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Improved population mean estimator with exponential

function under non-response

Ceren Unal* Cem Kadilar

Abstract. In this article, we consider a new family of exponential type estimators for estimating
the unknown population mean of the study variable. We propose estimators taking advantage
of the auxiliary variable information under the first and second non-response cases separately.
The required theoretical comparisons are obtained and the numerical studies are conducted. In
conclusion, the results show that the proposed family of estimators is the most efficient estimator

with respect to the estimators in literature under the obtained conditions for both cases.

81 Introduction

In sample surveys, efficient estimators can be used to obtain the unknown population pa-
rameters such as mean, proportion, variance, and sum as well. The common and main method
is the use of the information of the auxiliary variable (z) for obtaining efficient estimators. For
this reason, ratio, product, logarithmic, regression, and exponential type estimators can be seen
in literature in order to obtain the most efficient estimator for the estimation of the unknown
parameters.

In sample surveys, it is possible that all information on different variables will not be avail-
able at all times. Hansen and Hurwitz (1946) introduced a new sub-sampling technique to
deal with this situation that is still significant in the sampling theory. In this technique, the
non-response units are considered in order to estimate the unknown population parameters.
Thus, the effect of non-response units can be reduced with this method.

In the sub-sampling technique, we consider a population (N) that is composed of two groups
as Ny and N,. Here, the response units are available on N7 while the non-response units are
available only on Ny (N = N — Njp) units in the population. The sample size is determined as
n units by the Simple Random Sampling Without Replacement (SRSWOR). Here, the response
units are symbolized as n; while the non-response units are symbolized as ns (ne =n —ny) in
the sample. In this technique, r units (r = "2/, , z > 1) are obtained from non-response units in
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the sample with extra effort. Using (n; + r) units, the unknown population parameters can be
estimated with this sub-sampling method. The unbiased population mean estimator proposed
by Hansen and Hurwitz (1946) to deal with the non-response situation using the sub-sampling
method is as follows:

tNy = WY1 + Wala(r) (1)
whose variance is W ( 0
_ 2 2 2 (%2 — 2
Vtnr) =Y ()\Cy + nCy(2)> (2)
2
where f = &, A= %, C; = %, 03(2) = 55(2)/}72 and Wy = $V2/); is the weight of non-

response units for the population, and the population mean of y is symbolized as Y .In the

tny estimator, wy = 72 symbolizes the weight of the non-response units for the sample while

wy = 7L is the weight of response. The ¥ is the sample mean of y according to n; units while
¥2(ry is the sample mean of y according to r units.

The non-response case is examined under the first and second cases. In the first case, the
non-response units are available only on y while  has all the information. The population
mean of z is known.

Rao (1986) proposed the classical ratio and classical regression estimators under the first

case, respectively, as

&\‘N\

tr =9 (3)
tregt =5+ 0" (X — 7) (4)
where b* = Sy / g+*. In these estimators, the sample mean of y is symbolized as 7* under the
x
non-response scheme. In addition, the sample and the population mean of z are denoted as T
and X respectively, while Y is the population mean of y.

The MSE equations of the tg; and t,.41 estimators are, respectively, given by

MSE (tg)) = Y? (A (C2 —2Cys +C}) + W

C§<2)> (5)

- Wi (z—1
MSE (tregt) =V (mg (1=p2y) + 2<n>%)> (6)

where C? = “?—%, Cyz = p2yCyCy and the population correlation coefficient between y and z
is symbolized as p,. In the second non-response case, the non-response units are available on
both z and also y. Similar with the first case, X is also known in the second case.

