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Differentially private SGD with random features

WANG Yi-guang! GUO Zheng-chu?*

Abstract. In the realm of large-scale machine learning, it is crucial to explore methods for
reducing computational complexity and memory demands while maintaining generalization per-
formance. Additionally, since the collected data may contain some sensitive information, it is
also of great significance to study privacy-preserving machine learning algorithms. This paper
focuses on the performance of the differentially private stochastic gradient descent (SGD) algo-
rithm based on random features. To begin, the algorithm maps the original data into a low-
dimensional space, thereby avoiding the traditional kernel method for large-scale data storage
requirement. Subsequently, the algorithm iteratively optimizes parameters using the stochastic
gradient descent approach. Lastly, the output perturbation mechanism is employed to introduce
random noise, ensuring algorithmic privacy. We prove that the proposed algorithm satisfies the
differential privacy while achieving fast convergence rates under some mild conditions.

81 Introduction

The stochastic gradient descent (SGD) method is one of the most popular methods to handle
large scale datasets. Compared to the gradient descent method, it demonstrates comparable
performance while significantly reducing the computational burden at each iteration. The
reduction in computational burden is achieved by computing the gradient using only a single
training example instead of traversing through all training examples. Recently, it has gained
significant attention and popularity due to its wide applications in training neural networks
[4,27]. There is a large literature in learning theory on the analysis of performance of SGD,
e.g., see [4,7,9,15,17-19, 32] and references therein. Moreover, since the training examples
may contain some sensitive information, such as medical data, financial data and web search
histories. Many machine learning models inadvertently reveal sensitive information during the
training process, thus violating privacy even if private details are removed from the data. For
instance, even after the removal of names, genders, and addresses, re-identification remains
possible since the remaining features may still create a unique signature.

Therefore, it is also of great significance to study privacy-preserving machine learning al-
gorithms. In this paper, we use (e, d,)-differential privacy to measure the privacy which is
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proposed in [10] and has recently received a significant amount of attention due to its resilience
against known attacks and broad applicability. The mathematical description of differential
privacy tells us that a statistical procedure satisfies (e, 6, )-differential privacy if changing a sin-
gle data point does not affect the output distribution too much. This property makes it difficult
for adversaries to infer the value of any specific data point from the algorithm’s output [6,11].

In this paper, we are interested in studying differentially private SGD based on random
features. Random features [21] are proposed to overcome the memory bottleneck that prevents
large scale applications of kernel methods [1,23]. This breakthrough has paved the way for the
widespread adoption of kernel methods in a variety of large-scale learning tasks. We consider
the least square regression problem, which aims at learning a functional relation f from training
examples that can make predictions for new observations. Let X be a compact metric space
and )Y C R, p is a Borel probability distribution on Z = X x ). For a function f : X — ),
and (z,y) € X x Y, f(z) represents the prediction of y based on z, the prediction error is
measured by the least square error (f(z) — y)?. The regression problem aims at estimating an
ideal function which minimizes the following generalization error

E(f) = /X U@ =y (1)

where the minimization is intended over all measurable functions. The regression function is
the minimizer of the generalization error £(f) and is given by

fo(z) = /y ydp(ylz), € X (2)

where p(-|z) is the conditional distribution of p at z. Since p is unknown, we learn a function
f from samples (x;,y;);~, drawn from p independently to approximate the target function f,.
In this paper, we are interested in functions of the form

f(@) =({w,ou(x)), Vrel, (3)
here (-,-) denotes the inner product in RM w € RM M € N and the random feature map
oéu - X = RM is defined as

1
om(x) = W@/’(%M)w” Jp(zvy))', VzeX (4)
where v1, -+ ,vp €  are drawn independently according to some distribution 7. We assume

the function ¢ : X x @ — R is continuous and there exists constant x > 1 such that |¢(z,v)| < &
for any z € X, v € Q.

The coefficient w can be learned based on the examples {(z;,y;)};—, by the following SGD
method, Wy =1, and for 1 <t < T,

Wyy1 = Wy — (W, dar(4,)) — i, )Om (w4,), (5)
here 7 > 0 is the step size, and i; is drawn uniformly from {1,2,--- ,n}.

In this paper, we develop SGD based on random features for approximating f, while guar-
anteeing differential privacy. To this end, we use the output perturbation mechanism [6,10,11]
based on the sensitivity method to achieve the differential privacy, in which random noise is
added to the SGD output iterates wry1, therefore, the differentially private estimator is of
the form fpm,(-) = (Wpriv, dMm(+)) after T iterations. See details in algorithm 1. And the
performance of algorithm 1 can be measured by the following excess generalization error

E(fpriv) = E(fp)- (6)
For a randomized learning algorithm A : Z" +— R?, let A(S) denotes the model produced by
running A over the training dataset S. Two datasets S and S’ are called neighboring datasets
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Algorithm 1 Differentially private SGD based on random features

Input: Data {(z;,y;)},_,, sampling function 7(r), random feature map ¢,s, parameters
Mv €, 5}0; T? n
Output: The predictor fpm-v
Draw v;,j =1,2,--- , M according to m(v).
Set par (i) = /1/Mp(wi, 1), (@i v2), -+ (i, var)] T for each i
Set 1f)1 =0
fort=1to T do
Sample iz ~ Unif[n]
Wyy1 = W — n({We, Oar(2i,)) — Yi, )P (24,
end for
Let A = ASGD(é/Q)

Compute 02 = 2log (2.55/5)A°
Wpriv = Wr41 + 0, Where b ~ (0, o?In)
fprw( ) <prZU7¢M( = 1/M .’E V1 1‘ 1/2),“- ,@b(x’yM)}T

if they differ by a single datum, that is, S and S’ have n — 1 points (x;,y;) in common which
is denoted by S ~ S’. The privacy measurement used in our paper is the (e, d,)-differential
privacy, which defines a notion of privacy for a randomized algorithm A(S). In this paper, A
is the SGD algorithm (5), and S = {(z;,y;)}.—,, then A(S) = Wr41.

Definition 1 (Differential Privacy(DP), [10]). We say a randomized algorithm A satisfies
(€,6,)-DP if, for any two neighboring datasets S and S’ and any event E in the output space
of A, there holds

P(A(S) € E) < eP(A(S') € E) + 6, (7)
In particular, we call it satisfies e-DP if §, = 0.

The output perturbation mechanism is conducted by adding noise with a particular distri-
bution to the output of A(S), which has the effect of masking the effect of any kind of particular
data point [6]. This is usually called the sensitivity method. The fo-sensitivity of an algorithm
(function) A is defined as follows.

