + a1z + ag, an # 0 and |an| # |A\1 — A2|. Then the

difference equation

22+ (D) f(z+ o) = (10)
has no transcendental entire solution with finite order, where \ is a non-zero constant satisfying
A= A1+ A2, A1 and Ao are two constants.

Related Theorem 2.2, we have the following result.

Theorem 2.5. Let P(z) and Q(z) be two non-constant polynomials, and «(z) be non-zero

polynomial. Then the following equation
(22 + a2 ("N (B0 (2)* = Q) (11)

has no transcendental entire solution with finite order, where A f(z) = f(z 4+ ¢) — f(2).

83 Proofs of Theorems 2.3-2.5

We start the proof from the following two lemmas.
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Lemma 3.1. [24, Theorem 1.62] Let f; (j =1,2,...,n) be meromorphic functions, fi, (k

=1,2,...,n— 1) be not constants, satisfying Z fi=1andn>3. If fo(2) #0 and
j=1

n 1 n B
ZN (r, ) +(n-1) ZN(T‘, i) < X+o()T(r, fr),
j=1 fi j=1
where A(< 1) is positive constant and k =1,2,...,n—1, then f,(z) = 1.

Lemma 3.2. [24, Theorem 1.51] Let f;(j =1,2,...,n,n > 2) be meromorphic functions, and
g; (1 =1,2,...,n) be entire functions. If f; and g; satisfy the following conditions,

n

(i) D fi(=)en =0,
j=1
(ii) gj(2) — gk (%) is not a constant, 1 < j <k <mn,

(iii) T(r, f;) = o(T(r,e9~9)), r - 00, reE, 1 < j<n, 1< h<k<n, where E C (1,00) is
of finite linear measure or finite logarithmic measure, then f;j(z) =0, j=1,2,...,n.

Proof of Theorem 2.3. Suppose on the contrary to the assertion that there exists a tran-
scendental entire solution f of (9) with finite order. We aim for a contradiction. Then we can
rewrite (9) with the form
[f(2) +ic(2)e" P f(z + )][f(2) —iel2)e" D f(z + ¢)] = Q(2). (12)
Thus, f(2)+ia(z)e?’?) f(z+c) and f(z)—ia(z)eP ) f(z+4-c) have finitely many zeros. Combining
(12) with the Hadamard factorization theorem, we assume that
f(2) +ia(2)e" @ f(z 4 ¢) = Qi(2)e" ) (13)
and
f(2) —ia(2)eP@ f(z + ¢) = Qa(z)e T, (14)
where P;(z) is a non-constant polynomial and Q1(2)Q2(2) = Q(z), Q1(z) and Q2(z) are non-
zero polynomials. It follows from (13) and (14) that
~ Qi(2)el®) + Qy(2)e N

£(2) y (15)
and
_ Qu(»)eM) — @a(z)e M)
flz+¢) = Bia(2)el . (16)
Combining (15) with (16), we get
_ Qi(z+0)e ) 4 Qy(z + c)e T1=H9)
flete)= .
_ Q1(x)eMB) — Qa(z)e M)
B 2ia(z)el (%) '
Thus, we have
i(2)Q1(z + c)eP DHPEHITPE) 0 (2)Qy (2 + c)el ) ~Pi(zHe)+ () an

~Q:(2) N —Q:(2)
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2P1(Z)
n Q1(z)e
Q2(2)
If P(2) — Pi(z+¢) + Pi(z) is a constant, then P(z) + Pi(z + ¢) + Pi(2z) is not constant.
Thus by Lemma 3.1 and (17), we have
ia(2)Qa(z + c)el AN GEHITRE) — _Q,(2), (18)

which means that Q2(z) is also a constant. Furthermore, we can rewrite (17) as the following

=1

form
i(2)Q1 (2 + ¢)ePOTPGFI+PIE) _ 0 (5)e2P1(2) = . (19)
Noticing that P(z) + P1(z + ¢) + P1(z) is not a constant, thus we get Q1(z) = 0 by Lemma 3.2
and (19), which is a contradiction.
If P(z) — Pi(z + ¢) + Pi(2) is not a constant, then by Lemma 3.1 and (17), we have
’iOé(Z)Ql (Z + c)eP(z)+P1(z+c)+P1(z) 1
—Q2(2) o
which means that P(z) + Pi(z + ¢) + Py(2) is a constant, thus P(z) — P1(z + ¢) — P1(z) is not
a constant. Combining (17) and (20), we get
za(z)Qg(z + C)eP(z)—Pl(z+c)+P1(z) N Ql(z)e2P1(z)

(20)

=0. 21

e @:() =y

Thus we have Q1(2) = Q2(2) = 0 by Lemma 3.2 and (21), which is also a contradiction.
Therefore Theorem 2.3 is proved. O

Proof of Theorem 2.4. Suppose on the contrary to the assertion that there exists a tran-
scendental entire solution f of (10) with finite order. We aim for a contradiction. By using the

similar reason as in the proof of Theorem 2.3, we get

6/\12 +e/\22
fla= S (22)
and
eAlz _ e}\gZ
f(Z+C):Wa (23)
where A1 and Ay are constants and A; + Ao = A. Combining (22) with (23), we get
e)\1(z+c) + e)\g(z—i-c) e)\lz _ e)\gz
flzte) = -
2 2ief(2)
Thus we have
ie)\l(z+c)+P(z) + Z-e)\g(z+c)+P(z) + 6)\22 _ e)\lz = 0. (24)

