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The Gleason’s problem on normal weight general function

spaces in the unit ball of C"

GUO Yu-ting ZHANG Xue-jun*

Abstract. In this paper, we first discuss the boundedness of certain integral operator T; on
the normal weight general function space F'(p, i1, s) in the unit ball B, of C". As an application

of this operator, we prove that the Gleason’s problem is solvable on F(p, u, s).

81 Introduction

We call two quantities G and H are equivalent (denoted by “G =< H”) if there are two
constants ¢; > 0 and ¢y > 0 such that ¢; H < G < ¢coH. If there exists a constant ¢ > 0 such
that G < ¢H (G > cH), then we denote by “G < H” (“G =2 H”).

Let B, denote the unit ball in the n-dimensional complex Euclidean space C". For two
points w = (wy,wa, - ,wy) and z = (21,292, -+ ,2,) in C™, let

(W, 2) = wiZ1 + waZa -+ + W7

The class of all holomorphic functions on B, is denoted by H(B,). For f € H(B,) and
z € By, the complex gradient of f is defined by

_(9f,, 9f of
i - (o Lo 2e).
Given z € By, let ¢, be the automorphisms of B,, with ¢,(2) =0, ¢.(0) = z and ¢, ! = ¢,.
For p > 0 and z € B, let D(z,p) = {w: w € B, and (2, w) < p} denote the Bergman metric

ball at z with radius p, where

L 1+ [es(w)
B(z,w) = = log 2=l
2 1- |302 (w)l
Definition 1.1 A positive and continuous function p on [0, 1) is called a normal function if
there are constants 0 < a < b < oo and 0 < rg < 1 such that M) is increasing on [rg, 1)
—r
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and uir) — is decreasing on [ro, 1).

The following two functions are the examples of this kind of normal functions:

B 2 a
pa(r) = (1 —r?)7 (log 1_(12> (loglog 1i702) (v >0, o and S real),
(2n —2)! 1 n—1 2n% — 1
(27171)”(1_742)2’ no ST 2n(n + 1)
uo(r) = " 9 (n=1,2,---).
2n)!M(n+1) (1- 2)% o2n® —1 2 _ n
(2n+ ! me 2n(n+1) =7 n+1

For the convenience of proof, we let 7o = 0 in this paper. The following spaces are several

function spaces involved in this paper, and we give definitions respectively.
Definition 1.2 Let v be a positive continuous function on [0, 1) such that sup v(r) < co.
If f € H(B,) and e
171

then we say that f belongs to the v-Bloch space B, (B,,). In particular, if v is a normal function
on [0,1), then B,(B,) is called the normal weight Bloch space.

B, = [f(0)[ + sup v(|z])|Vf(z)] < oo,

z€B,

Definition 1.3 For p > 0 and a normal function p on [0,1), if f € H(B,) and

P
[ 19ier D due) < o
B, 1— 2|
then we say that f belongs to the normal weight Dirichlet type space Dﬁ(Bn), where dv is the

atl

Lebesgue measure on B, such that v(B,) = 1. When pu(r) = (1 —r?) >
DE(By,) is just the weighted Dirichlet type space DE (B,,).

(o« > —1), the space

Forp>0,s>0,¢g+n>—1, ¢+ s> —1, the general function space F(p,q,s), consists of
all f € H(B,) and
1
S 1 g
Al Pp,q.5) = 1£(0)] +{ sup / V)P (1 —]2]*)log” —— dv(Z)} < 0.
weB, JB, lpw (2)]
In [1], R H Zhao first introduced the space F(p, ¢, s) on the unit disc. Soon, a lot of function

spaces associated with F(p, g, s) were studied, such as, [2]-[9] etc.

In [2], X J Zhang et al gave several equivalent characterizations of F(p, ¢, s). For example,
1

I Fmqs) < |f(0)|+{ sup /B IVF(2)P (1= |wl )8(1_ o[22+ dv(z)}p

webB, |1_ <Z7’LU>‘25

The key measure in the above integral is (1 — |2|)9"* dv(z). In order to study the general
function spaces in a broader and more abstract perspective, it is meaningful to extend this
measure (1 — |2]?)?%¢ dv(z) to a kind of abstract form. Recently, S L Li ([9]) extended F(p, g, s)
to a kind of abstract form as follows:

Definition 1.4 Let g be a normal function on [0,1). For p > 0, the normal weight general
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function space, denoted by F(p, u, s), consists of all f € H(B,,) and

/ VPO~ [wl) p(z) dv(z)}i
Bn

—(Z,w)|*® — |z
1 2 1 2

< 00.

1 et = F(O)] + { sup

weB,,

qts+1

In particular, F(p, u, 8) = F(p,q,s) when u(r) = (1 —r?)"» . If s = 0, then F(p, u, s)

= DI\(By,). Therefore, F(p, i, s) is not only a generalization of F(p, g, s), but also a generaliza-
tion of the weighted Dirichlet type space.