Definition 2 (/y-sensitivity, [29]). The {a-sensitivity of an algorithm (function) A : Z™ s RY
is defined as A = supgrg || A(S) — A(S") |2, where || -||2 denotes the Euclidean norm, S and S’
are neighboring datasets.

The following Gaussian mechanism [29] generates a (¢, d,)-DP by adding a random noise
from a Gaussian distribution A (0,021,;) to the output of algorithm (function) A, where o is
proportional to the fs-sensitivity of A.

Lemma 1.1 ( [11]). Given an algorithm (function) A : Z" — R with the {y-sensitivity A
and a dataset S C Z", and assume that o > —W
mechanism yields (e, 6p)-DP

G(S,0) = AS) +b, b~ N(0,0°I), ®)

Rdxd

. Then the following Gaussian

where Iy is the identity matrix in

The goal of this paper is to prove algorithm 1 satisfies the (¢, 6,)-differential privacy and
establish fast excess generalization error bounds under some mild conditions. The rest of the
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paper is organized as follows. The main results are given in Section 2. To prove our main results,
we first introduce our error decomposition and obtain some technical estimates in Section 3.
Then we provide proofs of convergence rates and privacy guarantee in Section 4.

82 Main results

Throughout the paper, we assume that the output y is uniformly bounded, i.e., for some
constant ¢ > 0, |y| < ¢ almost surely.
By the definition (4) of random feature map ¢,s, we have

M
(ar(a), ba1(a')) = 32 D wlw )b 1), Vo' € X (9

which can be shown to converge to the following symmetric and positive semi-definite kernel
K(x,x')

K(z,2') = /w(x,u)w(x’,u)dw(z/), Vz,x' € X.

as the number of random features M tends to infinity [5,21,22]. And the positive semi-definite
kernel K can be expressed as K (z,z') = (¢(x), ¢p(z'))  with feature map ¢ : X — F, and unlike
the random feature map ¢ps : X — RM | here feature space F can be infinite dimensional. Then
we have

K(z,a") = (¢(x),¢(2")) F = (dm(2), dna () = K (2, 2) (10)
The Gaussian kernel provides a basic example [21], more examples we refer the interested
readers to [21,22] and reference therein.

Example 2.1 (Random Fourier features [21]). If we write the Gaussian kernel as K (z,z’) =
ll=1

‘2
G(z — 2'), with G(z) = ¢~ 22 for o > 0, then since the inverse Fourier transform of G is a
Gaussian and using a basic symmetry argument, it is easy to show that

o L 7 T T 4 e Il
G(xfx):m//o V2cos(w 'z + b)V2(w' x4 b)e”Z dwdb (11)

where Q is a normalizing factor. Then, the Gaussian kernel has an approzimation of the
form with ¢pr(z) = \/#M(\/Ecos(wirx +b1), -,V 2cos(wipr + b)) and wy,wa, - war and

b1,ba, -+ by sampled independently from %e’ Y and uniformly in [0, 2] respectively.

The reproducing kernel Hilbert space H x associated with the kernel K is the completion of
the span {K, = K(-,z) : € X'} with respect to the inner product (-, ) x given by (K, K,/ )x =
K(x,2’). And the reproducing property shows that

flx)={f,K)kx, ,Vx€X,f€Hk. (12)
The integral operator L : L% v L% , associated with the kernel K and the marginal distribu-
tion py of p is defined by

Lf(-):/XK(-,x)f(x)de(x), vfelL?, (13)

here L%  denotes the square-integrable Hilbert space.

Our main results are stated based on two key assumptions. The first assumption is about
the regularity condition of the regression function. We assume the target function f, satisfies
some smoothness condition(regularity condition) which is standard in learning theory [8,25].
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Assumption 2.1. There exist r > 1/2 and g, € L?  such that

pPx
fo=L"90, lgpllp < R (14)
Here the || - ||, denotes the norm in L?  induced by the inner product (h,g), = [ f

dpx(zx) for h,g € L 5v- This assumption implies that f, belongs to the range space of LT
Moreover, since py is non-degenerate, from Theorem 4.12 in [8], L'/? is an isomorphism from
Hi, the closure of Hy in L2, to H, i.e., for each f € Hy, LV2f € Hy and || f[|, = ILY* f| k.
Therefore, Ll/z(Lix) = Hg, and when 7 > 1, condition (14) implies f, € H.

We next introduce the second key assumption on the capacity of the RKHS Hg. In this
paper, we measure the capacity of the hypothesis space Hx by the effective dimension N'(\) =
Tr(L(L + AI)), here Tr(A) denotes the trace of an operator A of trace class.

Assumption 2.2. We assume that
N(A) < CoA™ for some Cp >0 and 0 < o < 1. (15)

Since L is a trace class operator satisfying Tr(L) = > 2,5 08 = [, K(z,2)dpx < K2,

Assumption 2.2 holds trivially with oo = 1.

Theorem 1. Let fpm, be defined by algorithm 1 and 0 < 6 < 1. Under Assumption 2.1 with

% < r <1 and Assumption 2.2 with §_4T < a <1, let step size 0 < n < and the

1

k2(log T+1)’
14a(2r—1) 1 2r+atl __2r

number of random features M ~n~ 2%a" log 5. If n =~n=",T =n 2+ ; orno=n” 2+e, T =

n2'+a then with probability at least 1 — §, there holds

430 ra 1 2.5 9 18
Er, (E(fprw) — E(fp)) <n =~ log 5 1og 5— log 6— +n" e log nlog 5 (16)
Here we denote by Ep, the expectation with expectation to the set {i1,i2,--- ,ir}. The

symbols ~ and < mean that the inequality holds up to a multiplicative constant that depends
on various parameters appearing in the assumptions, but not on the sample size n or the number
of random features M. The proof of Theorem 1 will be given in subsection 4.1.