Next we claim that A\; # Ao. In fact, if Ay = Ao, then f(2) = e by (22) and A; + A2 = A.
It follows this and (10) that
M (eP(Z))2€/\(z+c) — M (25)
This implies that (eF'(*))2e**+¢) = 0, which is a contradiction.
From (24), we get
jeMEtP(E) 4 je(Pa=A)ztheetP(z) 4 (a=M)z _ | (26)

and
_ieA2c+P(z) _ ie()\1*)\2)2+)\1€+P(Z) + e()\lf)\g)z = 1. (27)
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Since P(z) is a non-constant polynomial and A; # Ag, then from Lemma 3.1 and (26), we have
ie(A27>\1)Z+>\QC+P(z) — 1

This shows that P(z) = (A1 — A2)z — Aac + (2k7 — T )i. Similarly, from (27) we have
—ze(’\l A2)z+A1c+P(z) — 17

which means that P(z) = (A2 — A1)z —A1c+(2kn+ 75 )i. This is a contraction with |a,|#[A1 —Xa|.
This shows that (10) has no the transcendental entire solutions with finite order. The proof of
Theorem 2.4 is completed. O

Proof of Theorem 2.5. Suppose on the contrary to the assertion that there exists a tran-
scendental entire solution f of (11) with finite order. We aim for a contradiction. By using the

similar reason as in the proof of Theorem 2.3, we get

f(o) = QD)™ J;Q2(Z>€_P1(Z’ (28)

and

Q1(2)e" ) — Qa(z)e= (=)

where P;(z) is a non-constant polynomial and @Q1(2)Q2(z) = Q(2), Q1(2), Q2(z) are non-zero

(29)

polynomials and cannot be constants simultaneouslly. Thus, we have
ia(2)Q1 (2 + )N GHATPETAE) in(2)Qq(z + c)el (BT ()= Pi(z+e)
Jr

_QQ(Z) —Qa(2) (30)
i0(x)Qi ()R Qe
' Q2(2) A TE R
and
i(2)Q1 (7 + ¢)eP FHFP()=Pi(2) . i0(2)Qa (= + ¢)ePE=PL () =Pi(z+0) -
QI(Z) Ql(Z)
_ ia(z)QQ(z)eP(z)—QPl(z) ial)e PG) M .

Q1(z) Q1(2)
Since P(z) and P;(z) are non-constant polynomials, then ie”’(*), Q;(2)e?1(*) and Qy(z)e=211(2)
are not constants.
If 2P1(:)+P(2) i not a constant, then ef1(*+e)+P(2)+P1(2) i5 not a constant too. From (30)
and Lemma 3.1 we have
ia(2)Qa(z + )M ETAETAERD = —y(z), (32)
meaning that P(z)+ Py(z) — Pi(z +c) is a constant. Thus e”’(?)=F1(z)=FP1(z+¢) anq P (2)-2P1(2)
are not constants too. By (31) and Lemma 3.1 we have
i0(2)Qu (2 + )M EFITFETAE = @ (2). (33)
Multiplying (32) and (33), we have a(2)?Q(z + ¢)e2P(®) = Q(z), from which we get P(z) = p,
a(z) = a and Q(z) = ¢, where p, a and ¢ are constants. This is a contradiction with P(z) and
Q(z) are not-constant polynomials.
If e2P1(2)+P(2) is a constant, denoting 2P (z) + P(z) = c¢i, that is, P(z) = —2Pi(2) + c1,
then el (z+e)+P(2)=P1(2) and P (5)=P1(2)=F1(2+¢) are not constants in (31). Thus from (31) and
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Lemma 3.1, we have —ia(z)Qa(2)ef*)—2P1(2) = Q,(z), that is
—ia(2)Qa(z)e T = Qy(2).
This shows that P;(z) is a constant, which is a contradiction. The proof of Theorem 2.5 is

completed. O

84 Fermat type Differential-Difference Equations

It is interesting in the studying of solutions of differential-difference equations. Yang and
Laine [22, Theorem 2.6] considered the existence of solutions of the differential-difference equa-
tion f* 4+ M(z, f) = h, where M(z, f) is a linear differential-difference polynomial of f, not
vanishing identically, and h is a meromorphic function of finite order. Later, Liu-Cao-Cao [13]
considered the properties of entire solutions of the Fermat type differential-difference equations

ffE"+flz+m =1 (34)
and
F@)"+(Acf(2)™ =1, (35)

where m and n are positive integers. They proved the following results.

Theorem 4.1. [13, Theorem 1.2] If m # n, then (34) has no transcendental entire solutions
with finite order.

Theorem 4.2. [13, Theorem 1.4] The equation (35) has no transcendental entire solutions
with finite order, provided that m #n, and m > 1, n > 1.

From [21, Theorem 1], we know that there does not exist entire solutions of (34) when
m > 2,n > 2. A natural question is what happen on the growth of solutions of differential
equations for the case of n = m = 2. Liu-Cao-Cao studied the question, and proved the
following results.

Theorem 4.3. [13, Theorem 1.3] The transcendental entire solutions with finite order of

differential-difference equation
FE?+f(z+e0?=1 (36)
must satisfy f(z) = sin(z £ Bi), where B is a constant and ¢ = 2kw or ¢ = 2kw + m, k is an

nteger.

