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Radial solution of the Logarithmic Laplacian system

ZHANG Li-hong? NIE Xiao-feng?
WANG Guo-tao?* Bashir Ahmad?

Abstract. The paper generalizes the direct method of moving planes to the Logarithmic Lapla-
cian system. Firstly, some key ingredients of the method are discussed, for example, Narrow
region principle and Decay at infinity. Then, the radial symmetry of the solution of the Loga-
rithmic Laplacian system is obtained.

81 Introduction

In recent years, the research on boundary value of linear and nonlinear integro differential
operators has attracted extensive attention, among which the more popular topic is the frac-
tional Laplacian. The fractional Laplacian equations or systems can be used to model diverse
physical phenomena, such as anomalous diffusion and quasi-geostrophic flows, turbulence and
water waves, molecular dynamics and relativistic quantum mechanics of stars (see [1]-[3] and
the references therein). A series of excellent results about the fractional Laplacian have been
obtained [4]-[7].

In 2019, Chen and Weth [8] introduced the concept of a new fractional Laplacian operator
called Logarithmic Laplacian. They first discussed the origin of the Logarithmic Laplacian
and derived its related properties. Then they studied the functional analytic framework of
Dirichlet problems involving the Logarithmic Laplacian on bounded domains and characterized
the asymptotics of principal Dirichlet eigenvalues and eigenfunctions of (—A)® as s — 0. The
integral representation of the Logarithmic Laplacian is as follows and the space L}(RY) denotes
the space of locally integrable functions u : R — R such that

_ [T lu=)]
el g = /0 T s < o
Definition 1.1. [8] If u € L§(RY) is Dini continuous at some point x € RY, O C RY is an
open subset and x € 2, then

afute) = [ HH=iy o [y o)+ onlute), ()
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where

1 1
ho(x) = CN/ —dy — C’N/ N,
B1(z)\Q |z —y|N Q\ B (z) |33 -yl

Cy = w_%l“(%) and py = 2log2 + g(%) — 7, where I is the Gamma function, g = 1% is the
Digamma function, v = —T"(1) is the Euler Mascheroni constant and By(x) denotes the open
ball of radius 1 centered at x € RN .

In this paper, we investigate the radial symmetry of positive solution of the Logarithmic
Laplacian system. Since the radial symmetry property is essential for the development of
symmetrization techniques for fractional elliptic and parabolic differential equations [9]-[11], in
the study of the fractional Laplacian, the radial symmetry of solutions has been a hot topic.
Zhuo et al. [12] considered the following system of pseudo-differential nonlinear equations in
RN

(—=A)2ui(z) = fi(ur (@), um()), i=1-,m,
u; >0, i=1,---,m

where a € (0,2). They obtained radial symmetry in the critical case and nonexistence in the

)

subcritical case of positive solutions. Li [13] obtained symmetry of positive solutions in the
situations where the initial values are symmetric. Jarohs and Weth [14] established asymptotic
symmetry of weak solutions for a class of nonlinear fractional reaction-diffusion equations in
bounded domains. However, there is no result about the radial symmetry of the solution of the
logarithmic Laplacian system. We are interested in the radial symmetry of the positive solution
of the following Logarithmic Laplacian system

(—A)rw(z) = o(w, @), z € RN,
(—A)rwm(z) = Y(w, ), z € RY, (2)
w(z) >0, w(x) >0, z € RV,

where (—A)# is the Logarithmic Laplacian operator and ¢, € C*([0,4+00) x [0, +00),R).

The direct method of moving planes is an important method to obtain the radial symmetry
of the solution of equations and systems. It is developed on the basis of the method of moving
plane. The method of moving planes was introduced by Alexanderoff in the early 1950s. Caf-
farelli and Silvestre [15] introduced the extension method that reduced this nonlocal problem
into a local one in higher dimensions in order to overcome the difficulties brought by fractional
Laplacian nonlocality. In [16] and [17], by applying the method of moving planes in integral
forms, the authors obtained the radial symmetry in the critical case and nonexistence in the
subcritical case for positive solutions of the following integral equation

