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Triple reverse order law for the Drazin inverse*

WANG Hual* ZHONG Cheng-cheng!?

Abstract. In this paper, we investigate the reverse order law for Drazin inverse of three bound-
ed linear operators under some commutation relations. Moreover, the Drazin invertibility of sum

is also obtained for two bounded linear operators and its expression is presented.

81 Introduction

Generalized inverses such as Moore-Penrose inverse, Drazin inverse and group inverse have
attracted many researchers because of its application in singular differential equations, Markov
chains, statistics, numerical analysis and so on.

It is well known that the reverse order law holds for the ordinary inverse, but is not nec-
essarily true for generalized inverses. So, many authors had studied the reverse order law of
generalized inverses. In [1,7,8,10,11], the authors obtained the conditions for the reverse order
law to hold concerning Moore-Penrose inverse in the finite dimensional space, Hilbert space and
ring. In [5,16,18], the reverse order law of group inverse in the Hilbert space, semigroup and
ring was investigated. The mixed-type reverse order law in the Hilbert space and ring was stud-
ied in [6,14,20,26]. The reverse order law of Drazin inverse was considered in [19,24,25] in the
finite dimensional space, Hilbert space, Banach algebra and ring. In addition, [3,15,21,22,27]
discussed the reverse order law of {1}-, {1,2}-, {1,3}-, {1,4}-, {1,2,3}- and {1,2,4}-inverse.

In [7,11,15,22,24,25], the authors considered the reverse order law for different generalized
inverses of multiple operator and matrix products. To our knowledge, the reverse order law for
Drazin inverses of three operator products has not been studied yet in literature.

This paper contains three parts. The first part is the Drazin invertibility of three bounded
linear operator products, the second is devoted to the reverse order law for the Drazin inverse of

three bounded linear operator products, and the last part deals with the Drazin invertibility of
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sum for two bounded linear operators. We derive the Drazin invertibility of product PQR and
some equivalent conditions for the reverse order law (PQR)P = RPQP PP to hold under some
commutation relations (1) [P, P2Q] = 0, [P, R] = 0, [R, RQ] = 0, [P,QPQ] = 0, (2) [P, PQ] = 0,
[P,R] = 0, [R, RQ] = 0, respectively. In particular, we obtain that (PQR)” = RPQP PP and
PP QP RP all commute if P,Q, R all commute. As special cases, some equivalent conditions
for the reverse order law (PQ)P = QP PP to hold are also presented. Finally, we consider
the equivalent condition that P + @ is Drazin invertible when [P, P?Q] = 0, [P,QPQ] = 0,
[Q, PQ]P™ = 0, and the expression of (P + Q)P is also given.

From now on in this paper we will let X and ) denote Banach spaces, and let the set
B(X,Y) denote the set of all bounded linear operators from X to ) and B(X,X) be written
as B(X). Recall that an operator T' € B(X) is Drazin invertible, if there exists an operator
TP € B(X) such that

TTP =1PT, TP =T(TP)? and TF'TP = T* for some integer k > 0.
Here, TP is the unique Drazin inverse of T, and the smallest integer k, denoted by ind(7),

is called the index of T. If T is Drazin invertible, then T has the operator matrix form 7" =

T, 0
01 N ] with respect to the invariant space decomposition X = N(T™) & R(T™), where T}

is invertible, N is nilpotent and T™ = I — TTP.

We need the following results about the Drazin inverse, which will be useful tools for proving
the reverse order law. Moreover, write [P, Q] = PQ — QP.