Theorem 2. Let {w,} be defined by (5), Let cyr = max{, / 310%(/7;/7), 310%(/2/7)} , then for any
0 < v < 1, there holds

P <sup 5A(S.8") = [AS) — AS)), > ASGD(’Y)> <, (a7)

S~S

where Asgp(7y) = 4en? (cn + K2 77T)2 %(1 +cy1) (1 + %(1 + C%T)) .
Theorem 3 (Privacy guarantee). The algorithm 1 satisfies (e, 6,)-DP

The proof of Theorem 2 and Theorem 3 will be given in subsection 4.2.
4r43a—4—2ra
Our convergence rate (16) consists of two terms, the first term n~ e % log % log

% log i depends on regularity parameter r, capacity parameter «, the sample 51ze n and the

parameters (¢, d,) of differential privacy, while the second term n- T log® n is optimal in the
mini-max sense(up to a logarithmic term log n) which matches the results of SGD with random
features and mini-batches [5] and ridge regression with random features [22] under the same
assumptions. There is a large literature on the analysis on privacy preserving machine learning
algorithms [2,6,12,29,30], random features [5,16,21,22,22,26] and SGD in the setting of stochas-
tic convex optimization [4,18,24] or in reproducing kernel Hilbert space [7,9,13-15,17,31, 32].
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To the best of our knowledge, this is the first result that combines the advantages of SGD, ran-
dom features and differential privacy. Here we only review some results on differentially private
SGD with output perturbation for the sake of scale of the paper. For more results, we refer the
readers to the work mentioned in this paper and the reference therein. Most of the differentially
private SGD algorithms are considered in the setting of stochastic convex optimization, where
the parameter domain W C R? is convex. Differentially private SGD with output perturbation
is studied in [30], where the loss is assumed to be Lipschitz continuous and strongly smooth, and

W is assumed to be uniformly bounded, then it showed an excess risk rate O(%)

with linear gradient complexity. Recently, private SGD with more general a-Hdélder smooth
(o € ]0,1]) loss function (a = 0 corresponds to Lipschitz continuous and « = 1 means strong
smooth) are considered in [29], where privacy guarantee and generalization bounds are estab-
lished for both output and gradient perturbations. For the unbounded domain W, it shows
in [29] that the private SGD with output perturbation attains the excess generalization error

(’)( V d108(1/9,) loa(n/dp) 4 log(n/dy) ) In addition to the output perturbation mechanism, another

n2/GTa)e 1/ GTa)
popular mechanism to achieve differential privacy is called gradient perturbation, which adds
random noise to the stochastic gradient at each step. Under the same assumption on the loss
functions as [30], it shows in [3] that the differentially private SGD with gradient perturbation

V@os(1/5)

ne

achieves an optimal excess error rate (’)( ﬁ) but with computationally inefficient
gradient complexity, then the gradient complexity of the algorithm have been improved by [12]
and [2]. And optimal excess error rate (up to some logarithmic terms) is also established in [29]

for private SGD with a-Holder smooth function using gradient perturbation.

83 Preliminaries

Before proving the main results, we give some notations [5] and useful lemmas in this section.
Let F be the feature space corresponding to the kernel K. Given the feature map ¢ : X — F,
we can define the operator S : F — L/QJX as

(Sw)() = (w, ¢())F, VYw e F, (18)
and define C' : F — F as C' = §*S5, where S* : L?)X — F is the adjoint operator of S, and C is
given by

¢ = [ o) @ o@hpx(@) = [ (6(e). ) roladox (o). (19)
And the integral operator L defined by (13) can be represented as L = SS*. Now we define
similar operators where we use the random feature map ¢); instead of feature map ¢. We
define Sy : RM — L2, as
(Suv)() = (v, 6m (), Vv eRM, (20)
And we define Cp; : RM — RM and Ly, : Lix — Lix as Cyy = Sy, Sy and Ly = SySiy
respectively, where S}, is the adjoint operator of Sy,.

We also define some operators with respect to training samples. The operator S v RM
R™ is defined as

8y, = %wmxl), o barlan)). (21)

And Cyy : RM — RM and Ly, : R® — R™ are defined as Cjy = SA'A—';IS‘M and Ly = .SA'MS’]—\'}
respectively.
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To sum up, the operators associated with the random feature map ¢,; defined above are as
follows:

Suoo RM S L2 (Suw)() = (v, éu(), Vo € RM

Cor @ RM S RM. Oy = S5y Su. Car = /X orr (2)br () dp ()

LM : LiX%LiX. LM:SJWSR}.
(Lamg)() = XKM(wZ)g(Z)dpx(Z) (Knm(z,y) = (onm (), o (y)))
Sw ot BM SRS ou(@) s ouen)

. . R 1 «
Cu : RM = RM. Cy =575 CM:EZQbM(xi)QSM(xi)T
=1
Ly @ R™ R Ly =SySy,
R 1
Yy = %(yhy%'” 7yn)T

<>

3.1 Error decomposition

It is well known that the excess generalization error &( fprw) —&(f,) can be expressed as

&) = €GN = [ (Gwia) =02~ [ (1) = do= [for =5 22)
XXy XY p
and fpm, — f, can be decomposed into the following six terms [5]
Foriv = fo =
[foriv — frea) + [fren — §r41] + (G041 — Gr1) + (G741 — G0) + [G0 — 92] + [9r — f]

where f; = (W, dar(-)), Ge = (0, dar())s Ge = (T, o1 () G = (i, dar (), g = (ur, 6(-)) 7,
V1 <t < T and Wy, 0, Vg, Uy, uy are defined as follows [5]

Wy =05 gy =W — ({0, Sar (i) — yi )oar(2s,), VI <t <T (23)
01 =0; Vg1 =0 — TI% Z((ﬁta Om(@i)) = yi)on (i), V1<t <T (24)
i=1

01 =0; Vg1 =704 — 77/)((<17t,¢M(33)> —y)om(z)dp(w,y), V1 <t <T (25)

i —argmin [ ((w oua(2) ~ 9)dpie(a) + Alul?, A>0 (26)
ueRM X

wr = argain [ (0,6(0) 7 — 4ol ) + Nulk, 2> 0 (27)
ueF X

With the operators introduced in the beginning of Section 3, we can rewrite 071, 0741, @y and
u) respectively as

T T T

Uy = 277 H (I =nCr)S3g =Y 0l = nCar)" 53,9, (28)
t=1 k=t+1 t=1
T T T

or =0 [[ T=nCan)Sirfo = n(I = nCar)" " Sir o, (29)

t=1 k=t+1 t=1



8 Appl. Math. J. Chinese Univ. Vol. 39, No. 1

iy = Si(Lar + M) 71 fy, (30)
uy = S*(L+ )71 f,. (31)

It follows that

fpriv = SMWprivs  fr+1 = SMWr+1, G741 = SMOUT+1,  Gr+1 = SMVUT+1,

9x = SuSi (Lt + M) fp = Lig(Lag + M) g =SS (L+ M) f, = LIL+ )7,
Let

Gl = EIT [HSwariv - SMUA]T-Fle} ’
Gs = ||Smir+1 — SMTJTH”,Q)’
_ _ 2
G4 = HSMUTJrl - LM(LM + )‘I) 1fp p
Gs = || Lar(Lar + M)~ fp = L(L+ A7, i’
_ 2
Ge = |LIL+ )T, = £,
then the expected excess generalization error can be divided into the following six terms
R . 2
]EIT (g(fpm‘v) - g(fp)> - EIT |:prm'v - fp” :| < G(Gl + GQ + G3 + G4 + G5 + G6) (33)
P

We will bound the six terms of the right hand side of (33) respectively in Section 4.