~c[ & e,

However, either by extension method or by the method of moving planes in integral forms,
one needs to impose extra conditions on the solutions, which makes our research difficult. To
overcome the shortcomings of the two methods above, Chen and Li [18] developed a direct
method of moving planes for the fractional Laplacian, later, Liu and Ma [19] generalized the
method of moving planes for the fractional Laplacian to the following system

(=) u(z) = f(u,v), z € RV,

(—A)Zv(x) = g(u,v), z € RV,

u(z) >0, wv(z)>0, r € RN,
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where o € (0,2) and (—A)? is the fractional Laplacian operator. The method can work directly
on the nonlocal operator for nonlocal problems either on bounded or unbounded domains. We
have also done some work in applying the method to study the fractional Laplacian [20]-[26].
As an extension of our previous work, we generalize the method to the Logarithmic Laplacian
system (2) and investigate the radial symmetry of the solution of (2) in this paper. To carry
out this work smoothly, we develop Narrow region principle and Decay at in finity about the
Logarithmic Laplacian system. Then the radial symmetry of the solution of the Logarithmic
Laplacian system is obtained by the direct method of moving planes.

82 Preliminaries

In what follows, in order to prove main theorem smoothly, we restrict w(z) and w(x) as

follows.
1 1
(a) w(z) < P w(z) < w || = o0;
() g—i(w,w) < w'wl, g—w(w,w) <wrw!, as (w, @) — (07,07);
w
© 22 (w,m) <w'e', Po,m) <w'eh, as (w®) - 07,0
w
Op oY
(d) %(W,W) > 07 aiw(CWW) > Oa

where o, 8 > 0; t, k> 0; s,0 > 0.
Next, we introduce some symbols. Let 2 be a point in R, choose any direction to be the
x1—direction. T}, denotes a hyperplane in RY. Assume that
T, ={z = (v1,2') € RY | 2y = v, for some v € R}.

Let

¥ = 2v—x1,22,  ,ZN)
be the reflection of x about the plane T},. Define

¥, ={z eRY| z; < v},

and
wy(z) = w(z”), w,(z) = w(z").
Let
Wy(x) =wy(z) —w(x), My(z) =w,(z) — w(x).
Define

SWo =z ex, W, (z) <0}, M~ ={ze%,|M,(z) <0}
According to (1), for z € &,
(—A)EW, (x) = (=A) w(a”) — (—A) w(z)

= p(w(z”),w(z")) — p(w(x),w(x)) 3)
- g%(ﬁl(m, v),@(x))W,(z) + g—;(wy(:c), m(z,v)) M, (z),

and

()M, (&) = 52 €l 1), m ) Wola) + 52 () o) My ), (@)
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where &;(z,v) is between w, (z) and w(z), n;(z,v) is between w, (z) and w(z), i = 1, 2.

In addition, we also assume that hy, (z) + py > 0, ¢,% € C1([0,+00) x [0,+00),R) and
w,w are continuous on Y, Dini continuous in ¥, throughout the paper.

Next, we introduce the following two Theorems, which play an important role in the process
of moving planes.

Theorem 2.1. (Decay at infinity) Let (w,@) € (L3y(RN))? be a positive solution of (2).
Under assumptions (a) — (d), for Eq.(3) and Eq.(4) with all v < 0, there exists a constant
Ro >0,
(1) if there is x* € ¥, |x*| > Ro such that W, (z*) = min W, (z) < 0, then
TEX,
M, (z") < oW, (%) <0 (co > 1);

(2) if there is y* € 3, |y*| > Ro such that M,(y*) = min M, (y) < 0, then
yeX,

W, (y*) < ecoM,(y*) <0 (co > 1).

Proof. Assume that there is z* € ¥, such that
W,(x*) = min W,(z) < 0. (5)

reEX,
From (3) and anti-symmetry property of W, (z), we have

(—A)W, (2%)

. W, (z*) — W, (y) 3 L() .
_CN/EV lx*_y‘N dy CN/]RN\E | _y|Ndy+[h2 ( )—}—pN]Wy( )

:CN/ Wy(lzi)_ ‘/E/Vu(y)dy_CN/E Mdy+[hz ( *)—I—,ON]WV(:Z?*)

v

6
—ow [ PRy oy [P s o) i)
<o [ [P )_‘y%(y’ Dy s, ) + o)
W *
= On [ oy + s, () + oW ),

Combining the above result and (3), we obtain

22 )l ) M (a) < an (e, 0) W, (a7, 7
where

a(z*,v) —CN/E Wdy-f—hzy(x )+ N &u(&(m V), w(z”)).