Cochran (1977) proposed the classical ratio and classical regression estimators under the second
case, respectively, as

e

tro=9"

- (7)

Kl

tregz = §* + 0" (X — &%) (8)
where the sample mean of z in the case of non-response is symbolized as T* .
The MSE equations of trs and t,.42 estimators are, respectively, given by

MSE (tps) = Y2 (A (C2 —2Cy, + C2) 4 Wal=l) (02(2) + 02 — 2cyz(2))) 9)

n Yy
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_ o (2— Cc?
MSE (treg2) = Y? (AC; (1—p2,)+ Walz=1) (05(2) + Piyc*écg(z) - QPwy%Cyr@))) (10)

n

where 05(2) = Si(z)/XQ s Cya2) = Pay(2)Cy2)Cr(2) and py,(2) symbolizes the coefficient of the
population correlation between z and y in the presence of non-response group.

In literature, Kumar (2013) proposed a population mean estimator, and this estimator is
supported by numerical study about the physical growth of the upper socio-economic (Khare
and Sinha, 2007). Using a similar numerical example, Dahiru et al. (2021) also contributed to
the literature with a product-log-type estimator as well as Zubair and Ali (2019) introduced
a generalized regression-product type estimator for both Cases I and II. Khare and Rehman
(2014) proposed a Chain Ratio-Cum-Regression Type estimator for only Case I. For another
numerical example, Unal and Kadilar (2020), Singh and Usman (2021), and Sinha and Kumar
(2017) proposed various estimators for the population mean using with related to agriculture
(Khare and Sinha, (2009), Khare and Srivastava, (1993), Khare and Kumar, (2009), Sinha and
Kumar, (2015)). Satici and Kadilar (2011) introduced an application about education in the
presence of non-response for estimating the population means and Yaqub et al. (2017), Pal
and Singh (2021), and Unal and Kadilar (2021) used this numerical example. In addition, the
estimators, proposed by Pal and Singh (2020, 2021), Pal et al. (2020), Kadilar and Cekim
(2015, 2017), and Cekim and Cingi (2016), are also important estimators in the literature.

In this study, the exponential type estimators in literature under the first and second cases
are given in the next section. After that, the proposed family of estimators is extensively
examined for both cases in Section 3. In Section 4, the theoretical comparisons are obtained
and then the numerical studies are performed in Section 5. In conclusion, the results are
discussed.

82 Existing Exponential Type Estimators in Literature

Following the sub-sampling method, we can see many types of estimators for estimating the
population mean. According to both first and second cases, the exponential type estimators
and their MSE equations, up to the first order of approximation, are given in Table 1 and Table
2, respectively.
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83 The Proposed Family of Estimators

Singh et al. (2011) introduced general class of estimators to estimate the population mean

as follows:

t= 17+ (X —2)] [gexp (C;);ié’) +(1—=&)exp {m}} (11)
where values of £, and ey are unknown constants for obtaining the minimum MSE of the
t estimator that will be computed later and £ is a constant to generate the different types
estimator. Besides, a and b are either real numbers or the functions of the known parameters
of the auxiliary variable.

The main aim of this study is to propose a family of estimators by adapting the ¢ estimator
introduced by Singh et al. (2011) to the non-response cases. In this section, the situation of
non-response is examined under two different cases as first case and second case.

3.1 First Case

Along the lines of Singh et al. (2011), we propose t* family of estimators for the first case
as follows:

t*=[e1y* +e2 (X — 7)) [5 exp (‘;if_tf) +(1—¢&)exp {MH (12)
Some notations are used for the first case to obtain the Bias (t*) and M SE (¢*) and the mini-
mum MSE (t*) is as follows:
T=X(eat1), 5" =V (e +1), E(e)) = E(es) =0, E (e ) = (Ac2+ 22Dz ),
E (ei) =)C?, FE (eZem) = ACyg .
Using these notations, we re-write the t* estimator in Eq. (12) as

N Pey , 3072 geel 559 5£6%c2 _ Oeres  E0eres
{51 (1 2 8 te 5 T T 13
X e €0e2 (13)

— Ea | €x — 5 T T3

where 6 was defined in Section 2. Here, we can derive the members of 6 values using different
« and b values. Some members of the 8 are given in Table 3.
We neglect two and higher powers of ej and e, and obtain