Definition 1.5 For p > 0 and a > —1, the weighted Bergman space AP (B,,) consists of

holomorphic functions f in B,, and

il = ([ 110 dva<z>);’ <o,

where dv,(z) = co(1 — |2|?)® dv(z), and the constant ¢, such that v, (B,) = 1.

Using operators to study function spaces has a long history. There have been a large number

of relevant literatures. In particular, Forelli-Rudin introduced the projection operator in [10]:

P f(z) = /Bn = <ZJj(ww>))n+1+T dvr(w) (1> -1).

In order to solve the solvability of Gleason’s problem, we first need to discuss the boundedness

of kinds of Forelli-Rudin type operators. As for the research on Forelli-Rudin type operators,
there has been a lot of work, such as [9]-[17], [32], [34] etc.

Let Y be a class of holomorphic functions in the domain A C C"™. Gleason’s problem for
Y, denoted by (A, 3,Y), is the following: for any 8 = (f1,82,...,0n) € A and h € Y with
h(B) = 0, are there functions hy, hs,...,h, €Y such that

n

h(z) = Z(ZJ —Bj) hj(z) forall z=(z1,29,...,2,) EA?
j=1
The Gleason’s problem originated from ball algebra([18]), and it has been a hot topic of
research by mathematicians for decades. There are many references on this aspect, such as,
[18]-[30], [33] etc. The key difficulty of the Gleason’s problem depends on the domain A, the
point 8 € A, and the function space Y. It is known that the Gleason’s problem always has
a solution in a function space with the multiple cylinder as the support domain, but it may
not necessarily have a solution on a function space with the unit ball as the support domain.
Therefore, the solvability needs to be discussed one by one. For abstract normal weight u, is

Gleason’s problem solvable on F(p, i, s) ? In this paper, we mainly solve this problem.

In this paper, we always let a and b be the two parameters in the definition of the normal

function p. Parameter ranges involving function space definitions are no longer repeated.

§2 Some Lemmas

In order to prove the main results of this paper, we give some lemmas first.
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Lemma 2.1 ([19]) Let 6 > —1 and ¢ > ¢+ n+ 1. Then

1 — Juf?)? |
- 7 _d = f 11 B, .
énu—@ww o) = gy frallze By

Lemma 2.2 ([31]) Let p be a normal function on [0,1). For w € B,, and r > 0, there are
the following properties:

(1) w(lz]) < p(Jw|) for all z € D(w,r).

a b
p(|2]) 1—|2? 1—[2?
2 < for all B,,.
@ eh = \i=qep) T\Toqep) PSS

Lemma 2.3 Let px be a normal function on [0,1). If f € F(p, i, s), then

HfHF(p,;L,S)

n—s

plw])(1 = |w]?)">
Moreover, if s > n, then F(p, j1, s) = B, (B,), where v(p) = (1 — p2) 7 pu(p).

Vf(w)| S for all w € B,,.

Proof The results of the previous part come from Lemma 2.4 in [9]. As long as we take

9(z) = %(2) (le{l,2,---n}, z€ By) and v = s/p.

When s > n, for any f € B,(B,,) and w € B,, it follows from Lemma 2.1 that

[ U WP D o
Bn

1= (z,w)[**(1 = [2]?)
< Hfl\%u/ il Ul G i Y

1= (z,w)[**

=|Ifllz, = fllr@us S IfllB, = Bu(Bn) C F(p, p, ).
This proof is completed. [

n

n—s

Note When hH11 (1 —p*) "7 p(p) = oo (for example, b+ (n — s)/p < 0), the space
p—1-
B, (B,,) contains only constant valued functions by the maximum modulus principle. Therefore,

F(p, 1, s) contains only constant valued functions in this case.

Lemma 2.4 ([32]) For § > —1and r >0, t>0, let

B (1 - |22 o
“W‘Aﬁu—@mmwrwamrd()(’”GB“

Then there are the following results.

(1) Whent—d>n+1>r—39,
I 1
ST = w )L = (w, )|
(2) When t—d>n+1land r—d>n+1,
o 1 . 1
B O e e ok D C R U100 R S (PN T
(3) When t—d>n+1=r-9,
1 n 1 1 e
(0= [wP) === () [T (w1 pu(mP

Lyy <
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83 Main Results

Theorem 3.1 Let p be a normal function on [0, 1). If ¢ is large sufficiently, then ||T} f||p.q.s
S fllp,g,s for all f € F(p, p,s) when 0 < s <n, where
Vf(w)| dvg(w
Tif(2) :/ [V f(w)] dvi(w) (z € By).
B

e A Tl

Proof (1) Case p > 1.