Lemma 1.1.[12, Theorem 5.5] Let P,Q € B(X) be Drazin invertible with [P, Q] = 0, then
the operators P,Q, PP, QP all commute and

(PQP =QPPP =PPQP.
Lemma 1.2. Let A€ B(X),C € B(X,)),D € B(Y), and

A 0
C D
(1) [13, Lemma 2.4] If two of the operators A, D and M are Drazin invertible, then so is the
third.
(2) [9, Theorem 5.1] If A, D are Drazin invertible, then

M =

up_|A° o
X DP |’
ind(A)—1 ind(D)—1
where X = Y (DP)"P2CA'A™+ D™ Y D'C(AP)+? - DPCAP.
=0 =0

82  Drazin invertibility of product

In this section, we will consider the Drazin invertibility of three linear bounded operator

products under some commutation relations, which is necessary to proof the reverse order law.
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Theorem 2.1. Let P,Q,R € B(X), and P,Q, R, PPQ, RPPPQ be Drazin invertible. If
[P, P2Q] = 0, [P,R] = 0, [R,RQ] = 0 and [P,QPQ] = 0, then the product PQR is Drazin

invertible.

Proof. Since P is Drazin invertible, P can be written as the operator matrix form
P 0
(1)
0 M
with respect to the space decomposition X = N (P™) @ R(P™), where P; is invertible, Ny = 0,
—1

— _ _ @1 Q _[R1 R
s =ind(P) and PP = [Pb 8} . Let @ and R be decomposed as @) = [Q; Qi] and R = [Ra Rﬂ

with respect to the above space decomposition. From [P, P2Q] = 0, we get

P =

PQy=Q1P1, PiQ2= Q2N (2)
and
NQ4N; = N3Q,. (3)
The second equality in (2) implies that
Qs = p1*1Q2N1 = pszsz = ... =P *QyN; =0,
and hence
Q 0
Q= [ ' : (4)
Qs Q4
Substituting (1) and (4) into the assumption [P, QPQ] = 0, we have
N1Q3P1Q1 + N1QuN1Q3 = Q3P1Q1 P + Q4 N1Q3 P (5)
and
NiQ4N1Qyq = Qs N1Q4N;. (6)

From (3) and (6), it follows that (N;Q4)%*t! = NZ*T1Q2*+1 (L € IN), which means that N;Q,
is nilpotent. Since P is invertible, by (5), we derive that
Q3P1Q1 + QuN1Qs = N1(QsP1Q1 + Q4N1Q3) Py ' = N (Q3PiQ1 + QaN1Q3) (P 1),

and hence

QR3P1Q1 + QaN:1Q3 = 0.
The assumption that PPQ is Drazin invertible means that @ is Drazin invertible. Then the

above equality multiplied by (Q)?, together with QP = Q1(QP)?, suggests that

QsP1Qf = —QuN1Q3(Q7)>. (7)
Applying (2) and Lemma 1.1, we see that P,QP = QP P, P'QP = QPP *. This and (7)
yield
QsQ7 = —QuN1Qs(Q7)* P = —QuN1(QsQ7) P QT = (—QuN1)" @sQ7 (PT1QD)", ke IN.
Note that N;Q4 is nilpotent and (Q4N1)* = Q4(N1Q4)* 1Ny, then Q4N is nilpotent. Conse-
quently,

QsQ7 =0. (8)
On the other hand, by [P, R] = 0, we can conclude
R Ry 0 )
0 Ry
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with
P Ry = RiP1, N1Ry= R4Ny. (10)
Obviously, Ry, R4 are Drazin invertible, and
RP 0 ]
RP =" 11
0 RD (11)
In order to complete the proof, we further decompose R, and Ry, respectively, as
R 0 R 0
R = |1 Ry = a1 (12)
0 R14 0 R44

with respect to the space decompositions N'(P™) = N(RT) ® R(RT) and R(P™) = N(R]) ®
R(RT), where Ry1, R4y are invertible, and Ry4, R4q are nilpotent. Then
R O 0 0
r=| 0 fu 00 (13)
0 0 Ry O
0 0 0 Rus

From (10), we deduce that P; and Ny in (1) have the following operator matrix form

P 0 N
PR SR B LT (14)
0 P14 0 N14
with
P Ryy = Ri1Pr1, PuyRiy= RiyPuy (15)
and
Ni1Ry1 = Ry N1y, NiygRyy = RgaNyy. (16)