_ _ 2 2

GeZem 596?61 e2 e2 (14)
T2 _TJ)— }—X{Ez(ez—ef—égzw)}
Using Eq. (14), the Bias (t*) is obtained as
Bias (1) =V {e1 (1+ 235 3+5¢) - 29 (14¢)) -1} + X22% (146 (15)

Taking the square of the both sides of Eq.(14) and then expectation, we obtain the M SE (¢*)
for the first case as follows:
MSE (t {Y2 ( e1—1)% + LENCZ(E +1) — e20MCle (€ +1)
+ef (ACE + W20, )) + X2EACE (16)
+ XVere2 (OACE (1 + &) — 2XCya) }
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Table 4. Some members of the 6 values.

o b 0
11 1 b1 = Zy
2 1 B2(2) b2 = gy
301 Ca 0= (mha)
141 P b= %)
5R@ G = R
6 C, P2 (x) O = (cm)gf)ﬁ(z(w))
7 Cy p b7 = (Cmi_(ﬁp)
3 C, Os = (pxpfcm)
9 Ba(x) Oy = (ﬁzﬂfr()m))iﬁp)
10 p B )

Taking the derivation of the MSE (t*), the optimum values of €; and €5 , €] and €} are
obtained as

. Ner
P (1+(aop ez, )+ (060
(17)
e = Y (2XCye —OACZ—EONCE)

2X (Acz (1+ (acz+ 2202, ) ) - (ACya)?)

Substituting €} and €} instead of €; and e; in Eq.(16), we obtain the minimum MSE (t*)
for the first case as follows:

(Ac2) (Acg + M=) - (ACy)?

M8 Ein (7) = V7 Wa(z—1) 2
(Ac2) (14 (ACg+ M2E=002, )) = (ACy)

3.2 Second Case

Along the lines of Singh et al. (2011), we propose t** estimator for the second case as
follows:

*k —x v — % aX a(X—z"
t = [€1y + &9 (X—l' )} [Eexp(aﬁﬁ)}) —|—(1—§)exp{a(x(+x*)_22b}:| (19)
To obtain the Bias (t**), MSE (t**) and the minimum MSE (t**), under the second case, we

use some notations as
. — 2 z—
=Y (¢ +1).3 = X (3 +1),E(e;) =0,E () =0,E (e ) = (A2 + M2l=bez ),

B(eger) = (\yo + 22520000 ) B () = (AC3 + H2G=bez, ).

n
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Using these notations, we can write the ¢** estimator as

2
ey « _ Oel 5991 392 2 pg2er
=Y {e1 (1+e;— + =g

Oere’ Eherer o e’ 506*2
_ Tyt 3Ty _ * 2%z SYCx
2 2 )} X {52 <eac 2 2

We can also write some members of the family of t** estimators under the second case as
in Table 3. Expressions of the Bias (t**) and MSE (t**) are computed for the second case,
respectively, as follows:

E(t**—Y)—Y{El (1+92E<;;>(3+5£)—M(?6”(1+5>>—1}

_e20E (e}

+Xf)(1+f)

(20)

(21)

Bias (t*) = {Y{al (1 + & (Acg Mc§(2)) (3+5¢)
¢ (ACy + Mcw(g)) (1+¢) -1} (22)

+X20 (A2 4+ W=Dz ) (14 6))

MSE () = {¥* + (s} (A3 + W%)
(/\Cf Mci@)) &+ 1)2)
—£20 (ACW + MCW@)) &+ 1))

_"_XQE% ()\C’g Wg(z 1) 02(2)) (23)
+ (XY5182 (9 ()\Cg wczm)) 1+8
Wa(z—1
230 2]
The optimal values, €;* and €5* are obtained as follows:
o _ (roz+ 222Gt )
T G e ) (e TG ) (e )
(24)
e = V{2(ACye+ M2E=D 0, o)) —(04¢0) (A02+ W2E=D 02 )}