(32)

3.2 Technical estimates

In order to prove our main results in Section 4, we need some preliminary lemmas. For any
w € RM | we define empirical risk as

1 n
5 ﬁ; w, P xz» 7%) . (34)
Lemma 3.1. Let T > 3, the step size i satisfies
0<n< ——~—— 35
" k2(logT + 1)’ (35)
then for 2 <t < T, we have
2
. c
By, [€7 ()] < (36)

(1 —=nx?)(1 = nk? —nr?logT)

Proof. We borrow some ideas from [19,24] to prove this lemma. Let {w:}; be defined by (5),
for k=1,---,t— 1, we have

t
Z Elzfl[gz( k+ 1 Z Er,_ 1 SZ (y ]
I=t—k+1 I=t—k
t
1 .
= k(T ( (k+1) Z Er,_,[Ez ()] — k Z EIl_l[gZ(wl)]>
I=t—k+1 I=t—k

Z EI[ 1 52 wl) 82(1?]15,]“)].
l t—k+1
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Using this inequality repeatedly and by summing over k =1,2,--- ;¢ — 1, we have
t—1
1

Er,_,[€2 ()] = %ZEIH[&(@Z)] +y D) > Er, [E2(in) — E5(ip)]. (37)
=1 k=1 l=t—k+1

Next we estimate the two terms of the right hand side of (37) respectively. For the first term
1 Zle E1,_,[Ez(w;)]. By the definition of {w;}, we have

l[dr1l|3 = llall3 — 20((r, dar(wi,)) — yi,) (o, dar(w,)) + 0° (oo, dar (w4,)) — i, ) b () I3

< @3 +n ((%JZ = (o, paa (w3,)) — yil,)Q) + 0K (b, b () = 4ir)”
Then rearrange terms and by the definition (34) of £z (w), we have
By, [Ei(dr) — E2(0)] < By, [[[@n]|3 — [l [13] + 17° KB, , [E2 ()],
and
(1 —nw*)Er,_, [E2(dn)] < Ex, [[lwn]l3 — [[dir1]13) +nEz(0).
Since nk? < 1, it follows that

. 1 . A )
EIz_l[gZ(wl)] < WEI,[HU)[H% — ||wl+1||%] + 1_7771%252(0)
and
1 o 1 X 1
" 0 < - - A2 2 L < .
: ;Ell,l [Ez ()] < (1 — nﬂg)EIt[leHz ([ e41]]2] + 1= 2 £2(0) < 2 £2(0)

Now we turn to estimate the second term Ey,_, [Ez (W) — Ez(wWi—k)] for t —k+1 <1 < T. By
the definition of w41, we have
W1 — Wi—g = Wy — Wi—g — (D1, dar (@4,)) — i, )P (i) (38)
then
[ i1 = @e—ill3 = Il = @eill3 = 20( (1, dar(i,)) = yir) (o — D, dar(ws,))
+ 0 (@, dar (i) — yir) 2l dna (24,13
< i = e 3+ (e (@) = 90)* = (i, D () = v1)°)

+0?k% (o, dar(22,)) — yir)° -
It follows that

N N 1 N . N . N
Er,_, [Ez(d) — E7(dy—k)] < 5EIH [y — -k 13 — l[br1 — De—r 3] + nK>Er,_, [E2 ()]

Applying this relationship iteratively from [ =t — k+ 1 to l =t,

t t
> By [E2(d) — E7(de-r)] = Y B, [Ex(ir) — E5 (i)
l=t—k+1 l=t—k
t 1 t
< Y By [l — el — [l — well3] + s > Er_, [E2(in)]
l=t—k l=t—k
1 t
< E]EIHH ek — i3 = lbesr — B ll3] + s> Y B, [Ez ()]
l=t—k
t
<nr? Y B, [E2(dn)).

l=t—k



10 Appl. Math. J. Chinese Univ. Vol. 39, No. 1

Then the second term of the right hand side of (37) can be estimated as

t—1 t
1 A, ~
) Y By [E2(dn) - E7(i-y,)]
k=1 I=t—k+1
t—1 7’]/{2 t
= Zm Y Er_[E2(dn)]
k=1 I=t—k
(39)
t—1 77/{2 t—1 t—1 775:2
= Z k k 4 1) Z Ellfl [EZ(wl)] + Z mEIt71 [52(1@,5)]
k=1 l=t—k k=1
t—1 7]%2 t—1
S22 hk+ D) > Er i [Ex(@0)] + nw’Ex,_, (€2 ()
k=1 I=t—k
Then putting (38) and (39) back into (37), we get
1 k2 -1 1 t—1
E 5 0 < 7(‘/‘ 0 E g S
It—l[ Z(wt)] = (1 _ 77/{2)2 Z( )+ 1_ 77/12 kZ:l k'(k + 1) l:;k 1§Sllgll,?71 Il—l[ Z(’wl)]
1 nk?logt .
S Aot Ot e Bx,_,[Ez(un)). 40
T (1 —nk?)? 70 L= 82 1<ier1 1 [z ()] (40)
Let A = mgz(o)» B, = "1'22717(,1%% Cy = Er, , [Ez(wy)]. Since n < m, there holds
k2log T
B; < 771_7g2 =B < 1.
nkK

Then for ¢ > 2, we can get from (40) that
Ci <A+ By sup C;<A+4+B sup C,
1<i<t—1 1<i<t—1
then it follows that

sup (' <A+ B sup C.
2<I<t—1 1<i<t—1

And for C1, by n < m, it is obvious that C; < A 4+ BC}. Then we have
sup C; < A+ B sup C(,

1<i<t—1 1<I<t—1
A
sup C; < ——.
1§l§12—1 "= 1-B
Therefore, for t > 2, we have
A
C,<A+B C;<A+B < )
t=ATE S CsATPTT ST
That is, for 2 < t < T, there holds
1 c?
Ey,_,[Ez(w)] < E4(0) <
It—l[ Z(wt)] = (1 _ n,;ii;)l{ng)(l _ 17I<C2)2 Z( ) = (1 . nm2)<1 _ nHQ _ ,,71%2 logT)’ (41)
where the last inequality holds due to |y| < ¢ almost surely. O

We also need the following bound for the sequence {7;}¢>1.