Theorem 4.4. [13, Theorem 1.5] The transcendental entire solutions with finite order of

differential-difference equation

()2 +(Acf(2)’ =1 (37)

must satisfy f(z) = 5 sin(2z + Bi), where B is a constant and ¢ = km + T, k is an integer.
As an improvement of Theorem 4.3, Liu-Yang proved the following result.

Theorem 4.5. [14, Theorem 3.1] The transcendental entire solutions with finite order of
differential-difference equation
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(FPE)P+ fz+e)? =1 (38)
must satisfy the following two cases:
(i) if k is odd, then f(z) = Fsin(Aiz + Bi) and ¢ = 55, A% = 44,

(ii) if k is even, then f(z) = fcos(Aiz + Bi) and ¢ = ka%i , A¥ = +1, where B is a constant.

In 2016, Chen-Gao considered the following equation
(f'(2))° + P(2)*f (= + ) = Q(2), (39)
where P(z) and Q(z) are polynomials, and obtained the following result.
Theorem 4.6. [/, Theorem 1.1] Let P(z) and Q(z) be two non-zero polynomials. If equa-

tion (39) has a transcendental entire solutions with finite order, then P(z) = A(# 0) and
Q(z) = pq(# 0). Furthermore,

f( ) peaz-i-b _ qe—(az+b)
Z) =
2a ’

where a = :l:ZA7A = %ab S (Cap7Q7c € (C\{O}

Motivation from Theorem 4.5, we will consider the high order derivative of (39), and get

the following result.

Theorem 4.7. There is no transcendental entire solutions with finite order of the equation

FPR)? + PP f(z + 0 = Q(2), (40)

where P(z) is non-constant polynomial, and Q(z) is a non-zero polynomial.

In 2017, Chen-Gao-Du studied the existence of solutions of the following equation
[P+ PP+ = Q(2)e*), (41)

where P(z), Q(z) and «(z) are polynomials, and obtained the following result.

Theorem 4.8. [5] Let P(z) and Q(z) be two non-zero polynomials, ¢ € C\ {0} and a(z) be a
polynomial. If the differential-difference equation (41) admits a transcendental entire solution
of finite order, then f(z) must satisfy one of the following cases:

(i) P(z) and Q(z) reduce to constants, and
Ai1z2+B; Asz+Bs

_ q1€ gz€
f(Z) - 2A1 + 2A2 )

p, By and By are constants, and A1, As,q1,qo2,p,C are

Aic Asc

where Ay = 1e1°p and Ay = —ie
non-zero constants;

(if) P(z) reduces to a constant, and Q(z) is a polynomial with degree 1, and

a1z + ag — 4 )eAr=th Ag2+4B; 1 1
f(Z)Z(1 0~ i) + 2 , —=c and — #£c,
2A1 2A2 Al AQ
or
Ai1z+B; bz + by — b1 6A2z+B2 1 1
f(z)que + ( 1 0 A2) : 7#0 and ~—.
24, 24, Ay Aq
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where A1 = e °p and Ay = —ie?2°p, By, Bs, ag, by are constants, and A1, As, q1,q2,a1,b1, D,
c are non-zero constants;
(iii) f(2) = B(2)e*,a(z) = 24z + D, where B(z) satisfies [B'(z) + AB(2)]? + P%(2) B%(z +

c)e?A¢ = Q(2)eP, A, ¢ are non-zero constants, D is a constant.
Here, we replace P(z) by ¢©(*) in (41), and prove the following result.

Theorem 4.9. Let P(z) be non-zero polynomial, Q(z) be non-constant polynomial, ¢ € C\ {0},
and a(z) be a polynomial. If the differential-difference equation

PP+ (PP + ) = Q)e ) (42)

admits a transcendental entire solution of finite order, then f(z) must satisfy one of the following

cases:
(i) P(z) and Q(z) reduce to constants, and
fe) = qretiztB . qQGAQZJng,
24, 24,
where A1 = ie®1°TP and Ay = —ie?2°tP By and By are constants, and A1, As,q1,q2,p,c are

non-zero constants;

(ii) P(2) reduce to a constant, and Q(z) is a polynomial with degree 1, and

f(z) _ (CLlZ +ag — %)SAIZJFBI N q26A22+B2 i e and i # .
24, 245, T A Ay ’
or
Ai2+B _ b1\, ,Az2+B>
f(z) = Q1€2Z : + bz + b 2AA2)6 oL #c and AL =c,
1 2 1 2
where Ay = i€ tP and Ay = —ie?2tP | By, By, ag, by are constants, and A1, As, q1,q2, a1, b1, P,

c are non-zero constants;
(iii) f(2) = B(2)e??, a(z) = 2A2+D, where B(z) satisfies [B'(2)+AB(2)]>+(eP*)2 B2 (2 +

c)e?4c = Q(2)eP, A, ¢ are non-zero constants, D is a constant.

Form the Malmquist-Yosida theorem [11, Theorem 10.2], it is easy to know that non-linear

differential equation f(2)%+ f/(2)f(z) = 1 (also can be written as f/(z) = 1}{;)2) has no non-

constant entire solutions. Using the Yanagihara’s result [20, Theorem 1] or combining Lemma

6.3 given in Section 6 with Valiron-Mohon’ko theorem [11, Theorem 2.2.5], we know the non-

linear difference equation f(2)? + f(z)f(z +¢) = 1 (also can be written as f(z + ¢) = 1}’25))2)

has no finite order entire solutions. This shows that the existence of solutions of differential

equations is very different with the existence of solutions of difference equations. Therefore,
Liu-Yang considered the growth of entire solutions of the following two differential-difference
equations

FEP+ ) f(z+0)=1 (43)
and

P&+ @) f(z+0) =1, (44)

and obtained following result.
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Theorem 4.10. [14, Theorem3.4] The order of transcendental entire solutions of (43) and

(44) must be at least one.