Since Pj is invertible and N; is nilpotent, Py, P14 are invertible and Nyq, N4 are nilpotent.
Thus,
P10 0 0

P 0 0 P 0 0
p=|" = u (17)
0 N 0 0 Nip O
0 0 0 DNy
Next we let @1, @4 and @3 have the following operator matrix forms
Oy = Qi1 Q12 Q= Qu Qa2 Qs = Q31 @32 . (18)
Qi3 Qua Qa3 Qaa Q33 Qs34

Substituting (13) and (18) into the assumption [R, RQ] = 0 yields

R} Qi1 = RiiQuiRi1, R3Qu = RuQuRur,

R?,Q12 = R11Q12R14, R3,Q32 = Ri1Qs2Ris, R} Qa2 = RQuoRua,

R?,Q13 = R14Q3R11, R3 Q33 = RuuQssR11, R},Qu3 = RuuQusRuy,

R3,Qua = R14Q1aR14, R3,Qus = RiuuQuaRus. (19)
Because R11, R41 are invertible, we obtain

R11Q11 = QuuRi, RuQu = QuRa, (20)
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and
Q2 = Ri"Q12RY,, Q32 = R Qs RY,, Qa2 = Ry Q32 RY,,
RuQis = R Qu3RF, RuuQss = R Q3R RuuQus = Ry Qus Ry,
k € IN, which, by the nilpotence of R4 and R4y, imply

Q12=0, Q32 =0, Qa2 =0, R14Q13 =0, RysQ33 =0, Ry4Qq3 = 0. (21)
Hence,
[Q11 0 0 0
Q- Qi3 Quu 0 0 7 (22)
@z 0 Qu 0
Q33 @31 Qaz Quu
and
[ P11Q11R11 0 0 0
POR — PQ1 Ry 0 _ | PuaQusRi PraQuaRiy 0 0 (23)
N1Q3R; N1QuRy N11Q31R11 0 N11Qa1 Ry 0
| N14Q33R11 N14Q3414 N14Qu3Ry1 N14QuaRyy

In order to prove that PQR is Drazin invertible, it is sufficient to show that P;Q;R; and
N1QuR4 are both Drazin invertible. Note that Q1 is Drazin invertible, since RPPP(Q is
Drazin invertible. Then @11 R1; is Drazin invertible by (20) and Lemma 1.1. Moreover, Q14R14
is nilpotent by the first equality in (19). Hence, Q1 R1 = [81;%1 Q140R14} is Drazin invertible
and

(QiR1)P = (24)

XQ1R1 0

R QR ﬂ

where
ind(QiaR14)—1

XQum = (QuaBa)” Z (QuaR14)' Qi3 Ri1((Q11R11)P)™ = Qu3(QN)*Ry  (25)
i=0
by R14Q13 = 0in (21). In addition, [P, Q1 R;] = 0 follows from the first equalities in (2) and
(10), then P;@QR; is Drazin invertible with

(PLQ1R1)P = (Q1R1)P P! = P (Q1R1)P. (26)
In the following, we prove that NyQ4R4 = %igzgﬁ N14QZ4R44 is Drazin invertible. In fact,

by (16) and the second equality in (20), we have
(N11Qu1Rq1)" = (N11Qa1)*RYy (k € IN).
By (19) and (16), we have
(N14QuaR1a)" = (N14Qua) R4 (N14Qua)* ' (k € IN).

Since N1Q)4 is nilpotent, we obtain that N11(4; is nilpotent, which together with the nilpontence
of R44 indicates that N11Q41R41 and N14Q44R44 are nilpotent. Thus, N1Q4R4 is Drazin
invertible with (N1Q4R4)” = 0. Therefore, by Lemma 1.2, PQR is Drazin invertible and
(QiR)PPTT 0

PQR)P =
(PQR) Xron 0

; (27)
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where
ind(N1QaR4)—1 A A
Xpgr= Y. (NQuR.) (NiQsRy)[(P.QiR1)") . (28)
=0
]

Replacing the conditions [P, P?Q] = 0, [P,QPQ] = 0 by [P, PQ] = 0 in Theorem 2.1, we
conclude that N1Q3 = 0 and N1Q4 is nilpotent. Similar to the proof of Theorem 2.1, we have
the following result.