2x{ (o2 G 02 ) ) (14 (03 RGN Cl ) )) - (At PG O ) |

The optimum values are substituted in M SFE (t**) and then the minimum MSE for the second
case is obtained. In order to simplify the mathematical notations, we can write the M SE (t**)
for the Case II as

iy — K3
(rcz+ Wele=e2 ) k- k3

) (Aez 4 Hale=hes

n y(2)

MSEmin (%) = V2 (25)

where k; = (Aog Wa(e=1) ;2

2 ) and ks = (ACy, + =10y
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84 Efficiency Comparisons

To show the appropriateness of t* and ¢** estimators theoretically, we compare the efficiency
of the proposed estimators with the unbiased, ratio, regression and exponential type estimators
for the first and the second non-response cases, respectively.

4.1 Efficiency Comparisons for the First Case

We compare the MSE of the t* estimator with the MSE equations of the unbiased, ratio,
regression and the exponential estimators given in Table 1. We obtain the conditions for the
first case as follows:

MSEmin (t*) <V (tNr)

{ (Ac2) (ac24M2E=002 ) - (ACy.)?

(AC2) (1+ (AC§+WC§(2))) —(ACya)?

] - (Acg + WCS(Q)) <0 (26)

MSEpn, (t*) < MSE (tg:)

[ (Ac2)(ac24 122, ) - (ACye)?

. 2 2 Wa(z—1) ~2
(/\Ci)(1+()‘C§+W2(;1)05(2)))_(/\01”)2} (A (C2 — 20y + Cy) + = Cy@)) <0 (27

n

MSE i (t*) < MSE (texp1)

(rc2)(roz+ 2Dz, ) - (ACya)’ 2, C2 Wa(z=1) ~2
|:()\02)(1+(>\23+Mé2(2)))7(Acy1)2 - (A (Cy+T _Cyz) + 2n Cy(Z)) <0 (28)
z 1 n y (2

MS Epin (t) < MSE (treg1)

(rc2) (Acp+ 220 e ) ) ~(ACy:)?
(e (14 (aoz+ 220 ez 1Y) - (ACya)?

Y

} —(ACcz(-p2) + R, Y <0 (29)

MSEumin (t*) < MSE (tp)

{ (xc?) (,\c§+7w2(;*” CS@)) —(ACy0)? }
(

sen) (1 (heg+ e, )~ (30)
C, Wa(z—1
_ ()\ (c; +6,C? (62- — QpIyC—‘Z)) + 2(77, )05(2)) <0
MSEmin (t*) < MSEmin (tYKl)
{ (re2) (A + F2E=D OF 5 ) - (A ) ]
(re2) (1+(A03+ F2E=202 ) )) - (AOya)? (31)

[ez+s(rap (102, )+ 2250030 _
oa[1+(x03 (102, )+ 2E0C2 )]

- (AC3 (- p2y) + ez, ) +

n

MSE i (t*) < MSFE. iy (t17,’)
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()\Cg) ()‘Cz + WC%(Q)) - ()\Cy:v)Q . (1 _ E12) <0 (32)
(AC) (1+ (A0p + B0z )) - (AC,)? "

The efficiency conditions of tpgi,tusi, ty1, L(ay,5,) and t(, 5) estimators are obtained as in
the condition (29). We conclude that the ¢* estimator is more effective than others in literature
based on the conditions from (26) to (32) for the first case.