As an improvement of Theorem 4.10, we consider the following equation
FEP+ D) fz+e) =1 (45)
and

(SB @)+ () f(z+0) =1, (46)
and prove the following result.

Theorem 4.11. The order of transcendental entire solutions of (45) and (46) must be at least

one.

The following examples will show that Theorem 4.11 is sharpness.

Example 1 The function f(z) = sinz is a solution of (45), when k = 4n 41, ¢ = %,
k=4n+3,c= 37”, where n is a natural number. In addition, f(z) = cos z is also a solution of

(45), when k =4n+1,c=F,ork=4n+3, c = ‘%’T
Example 2 The function f(z) = sin z is a solution of (46), where k = 2n+1, with ¢ = 2m,

or

m is an integer and n is a natural number.

Example 3 The functions f(z) = 1+e* and g(z) = —1 % e* are the solutions of (46) when
e¢=—1.

By using the similar idea as in the proof Theorem 4.11, we also consider the growth of entire

solutions of the following differential-difference equations,

f(2)2 + f(Z)Acf(Z) =1, (47)
fE+? +f(2)Acf(2) = 1, (48)
F'(2)° + f(2)Dcf(2) = L. (49)

Theorem 4.12. The order of transcendental entire solutions of (47), (48) and (49) must be

at least one.

We also study the growth of solutions of the following equations,

f+e? + f(2)f'(2) =1, (50)
A2+ f(2)f (2) = 1, (51)
flz+0? + f(2)f(z+0)=1. (52)

Theorem 4.13. The order of transcendental entire solutions of (50),(51) and (52) must be at

least one.

In [14], Liu-Yang also considered the generalization of (43) as the following equation
fE@"+ [ (2)f(z+¢)=1. (53)
It showed that there is no transcendental entire solutions of finite order when n > 3 or n = 1.

In the following, we will consider the high order derivative of (53) when n = 1, that is
F) + [P @) f(z+e) = 1. (54)

Theorem 4.14. There is no transcendental entire solution with finite order of (54).
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85 Proofs of Theorems 4.7 and 4.9

We start the proof from the following lemma, which plays a key role in the proof of Theorem
4.9.

Lemma 5.1. [5, Lemma 2.4] Let Q(z) be a non-zero polynomial and satisfy
Qz+c) - Qz) =aQ'(2) +b
where a,c are non-zero constants, b is a constant, then one of the following statements holds:
(i) If b =0 and a # ¢, then Q(z) reduces to a non-zero constant;
(i1) If b= 0 and a = ¢, then Q(z) reduces to a non-zero constant or
Q(z) = a1z + ag, where ay is a non-zero constant, ag is a constant;
(iii) Ifb# 0 and a # ¢, then Q(z) = a1z + ag and b = a1(c — a), where
a1 18 a mon-zero constant, ag s a constant;
(iv) If b# 0 and a = ¢, then Q(2) = a22® + a1z + ag, and b = azc?, where

az 18 a non-zero constant, ai,ag are constants.

Proof of Theorem 4.7. Suppose on the contrary to the assertion that there exists a tran-
scendental entire solution f of (40) with finite order. We aim for a contradiction. By using the

similar reason as in the proof of Theorem 2.3, we get

0 (z) = Q) +2 Qa(2)e ") -

and

(2) _ —h(z
o0y = QU Q0

where h(z) is a non-constant polynomial, @1(z) and @Q2(z) are non-zero polynomials with
Q1(2)Q2(z) = Q(z). Combining (55) and (56), we get
h(z+c —h(z+c
F® (4 o) = QulzF e (z+e) 4-2Q2(Z+c)e (z+¢)
hi(2)eM®) — hy(z)e ")
2iP(z)k+1 ’

(56)

(57)

where

ch 1ch QT 4 MR, P PR
—ch E%Q“ (R + My(h®, - W) PER PR L o(hy (2)),
ch 12 ) L QY I + No(h - P PR

- Z Chy Z CLQS IR + Ne(h®), - p)PE=M PE=1 4 o(hy(2)),
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M; and Ny are differential polynomials of (h(*),--- ', h) respectively. Thus from (57), we get
hl(z)eh(z)Jrh(erc) B hZ(z)eh(erc)fh(z) B Ql(z + C)
iP(2)kT1Qa(z 4+ ¢) iP(2)F1Qa(z+¢) Qa2(z+¢)

h(z)+h(z+c)
It is easy to see that both ?;,((i))i+1Q2(z+c) and 8;Ezizg e2h(2+c) are not constants. From Lemma

3.1, we get —hg(2)eMZHe)=h(=) = i P(2)*+1Qy (2 + ¢), which implies that h(z) = Az + B, where
A is a non-zero constant, B is a constant. Thus we get

—ha(2)e?® = iP(2)F1Qq(2 + ¢). (59)
Set deg(P(z)) = p, deg(Q(2)) = ¢, deg(Q1(2)) = qu, deg(h(z)) = h and deg(Q2(2)) = g2. By
comparing the both side degree of (59), it is not difficult to find the degree of left hand side is
kp 4+ g2 — 1, and the degree of right hand side is (k + 1)p + g2, which is a contradiction. The
proof is completed. O

e2hzre) — 1, (58)