Theorem 2.2. Let P,Q,R € B(X), and P,Q, R, P?Q, RPPPQ be Drazin invertible. If
[P,PQ] =0, [P,R] =0 and [R, RQ| = 0, then the product PQR is Drazin invertible.

The next theorem is a symmetrical formulation of Theorem 2.1.

Theorem 2.3. Let P,Q,R € B(X), and P,Q, R, PQP, PQPRP be Drazin invertible. If
Q,PQ?* =0, [Q,R] =0, [R,PR] = 0 and [P,QPQ] = 0, then the product PQR is Drazin

invertible.

83 Reverse order law

In this section, we will investigate the reverse order law for the Drazin inverse of three linear
bounded operator products. As a special case, the reverse order law of the Drazin inverse is

obtained for two linear bounded operator products.

Theorem 3.1. Under the conditions of Theorem 2.1, the following reverse order law state-
ments are equivalent:

(i) (PQR)P = RPQPPP,

(ii) (PQR)PP = RPQPPPP,

(ii) (PPPQR)? = RPQPPPP.

Proof. From (4) and the Drazin invertibility of @ and @1, we know that @4 is Drazin invertible,

and
Xo Qi
Then
RPQP PP = RiQ?Pii 0 . RPQPPPP = Ri@f) 0
RY XqP; 0 RYXg O
and
(PQR)PP — | (PI@)ZEL 0] | (@uF)” 0
XPQRP1 0 XPQRP1 0

by (11), (1), (27) and (26), where
ind(Q1)—1 ‘ ‘ ind(Qa)—1 ‘ ‘
Xo= > @Q@)TQsQiQT+QF > QiQs(QD)™ - QPQsQf.

=0 =0
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Obviously, it can be seen that

(Q1R1)” = RPQ7,

RPXq = XporP:.

In the following, we show that (Q1R1)P = RPQP implies Xpor = 0. If (Q1R1)P = RPQP,
then Q13QF, = 0 by (24), (25) and RPQP = [RfllleDl 8}. From (8) and

(PQR)P? = RPQPPP — {

Q31Q8 0
QSQlD: D31 ' D> (30)
Q33Q7) + Q31 Xg, Q3Q1y
where
ind(Q11)—1 _ ' ind(Q14)—1 ' .
Xo, = Y, (@QW)™QuLQL+QL Y, Q@)™ - QLQsRuQT
i=0 i=0
Z’I’Ld(Qll)*l ) )
= > (@) Q1Q1,Q7 — Q113 R QT
i=0

we have Q31QF = 0,034QF, = 0,Q33Q%, + Q34Xg, = 0, and we further obtain Q33QF, =0
according to Q34 X¢g, = 0. Thus, by (26),

Q107 0

Pt =0, 31
QQf 0] ! 3

Q3R (PLQ1R1)P = QsRiRP QY P = [

which implies Xpgr = 0 in (28). Therefore,

(Q1R1)P = RPQY
RPXo =0

PQR)PP = RPQPPPP
PPPQR)P = RPQPPPP.

(PQR)? = RPQPPP — {

=
=
O

Similar to the proof of Theorem 3.1, we obtain the reverse order law associated with Theorem
2.2.

Theorem 3.2. Under the conditions of Theorem 2.2, the following reverse order law state-
ments are equivalent:

(i) (PQR)P = RPQPPP,

(ii) (PQR)PP = RPQP PP P,

(ii) (PPPQR)?P = RPQPPPP.