Lemma 3.2. Let {#,} be defined by (25), 6 € (0,1), A > % log &, and the target function f,
satisfies Assumption 2.1 with 1/2 <r <1, then

|5es1ll2 < 2R> (1 + n?\t) . V1<t<T, (42)
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holds with probability at least 1 — 6.

Proof. Let {#;} be defined by (25), and f, = L"g, with 3 < r < 1 and ||g,||, < R, then for
A > 0, we have

t
[Fesallz = || D 0T —nCu) %S4 1,

k=1

t
> nSyI —nLu)' ",

k=1

2 2

=

1
= nL3, (I —nLu)"™"f,

=

= p
t
= ST 0L3,(I = nLar) " (Las + M) (Lys + M) "3 LEL %y,
k=1 P
t 1
< |2 L5 (= na ™ (Ear+ ADF| [+ AD 2| 2 I
k=1
t
< 2R (I = L) T (Lar + A,
k=1

the last inequality holds since H Lar+ M )_%L% < 2 with probability at least 1 — § for A >

% log % 5], [lg,ll, < R and ||L|| < x%. Now we consider the term
HZZ—l (I —nLar)' ™" (Las + )|,

t
Z (I —nLy)t %Ly

t t
> 0T = nLa)" ™ (L + AT + A 0 = nLy)'*
k=1 k=1 k=1
t t
— H_ > (I = L) F(I —nLy) + (I nLar)' ™|+ An || (T = nLar)'™
k=1 k=1 k=1
< [T = (I = nLar)*|| +nAt
<1+ nAt.
Then the desired result holds. O

The following Bernstein inequality also plays a crucial role in the proof of the main results.

Lemma 3.3 ( [20]). For a random variable § on (Z, p) with values in a Hilbert space (H, || -||rr)
satisfying ||E|lg < M < oo almost surely, and a random sample {z;}5_, independently drawn
according to p, there holds with confidence 1 — 9,

li[ﬁ(zi)—E(g)] <2J\Z[losg(2/5)+\/2E(§|§Jilog(2/6).

S
=1

(43)

H

Lemma 3.4. Let A be a compact positive semi-definite operator on a separable Hilbert space,
for any a >0, b> 0 and n||A| <1, we have

b
(1 = nA)=A?| < <62n> . (44)
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Proof. By the elementary inequality 1 — 2 < exp(—z) for « > 0, then we have

b
b
(1 - nA)“AbH < sup ((1 — nz)*z’) < sup (exp(—nza)z®) < () . (45)
x>0 >0 ean
the last inequality holds since the function exp(—nza)z® attains its maximum at z = L0

an

Lemma 3.5. ( [28]) Let Xy,---,Xq4 be i.i.d. standard Gaussian random variables, and X =
(X1,---,Xq)T € RE Then for any t € (0,1), with probability at least 1 — exp(—dt?/8), there
holds || X3 < d(1 +t).

84 Proof of main results

We prove our main results in this section. In the first part, we estimate the six terms Gj,
Ga, G3, G4, G5, Gg in (32) respectively for the proof of Theorem 1. While the second part
focuses on the privacy guarantee of algorithm 1.

4.1 Convergence analysis

In this subsection, we will prove the convergence rates of algorithm 1.

Proposition 4.1. Let c5, r = max{/3nlog (2n/6,)/T,3nlog (2n/d,)/T}, and
8en? log %i 2T T
2 P 2
0= ——— (cm +ck nT) E(l +¢cs,.1) (1 + E(l + c(;mT)) ,
then with probability at least 1 — §, there holds
G1 = Er, [|Sutpriv — Sutbrall?]
8Mrten? log %5 2T T 8log(1/6
<—F5——+ % (c+chn7) g(1+csp,:r) (1 + 5(1 +cap,T)) 1+ 70%\(/ ) .

€

Proof. By the definition of Wy, we have
188 tpriv — Sytrially = [1Sa (Wr1 +b) = Syrially = [[Sub]l < &2 (46)
Since b ~ N(0,02Ir), then for 6 € (0,1), Lemma 3.5 implies with probability at least 1 — 6,

Ib]|? < Mo? (1 + \/810%\4(1/5)) (47)

Then the proof is completed by putting the above bound and o2 back into (46). O

Proposition 4.2. Let § € (0,1),7 >3, A > % log % and the step size n satisfies
1

k2(logT + 1)’

then with probability at least 1 — &, there holds

0<n< (48)

K2(3 + 4T \n)
(1 =nr?)(1 —nk? — nk?logT)

G2 = EIT [HS]\/[(’UA)T+1 — QA}T_H)H’Q)] < nlog T7 VT > 3. (49)

Proof. We borrow some ideas from [19,31] to prove this proposition. By the definition of {u}
and {0}, for any 1 <t < T, we have
Wyg1 — Vg1 = Wy — Vg + U(C'M@t - S’}\k/[@ - (<wt7 ¢M($it> - ylt))(bM(x’Lt))

R R R (50)
= (I =nCr)(wy = br) + n(Crrtdr — Sy — (W, dar (i) — i, ))dna (,))-
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Let
My = Cariy = 8349 — ((tr, dar (w3,) — i) daa (2,)- (51)

Then one can easily see that E;,[M;] = 0 since @w; depends only on {z;,, 2i,," - , 2;,_, }. Applying
the relationship (50) iteratively, we have

T T
i1 — g = (T =nCu) (1 —01) + Y 0 [[ (T =nCan)M, = Zn (I =nCu)" "M,

t=1 I=t+1 t=1
Then we have

. 2

S Z n(l — T]CA'M)TitMt

t=1

]EIT |:||SM’LDT+1 - SM{)T—',-l”i:I = ]EIT
p

T
= an]EIt [HSM(I —nCar)" "M,

2
)
ZEI, w1 =nCar) "™ My, Sar (T = nCar) "™ My

t£t!
Without loss of generality, let ¢ < ¢/, then there holds

Ex,, (Sar(I = nCar)" ™" My, Su(I = nCar) "= My,
=B,  (Sn(I —1nCu)T~ My, Sar(I — nCar)T =Y Es,, M), = 0.
When ¢t > t/, we also have Er.. <SM(I—nC'N1)T_tMt, SNI(I—UCM)T_t/Mt/> = 0, which implies

~

EIT |:||SMUA)T+1 - SM?A}T_A'_l”’Q):I = Z*{] Elt SM(I UCM)T tMtH
t=1
(52)