Proof the Theorem 4.9. Assume that f is a finite order transcendental entire solution of
(42). Then by using the similar reason as in the proof of Theorem 2.3, we get

a1(z) as(z)
f/(Z) _ Ql(z)e ;QQ(Z)e

| Qu2)em O — @uz)en
JEte) == 2P '

where Q1(2) and Q2(2) are two non-zero polynomials, and cannot be constants simultaneously,

(60)

and

(61)

Q(z) = Q1(2)Q2(2), a1 (z) and az(z) are two polynomials and cannot be constants simultane-
ously. In fact if both a;(2) and as(z) are constants at the same time, then f(z) is a polynomial.
Shifting (60) and differentiating (61), we get
Qll + Qla/l — P/Ql eal(z)—al(z+c) _ QI? + QQaé — P/QQ eaz(z)—al(z+c)
ieP(2)Q1(z + ¢) ieP(2)Q1(z + ¢)
o QZ(Z + C) eag(z-i-c)—al(z-i-c) - 1.
Qi(z +¢)
Next we claim that Q] + Q1o — P'Q1 # 0, Q4+ Q20— P'Q2 # 0. If Q) + Q10 —P'Q1 =0,
then Qq(2) = kieP®~1(*) and P(2) = InQ:(2) + ai(z) + ko, which means that P(z) =
a1(z) + ¢1 and Q1(z) = q1(constant).

(62)

If a1(2) is a constant denoting by s, then P(z) must reduce to be a constant p and as(z)
cannot be a constant, thus Q5 + Q20 — P'Q2 # 0. Then (62) can be rewritten as

(@4 + Q203)e™ ) +iQa(z + €)eFHIHP g el = 0., (63)
If deg(aa(z)) > 2, then deg(aa(z + ¢) — aa(z)) > 1. By Lemma 3.2, we have
Q4 + Q20 = iQa(z + ¢) = iqreP s = 0.
This is a contradiction. Thus deg(az(z)) < 1. Noting that as(z) cannot be a constant, then

ag(z) = Aaz + Ba, where A, is a non-zero constant. Rewriting (63) as

H(z)e"** = —igie’*?, (64)
where H(z) = (Q) + Qaah)eP? +-ieB2t42¢4PQ, (2 +¢). If H(z) = 0, then we get a contradiction
by (64) and ig1eP*® # 0. If H(z) # 0, we can see that the left side of (64) is a transcendental
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entire function, and the right side of (64) is a non-zero constant, which is a contradiction, and
then Q4 + Qiah — P'Qy #0.
If ay(2) is not a constant, then Q2(z) cannot be constant by @Q1(z) and @Q2(z) cannot be
constants simultaneously. Thus Q} + Q205 — P'Q2 # 0. Then (62) can be rewritten as
(Q2(2) + Qa(2)a(2) = P'(2)Qa(2))e2 &7 5 (65)
4 Qo (2 + ¢)e2 FFA—MGCHAITPR) o oP() —

and
Qé(z)eaz(z)—aﬂz-‘rc)—P(z) Qa(2)(h(2) — Pl(z))eaz(z)—al(z+c)—P(z)
' i - (66)
N —q1
— MGQQ(Z+C)*O¢1(Z<FC) -1

qn
Next we claim that az(z) — a;(z) is a constant. In fact, if as(z) — ay(2) is not a constant,

then ag(z) — a1(z + ¢) — P(z) is not constant. Otherwise, from (62) we have

_Q/Z + QQQIQ - P’QQ eaz(z)—al(z-i-c)—P(z) =1+ QQ(Z + C) eag(z-ﬁ—c)—al(z-‘rc)' (67)
n Q1
It is not difficult to see that the order on both sides of the equation (67) are not equal. Fur-
thermore, we get aa(z + ¢) — a1(z + ¢) — (a2(z) — a1(z + ¢) — P(z)) is not constant by (67).
Thus by (67) and Lemma 3.2, we have
Q5+ Q2 — P'Qs Qa(z +¢)

—_ — = 0’
q1 q1

which is a contradiction. Thus as(z) — ay(z) is a constant, noting that P(z) = a;(z) + ¢1, then
e@2(2)=a1(2+e)=P(2) s not a constant. From (66) and Lemma 3.1, we have
—Qa(z + c)er2FTOmmlzre) — g
which means that @5 is also a constant. This is a contradiction, and then Q]+ Qo) —P'Q1 # 0.
By using the similar way above we get Q) + Q204 — P'Q2 # 0.
By Q] + Q1o — P'Q1 # 0, Q4 + Q205 — P'Qo # 0, (62) and Lemma 3.1, we see that if
any two of e®1(?)—1(z+e) gaz(z)—ar(zte) zp( e@2(2+c)—a1(2+¢) are not constants, then the third

term must be constant. If any two of them are constants, then the third term also must be

constant. In what follows, we discuss four cases:
Case 1, e1(2)—a1(z+¢) gpd ea2(2)—a1(2+¢) are not constants;
Case 2, e@1(2)—a1(z+e) gpd ea2(zte)=a1(2+¢) are not constants;
Case 3, e@2(2)—a1(z+¢) gpd ea2(zte)=a1(2+¢) are not constants;
Case 4, e1(2)—a1(zte) gas(z)—ar(zte) g e@2(2te)=e1(24¢) gre all constants.
Case 1. If e®1(:)—e1(2+¢) apd e@2(2)=e1(+¢) are not constants, then by (62) and Lemma 3.1,

we have
Q2(2 1 €) ay(zte)-ar(zte)
o e@z(zre)—ai(zt+e) _ 1 68
Qu(z+0) (68)
Combining and (62) and (68), we get
Q1+ @iy — P'Qy e1(z)—az2(2) —
Q5 + Q205 — P'Q
which implies that as(z-+¢)—a1 (z+¢) and oy (2)—as(2) are constants. Denote e®2(3+e)—a1(z+e) —

