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The tangential k-Cauchy—Fueter type operator and
Penrose type integral formula on the generalized complex

Heisenberg group

REN Guang-zhen! SHI Yun?* KANG Qian-gian?

Abstract. The tangential k-Cauchy—Fueter operator and k-CF functions are counterparts of
the tangential Cauchy—Riemann operator and CR functions on the Heisenberg group in the the-
ory of several complex variables, respectively. In this paper, we introduce a Lie group that the
Heisenberg group can be imbedded into and call it generalized complex Heisenberg. We inves-
tigate quaternionic analysis on the generalized complex Heisenberg. We also give the Penrose

integral formula for k-CF functions and construct the tangential k-Cauchy-Fueter complex.

81 Introduction

The generalized complex Heisenberg group ) is the complex space C® with the multiplication
(y,8)-(¥,8) == (y +¥,s +5 - 2y"Jy), (1.1)
0 1

Yoo  You Sor0r Sor1/ 8
,8) 1= , e C°%, 1.2
(y ) (( Yyior Y > < S1700 S171/ >> ( )
1 0/

In the classical flat case, by complexifying 4-D Minkowski space as C*, one can construct

where

and J =

twistor space by using complex geometry method (cf. [6,8,14]). The Penrose transform was
originally used by Eastwood, Penrose and Wells [7] to construct holomorphic solutions to mass-
less field equations over the complexified Minkowski space, and was generalized by Baston [2]
to complexified quaternionic Kéhler manifolds. The twistor transformation for the Heisenberg
group is given in [9] and we use the twistor method to study a horizontal ASD equations on
the Heisenberg group [10].

Received: 2023-01-13. Revised: 2023-06-24.

MR Subject Classification: 22E25, 26B20, 23A25.

Keywords: the generalized complex Heisenberg group, the tangential k-Cauchy—Fueter type operator,
Penrose-type integral formula.

Digital Object Identifier(DOI): https://doi.org/10.1007/s11766-024-4942-6.

Supported by National Nature Science Foundation in China(12101564, 11971425, 11801508), Nature Science
Foundation of Zhejiang province(LY22A010013), and Domestic Visiting Scholar Teacher Professional Develop-
ment Project(FX2021042).

*Corresponding author.



182 Appl. Math. J. Chinese Univ. Vol. 39, No. 1

In this paper, we will use the twistor method to define the a-planes over . The moduli
space of all a-planes is the twistor space P. Then we have the double fibration
P+ C® x CP' T C8.
We will write down a local coordinate chart of the double fibration in this paper.
We can construct a differential complex, the tangential k-Cauchy—Fueter complex, with the
first operator to be the tangential k-Cauchy—Fueter type operator @ék) :

() ()
0 — C®(, %) —— C®(Q, 1) —— C=(Q, %) — 0, (1.3)
for a domain €2 in §), where
V=0T C?e NC?, j=0,1 (1.4)
for fixed k = 0,1,--- . Here ®PC? is the pth symmetric power of C2. See [11, Theorem 2.1]

and [9, Theorem 1.3] for the similar construction of tangential k-Cauchy-Fueter operator on the
right quaternionic Heisenberg group and Heisenberg group, respectively. It is a generalization of
k-Cauchy-Fueter complex on the quaternionic space H™ (cf. [3-5,12,13] and reference therein).

In Section 2, we introduce the a-planes and the twistor space of the generalized complex
Heisenberg group. In Section 3, we give the definition of the tangential k-Cauchy—Fueter type
operators on the generalized complex Heisenberg group and their basic properties. We also prove
the Penrose-type integral formula on the generalized complex Heisenberg group. In Section 4,
we prove that (1.3) is a complex.