If [P,Q] =0, [P,R] = 0 and [Q,R] = 0, then Q3 = 0 in (4), and so the next result is
obtained directly from Theorem 2.1 and Theorem 3.1.

Corollary 3.1. Let P, Q, R € B(H) be Drazin invertible. If [P,Q] = 0, [P,R] =0 and
[Q, R] =0, then PQR is Drazin invertible, and
(i) (PQR)P = RPQPPP,

(ii) PP, QP, RP are commutative.
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In Theorems 2.1, 2.2, 3.1 and 3.2, if R = I, then we can obtain the results on the Drazin
invertibility of PQ) and its reverse order law.

Corollary 3.2. Let P, Q € B(H), and P, Q, PPQ be Drazin invertible. If P,Q satisfy
(1) [P, P%2Q] = 0, [P,QPQ] = 0, or (2) [P,PQ] = 0, then PQ is Drazin invertible, and the
following reverse order law statements are equivalent:

(i) (PQ)P = QPPP,

(i) (PQ)PP = QPPPP,

(iii) (PPPQ)P = QP PPP.

The next theorem is a symmetrical formulation of Theorem 3.1.

Theorem 3.3. Under the conditions of Theorem 2.3, the following reverse order law state-
ments are equivalent:

(i) (PQR)P = RPQPPP,

(ii) Q(PQR)P = QRPQP PP,

(i) (PQQPR)” = RPQQP PP.

84  Drazin invertibility of P 4+ Q
Combing with the proof of Theorem 2.1, we can describe the Drazin invertibility of sum of
two bounded linear operators. Related results can be founded in [2,4,23].

Theorem 4.1. Let P,Q € B(X), and P,Q, PPQ be Drazin invertible. If [P, P?Q] = 0,
[P,QPQ] = 0 and [Q, PQ|P™ = 0, then P + Q is Drazin invertible if and only if I + PPQ is
Drazin invertible, and

(P+Q)” = a+B+(I-(P+Q)P"B)> (P+Q)FP Qa*" - BQa, (32)
k=0

where

a = PP(I+PPQRQ"+> (PP)*(-Q)'qQ,

1=0
B o= > (QP)TH(=P)QRPPT +> (QVP")PQT(P +Q)'P
=0 =0

Proof.  From the proof of Theorem 2.1, (1) and (4) are the matrix form of P and Q, respectively.
Then, substituting (1) and (4) into the assumption [Q, PQ]P™ = 0, we get

N1Q7F = QuN1Qs. (33)
In the proof of Theorems 2.1, we have shown @) and @4 are Drazin invertible, then @1 and Q4
can be written as
0 0
Q1= @n , Qu= @ (34)
0 Qs 0 Qu

with respect to the space decompositions N (P™) = M (QT) ® R(QT) and R(P™) = N(QF) ®
R(QF), where Q11, Q41 are invertible and @14, Q44 are nilpotent. Let Q3 have the corresponding
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: _[en @ p _ [@ueyto] . . : _
matrix form Q3 = [jS Qii] . From (8) and Q3Q7 = [QE;Q% 0}, it is obvious that Q31 =
0, @33 =0, and hence
0
Qs = @az| (35)
0 Q34
Thus,
Qu 0 0 0
0 0 0
o0 Qs | .
0 Q32 Qu O
0 Q3 0 Qu
Under the previous space decompositions of N'(P™) and R(P™), by P1Q1 = Q1P and (33), we
have

p= | U (37)
0 Py
and
N, = Ni N12] (38)
0 DNy
with
P11Q11 = Qu1P11, P1aQua = QuaPry (39)
and
NuQiy = QuaN14Qua, N11Qu1 = QuN11, N12Quq = 0. (40)

Since P; is invertible and N is nilpotent, Py1, P4 are invertible and Ny;, N4 are nilpotent.
Thus,
P 0 0 0
P 0 Py O 0 7 (41)
0 0 Ni1 Nig
0 0 0 Ny

and then
P+ Q1 0 0 0
P 0 0 P 0 0
PrO= 1+ Q1 _ 14 + Q14 ‘ (42)
@z Ni+Qq 0 Q32 Nii+Qu Ny
0 Q34 0 Nig+ Qua