1, (69)
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e@2(2)=1(2) = E3(#£ 0), by (68), we get Q1(z) = —k3Qa(2), substituting it into (69) yields
2(P'Q2 — Qf) = Q2(c) + o). Then we get
Qa(z) = ePP)—30(),

which shows that P(z) — 1a(z) is a constant and Q2(z) = gz2(constant). Thus by (68) we can
get that @1(z) is also a constant, which is a contradiction with Q1(z) and Q2(z) cannot be
constants at the same time.

Case 2. If e@1(F)—ar(zte) apd e@2(2+€)=a1(24¢) are not constants, then by (62) and Lemma
3.1, we have

Q3+ Q2 — P'Qs o002 (2)—n (2+0)

=1. 70
ieP(Z)Ql(z + C) ( )
Combining (62) and (70), we get
Qll + Qlall - P’Ql eal(z)fag(erc) — 1’

ieP(DQa(z + ¢)

which means that as(z) — a1 (z+¢), as(z+¢) —a1(z+2¢), and a1(z) — as(z + ¢) are constants.

By a1(2) — a1(z 4+ 2¢) = [a1(2) — aa(z + ¢)] + [aa(z + ¢) — a1(z + 2¢)], we see that ay(z) —

a1 (z + 2¢) is a constant, then «;(z) is a constant or a polynomial with degree 1, which means
that a1(z) — a1(z 4 ¢) is also a constant, and this is a contradiction.

Case 3. If ex2(:)—an(zte) gpd ex2(24e)—e1(2+e) are not constants, then e (2)—a1(z+e) ig 5

constant, which means that oy (2) —aq(z+c¢) is a constant. From (62) and Lemma 3.1, we have

Q/l + Qlaa - P/Ql 6a1(z)—(x1(z+c)—P(Z) -1 (71)
iQ1(z +¢) ’

which means that P(z) = p is a non-zero constant. Therefore a;(z) cannot be a constant,
otherwise we get Q) = i€?Q1(z + ¢), which is impossible. Therefore, a;(z) can only be a
polynomial with degree 1. Denote a;(z) = A;z + By, where A; is a non-zero constant, and By

is a constant. Rewriting (71) as
1
Qi(z+c)—Q1(z) = A—Q'l(z) and A =iettP, (72)
1
By Lemma 5.1, we have
(1) if A% # ¢, then Q1(z) = q1(constant);
(2) if A% = ¢, then Q1(z) = q1(constant) or Q1(z) = a1z + ao,
where a7 is a non-zero constant and ag is a constant.
By (62) and (71), we have
7Q12 + QZO/Q eaz(z)fa2(z+c)fp _ 17 (73)
iQ2(z + ¢)
which means that aa(z) — aa(z + ¢) is a constant, thus as(z) cannot be a constant, otherwise
we get —Q4 = iePQa(z + ¢), which is impossible. Thus as(z) can only be a polynomial with
degree 1. Denote aq(z) = Asz + By, where A, is a non-zero constant, and Bs is a constant.
Rewriting (73) as
1
Q2(z+¢) — Qa(2) = A—Q'Q(z)7 and Ay = —ie/2¢tP,
2
By Lemma 5.1, we have
(1) if A%“ # ¢, then Q2(z) = ga(constant);
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(2) if A% = ¢, then Q2(2) = g2(constant) or Q2(z) = b1z + by,
where by is a non-zero constant and by is a constant.

Noting that A; = ie41°tP and Ay = —ie2°TP_ we see that A; # A,, that is A% #*
what follows, we discuss three subcases:

Subcase 3.1, A% # c and A% # ¢

Subcase 3.2, A% =cand A% # ¢

Subcase 3.3, A% # ¢ and A% =c.

Subcase 3.1. If A% # ¢ and A% # ¢, then Q1(2) = 1 and Q2(z) = ¢2. By (42), (60), and
(61), we get

1
72. In

_ qleA12+Bl +q26A2Z+B2

7'2) : (74)

and
Ai1z+B; Azz+Ba

_ Qe q2¢
flz) = 54, + oA, (75)
Subcase 3.2. If A% = ¢ and A% # ¢, then Q1(2) = ¢1 and Q2(z) = ¢2, or Q1(2) = a1z + ag
and Q2(z) = q2. If Q1(2) = ¢1 and Q2(2) = go, then we get (74) and (75). If Q1(2) = a1z + ag
and Q2(z) = ¢a, then by (42), (60) and (61), we get
Ai1z+B; Agz+Bs
f/(Z) _ (alz+a0)e 5 + gae

and ai \,A1z+B1 Aozt B
) = (a1z 4+ ag — A—l)e N goeA2zt B2
24, 24,

Subcase 3.3. If A% # ¢ and A% = ¢, then Q1(2) = ¢1 and Q2(2) = g2, or Q1(2) = ¢1 and
Q2(z) = b1z +bg. If Q1(2) = q1 and Q2(z) = ¢o, then we get (74) and (75). If Q1(2) = ¢1 and
Q2(z) = by1z + by, then by (42), (60) and (61), we get