4.2 Efficiency comparisons for the second case

We compare the MSE of the t** estimator with the MSE equations of the unbiased, ratio,
regression and the exponential estimators given in Table 2. We obtain the conditions for the
second case as follows:

MSEmin (t**) <V (tN,«)

ky — k32
()\C% + W2(z—1)02

Wa(z—1)

C§<2)) <0 (33)

—(AC§+
)+k1—k§

MSEmin (t**) < MSFE (th)

(2)

ks — (A (C2 =20, + C2
|:(>‘03+W42(571) 05(2))+k1—k§:| ( ( ’ ve t y) (34)
2= (02 4 02, - 2Cyz(2))) <0
MSEmin (t**) < MSE (t'r'eg2)
ky—k3 _ 2 (1 _ 2
e - o ) )
(e C ,
MSEmin (t**) < MSFE (texpg)
bk — (A2 2% —»
{(,\c§+7w2(j‘”05(2))%143} ( Cy+ A% Cue (36)

- o
= <C§<2> + = *Cyw@))) <0

MSEpin (t**) < MSEwin (tkB)

ki—k3 Wa(z—1)
{(Acﬁwﬁi11)CE<2>)+k1—k§} a ()\092 (1=p%) + =5 Cly (1 B piy@))) <0 (37)

MS B () < MSE ()



Ceren Unal, Cem Kadilar. Improved population mean estimator with exponential... 573

k1—k3 _ 2 2
|:(/\C§+ WoG-1D 03(2))+k1—k§:| ()\ (Cy + C% 2¢Cyz) (38)
+ W=D (G2, + Oy — 26Cyam) ) < O
MSEmin (t**) < MSEmin (tSU)
— 2
k1—k3 _ 2 Wa(2—1) ~2 _ (ACIH+W2(; 1)0141'(2))
|:(>\ngs+ Wz(;—l) Cg(z))+k1*k§:| |:()\Cy + n Cy(Q)) (AC§+ Wz(;—l) CaZc(z)) <0 (39)
MSEmin (t**) < MSEmin (t27i)
k1 — k2 E?
Wa( 11) 22 2 _(1_2E3><0 (40)
2(2—
()\C% +— Cx(Q)) + ki — k3 !
MSE i, (t**) < MSE.;, (tRNAQ)
ki —k2 _ ( _ A1A2+A2A§72A3A4A5)
[(AC%+W2(51)03(2))-1—19'1—%] 1 A Ay—AZ <0 (41)

The efficiency conditions of tpgs, tyk, L(a,8)s t(a2,52) and tygo estimators are obtained as
in the condition (39). We conclude that the ¢** estimator is more effective than other estimators
in literature based on the conditions from (33) to (41) for the second case.

85 Numerical Studies

After appropriateness of the theoretical inferences and comparisons, we calculated the MSE
values of the proposed and existing estimators in literature with numerical studies using real
data sets. In first data set, we use real Covid-19 data. The deaths and the new confirmed cases
in a day are considered based on all cities (85 cities) in Russia (COVID-19, 2021). Here, the
death number is taken as the study variable (y) while the number of new confirmed cases is
taken as the auxiliary variable (z). The missing data (non-response) rate is considered as the
last %25, 21 units, of the population. The population statistics are summarized in Table 4.

Table 5. First data set parameters.

N =85,n=30 X =99.59 Pyz(2) = 0.816  py, = 0.902 Cyz = 5.635

By (z) = 68.088 ¥ =1337.02 C, =192 C, = 3.254 Cya(z) = 0.0115
Wy = 0.25 A=00216  Cyoy=0.1265 Cypoy =0.1113 f = 0.353

We obtain the MSE values of the existing unbiased, ratio, regression, exponential type
estimators, given in Tables 1- 2, using different values of z and the MSE of the proposed
families of estimators, t* and t**, under the first and second cases based on the COVID-19 data

set. The results for the first and second cases are given in Tables 5-6, respectively.
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Table 6. MSE values of the existing and ¢* estimators for the first case.