< S0 |ed  —non = iz
t=1

~

In the following, we estimate the two terms

‘C’A%/[(I — nCM)T_tH and Eg, || M;||? respectively.
First, by the elementary inequality E[||¢ — E£||?] < E|[¢]|? for random variable £, for any 1 <
t < T, we have the following uniform bound
Er, [IMel3] < Ex [l (e, dnr(i,) — i) nr (@i, )| < £7Ex, [((Dr, dar(2i,)) — vi,)?]
2 (53)
(1 = i) (1 —nk? —nr?logT)
where the last inequality holds due to the bound for Ey, , [z ()] from Lemma 3.1. Now we

= r’Er,_, [E2(y)] < K

1 ~ 2 ~
turn to consider the term HC]?/[(I — nCM)T_tH for 1 <t <T. For any A > 0,

€ + A0 = nCary™

1

e
H (Cas + A2 (Cap + AD)~3

H (Cum +)\I)%(I_776A’M)T_tH
<4 H(C’M LA —nCr) 2<T-t>H

\ > 9“ log 2 with

where the last inequality holds due to H (Cum + )\I) (CM + )\I)
probability at least 1 — § [5]. And for any A>0,and1<t<T—1, by taking .A =Cy,b=1
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14
and a = 2(T — t) in Lemma 3.4, there holds
1 -
(Cas + A)(I = Cipg 2T~ t>H<HC (I =nC 2T 0|+ A< o+ A
H m AN =7 M nCu) + _Qen(Tft)—i_
It follows that
— 1 1
>kt o[ = X e e[+ ek
t=1 t=1
-1
2 < 1+ logT <
<Y — AT - DA+ K> < TR0 L ATR 4 w2 (54)
— en(T —t) n
1 -
< ~(1+1logT + 4T An + nK?).
n
Then putting the bounds (53) and (54) back into (52) yields the desired result. O
We borrow some ideas from [5,19] to get the following bound for G
Proposition 4.3. Under Assumption 2.1 and 2.2, let § € (0,1/5), A > % log %, and
1 1252
M > ( 8 )1 o (55)
Ad
then with probability at least 1 — 59
2
C CoN (A 2
el )> log? T'log? = (56)

Gs = ||SM7A)T+1 — SM@T""IHi < (s (\/Xn

2
Co = 2C%? max(2.55, flgu) = (4/e+4+ nm2)2 (1 + 43;12?“) .

where Cy = max(c, k)2,

— (Cnor — Sir9)]

Proof. By the definition of {9;} and {9}, we have
— (Cur — Sird)]

Ory1 — U1 = O — O +n[(Cudr — Sirfp)
(I —nChr)(or — 97) + n[(Cartr — Sirfy)

= (I = nCu) (b7 — o) + TINT

(I T]CM Ul—’Ul +Z’I7 H I—néM)Nt
= 1=t+1

T

=Y I —nCu)" N,

t=1

Spr) ( MUt —

I, =|C% Zn(f—némT—tNt

t=1

T
1
< Sonlentr - ntu™ ] enfeiim],

SMQ) for 1 <t <T. Then we have

where we denote N; := (Cp 0y —

p

|Sas (0741 — Drg1)
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For 1 <t<T -1, and any \* > 0,
1 ~ PN ~
|Cinr = nCan)™ N =i (Car+ X D) (Cor + A D)
P

(I = nCan) T~ (Cas + N3 (Car + M)~ (Coas + M) ¥ (Cas + /\*I)*%Nt”
P

< H(CM +/A\I)%(CA'M -‘r/\*])_%

NN €Car + X DA = nCan) o+ XD

: H(éM LA TE(Cy + N D)

. H(CM + /\*I)_%Nt

P
(Car + AN D)3 (Cpg + A3 = H(éM FAT) "R (Car + A3
with probability at least 1 — § for A\* > % log %. Applying Lemma 3.4 with A = Cu, =1
and =T —t, then for 1 <t < T — 1, we have
|(Cas + ADH (T = nCan)™ " (Cas + A" D

< 2 holds

By Lemma 3 of [5],

< [+ XD = 0™

< HC’M(I - nC'M)T_tH + X1 - nC’M)T_tH

When t =T,
HCE(I - néM)T_tNth = HC@NTHP < HC]%J(CM +ATT)E

-H(CMJFA*I)—%NTHP

<l + 371 | (Car + AD TN < (57 4 X7)

](CM +&1)—%NTHP.

Therefore, we have
T—1

1 A ,
N _ -l
150 (0741 = Dr41) |, < ;4 (e(T—t) +)\77> H(CM FADTENY o)
(k2 4 %) ’(CM—F)\*I)‘%NTH .
p

Now we consider the term H(CM + M)z N,

for1 <t<T,
,
et )\*I)*%Nth = {|(Car 4 X1y E (S35 iy + Carti C*Mm)Hp

<[+ x 0720 - s (58)

+ ||+ A D7H (O = Can)| - 1l
In the following, we will estimate the three terms of the right hand side of (58) respectively.
For the first term H(CM + N D)2 (S50 — thfp)H Vet £(z;) = (Car + M)~ 2 ¢ ()ys, then
P

BE(s0) = (Cor + XD [ oar(alydple9) = (Cor + XD [ ydolyla)ons (0)dp (o)

W=

— €+ XD)H [ ui(a)f@)dp(z) = (o + M) E S5,

and (Cas + N 1)"2 (85,9 — Sipfy) = LS 1 &(z) — E[¢]. Apply Lemma 3.3 to the random

variable & with M = = and E[¢]]2 < ¢®Nar(X*), we know by (43) that with confidence at
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least 1 — 6,
1 2ck 2 2¢2 N (A*) log 2
*T\— 3 ® o~ Qk < v < MV o8
H(CM + X I)72(SyY Spr)Hp = Zon log ; + \/ .

The second term H(CM + )\*I)’%(C’M — C’M)“ can also be estimated by the same method as

w1 . 22 2 262N (A¥) log 2
H(CM-i-/\ I) é(CM—C'M)HSMIOgé-F\/ (n ) 2,
By Lemma 3.2, for 1 <t < T we have

||ﬁt+1H2 < 2Rl€27‘71 (]. + ﬂA*t) .
Putting the above bounds back into (58) yields that

H(CM )N = H(C’M FNT) (S5 — Siyfy + Carte — Coarte)
P

p

2 * 2 2 *
<log2 ( 2ck 262N (A )) +2RK2,10g§ ( 262 [262Nu () )) |
n

\ﬁn A*n n
holds at least 1 — 2J. Putting the above bound back into (57), we have
[SmoT4+1 — Smtrall,
T—1 1 )
<> 4 ( +/\*77) H(CM-F)\*I)_ENtH + (K +A%)
=1 6(T — t) p

‘(CM‘F)\*I)_%NTH/)

IN

T-—1
1
4 ( + A*n> F2+ )| sup H(CM n A*J)—%NtH

— \e(T'—1) 1<t<T p

2 *

A*n n

2K2 262N (M) 2
2RK*" log =.
Rk (\//\Tn " n )) %5

Moreover, we know from Lemma 4 of [5] that with probability at least 1 — 4, there holds
;2

NM()\*) < max {2 55, ||L|| }N()\*)

when M > (4 + 18“ )log < 12“ . The proof is completed by taking C; = max(c, x)? and Cy =
203 max {2.55, #5 } 0

Proposition 4.4. Let {0;} be defined by (25), then
Ga = ||Sardrsr — Lar(Las + )\I)*lprZ < 2(1+ (MT)"H%(Gs + Ge).