Py = DT (i bo)e
2

and
f( ) q16A1Z+B1 L (blz + bO — %)6A22+BZ
zZ) =
2A1 2A2

Case 4. If e (2)mar(zte) gaz(z)=a1(z4e) apq ex2(2F¢)=a1(2+¢) gre all constants, then oy (2) —

ay(z+c), az(z)—aq(z+c) and as(z+¢) —ay(z+c) are all constants. Note that a;(z) and as(z)

are not constants simultaneously, then a;(z) = Az+ By, as(z) = Az+ By and a(z) = 2Az+ D,
where A is non-zero constant and By, Bs, D(= By + Bs) are constants. Therefore, we get that
f(2) = B(2)e”* by (42), (60) and (61), where B(z) satisfies [B'(z) + AB(2))? + (eF'*))2B?(z +
c)e?4¢ = Q(z)eP. This proof is completed. O

86 Proofs of Theorems 4.11-4.14

In order to prove Theorems 4.11-4.13, we need Lemma 6.1. The definition of ¢ — set E can
be found in [8, p. 75-76].

Lemma 6.1. [1, Lemma 3.5] Let f be a transcendental meromorphic function with p(f) < 1.
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Let h > 0. Then there exists an € — set E such that
fz+¢) = f(z) = cf'(2)(A +0(1))

as z — oo in C \E, uniformly in c for |c| < h.

Lemma 6.2. [2, Corollary 2.5] Let f be a transcendental meromorphic function of finite order

po(f). For each e > 0.

f(;(;c)) = 0(r" 1) = 5(r, f),

where S(r, f) = o(T(r, f)) as r — oo outside of a possible exceptional set of finite logarithmic

m(r,

measure.

Lemma 6.3. [2, Theorem 2.1] Let f be a transcendental meromorphic function of finite order
p(f). For each e > 0.
T(r, f(z+¢)) = T(r, f) + OV 714) + O(log 7).
Furthermore, if p(f) < 1, then
T(r,f(z+¢) =T(r f)+S(r f),
where S(r, f) is defined as in the Lemma 6.2.

Proof of Theorem 4.11. Suppose on the contrary to the assertion that there exists a tran-
scendental entire solution f of (45) with p(f) < 1. We aim for a contradiction. From Lemma

6.1, there exist an € — set F1, such that for z — oo and z€FE7, we get

FEP + S () + ef B f () (1 +o(1)) = 1.
Then
FHE) fPEE) 1
e TR TeE (70

From the Wiman-Valiron theory which can be found in [11, p. 51], we see that there exists a

subset Fy C (1,00) of finite logarithmic measure such that for all z satisfying |z| = r€F5 and

|f(2)] = M(r, f), we have

f(k)(z) _ M k o
oy = (o), (77)

where v(r) is the central index of f(z). Set E3 = {|z] : z € E1}, then Ej is of finite logarithmic
measure. By (76) and (77), for all z satisfying |z| = r €[0,1]|J E2J E5 and |f(z)| = M(r, f),

we have

v(r) 0(r) kg1 1
—)"(1 1 — - —— =-1L
(D o) +e( U - s (78)
Since f(z) is a transcendental entire function, and
1 +
p(f) = limsup ogi'iv(r) <1,
r—oo  logr
then we have
v(r) r 1
| . |_>O’|f(z)2|_|M(r,f)2|_>0’ as z— 0. (79)
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Combining (78) and (79), we get a contradiction. Hence, the order of transcendental solution
of (45) must be at least one.

By using similar method as in the equation (45), we can also get the same conclusion for
equation (46). O

Proof of the Theorem 4.12. Suppose on the contrary to the assertion that there exists a
transcendental entire solution f of (47) with p(f) < 1. We aim for a contradiction. From

Lemma 6.1, there exist an € — set Fy, for z — co and z€FEy, we get

F(2)? +cf(2)f' ()1 +o(1) = 1.
Then
f'(2) 1
f(z) f(z

1+
)
From the Wiman-Valiron theory, there exists a subset E5 C (

c(l+0(1)) =

. (80)

2
1, 00) of finite logarithmic measure
such that for all z satisfying |z| = r€FE5 and |f(z)| = M(r, f), we have

fE) )y
o) = o (o). (81)

Set Eg = {|z| : z € E4}, then Eg is of finite logarithmic measure. Thus, by (80) and (81), for
all z satisfying |z| = r €[0,1] | E5 |J Es and |f(2)| = M (r, f), we have

c@(uou)) - f(lz)z _ 1 (82)

Since f(z) is a transcendental entire function with p(f) < 1, then we get (79) holds. Combining

(79) and (82), we get a condition. Hence, (47) has no transcendental entire solution of order
less than one.