Estimators z=2 z=3 z=4 z=5 z=06

tNy 142580.0398 142818.4230 143056.8062 143295.1894 143533.5726
tr1 116266.140 116504.523 116742.906 116981.289 117219.672
teapl 27210.436 27448.819 27687.202 27925.585 28163.969
tregl 26770.299 27008.682 27247.065 27485.448 27723.831
ty k1 26770.299 27008.682 27247.065 27485.448 27723.831
tp 112472.471 112710.854 112949.237 113187.620 113426.004
tp,2 28327.615 28565.998 28804.382 29042.765 29281.148
ip,3 104541.456 104779.839 105018.222 105256.606 105494.989
iDa 112834.315 113072.698 113311.081 113549.465 113787.848
tps 116051.307 116289.690 116528.074 116766.457 117004.840
tp,e 62147.094 62385.477 62623.861 62862.244 63100.627
tp,7 115176.127 115414.510 115652.893 115891.276 116129.660
ip,3g 103362.843 103601.226 103839.609 104077.992 104316.376
tp,9 116183.814 116422.197 116660.580 116898.963 117137.347
tp,i0 27318.613 27556.997 27795.380 28033.763 28272.146
tpsi 26770.299 27008.682 27247.065 27485.448 27723.831
tusi 26770.299 27008.682 27247.065 27485.448 27723.831
ty1 26770.299 27008.682 27247.065 27485.448 27723.831
t(al1,61) 26770.299 27008.682 27247.065 27485.448 27723.831
t(n,5) 26770.299 27008.682 27247.065 27485.448 27723.831
t11 956458.630 956508.609 956558.583 956608.550 956658.512
1,2 717926.604 718018.801 718110.981 718203.146 718295.295
1.3 947141.761 947193.328 947244.888 947296.442 947347.990
t1.4 956864.133 956914.044  956963.948 957013.847  957063.739
1.5 960399.517  960448.826 960498.128 960547.425 960596.716
1.6 876040.957  876104.742 876168.518 876232.285 876296.043
11,7 959449.932 959499.403 959548.867  959598.325 959647.778
1.8 945682.687  945734.502 945786.311 945838.114  945889.910
1.9 960542.509 960591.794  960641.072 960690.344 960739.611
110 697608.150 697704.133 697800.099 697896.048 697991.980
t* 26391.570 26622.936 26854.241 27085.486 27316.670

Table 7. Second data set parameters.

N =96,n=40 X = 14487  pye@) = 0.72  pye =077  Cyy, = 0.823284
By (z) =1.19997 ¥ =137.92 C, = 1.32 Co =081  Cyuo = 1407744
Wy = 0.25 A=0.014583 Cyoy = 1.7424  Cypo) = 0.94 [ = 0.4167
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Table 8. MSE values of the existing and t** estimators for the second case.

Estimators z=2 z=3 z=4 z=5 z=06

tNy 142580.0398 142818.4230 143056.8062 143295.1894 143533.5726
tRro 116108.050 116188.343 116268.636 116348.929 116429.222
tewp2 27085.256 27198.460 27311.664 27424.868 27538.072
treg2 26640.217 26748.519 26856.821 26965.123 27073.425
tkB 26611.570 26691.224 26770.878 26850.533 26930.187
tr1 336026.385 336279.695 336533.005 336786.315 337039.625
tK,2 422283.508 422604.680 422925.851 423247.022  423568.194
tk3 340751.378 341008.405 341265.433 341522.460 341779.487
tK 4 335816.142 336069.287  336322.432 336575.576 336828.721
17788 333966.066 334217.756 334469.445 334721.134 334972.823
tk6 371669.244  371950.595 372231.947  372513.298 372794.650
tk,7 334466.031 334718.113 334970.196 335222.278 335474.361
1378 341473.765 341731.360 341988.956 342246.552 342504.147
tk,o 333890.583 334142.213 334393.843 334645.473 334897.102
tK,10 427748.248 428073.718 428399.189  428724.660  429050.130
tsu 26656.952 26765.220 26873.463 26981.679 27089.869
tpss 26656.952 26765.220 26873.463 26981.679 27089.869
2.1 317171.731 317290.924  317410.114  317529.302 317648.488
t2:2 79163.896 79243.709 79323.521 79403.333 79483.144
t2:3 303015.415 303131.765 303248.113 303364.459 303480.804
2.4 317798.966 317918.283 318037.598 318156.910 318276.221
to:5 323307.451 323427.856 323548.259 323668.659 323789.056
2.6 209723.039 209820.107  209917.175 210014.243 210111.312
to.7 321820.835 321940.947  322061.057  322181.165 322301.270
2.8 300842.095 300958.004 301073.911 301189.816 301305.720
2.9 323531.763 323652.213 323772.659 323893.103 324013.545
t2:10 68777.484 68857.851 68938.217 69018.583 69098.949
tRNAQ 26656.952 26765.220 26873.463 26981.679 27089.869
tuk 26656.952 26765.220 26873.463 26981.679 27089.869
t(a,p) 26656.952 26765.220 26873.463 26981.679 27089.869
t(a2,52) 26656.952 26765.220 26873.463 26981.679 27089.869
tusz 26656.952 26765.220 26873.463 26981.679 27089.869
AN 26265.285 26370.389 26475.455 26580.483 26685.474