Proof. Recall the expression (29) of {U741}, i.e., Or41 = Zthl n(I —nCua)T 1S3, £, then
T

Sutri =Y _nSu(I —nCu)" 'S/,

t=1
T T
Z nSuSir(I = nLan)" " f, = nLar(I = nLa)" ' £,

t=1
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Then we have
| Satr1 — Lar (Lar + M)_lprp

T
= ZU(I — L) (Lar + A Lo (Lar + M) ™ fp = Laa(Lag + A7,

p

T
= <an nLa)" " (Lar + M) — )LM(LM+M)1f
t=1

p

M%

= < (I — L) (Las + M) — I> La(Lar + M7,
t=1

p
T

p
T

T
= <<Z I nL]V[)T tLM I) L]V[ +)\ZU I - nLM)T tLM> (LM +>\I) 1fp
t=1 t=1

T
( (Z n(I =nLar)" " Las — I) L > (I =nLa)" "L

t=1 t=1

Now we estimate the three parts of the right hand side of the above inequality respectively. For
the first term, we have

IN

+A

) | (Lar + )\I)_lprp.

T
| (Zn(InLM)TtLM - I> L
t=1
T
|< > (I =nLa)""(I = nLa) + Y (I =nLa)” I)LM
t=1 t=1
T T
| (Z (I =nLa)" ™" = (I =nLa)" ! I) LMH
t=1 t=1
I—nLy) Lyl < 1
H ( nLnr) MH 77T
For the second term, we have

T
A Zﬂ(f— nLa)" " Ly|| = A

t=1

T T
= (I =nLa)" (I =nLa) + > 0T —nLa)"
t=1 t=1

= AT = (I —nLu)"|| <A
And for the third term, there holds
MEZar +AD7TH || = IEar +ADTH = ML+ AT+ ML+ M) ™) foll
< NO(Lar + A0 = ML AAD T foll + AL +AD T foll
= | Las(Lag + M) fo = LIL AN follp + I LL 4+ AD 7 = Follp
where the last inequality holds due to A(A+\I) = I — A(A+ XI)~! for any bounded symmetric
operator A and A > 0. Combining the above three bounds together yields
Gy = ||SM17T+1 — Ly (Lag + /\I)_lpr2

2
< (1 Q7)™ (e (Ear + A7y = LEAAD T, + [+ A0, = 1, )
Then the desired result holds due to the definition of G5 and Gg. O
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Proposition 4.5. Under Assumption 2.1 with 1/2 <r <1,let0 < § < 1/2, A > % log %,
and

18k2 12k2
" )10 n (59)

M> (4
= ( )R
then with probability at least 1 — 26, there holds

Gs = ||Lar(Lag + N7V f, — L(L + AI)*lpr,Q,

log?2  AZ~L(N(N\)?*llog 2 1152\ 72"
< 2 4r—2 5 5 '
< 128R%k < A i (log \ )

Proof. By the identity A(A + X )~ =T — A(A+ A)~! for any bounded positive operator 4,
and A=' = B! = A"Y(B—- A)B~! = B~1(B — A)A~! for any invertible bounded operators A
and B, we have
Ly (Lpr + XD = L(L+ XD = ML+ XD = (L + MDY
= )\(L]u + )\I)il(LM — L)(L + )\I)il.
By the regularity assumption (14) with % <r<l,ie., f,=L"g, with g, € L%X and ||g,|l, <R,
we have the following decomposition
[(Lar(Lar + XD = L(L+ AT f|, = [[MLar + M) TH(Lar = LY+ M) 7H |,

= [VAVA@Ar + D73 (Lag + ADTHE 4 AN LA+ AD)THL = Lag) (L + AL+ AD) ™
.Lrngp

< \&H\E(LM LAl
NE 2D gl

H(LM FAD)TE(L 4+ ML)

H(L +A)TE(L — Lag) (L + M)~

2—2r

)

<oRVA|@ AL Lo @ADL~ La (L4 A

(60)
the last inequality holds due to H\A(LM FAD7E|| <1, (L+ AL < 1 for any A > 0,

H(LM F AT (L 4+ )3

< 2 for any A > % log 2 with probability at least 1—46, [|g,||, < R,

and £+ ADH (L~ a2+ 200 < [+ an=H@ - na| e+ ante -

Ly )(L 4+ M)~z - by Proposition 9 of [22]. Moreover, by Lemma 8 of [22], for M >

(4 + %) log 1§'§2, with confidence at least 1 — 24, there holds

1 2r—1 1 L 12—2r
\FAH(LHI)—a(L_LM) H(LHI)—a(L_LM)(LHI)—a
log 2 A2 =1AS()\)2r—1 Jog 2 2\ -7 (61)
< 42 0g % N N(X) 0g % log 11k .
Mr M A
Then the proof is finished by putting the above bound back into (60). O
Proposition 4.6. Under Assumption 2.1 with 1/2 <r <1, we have
Go = ||L(L+A)"'f, — pri < R2) (62)

Proof. By the identity A(A + X)~' =T — XA+ XI)~! for any A > 0 and any bounded self-
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adjoint positive operator A, and the assumption f, = L"g, with 1/2 < r <1, and g, € L/an
and ||g,|, < R, then we have
[+ A = Df ), = | -AE 4 AN, = AL+ 2D 2,

where the last inequality holds due to ||A*~"( (L4 AI)~0- ’”)H <1, [(L+AX)""L"|| <1, and
lgollp < B. .