82 «a-planes and the twistor space of the generalized complex
Heisenberg group

The left translation over § is

T(y',s') * (Ya S) = (y/7sl) : (Y7S)v (Y7S) €N (21)
for fixed (y’,s’) € . A vector field V over § is called left invariant if for any (y',s’) € £, we
have

Ty sV =V,
where 7y o) is the left translation in (2.1). Define

(Var ) (:8) 1= 1 ((3.5) - (teax,0)

t=0
)

(S HE.) = 51 (9:9) - (O tewn)
t=0

for A,B = 0,1, where eap (earp:) is a vector in C* with all entries vanishing except for the
(AB’)-entry ((A’B’)-entry) to be 1. We have left invariant vector fields on $:

0 0
Voo 1= = 2y10:Soror — 2y11/ S, Vo = — 2y10'Sor1 — 2y11/ S11,
Yoo Yo
0 0
Vipr = = 2yo00'Soror — 2%01: S0, Vi = m—— — 2yo0 Sor — 2yo1S11/, (2.2)
1o/ oY1/
0
S B! =
A’'B aSA/B’ )

where A, B' = 0, 1’. The left invariant horizontal vector fields satisfy the following proposition.
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Proposition 2.1. {Vaa/,Sa g} spans a non-Abelian subalgebra, whose brackets satisfy
[Voor, Vir] = [Vior, Vour] = =281 + 2810, (2.3)

and all other brackets vanish.

Proof. By direct calculation, we have

0
Voo, Viv] = [ — 2y100Soror — 2y11-S170 s 7—— — 2Y00' Sor1 — 2Yo1/ S11
Yoo Oyiv
— 9 oy Son) — =2 (—211 ) = —2891r + 28
Moo Yoo’ D01 Y Y11/910 0’1 170/ -
Similarly, we have [Vior, Vorr] = =251/ + 2S17¢/. ]

Let 1-forms {QAA/, HC/D/} be dual to left invariant vector fields {Va 4/, Sevps } in (2.2) on £,

ie. 044 (Vpp/) = dapdarp, 044 (Scip) = 0, 0P (Vgp) =0, 045 (Scipr) = darcidpripr,
where A, B =0,1 and A’, B’,C’, D’ = (/,1’. Then for a function u on §j), we have
du = Z Vaaru- QAA/ + Z Scipru - GC/D/.
AN c’,D’
By the expression of V44 in (2.2), we get that gAA
go'o’

=dyaa and
= dsoror + 2y10:dyoor + 2yo0-dyror, 071 = dsorr + 2y10:dyors + 2900 dyi,
0V .= dsyo + 2yo1dy1or + 2y11-dyoor, 0" = dsyy + 2y11/dyorr + 2yorrdyry.

Exterior differentiation gives us
a6 =0, der =o,
for A=0,1,A"=0',1’, and
Aot = —20%" A 01" — 20" A 0™ = 0"
For fixed 0 # (o, m1/) € C2, take

Vyp:i=m9gVag — w1 Varr, A=0,1. (2.4)

We have
[Vo, Vi] =0,
by Proposition 2.1. Namely,
span{Vp, V1}

is an Abelian Lie subalgebra and an integrable distribution for fixed 0 # (mo/,m1/) € C2. Their
integral surfaces are hyperplanes, which we also call a-planes. The twistor space P is the moduli
space of all a-planes, which is a 7-D complex manifold. We have the double fibration over 8-D
generalized complex Heisenberg group as follows

P« F=CxCP' T 5 =C"
If we use the nonhomogeneous coordinates, { = :—‘1):, (T“ = :—;:, the vector field Vy in (2.4) can
be rewritten as _

VA = 7T1/V1§ = 7To/‘71§,
where
V§ = (Vao — Varr,
and _ _
V§ = Vay —Varr.
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We can describe a-planes, the integral surfaces of Vj, V1, explicitly as follows. C8 x CP! is

the complex manifold with two

coordinate charts C® x C and C® x C, glued by the mapping

k:C8 x C\ {0} — C8 x C\ {0} given by

(v,s.¢) — (y,s,¢7").

Then if we use the nonhomogeneous coordinates, 7 : C® x CP* — C® is given by (y,s, () —
(y,s) and (y,s,{“) — (y,s). Let us check that the integral surfaces of Vj and Vj lifted to

C8 x CP! by 7 are the fiber of the mapping 7 : C8 x C — C7 and 7j : C® x C — C7, respectively.