The second equality in (39) means that PQIQM is nilpotent, because P4 is invertible and Q14
is nilpotent. Then I + P1_41Q14 is invertible and (I + P1_41Q14)_1 = Z;.io P;f(—QM)i, and we
further see that P4 + Q14 is invertible and

00 (Pu+Qu) @030 0@ (I+P'Qu) 'Pll@0a0

= 08) P (~-Qu)'Py'e0&0
1=0

PPy (-Q)QT. (43)

=0
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Similarly, from the second equality in (40), we can conclude that N1; + Q4 is invertible and
000® (N1 +Qu) @0 = 0906 [ +Q; Nu) Qi ®0

0000 Y Qu(-Nn)'Qy ©0
1=0
> (@QP) (=P QPP (44)

=0

Substituting (34) and (38) into (3) and (6), we get
N} Qua = N3yQuaN1a, N1aQuaN14Qus = QuaN14QuaN1a,

which, together with (40), imply that N14+Q44 is nilpotent. Then, N1+Q4 = N“JgQ“ NlﬁQQ“]
is Drazin invertible, and

(N1 4+ Q)" = (Nix + Q)™ ;((Nll +Qu1) DN (Niy + Qua)’ . (45)
0 0

Thus, from (42) and (39), it can be seen that
P + @ is Drazin invertible <= P; + 1 is Drazin invertible
<= P11 + Q1 is Drazin invertible
<= I+ P[;'Qq; is Drazin invertible

<= I+ PPQ is Drazin invertible.

Next, we are going to give the expression of (P + @Q)P. By (42) and Lemma 1.2, we get

D _ (Pl + Ql)D 0
Q" = X3 (N1 + Q4)D] (46)
where
X3 = Z((Nl +Q4)7)2Qs(PL+ Q1) (PL+ Q1)"
i=0
+ (N14+Q4) ”Z Ni+Q4)'Qs((PL+Q1)") = (N1+Q4) " Qs(P1+Q1)". (47)
1=0
Notice that
b |(Pu1+Qu)” 0
(Pr+Q1)" = 0 (Pia+ Qua)) (48)

and
(P1+Qu)P800080="P' I+ P 'Qu)? @080 0=P°(I+PPQ)PQQP, (49)
then it follows from (43) and (49) that
P + b 0 - 7 T
At QU7 01— pP(1 4 PPQIPQQP + 3 (PP (@) 2 a (50)
i=0
On the other hand, (6) implies that N1QuN:QY = QP N1Q,N;. Substituting (34), (38) and
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(40) into this equality yields N1 N12 = 0. Then, in (45),

oo o0

D (V114 Qar) ™) P Nio(Nia + Qua)' = Y Qi) Mo (N1 + Qua)’,
i=0 =0
and hence
gy — | QT QTN Wik QT (51)
0 0

This and (44) give
0 0 :Oo Dyi+1 _Pi D}ﬂroo DPﬂ'i+2P (P iPWé 592
lo (N1+Q4)D] 2 QUTHEPIQQUPIY_(QPPTTEPQIPLQIPT £ 5 (52)
Due to (51), (35) and (48), we have
(N1 + Qu)"Qs(P1 + Q1)" = 0.
Note that (P + Q1)(P1 +Q1)™ = (P1 + Q1)™(P1 + Q1). Then X3 in (47) can be simplified as

X3 =(N1+Q4)" Z N +Q0)'Qs((PL+Qu)”) ™ = (M + Q) Qs(P+Qu)”.  (53)

Again, (P+ Q)P™ = [{ N1+Q4] and PTQPPP =[ 9, 0]. So, from (53), we get
)?3 g} (I—-(P+Q)PB) 2(19 +Q)'PTQPPPa't? — BPTQPPPa. (54)
Therefore, by(46), (50), (52) and (54), it follows that
P+Q)P =a+p+I~-(P+Q)P"B) i(P +Q)'P"QPPPa'™ — pP"QPPPa.
Taking into account SP™ = 8 and PPP« : :ao we have
(P+Q)P = a+B+(I—(P+Q)FP"B) > (P+Q)"P"Qa™*? — Qa.
k=0

In the following, some special cases of Theorem 4.1 are given.