Similarly, we get (48) and (49) also has no transcendental entire solution of order less than
one. O

Proof of the Theorem 4.13. Suppose on the contrary to the assertion that there exists a
transcendental entire solution f of (50) with p(f) < 1. We aim for a contradiction. From

Lemma 6.1, there exist an € — set Er, for z — co and z€E7, we get
F(2)2 + F() ' (2)(2e(1 + 0(1)) +1) + ¢ f'(2)*(1 + 0(1))* = 1.
Then
f'(2) 2 2 ['(2) 1
140(1))" + == (2c(1+0(1))+1) = —.
FE R o) + T el 1) + 1) =
From the Wiman-Valiron theory, there exists a subset Eg C (1, 00) of finite logarithmic measure
such that for all z satisfying |z| = r€FEs and |f(z)| = M(r, f), we have (81) holds. Set
Eg = {|z| : z € E7}, then Ey has finite logarithmic measure. Thus, by (81) and (83), for all z
satisfying |z| = r €[0,1]J Es|J E9 and |f(2)| = M(r, f), we have
v(r) 2 2 2, v(r) 1
— 1 1 —(2¢(1 1 1) — =—-1. 4
(e +o(1) + 2 1+ 0(1) + 1) = 7 (34)

Since f is a transcendental entire function with p(f) < 1 then we get (79) holds. Combining

1+ c( (83)

(79) and (84), we get a contradiction. Hence, (41) has no transcendental entire solution of order
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less than one.
Similarly, we get (51) and (52) also has no transcendental entire solution of order less than
one. O

Proof of the Theorem 4.14. Suppose that f is a transcendental entire solution of (54). By
(54) we get

ML —1- 1.
By the Clunies lemma [11, Lemma 2.4.2], we have
m(r, 9 25D — 5. 1)

where S(r, f) is defined as in the Lemma 6.2. It follows from this and Lemma 6.2 that

mlr, fO () <m(r, ;OLEEDy L T g g,

f(z) fz+¢)
which is a contradiction. This proof is completed. O
Acknowledgements

The authors would like to thank the referees for valuable comments to improve the present
article.

Declarations

Conflict of interest The authors declare no conflict of interest.

References

[1] W Bergweiler, J K Langley. Zeros of difference of meromorphic finctions, Math Proc
Camb Phil Soc, 2007, 142: 133-147.

[2] Y M Chiang, S J Feng. On the Nevanlinna characteristic of f(z + ¢) and difference
equations in the compler plane, Ramanujian J, 2008, 16: 105-129.

[3] Z X Chen. Growth and zeros of meromorphic solution of some linear difference equations,

J Math Anal Appl, 2011, 373(1): 235-241.

[4] M F Chen, Z S Gao. Entire solutions of a certain type of nonlinear differential-difference
equation, Acta Math Sci Ser A (Chinese Ed), 2016, 36(2): 297-306.

[5] M F Chen, Z S Gao, Y F Du. Ezistence of entire solutions of some non-linear differential-
difference equations, J Inequal Appl, 2017, 2017(90): 1-17.



LONG Jian-ren, QIN Da-zhuan. On entire solutions of some Fermat type differential-difference... 87

(6]
7]

[8]

F Gross. On the equation f™ + g™ = 1, Bull Amer Math Soc, 1966, 72: 86-88.
F Gross. On the equation f™ + g™ = h™, Amer Math Mon, 1966, 73: 1093-1096.

W K Hayman. Slowly growing integral and subharmonic functions, Comment Math Helv,

1960, 34: 75-84.
W K Hayman. Meromorphic Function, Clarendon Press, Oxford, UK, 1964.

R G Halburd, R J Korhonen. Difference analogue of the lemma on the logarithmic deriva-
tive with applications to difference equations, J Math Anal Appl, 2006, 314: 477-487.

I Laine. Newvanlinna Theory and Complex Differential Equations, Walter de Gruyter,
Berlin/New York, 1993.

K Liu. Meromorphic functions sharing a set with applications to difference equations, J

Math Anal Appl, 2009, 359: 384-393.

K Liu, T B Cao, H Z Cao. Entire solutions of Fermat type differential-difference equations,
Arch Math, 2012, 99: 147-155.

K Liu, L Z Yang. On entire solutions of some differential-difference equations, Comput

Methods Funct Theory, 2013, 13(3): 433-447.

F Li, W R Li, C P Li, J F Xu. Growth and uniqueness related to complex differential
and difference equations, Results Math, 2019, 74: 1-18.

P Montel. Lecons sur les familles normales de fonctions analytiques et leurs applications,

Gauthier-Villars, Paris, 1927.

X G Qi, L Z Yang. A note on meromorphic solutions of complex differential-difference

equations, Bull Korean Math Soc, 2019, 56(3): 597-607.

D Z Qin, J R Long. On entire solutions of nonlinear differential-difference equations, Acta

Math Sinica (Chinese Ed), 2022, 65(3): 435-446.

J F Tang, L W Liao. The transcendental meromorphic solutions of a certain type of

nonlinear differential equations, J Math Anal Appl, 2007, 334: 517-527.

N Yanagihara. Meromorphic solutions of some difference equations, Funkcialaj Ekvacioj,

1980, 23: 309-326.



88 Appl. Math. J. Chinese Univ. Vol. 39, No. 1

[21] C C Yang. A generalization of a theorem of P.Montel on entire functions, Proc Amer

Math Soc, 1970, 26: 332-334.

[22] C C Yang, I Laine. On analogies between nonlinear difference and differential equations,

Proc Japan Acad Ser A, 2010, 86: 10-14.

[23] C C Yang, P Li. On the transcendental solutions of a certain type of nonlinear differential
equations, Arch Math, 2004, 82: 442-448.

[24] C C Yang, H X Yi. Uniqueness Theory of Meromorphic Functions, Kluwer Academic
Publishers, Dordrecht, 2003.

School of Mathematical Sciences, Guizhou Normal University, Guiyang 550025, China.
Emails: longjianren2004@163.com, 1782752606@Qqq.com