According to the results in Table 5, the proposed t* family of estimators has the minimum
MSE value in comparison with other estimators in the first case. We can see similar situation
for the second case in Table 6 as well. The second proposed t** family of estimators has the
minimum MSE value among compared estimators. Therefore, using the proposed t* and ¢**
families of estimators is appropriate while estimating the population mean under the first and
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second cases, respectively.

Secondly, we use Khare and Sinha (2009) data set. Here, the number of agriculture labors is
taken as the study variable (y) while the area of the village is taken as the auxiliary variable ().
The missing data (non-response) rate is considered as the last %25, 24 units, of the population.
The descriptive statistics are summarized in Table 8.

We obtain the MSE values of the similar estimators, given in Tables 1-2, according to the
determinated z values and the MSE of the proposed families of estimators, t* and ¢**, under
the first and second cases based on the Khare and Sinha (2009) data set. The results for the
first and second cases are given in Table 7, Table 9, respectively.

Table 9. MSE values of the existing and t* estimators for the first case.

Estimators z=2 z=3 z=4 z=5H z=6

tNy 997.70 1512.053  2026.41 2540.76 3055.112
tr1 722.941 1237.294 1751.647  2266.00 2780.353
tewpl 814.820 1329.172  1843.525 2357.878  2872.231
tregl 711.124 1225.476  1739.829 2254.182 2768.535
ty k1 711.124 1225.476  1739.829 2254.182 2768.535
tp 723.586 1237.938 1752.291 2266.644 2780.997
tp,2 723.715 1238.068 1752.421 2266.774 2781.127
tp,s 723.463 1237.815 1752.168 2266.521 2780.874
tp,a 723.463 1237.790 1752.142 2266.495 2780.848
tp,s 723.375 1237.728 1752.081 2266.434 2780.787
tp,e 723.899 1238.252  1752.604 2266.957 2781.31
tp,7 723.554 1237.906  1752.259 2266.612 2780.965
tp,s 723.619 1237.972  1752.325 2266.678 2781.031
tp,o 723.354 1237.707 1752.06 2266.412  2780.765
tp,10 723.949 1238.302 1752.655 2267.008 2781.360
tpsi 711.124 1225.476  1739.829 2254.182  2768.535
tusi 711.124 1225.476  1739.829 2254.182  2768.535
ty1 711.124 1225.476  1739.829 2254.182  2768.535
t(a1,51) 711.124 1225.476  1739.829 2254.182  2768.535
t(n,s) 711.124 1225.476  1739.829 2254.182  2768.535
ti1 2274.526  2671.384 3049.869 3411.228 3756.598
t1;2 2272418 2669.374 3047.949 3409.393 3754.841
ti;3 2276.535 2673.300 3051.699 3412977 3758.271
tia 2276.958 2673.704 3052.085 3413.346 3758.624
ti;s 2277.965 2674.665 3053.002 3414.223 3759.463
ti6 2269.462 2666.554  3045.257 3406.819 3752.378
t1,7 2275.048 2671.882 3050.344 3411.682 3757.032
t1:s 2273.978 2670.861 3049.370 3410.751 3756.141
t1;9 2278.319 2675.002 3053.324 3414.531 3759.758
t1;10 2268.656 2665.785  3044.522 3406.117 3751.706

t* 685.497 1151.304 1594.032 2015.354 2416.785
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Table 10. MSE values of the existing and t** estimators for the second case.