NS (L AN ) (L4 A1) )g, | < RXT
p

Now we are ready to prove our convergence rates of algorithm 1.
Proof of Theorem 1. Under Assumption 2.1 with 1/2 < 7 < 1, let A = A = \* = A ~
log %, and Propositions 4.1, 4.2, 4.3, 4.4, 4.5,4.6 to the error decomposition (33), then with
probability at least 1 — 94, there holds

Er, (g(fpriv) - 5(fp)) = Ky, [”fpriv - prz]
48 M r*en? log %

11k2

2T T 8log(1/6)
» - - Z o7
< = (c + ck nT) - (1+ Cgpj) 1+ " 1+ C,;p,T)> <1 + Vi
2
4252 C CoN(N) 9 92
T A= )1 = g — plogT) 08T ¥ 008 (ﬁn TV ) e e
log

2—2r
) + 54R(nT) %"

(o5

1
Then under Assumption 2.2 with 0 < « < 1, i.e., N (A) < CoA™ with 0 < a < 1, and we take
M ~ anrﬁ:U log %, and n = n~7te and T = n%; orn=n"tand T = n“;;j:[ , in both
cases, we have T' > n, nT = nzia 1+4cs, 7 = 14+ max{ /3nlog (2n/6,)/T,3nlog (2n/6,)/T} <
1+3log(2n/é,) < 4log(2n/é,), and when o > (4 —4r)/(3 — 2r), then with confidence at least
1 — 94, there holds

Er, (£(fora) = £(4,))

i a ro 1 2 5 2 2r 2
<O ( - log 5 logé—log 5, \/logg +n~ Fr+a log® nlog? 5) .

The proof is completed by scahng 96 to 0. O

log? 2 A2 L(NV(N\)?>~log 2
2 dr—2 5 5
+ 6912R%% (MQT + =

(

4.2 Analysis of the performance on privacy protection

In this subsection, we borrow some ideas from [29] to prove the differential privacy of

algorithm 1.
Proof of Theorem 2. Assume that S and S’ differ by the i-th datum, i.e.,z; # 2}. Let {1},
and {w}}L; be the sequence produced by SGD update (5) based on S and S’ respectively. For
any 1 <t < 7T, we consider the following two cases.
Case 1: iy # i. We have

[ @41 — Wy |l

= |l = n((dr, par(w,)) — i )bna (i,) — i +n((@f, dar(xi,)) — yi,)dar (@i, I3

= |y — ) — 0 (s, ) (r — W}, dnr (23,)) 13

= |y — @13 + 1l dar (@i, ) (e — f, dar (i, I3 — 2nl(e — @}, P (24,))
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<y — g |3 + 0 w2 (o — g, dar (i, ) = 2n|(@e — p, dar(@i,))
< iy — g3
where the last inequality holds due to nx? < 1.
Case 2: iy = 1.
From the elementary inequality (a + b)? < (1 + p)a® + (1 + %) b2 for any p > 0 and
a,b € R, we have
[ i1 — a3
= |l — (W, dar(2,)) — i, )Ona (i) — Wy + n({y, dar (x7,)) — v, )b (2], |13
< (L+p) e — g3

(1 2 ) PhaeCon e b)) = ) daa (ol it ) — oL I
and
lpar (i, ) (e, dar (wi,)) = wi)ll2 < K2[le]2 + cx. (63)
Now we consider the bound of || ||, from the definition of @, we have
o113 = e — (e, dar(xi,)) — yi)dar (i) I3

= [[@ell3 + 0?1 (e, dar (i,)) — i )onr (@i )13 — 20(doe, (e, dar(w2,)) = yi, )b (x3,)).-
One can easily see that

—=2(wy, ((e, dar (x4,)) — yi, )P (T4,)) = 2(0 — Wy, ((W, dar (%)) — i, )Omr (2,))

< (,)? = (e, dr(24,)) — wi,)°
and

772||(<wt7 ¢M(x1f)> - ylf)¢M(xlf)||§ < 772/€2(<UA)25, ¢M(x1f)> - yif,)z
and since nx? < 1 we have

. . . 2
1113 < [[@ell5 + (7K = n) ((dr, dar(xi,)) — ws,)” + nc® < ntc®
so there holds
s (i, ) (e, dar (wi,)) — wi,)ll2 < ek + x>V,
then
R R . . 1
Jivss = thal} < (o p)ln = il 4 (14 ) (o + ont Vim)? (64)
Combining case 1 and case 2, we have
N N Ge=i) 1 A N 1 . .
fess = bl < (= = a4 (14 5 ) TG = i+ ont Vi
t
<
k=

(14 p)" =Dl — it 3
1
t

4 <1 + ;) n*(ck + ex*\/nt)? Z I(iy, = 1) H (1 + p)!=)

k=1 j=k+1

+

¢
<4 (1 + p) 0 (ck + cr®V/nt)* (1 + p) =2 TG=D N " iy = i),
k=1
Let X; =1(ij =i) and X = Z;Zl X, using Chernoff bound for Bernoulli random variable [28],
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for any exp(—t/3n) < < 1, with probability at least 1 — I, there holds

;I(ij:i)§2<1+ 3105:‘/”)

Let ¢y = max{ 3log(n/y) 3log(n/v) }, then with probability at least 1 — I, there holds

t/n ’ t/n
t

A ~ 1 = c
o1 — iy 15 < 4 (1 i p) 2o+ R (1L+ p) e L —(1+cot) (65)

Let p = . then (1 +p)E+end) < e so

N . t t
i1 = it < e e+ o VAL (L) (14 (14 e,0))

By taking a union bound of probabilities over i = 1,2,--- ,n, with probability at least 1 — ~,
there holds

2T T
SSUP |1 — wT+1||2 < den® (C’f + ck? UT) E(l +¢y1) (1 + E(l + C’y,T)> = AZap(7)

The proof of the theorem is complete. O

Lemma 4.1 (Post-Processing [11]). Let A: Z™ — Q be a randomized algorithm that is (e, §p)-
differentially private. Let f :  — R be an arbitrary randomized mapping. Then foA: Z" — R
is (¢, 0p)-differentially private.
Now we are in a position to prove Theorem 3.
Proof of Theorem 3. Let It = {iy,ia, -+ ,ir} and d4(S,S’) = ||A(S) — A(S’)||2- Define
B = {IT : ssug/ (S_A(S,S/) < ASGD((SP/Q)},

then Theorem 2 tells us that P(Ir € B) > 1 — %"7 then we have
P(ﬁ]prw € E) = P(’lf)pm‘v e ENnlr e B) + P(UA)p”‘v e ENnlr e Bc)

< P(Wpriv € E|lr € B)P(Ir € B) + 5”
)
< <66]P)(w;;riv € Ellr € B)+ ;) P(Ir € B) + £

< eP(w),,, € ENIr € B)+46,

prw
< eP(i), ., € E) +5,.

p'r‘w

The proof is completed by applying Lemma 4.1 with f = fpin(-) = (Wpriv, dar(-)). O
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