Corollary 4.1. Let P, Q € B(H), and P,Q, PPQ be Drazin invertible. If [P, PQ] = 0,
[Q, PQ] = 0 and [P,QPQ] = 0, then P + Q is Drazin invertible if and only if I + PPQ is

Drazin invertible. In this case,
oo

(P+Q)” = a+B+(I—(P+Q)P"B)> (P+Q) PrQ(PP)++?

k=0
— afQPTQPY — (QPPT)'P*QTQPTQPY,
where a, (3 are defined in Theorem 4.1, and ay =Yoo ((QP) 1 (—=P)'QQP P™.

Proof. By the assumptions and the proof of Theorem 4.1, it follows that N1Q3 = 0 and
Q3Q1 = 0. Then, from (35), (38) and (34), we have

N11Q32 + N12Q34 = 0, N14Q34 =0 (55)
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and
Q32014 =0, Q34Q14 = 0. (56)
By (45),
DA (N11+ Qau)7 ! Z((Nn + Q41)71)i+2N12(N14 + Q44)i 0 Q32
(N1 +Q4)" Q3= ; = . 0 Oul’

From (40) and (55), it can be seen that
Nia2(N1g + Qa4)Q34=0, N12(N14 + Qu4)*Q34=N12N14Q14Q34, N12(N14 + Qua)'Q34=0,i > 3.
Thus,
(N1 +Q4)PQs

_ |0 (N1 + Qa1) " *Q32 + (N11 + Q1) ?N12Q34 + (N11 + Qa1) * N12N14Q1aQ34
0 0 ’
Note that

(N1 + Qa1) 'Qa2 + (N11 4+ Qu1) °N12Q3s = (Ni1 + Qa1) *(N11Q32 + Qa1 Q32 + N12Q34)
= (N1 + Q1) °Qu Q32
and N1 Np2 = 0, we then obtain

(N1 + Q)PQs = 8 (N11 + Q41)72Q41Q320+ Q214N12N14Q44Q34] .

In addition, (56) implies Q32(Pia+Q14) "' = Q32Pf41 and Q34 (Pra+Q14)" ! = Q34Pf41. Hence,

(N1Q2)PQs(PQ1)P = g (N11+Q41)_2Q41Q32P1_41;- Qi N1aN14Qu4Q34Pp,!

In view of (44), we get
0 0
(N1 4+ Q4)PQ3(PL+Q1)P 0
where a; = 320 (QP)F1(—P)'QQP P™. Also, Q3(P1 + Q1)P = Q3P '. Therefore,

=aiQP"QPP + (QPP™)* P’ Q" QP QPP

o0

(P+Q)P” = a+f+(I-(P+QP"B))Y (P+ Q) PTQ(PP)*?

k=0
_ OK%QPWQPD —(QDPW)4P2Q7TQPWQPD.

If [P,Q] = 0, then Q3 = 0, N1 = 0, X3 = 0in Theorem 4.1, whence 8 = > ;o (QP)"!(—P)

P™ in (52). So, we obtain the result as follows.

Corollary 4.2. Let P, Q € B(H) is Drazin invertible. If [P,Q] = 0, then P+ Q is Drazin
invertible if and only if I + PPQ is Drazin invertible. In this case,

(P+Q)P =a+p=PP(I+PPQ)QQ" +> (PP)™(-Q)'Q™ + > (QP) ' (-P)'P~.

1=0 =0
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