1+t)p—-1
It is clear that lim %
t—oo  pb+t

that pb +t < (1 +t)p — 1 when ¢ > t5. We choose ¢ty < t < t; < pa +t. This means that
p'(t —t1/p) > —1 (where 1/p+1/p’ =1) and t; —t > 0. By Holder inequality and Lemma 2.1,

= p > 1. Therefore, there exists a ty > pb+n —s— 1 such

we may obtain
D

» 1— [w)? %) do(w) | " V f(w)|P
TIPS { = )} [

1 IV (w)?
/B” doy, (w). (1)

= (1— |z2)t—t 1 — (z,w)|n+1+t

For any ¢ € B, we first consider the integral

Ji n £ () P (] { / n (1 Jg?)° (1 = |2+ du(z) } o, ().

(1= w[?)pe 11— (2, *[1 = (z, )|+
When s =0, by pa —1 <ty <t; < pa—+tand Lemma 2.1, we have
V f(w)|PpP (|w 1 — |z]?)pati=ti=1 gy(z
[ AR [ OB ),
B, (1—lw[?)re B, 1= {(zw)]"
IV f (w) [P (Jw])
< [, HEE dow) < 11
When 2s — (pa +t —t; — 1) < n+ 1, this conditions ¢ty < ¢t < t; < pa + t show that
n+1+t)—(pa+t—t1—1)=(Mnm+1)+1+t;—pa>n+1)+1+1t —pa >n—+1,
pa+t—t1—1>—-land (n+1+¢t)—(pa+t—t1—1)—n—-1=1+t —pa > 1+ty—pa > 0.
It follows from Lemma 2.4(1) that

IV £ (w) [P a2 (Juo]) (L= [g[)°(0 = [o)rert=t dv(z))
/ (. foo

(1 — fw[?)Pe 1= (2,1 = (z,w)[**+1H

n

_ (- [€*)° pP(wl)
= O = gt = e ) < 61

n

When 2s — (pa +t —t; — 1) > n + 1, the conditions ¢y < t < t; < pa + t mean that
pa+t—t;—1>—-1landpa+t+n—s—t; >0, t; —pa—n+s>—1. By Lemma 2.1 and

Lemma 2.3, Lemma 2.4(2), we have

[ T {0 €)1 = [2Pyrett =t du(z) b v (w)

(1 — fw[?)Pe 1= (21 = (z,w)[* 1+

- [V f(w) [P (|w]) (1 — |¢[2)patttn—s—t
h /Bn (1 — fuw[?)pe |1 — (&, w)|ntitt dvy, (w)

n
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, [Py p(ul)
* VIO G )

< ||f‘|p (1 _ |£|2)pa+t+n757t1(1 _ |w|2)t17pa7n+s dv(w)
~ Ep.pos) [ |1 — (€, w)|n+i+t

+ 1 s = s

When 2s— (pa+t—t; —1) = n+1, the conditions ty < ¢t < ¢; < pa+t mean that we may take

0 <og<min{s, t1+s+1—pa—n}sothat pa+t—t; —1>—-1land t; —pa—n—og+s > —1,
ea’g—l

s — 09 > 0. By Lemma 2.1 and Lemma 2.3, Lemma 2.4(3), sup z°°log €
0<z<1 z

VAP (ul) [ [ (L= €)1~ o)1 do(z)
e et vt o KL
_ oy L6 ()
<, VO g )

Vr@)Par(wl) Q=P e
+/B T T T T e e A S P 3 |2

, we get

dvg, (w)

1— ‘w|2)t1—pa—n—ag+s dv(w)
P P ( - P
S HfHF(p,u,s) + ||f||F(p,u,s)/B (1 — [€]2)e0—s[1 — (£, w)|n+1+t—200 - ||fHF(p,u,S)'

Similarly, if to <t <1 < pa + t, then we may prove that

[Vf(w) PP (Jw]) (1 —[¢[2) (1 — |2]2)PPrt=0 =1 doy(z)
/Bn (1= Jw|?)P? {/Bn 11— (z,)?*|1 — (z,w)|r+1+? }dvtl(w)

p
S HfHF(p,u,S)'
Therefore, (1) and Lemma 2.2(2) combined with the above discusses, we have

b =P o(el)
o, IO g =

DL QR D ) du(e)
< [ wror{ [ R e o)
VAP (ul) { (L= R~ [P o))
S/Bn 1= [Py {/B 1 (2P (za)ie }d“”

[V (w) [P (Jwl) (1= [¢*)* A = Pt dv(z)) o
* /B (1 — fw[?)P? {/B 1= (2,81 = (z,w)[**+1+ }d n(w)

S ||f‘|€’(p7u,3)'

(2) Case 0<p<1.