For each fixed v < 0, when 2} < v, let #* = (2|2*| + 271, (z*)'), we have B, (z') C RN\X,
and let wy = |B1(0)| in RY. Then

1 1
/2,, xr —yv |V ri\3z, [2* —y|N

1
> T oW
o i =
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1
> N v W
/BM*(a:l) 3N|x*‘N

WwN
3N ’
Therefore,
wWN CN

* * a * *
a(@*v) > +hs, (&) + py = o (6", v), @(@")). 8)
Owing to assumption (b), there ex1sts 0 > 0 small enough such that when w + @w < § and
w,ww >0,

13}
a0 (@) S W't
W
For this particular ¢, because of assumption (a), we choose R; such that when |z*| > Ry,
1
0 <w(z*) < P 0<w(z") < P and w(z*) +w(x™) <.

Owning to z* € 2V~
0 < pu(z") < & (2™, v) < p(z*).
Then for all |z*| > Ry,

a@ * * . *\ 1T * *\t 1
3, 61@" ), w(@) < & (27, v)*w(@”)” <w@®)'w(z®) < T (9)
Putting (9) into (8), we can choose Rz > R4, such that for |z*| > Ra,
ay(z*,v) > ¢ > 0. (10)

Therefore, combining (10) with assumption (d), we derive from (7) that

My(a) € )

B g%(wu(x*)anl(x*7 V))

Wu(m*) < 0;

which implies z* € X~
Now we just need to show that
ay(z*,v)

52 (wy(a*),m(a*,v))
According to assumption (c), there is ¢’ small enough, such that when w+w < ¢ and w,w@w > 0,

> co, when |z*| suf ficiently large.

0
6—;(w,w) < wi'w.
Because of (a), we can choose Rz > Ro so that for all |2*| > R,
1
0 <w(z) < s 0<w(z*) < PR and w(z*) +w(z*) < §.

Since z* € ¥M~
0 <w,(z") <m((z",v) <w(z"),
it follows that for |x*| > R,

890 * * * * s * *\ 8 1
%(wy(x ), v)) < w, (%) (2%, v)° < w, () o () < e (11)
In view of (10) and (11), we obtain for |z*| > R3,

a'l(x*vl/)
%(WV(x*)vnl(x*7V))
Therefore, there is Rg > Rs, for all |z*| > Ry,
ay(xz*,v)
g%(wl/(m*)vnl(x*ﬂ V))

> clz*|" T = 00, as |z¥| — oc.

> Cp.
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In summary, conclusion (1) holds. Applying a proof similar to conclusion (1), we get conclusion

(2)-

Theorem 2.2. (Narrow Region Principle) Let (w, @) € (L{(RN))? be a positive solution of

system (2). Assume that w(x) and w(x) satisfy
(@) lim w(z)=0, lim w(z)=0

and (d). Then there exists lo > 0 such that for each | € (0,1p], M,

(x) and W, (x) satisfy

(8) if there is z* € ©,; :={x € L, |v — | < 1 < v} such that W, (z*) = min W, (z) <0, then

M, (%) < oW, (z*) <0 (¢o > 1);

TEX,

(4) if there is y* € ©,; :={z € ¥, |v — | < z1 < v} such that M, (y*) = min M, (z) <0, then

W, (y*) < ecoMy,(y*) <0 (co > 1).