Proposition 2.2. One piece of the fiber of the mapping 1 : $H x C — W = C7 is given by

n0(y,

m(y,

n2(y,

w = 77(}’757 C) = 773(y7
774(}’,
(y,

n6(Y,

where

s,¢) Yoo + CYo1’,
S, ¢ y1or + CY117,
sor0r + Cs0r17s
= sror + (s, ew,
soor + € (sor + svo) + s,
soror + 511+ (yor, yor) + (Y1, y1),
G

S?C
S?C
s?C
S7<
S?C

(yar,yB') = Yoaryi1p' + Y14'Yom’,
for A’ B" =0',1". Then 7 on~Y(w) is a 4-D plane parameterized as

with parameters ty, t1,ta,t3 € C.
Proof. For A =0, we have

Véws = (CVoo — Vor)w =

Similarly, for A = 1, we have

VfwB = (Vi —Viv)wp =

Yorr = to,
Y11 = t,
Sor1r = to,
s1110 = t3,
Yoor = wo — (o,
y1or = w1 — (t1,
Sor0r = wa — (ta,
s10r = w3 — (i3,

V{f and Vf are tangential to this plane, and so it is an a-plane.

Coop — Coop =0, when B =0, 1,
—2y10/C + 2y100¢ = 0, when B = 2,
—2y11/C + 2y11-¢ = 0, when B = 3,
C(—2y100 — 2y11/¢) — (—2y10¢ — 2y11/¢?) =0,  when B =4,

(2.5)
(o1 — Co1p =0, when B =0, 1,
—2y00'¢ + 2yoo ¢ = 0, when B = 2,
—2y01/C + 2yo1-¢ = 0, when B = 3,

¢ (—2y00r — 2y01¢) — (—2y00:¢ — 2y01/¢?) =0, when B =4.
(2.6)



Guangzhen Ren, et al. The tangential k-Cauchy—Fueter type operator... 185

By expressions of Vy4.’s in (2.2), we have

Voor(ws) = 2y100 — 2y100 =0, Vo (ws) = 2y110 — 2y110 = 0, 2.1)
Vior (ws) = 2yoor — 2yoor =0, Vi (ws) = 2yo1r — 2yo1r = 0.

So we have
V§(ws) = 0.
Note that for a fixed point w = (wp, -+ ,ws,() € W, n71(w) in C® x C has fixed last
coordinate ¢. So 7 o1~ !(w) is the plane determined by

770(}”5,():@0’ Tty "75(}")57(:):“}5'
Yoo + CYorr = wo,

Y100 + CY11r = wa,

Soror + CSor1r = wa,
s10r + (S1717 = ws,
to¢, Y1 = t1, Y10 = w1 — t1(, so = ta, Spror = wo — t2(, Sy = t3, S0 = w3 — t3¢ with
parameters tg,t1,to,t3 € C. O

The solutions of linear equations are given by yo1r = to, Yoor = wWo —

On the other hand, if myp, # 0, integral surfaces of ‘705 and ‘715 are fibers of the mapping
7:C® x C — W = C7 given by

ﬁo Y, SvC _
i (y,s,¢ QyOO/ + Yo/,
- S ~Cyw' + Y11/,
2 y,s, ¢ Csoror + Sor17s
c~u = ﬁ(y,s,() = ﬁg y,S,C = _ 9;51/0/ +81/1/, c W
i (y.s ¢ soor + ¢ (sor + svor) + s1,
_ ~ soror + s + (Yo, yor) + (Y1, y10)s
n1ly,s, C E
776 y,s, C

Then the transition function becomes

®: WA\{(=0}>W\{(=0}
(Wk7w4vw57<) = <aka@476576) = (Cilwk7<_72w4,w57<71)7

where k = 0,1, 2,3, which glues W and W to get a complex manifold P. It is the moduli space
of all a-planes, which is our twistor space.