1+¢
We choose b+(nfs)/p71<t:ufnflsuchthatt’>pb+nfsfl.
p

For any z € B, and | € {1,2,--- ,n}, we take

of 1
ﬂ(w) = %(w) (1 — <U},Z>)n+1+t (

It follows from Lemma 2.15 in [13] that

w € By).

/Bn [Fy(w)|(1 = [w]?)" dv(w) < {/B |y () ? dvt/(w)}p

n
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This shows that

T4 xz{/ IFi(w 1|w|2>tdv<w>}p

n
IV (w)[P dvp (w)
< F P dvy = .
NZ_:/ |[Fi(w)|P dvy (w) < /Bn 1= (w, 2)[rF1F
Next, it is similar to the proof of case p > 1 when ¢’ > pb+n — s — 1. We have

p (=P r(el)
/B LI g gm 1= o )

VAP f [0 R e )Y,
S/B 0= [P {/B 1—<z,f>|2s1—<z,w>|"+l+t’}dt()
VAP (w]) [ [ (1 6250 2P du(z)
+ / {/B }dvt/(w)

(1 — fw[?)r? o 1= P = (2, w)[rHH

S HfHIID’(nH,S)'
This proof is completed. O

As an application of Theorem 3.1, we prove the Gleason’s problem is solvable on F'(p, , s).

Theorem 3.2 Let p be a normal function on [0,1). For any integer k > 1 and § € B,,
there exist bounded linear operators A, (|a| = k) on F(p, p, s) such that

F(z)= "> (2= B)*Aaf(2) for any f € F(p, p,s)

|| =k
with DYf(8) =0 (|y|=0,1,---,k—1), where o and  are multi-index.

Proof When s > n, it follows from Lemma 2.3 that F(p, i, s) = B, (By,). This result has

been proved in [33]. We need only to consider the case 0 < s < n.

First, we consider the case k = 1.

When 8 = (0,---,0), for any f € F(p,pu,s) with f(3) =0and j € {1,...,n}, let

Loy
Aif(z) = ; a—zj(tz) dt.
Then each Aj; is a linear operator and
S s = [ = gy 19) = 1) (2
j=1

In the following, we prove that A; is bounded on F(p, p1, s) for every j € {1,2,...,n}.

It follows from Lemma 2.3 that

of 11| P (o,

e OIEIOIPS P < L
i u(lz)(X =227 p(0)( = [=)"" 7

Therefore, as long as t —b— (n — s)/p > —1, it is clear that

a _p_n—s
/Bn a;fj( z)| dve(2) S ||f|F(p7M7S)/n(1_|Z|2)t b1

||f| |F(p,u,s)

A

dv(z) < 0.
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0
This shows that a—f € A}(B,,). By Theorem 2.2 in [13], we have
z
> af 1
= d € By).
05, = o, o, T Gy ) (2 € )

By (2)-(3) and Fubini Theorem, it is clear that

A1) = [ G {/ = gy )

e = [ g {/ et | 7 e

_ ﬁw w Q(z, w) .
s, 3wj( )(1—<z,w>)n+t+1 dvy(w),

where w is a vector, and the integral

/Bn(.) W dvy(w) = </Bn(.) wy dvg(w), - - ’/Bn(.) W dvt(w)> :

Qo) = n+1+t 1 (1—<z,w>)":t+1—1
G Tt (ow)
when (z,w) #0 or Q(z,w)= (n+1+1t)/2 when (z,w) = 0. Otherwise,
lim{n+1+t 1 (1—y)”+t+1—1}n+1+t'
y=0 | (n+t)y n+t 2 2
This means that |Q(z,w)| < 1. Therefore,

This shows that

VAL S [ T dnw) = TG,

As long as ¢ sufficiently large, it follows from (4) and Theorem 3.1 that

1— 5 2\s P
sup /B" IVAjf(z)|P1(_ <z|,€>)2s iu—(||z||)2 0(2) S 1

§E€EBy
On the other hand, it follows from Lemma 2. 3 that

435001 =| [ 5 Ew) duw)

In a word, we have ||A; fl|pp.u.s) S 1 flF@mu.s) for all cases.

S Hf”F(p,u,,s)-

When 8 = (81, ,8n) £ (0,---,0), it is clear that
10 = 1)~ £0) = [ {70+ e - o}

j=1
It is similar to the proof of (4). We may obtain
[V f(w)]
VA; <
VASENE [, T =

n

dv(w)

1 [V f(w)]
< (1— |p[)n+e+t /Bn 1= <Z7wl>u‘n+1+t dvg(w) < Tf(2).

It follows from Theorem 3.1 that A; is bounded on F(p, y, s).

zj — 51)/0 D;f[B+t(z—p)] dt = Z(Zj — Bj)A; f(2).

611
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For k > 2, the proof is the same as that of Theorem 5 in [20].

This proof is completed. [
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