Proof. Assume that
z* €0, and W,(z*) = min W, (z) <0

for some { > 0.
From (6) and (7), we have

reEX,

(~aF W) =C [ mczy T [hm, () + pu]Wo (),
and
22 (s @)l ) M (a) < an(a”, )W, (a),
where

a1 (z",v) :CN/ Wdy—i—hzy(x )+pN_8%(§l(m ), @(x”)).

v

Let D={y [l <y —af <Ll — @) <1hs=y —al,7= - (°

|B1(0)] in RN=2. Then
1 1
/zy |z* —y N r¥\z, |7* =y

1
> [ =y
/Ix*—yIN
/ / Wy_oTN~ szds
(s2+172)
1

/ / Wy otV th
———ds
1+t2
N-2
/ / WN— Qt dtds
(14+t2)2

ZC/ —ds —o0. (I1—0)
1S

)| and wy—_o =

According to assumption (a'), w(:v) and () are bounded on RY, so & (x,v) is also bounded.
On account of ¢ € C*([0, +o0) x [0, 4+00),R), there exists some ¢ > 0 such that

dp

R — (& (2%, v),w(z™)| < e, forall v
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Hence there is I; > 0 such that for all 0 < <; if z* € ©,, a1(z*,v) > 0. Actually, we have

lim a;(z*,v) = +o0. (13)
=0+
Combining the above result and (12), we derive that for all 0 <[ < Iy,
M, (z") < LCALI Y (14)

0 * *
%(wu(l‘ )7771('73 7V))

Note that %(wl, (x*),m1(x*,v)) is uniformly bounded with respect to v, i.e. there is ¢’ > 0
such that

5}
0< a—w(wy(x*),m(x*,u) <d, WweR. (15)
w
Using (13), (14) and (15), we can choose Iy € (0,11) such that for all I € (0,1p),
al(l’*,l/)

> Cp. (16)
52w, (), m (2%, v))

Putting (16) into (14), we obtain conclusion (3).
Similar to the proof of conclusion (3), we get conclusion (4).

83 Radial solution of the Logarithmic Laplacian system

Theorem 3.1. Let (w,w) € (L{(RN))? be a positive solution of (2). Under assumptions
(a) — (d), then there exists a point xo € RY such that

w(@) = w(lz — o), @(@) = @l - wol).

Proof. We prove it by two steps.

Step 1. We show that there exists v* < —R( such that
W,(x) >0 and M,(xz) >0, Vxe€X,, (17)
for all v < v*, where Ry is chosen as in Theorem 2.1.
If (17) does not hold, without loss of generality, there exist ¥ < v* and x* € ¥, such that
W, (™) = min W,(z) < 0.

TEY,

Since v < v* < =Ry, |z*| > Ro. According to Theorem 2.1,
M, (z") < oW, (z*) <0, (18)
where ¢ is given in Theorem 2.1.
From assumption (a), it holds that lim M, (z) = 0. Moreover, M, (z) = 0, for z € T,.

|| =00
Hence, there exists a point y* € 3, such that

M, (y*) = min M, (z) < 0.
reEX,

Owing to |y*| > Ry, it follows from Theorem 2.1 that
W, (y*) < coM,(y*) < 0. (19)
Combining (18) and (19),
M, (z") < coWu(2") < coWu(y") < 2coMy(y") < 2coM, ("),
then it is a contradiction due to ¢ > 1 and M, (2z*) < 0. Therefore, (17) holds.
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We now move the hyperplane T}, to right to its limiting position as long as (17) holds. Define
vo =sup{r <0 | Wy(z) >0, M,(x) >0,YVe € X,,Vu < v}
If W,,(z) =0, then (3) becomes

0= (- )Wy (2) = 52 (g (@), (2, 0)) My (2

Combining assumption (d), we have M, (z) = 0. Similarly, if M, (x) =0, then W, (z) = 0.
If W,,(z) #0, Vo € ¥,,, then W, (z) > 0, Vx € 3,,. If not, there is some point z* €
Y., such that
Wy, (z*) = 0.
Then
(— AW,y (o)

WIJO *) = WI/O WI/O * *
= CN/ (x*) ®) dy — CN/ deJr [hs,, (%) + pn]Wo, (z7)
Euo RN\EUO

|z* —y[NV |z — y| NV “o
-W,, Wy
:CN/)‘?‘i%ﬂy_CN/ ‘TLQ%@/
v |z =y RN\Z,, |lz* -y
-W,

Ry |z* —y[N
In fact, W, (z) > 0, Va € ¥,,, it turns out that

(=AW, (z*) <0, (20)
which is contradict to

(DY Wan (%) = S (%), 1 (0, 10)) M () > 0.