83 The Penrose integral formula

We denote by ©PC? the p-th symmetric power of C2. Its element is denoted by a 2P-tuple
(fA’l---A;), Ay, A, = 0,1, which are invariant under permutations of subscripts. For k =
1,2, - -, the tangential k-Cauchy—Fueter operator Qék) :Ct (53, @k(C2) — 0 (f), OF1C? ® (Cz)
is given by

(‘@ék)f)A’TuA’A:: Z Vf,lfA,lAIQ"'AL'. (3-1)

k A/1:0/’1/



186 Appl. Math. J. Chinese Univ. Vol. 39, No. 1

Here we use matrices

(earm) = ( _01 (1) ) and (EA/Bl) = ( (1) _01 )

to raise or lower primed indices:
’ B/A/
VA = g V:‘XB’E )
B

r=0",1’
ie.
VY =Var, Vi =—Vag. (3.2)
@[()0) : C®(§,C) — C>=($H, A2C?) is given by
(0) _ A’
(90 f) B A':zo; ., VaaVp [, (33)

where A, B = 0,1, and Aj,---, A}, = 0',1". Here 2¢[ap) := paB — ¢pa for ¢ € C>(H,C?®C?)
is the skew-symmetrization, and we interchange the order of indices and write Var g4 := Vaa,
since it is convenient for taking skew-symmetrization. Therefore we have Z Var AV;], =
A'=0",1
3 (VAA,Vé“’ — Vs A/Vg‘").

A'=0",1

A ©FC2?-valued distribution f on Q C § is called k-CF if @ék)f = 0 in the sense of distri-
butions. For f holomorphic on C"\CS, where

C® = {w = (wo, w1, -+ ,wg) € CTlwg = 0} ,
we define the Penrose-type integral 2, f € C>($, ©FC?) by
(Prf)agay..a(y,s) = fh CA'1+A'2+...+A§Cf(wO,w1’... , we )dC. (3.4)
¢l=1

where A; = 0',1". In fact, w is the mapping from $ x C to the twistor space P of the generalized
complex Heisenberg group .

Theorem 3.1. Fork=0,1,2,---, P.f is k-CF if f is holomorphic on C"\C°.

Proof. (1) For k=1,2,---, act V44 on both sides of (3.4) and use the chain rule of derivatives
and (2.7) to get,

Voo (Pif)ay..a,(y,s)

— Cpega, | OF af af - af of
= ]{q_l A [M(w) 2y10 ( Py @)+ (w)) 2y11,< W) +¢ 8w4(w))]d§,

(%)4 80.)3

Vor (Zif)a,..a(y,s) = jI{ (At
=1

[W(w) — 210 (;Ui(w) + w(w)) — 2y (;i(w) n Caf(w)ﬂ ac.

Owg Owy Owy

So we have

Voo (P f)v ayeay, (v,8) = Vor (Pi f)o aya, (¥ 8),
which is equivalent to

AI
Y VS (Pef) agapay (y,8) =0,
AL=07,1"
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by (3.2). Similarly, for A =1,
Vio (Pif)ay..a,(y,s)
iaa [ Of of of of of
_ At Al | 9T N o 95 o, 95
- f(l—l ¢ * [&ul (w) = 2yoo (&Jg (w) + B0 (W)) 2401 <8w (w) + C ( ) )| d¢,
Vi (P f) ay..a(y,8) Zj{ (At
[¢]=1
of of of of of
9T o) — 2wam [ 2 2L — o .
)= 2 (@) + @) = 2o () + ) | ac
(3.6)
Then by (3.2) and (3.6), we have
> V' (2f) )agay..a; (y,s) = 0.
A/ 70/ 1/
(2) For k = 0 by (3.2) and the brackets in (2. 3) we have
2 > Va AVB = Z VaaVi — Z VagVi¥
A=0,1/ =01/ =01/
= Vao'Ver — Va1 Vpo — Vo Var + Ve Vao
=2(Vao' VB — VeorVar') — Vao, Ver] + [Veor, Varr].
So for A=0, B=1,
2 Z VA/[OV = 2(Voo Virr = Vio Vo).
=0',1/
By (3.5) and (3.6), we have
Y of of
’ ’ ’ ’ = A1+ +Ak+1 —_—
ViV (i (929 = f € {2(Zw+ZLw)
*f *f >’f *f >*f
—_ 2 ’ —_ 2 ’
Fugdior &)~ 0 <8w28w1 T a0 M) oy (8w38w1 W)+ C8w43w1 (“))]
0% f 0% f 0% f 0% f
— 2900/ — 2100 | —5 — 2u11/
Joo | OwpOws () Y10 (&ug (w) + Ow40ws (w)) i (&ug&ug( )+ 8w48w2 (w))}
0% f 0% f 0% f 0% f
~ oo | OwpOws (@) = 2y10 (6w28w4 Wit &ui(w)) ~ 2 (8w38W4 w) ]
0% f 0% f 0% f 0% f
—_ 2 ’ —_ 2 / —_ 2 ’ —_—
Y01 | Gl &) T Hi0 (awZawg T a0 (‘”)) i (a 7 (W) + 8w40w3 (‘*’)ﬂ