Estimators z=2 z=3 z=4 z=5 z=06

tNr 997.70 1512.053 2026.41 2540.76 3055.112
tro 493.265 777.941 1062.618 1347.294 1631.970
tewp2 673.719 1046.972 1420.224 1793.477 2166.729
treg2 456.511 716.251 975.991 1235.732  1495.472
tkB 444.483 692.195 939.908 1187.620 1435.332
tr1 891.722 1344.908 1798.094 2251.281 2704.467
tK,2 892.260 1345.674 1799.088 2252.501 2705.915
tK3 891.209 1344.179 1797.148 2250.118 2703.087
tK 4 891.101 1344.025 1796.949 2249.872 2702.796
17788 890.844 1343.659 1796.474 2249.290 2702.105
tk6 893.015 1346.748 1800.481 2254.214 2707.947
tk,7 891.589 1344.719 1797.849 2250.979 2704.109
1378 891.862 1345.107 1798.353 2251.598 2704.844
tk,o 890.754 1343.531 1796.308 2249.085 2701.862
tK,10 893.221 1347.041 1800.861 2254.681 2708.501
tsu 452.109 1703.361 953.118 1202.161  1450.809
tpss 452.109 703.361 953.118 1202.161  1450.809
2.1 454.961 702.265 948.686 1194.214 1438.839
t2:2 454.832  702.178 948.638 1194.203 1438.862
2.3 455.086 702.351 948.735 1194.229 1438.823
2.4 455.112  702.369 948.746 1194.233  1438.82
to:5 455.176  702.414 948.772 1194.242 1438.814
2.6 454.655 702.061 948.577 1194.195 1438.903
to.7 454.993 702.287  948.698 1194.217 1438.835
2.8 454.927 702.242 948.673 1194.210 1438.845
2.9 455.199 702.429 948.782 1194.246 1438.812
t2:10 454.608 702.030 948.562 1194.194 1438.916
tRNAQ 452.109 703.361 953.118 1202.161 1450.809
tuk 452.109 703.361 953.118 1202.161 1450.809
t(a,p) 452.109 703.361 953.118 1202.161  1450.809
t(a2,52) 452.109 703.361 953.118 1202.161  1450.809
tusz 452.109 703.361 953.118 1202.161  1450.809
t** 441.613 678.281 907.639 1130.702  1347.997

According to the results in Table 8, the proposed t* family of estimators has the minimum
MSE value in comparison with other estimators in the first case.We can see similar situation
for the second case in Table 9 as well. In conclusion, using the proposed t* and ¢** families
of estimators is appropriate while estimating the population mean under the first and second
cases, respectively, for both data sets.
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86 Conclusion

In this article, we consider a new family of exponential type estimators using the Hansen-
Hurwitz method for the first and second non-response cases. Using this method, the proposed
family of estimators is examined under the non-response schemes separately. The theoretical
required comparisons are obtained and we show that the proposed estimator is more efficient
than compared main unbiased, ratio, regression and exponential estimators in literature under
the conditions for both cases. In literature, the real COVID-19 data set is used for the numerical
study. In addition, we consider a common data set which is used by Khare and Sinha (2009).
We calculate the MSE values of all mentioned and proposed estimators based on these data
sets. The results show that the proposed estimators are the most appropriate estimators in
order to estimate the unknown population mean. For this reason, we recommend the proposed
families of estimators for both cases in the presence of non-response.
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