Consequently, we obtain W,,,(z) > 0, Vx € 3,,. By a similar progress, then one can show that
if My,(x) #£0, Ve €X,,, My,(x) >0, Ve €X,,.
Step 2. We show that if 1y < 0, then
Wy () =0, My, (z)=0, Vrel,.
Suppose that W, (z) > 0,Vz € ¥,,, from the previous discussion, we know M,,(z) > 0,Vz €
P
From the definition of vy (< 0), there exist sequences {v,, }5°_; and {2™}2°_, satisfying

Vo < U1 < Up < - <1 <0, m=1,2---; lim v, = vy; (21)
m— o0
2™ ey, and W, (2™)< 0. Let 2™ be the minimum point, that is
Wy, (2™)= min W, (z)<0, m=1,2,---. (22)

2€%,,,
For sequence {x™}2°_,, we discuss it in two cases.
Case 1. The sequence {z™}5°_; is bounded, that is

lim 2™ = z*. (23)
m—o0
According to (21) and (23), for iy > 0 defined by Theorem 2.2, we can choose M; > 0 such
that if m > My, vy < vy <vo+1lo/2 and 2™ € Q,, 1y, /2.1,- Applying Theorem 2.2, we have
M, (z™) < oWy, (™) < 0. (24)
It follows that there is y™ € ¥, , such that

M, (y")= min M, (x)<0, m=M +1,My1+2,---.

Vm
TE2y,,
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For sequence {y™}>°_;, we also discuss it in two cases.
Case 1.1 {y™}37, 1 has a bounded subsequence, that is

lim ™ =y
m—0o0
Similarly, there is M > My, for all m > M, y™ € Q,, 11,/2.,- Applying Theorem 2.2, we have
Wo,.(y™) < coMy,, (y™) < 0. (25)

Combining (24) and (25), for all m > M,
W, ™) < coM,, (y") < coM,,, (™) < 2¢oW,,, (™) < 2¢oW,,., (y™),
then this is a contradiction due to ¢g > 1 and W,,_(y™) < 0.
Case 1.2 liin ly™| = oo.
Obviously,mthg;e is M > M, such that for all m > M, |y™| > Ro. According to Theorem
2.1,
W, y™) < coM,,, (y™) <0, Ym > M. (26)
Combining (24) and (26), for all m > M,
Wy, (y") < coMy,,(y™) < coM,,, (2™) < 2¢eW,,, (2™) < 2¢0W,,, (y™).
then this is a contradiction due to ¢g > 1 and W, (y™) < 0.
Case 2. lijn |x™] = oc.
There is 7\220; 0 such that for all m > My, |2™| > Ry. Because of Theorem 2.1,
M, (z™) < coW,, (™) <0, ¥Ym > Ms. (27)
Hence, for each m > My, there is y™ € X, satisfying
M, (y™) = min M,, (x) <O0.

zes,,,
Case 2.1 {y™} is bounded.
Similar to Case 1, we can also derive a contradiction.
Case 2.2 li_r>n ly™| = 0.
We can chgosgoM > M>, such that for all m > M, |y™| > Ro. From Theorem 2.1, we obtain
W, (y™) < coM,,, (y™) <0, Ym > M. (28)
Combining (27) and (28), for all m > M,
Wo,,(y™) <coMy,,(y™) < coM,,, (z™) < 2c0W,,, (2™) < 2c0Wy,, (y™),

Vm

then this is a contradiction due to ¢g > 1 and W, (y™) < 0.
Combining with the above cases, if 1y < 0,

Wy (x) =0, M, (x)=0. VzeX,.
Similarly, if {, > 0, moving the hyperplane T, to left, one can show that
Wy () =0, My(r)=0. VexeX,.

0
Therefore, (w,w) is radially symmetric about some point owing to the arbitrary choice of
x1—direction.

Remark 3.1. The Logarithmic Laplacian operator arose as formal derivative Os|s—o(—A)* of
the fractional Laplacian at s =0 [8]. It is different from the fractional Laplacian, which brings
new challenges and many difficulties. Therefore, our current work is a meaningful contribution
to the field of Logarithmic Laplacian operator.
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