S it S
Your 8w08w4 w Y1or 8w28w4

dc,

and

VioVor (Ze f) ag...a, (y,s) = ]{

o f
[&ul@wo () = 2y00 <8w

0% f 0% f

| ot Lo (P y )

I¢|= 60.)2 8&)4
o f o f

20w

o f
@)+ 5p @) — 200 (o) +

°f
+ 8&148&10 (W)> - 2y01/ (80)38&10 (W) +

o)

82 f

=)



188 Appl. Math. J. Chinese Univ. Vol. 39, No. 1

[0%f 9% f 9% f 9% f 9% f
- 2y10/ _8w16w2 (W) B 2y00/ (M(W) + 80.}480)2 (W)> - 2y01/ ((W(W) * C8w48(,u2 (W)>:|
[9%f 9% f 9% f 9% f 9% f
~ 2 | G = 2w () + 506 ) = 2 () + G5k ) |
[ 9%f 9% f 9% f 9% f 9% f
~ 2 [ ot () = 2 (o) 4 5ot )~ 2w (G5 + o))
9% f 9% f 9% f 9% f 9% f
26 | 5 A )~ 2o () + ) — 2o (G A+ 55|}
ac.
So we have
(Dg°> P, f) = 3 VauV (2f) =o.
[AB] A/:O/71/
The theorem is proved. O

84 The tangential k-Cauchy-Fueter type complex over $)
The second differential operator in (1.3) is as follows. @1(16) : C®(Q,0FIC?® C) —
C>=(Q,o*~1C? ® C?) is given by
k ’
(91( )f> =2 > Vi fagaaga, (4.1)
A'=0",1/
The following proposition holds directly by (2.3) and (3.2).

Ao AL AY-- AL,

Proposition 4.1. {Vf', Vg'} =0 except for
|:V01/’ VIO,:| = |:‘/11,7 ‘/00/:| = 250/1/ - 2S1/0/.

In particular, we have

v v ]+ v vl =o, (4.2)
for any A, B =0, 1.
Lemma 4.1.
(A'y/B') _
Via Vi " =0,

for any A,B=0,1and A’,B'=0,1".
Proof. Note that
2‘/[:3‘/3] =ViVe -V Vi = {VA Ve ] =0,
by Proposition 4.1, and
WOV + 2V = VRVE - VRV vV v = [V v | v R =0
by (4.2). The lemma is proved. O

Now we can check (1.3) to be a complex by direct calculation.

Theorem 4.1. (1.3) is a complez, i.e.
.@1(]6) o @ék) = 0.
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Proof. For A,B =0,1 and Aj,---, A}, =0',1’, we have

(20 28 f)ABAg...A; =2 3 v (287)

it BlA Ay A

A’y B
=2 E Via Ve feraray.a
A’ B'=0/,1/

A’y B’
2 Y VY S, =0
A, B'=0",1/

by Lemma 41 and fB/A/Aé“'A;C = fA’B’AéWA;C' D
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